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Basic Mastery Questions Im

1 (@ |z|=3 = |z-0|=3
Locus of z is a circle with centre at (0,0) and radius

»

Re

3 units. -3 !

b |z+1]|=2 = |z-(-D]|=2
Locus of z is a circle with centre at(—1,0) and

-3

Alm

v

radius 2 units /'\
3\ L00

(c) |4-2iz|=6
= |(-2i)(z+2i)|=

A

1

\_
v

Re

= |-2il|z —(-2i)| =
= 2z —(-2i)|=6
o ]z=(-2i) =3

Locus of zis a circle centered at(0,—2)

and radius 3 units. -5

6
} RN
0
>

(09_ 2)

v

(d) |z+3+4i|=|3-4i|
= |z (-3-4i)|=y/3” +(-4)’
= |z-(-3-4i)|=5

Locus of zis a circle centered at
(—3,—4) and radius 5 units.

Im A

(€ |z-(=2)|=|z-(-1+3i) |

Locus of z is a perpendicular bisector ;
of the line joining (-2,0) and (-1,3).

/
/

v
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Re

20 |0

v
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() |z—i|=|z+i| Alm
=|z-i|=]z-(D| Locus of 0.1)
Locus of z is a perpendicular bisector - T
of line joining (0,1) and (0,—1). \ B Re
0 >
< (Oa'l)
(g) |2z+1-2i|=]1-2z] (_l 1) m 4
2 ’ X -1
=2 Z+l—i =|(-2) Z—l s.
2 2 z /1
/ AN Re
:|2|z—(—l+i _||--L | x >
2 2 ! 0 ( LI }
2 >
I .
=lz—| —=+i||=|z—=
SRS
Locus of z is a perpendicular bisector of the line joining ( —%,1 j and ( %,0 j
() |s(z+1)’|=150 Im 4
J V30
15|z +1]" =150 y30
|z+1]" =30
|Z+1|=\/%OI'|Z+1| = —\/%
(Rejected . radius > 0)
“|z=D|=+30
Locus of z is a circle centered at(—1,0) with
radius ~/30 units. A
Im
() arg(z—4)= % \‘
Locus of z is a half-line at (4,0) that g >
T . 0 (4,0) Re
makes an angle of By with the horizontal
in the positive real axis direction.
AIm
) arg\/z+3—i:—% (-3,1)
_____ -
:>larg(z—(—3+i))=—£ /5)275 Re
: : 3 >
)
: 2 -3
= arg(z —(-3+ 1)) =5
Locus of z is a half-line at (—3,1) that
makes an angle of — 2?” with the horizontal in the positive real axis direction.
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(k) arg(l—iz):%r AIm
. . 3
arg(—1)(z+1)—7 [9) Re
) . 3z
arg(—i)+arg(z—(-1))=—
g(-i) +arg(z—(-1) == JUCUSD I
—£+arg(z—(—i)):3—ﬂ MY
2 4 4
) Sm 3z
arg(z—(-1))=—=—
g(z=(D)="=-7

Locus of z is a half-line at (0,1) that makes an angle of —377[ with the horizontal in the

positive real axis direction.

() arg( 11:?)=—%:>arg(l—z )—arg(l—i):—%

T T AIm
=arg(l-z)-| — |=——
ef1-2)-[-% |-
Sw
=arg(-)(z-1)=—— Tz
12 \5\1_2
carg(=D+arg(z-1) = _z N >
12 o (1L0)  Re
ar (z—l)——”—”=7—ﬁ
s 12 12

Locus of zis a half line at (1,0) that makes an angle of Z—;T with the horizontal in the

positive real axis direction.

(m) z=' =|z-6| .

=l =|-¢]

|Z| = |Z - 6|
Locus of z1s a perpendicular bisector of the 5 4 (1 4 >
line joining (0,0) and ( 6,0 ). (6,0) Re
x=3
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2z—1
® z—21 =1
= |22—i| :|Z—2i| m A
Letz=x+1y 0,1)

|2x+i2y—i| :|x+iy—2i|
= [2x+i(2y—1)|=|x+i(y-2)| (-1,0 (1,0)

= y(2x) +(29-1) =2 +(y-2) 0/ Re
0-1)

=4x*+4y" —dy+l=x"+y" -4y +4

s3xP+3y° =3
x4yt =1
Locus of z is a circle with centre at(0,0) and radius 1 unit.

2 (a) Im(z)<2 Alm
77T
b) |2[236=| 236=|7>6
® |7 2 g ol
76
-6/ 6 Re
/ _—~ |6 /
(@ 1=fpz-1|<[isi+] Hm
1 2 20
:IS(Z)(Z——]S (JG) +12
2
:>1s|2|z—ls4 / Re
2 _1 I 9 Z:l v
N P Py 2
2
D4
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(d) |z+2]<|z+1-3i| AIm
= [z = (2| [z = (-1+3i) (LHX T3
/
© Z<arg2z-2)<Z
N —e)="7 A
2" 3 _pm
2 |
:>£<arg(2)(z—1)£—ﬂ \é:
: e — =
T T 3
= —<arg(2)+arg(z-1)<— '
2 g(2) +arg(z -1) 3 5 ‘
s 2 0 1,0) Re
SLo—<arg(z-1) < — ’
5 <arg(z-D<—
() arg(z—l—i)2 < T ﬂ;lm
3
. 1 (L1)
)<< == 1
= 2arg(z-1-i)< 3 \)_E
.'.arg(z—(1+i))£—% Re =
z+z >-1 ;
= 2Re(z) > -1 Re(z)=-F
.'.Re(z)Z—l
2 A
Im -7
| d
@ |z|<|z-1] e
T T ﬁ
—— < ar zZ)<— 7
g <ae(z)<] 2 AN | X
9 \ig\ \"l z=1 Re
|\\\
NS
Im A
T ) B —
ZSarg(z—(—l+1))Stan 2 =1 +ieffT 1]
where @ =tan™'2 =tanf =2 1 0 e
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(1) |z—i|£2
|Z—1|S|Z—(1—i)| 2Im

() %Sarg(z—i)<§

0<arg (z—2i)<%

0 Re g
30D |7=]d] Alm
|a| 5~ Locus of P
/ X
|au o
- |al
(11) |z—a|=2|a| A Im
Locus of P

A
|a| Re
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(111) |z—a |=| Z|

Re
P4
Locus of P
(iv) arg(z—a)=arg(a) #1m Locus of B
/61—4— _______
4 arg(a) .
0 Re
Practice Questions
1 (1) arg )=§ =2 while arg( ) 3 5 =+/2 . Hence
( os—+1s1n—],
oo s )

z, =N2| cos| —— |+1sIn _T
ii
(i) ) L (iii) m 1

- [ 3=

22 _\/Eel(—jj
13n * {ﬁj
= \/56‘2] z[\/ie 12 ]
(1ln
= 26{Fj
[ I B R
—I cos( j+isi (ﬁ]
12 12

(iv) Since the circle |z — z]| =2 1s symmetric

(0,0) , it will also passes through (2, 0)

al about the line Re(z)=1 and passes through

where it meets the positive real axis.
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arg(z—(2—3i)) :%

‘z—(2+i)‘ =k is a circle centered at (2, 1) with radius k units.

A
Im
T T
i O0=———=—
® 2 3 6
sinf =—
0
k=4sin£:4(1]
6 2
k =2 (shown)

4(2,-3)

(1) From the Argand diagram, observed that 2 <k <4 such that the two loci intersect at two
points.

(i) x=1] AIm
Let z=x+1iy P 3)

=42
= |x + iy| = |x +2+ iy| (-3,0) (3,0)

1P\UJ o0
= x2+yz:1/(x+2)2+y2 1 Re

=X +y =x"+4dx+4+)°

= 4x+4=0 Q (0,-3)

= x =—1(shown)

(ii)
cosf = l
0=1.23096

Let P and Q represent complex numbers z, and z, respectively.
arg(z,)=n—-0=191

arg(z,) = —(7[ —9) =-191

(iii)

| z—a | =b is a circle centered at a with radius b units, passing through P and Q.

PQ is the diameter of the circle such that b is least.

Leasth =32 —12 =/8 =22

s.a=-1 (Note: a isreal.)
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I'm

(i) Maximum value of |z| =+/2? + 5% +3 =29 +3
Minimum value of |z| =422 +5%> =3=+/29-3

(111) The line joining the centre of the circle to the point 6+1 makes right angle with the line

0= e Hence, the two points marked P correspond to the maximum distance.

By the intersection of the line y = x and circle (x-2)" +(y—5)" =32, we find that the

two points are (2, 2) and (5, 5). The max distance is \/(6 —~ 2)2 +(1- 2)2 =17

5 |z-a+i)|<2 Im 4
2 2
Leasttan(argz) = tanax = —1 0.1)yr yi
3 7 g
Greatest tan(argz) =tan f = T 3 \\0 & W Re
i 0,-1)
6 (a) ‘1_8+61:1 ( I)
z m
—(8+61
L) =1 o (8,6)
z -
‘Z - (8 + 61) /]:ocus of z that
— =1 atisfies both relations
g
|z—(8+6i)| =|]z—0| Re
(b) Consider the right angled triangle OAB 1- if” =1
ZAOB = cos™ (%) 1 <6
(6 (5
Leastargz =tan | — [-cos™ | — |=0.058
8 6
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Greatest arg z = tan ™' (gj +cos™! (%} =1.229

7 If arg(p)>arg(q) ,

arg(?}arg(p)—afg@)

B 3a|
=2tan” —
[4d
:2tan"]§:1.29
4
If arg(p)<arg(q) ,

Re

arg(§]=arg(p)—afg(4)

=-2tan" m =—2tan"’ % =-1.29

a7 07
= 2x(distance between O and centre of the circle)
=2|4a|=8|q|

iz iﬂ@

8 () z =(+i)=+2e*=+2¢ *
l iz@ A

z=24e 2 k=0,+]1,+2,43 f

(iii) Explanation 1. |z-z|=|z-z,|
defines a set of points equidistant
from z; and z2. Since both z; and z2
are equidistant from the origin as
they lie on the circumference of a

circle centred at the origin, the origin
must be a point on the locus.

Alternatively, we can show that the
point (0, 0) satisfies the equation
given, arguing that |z,| =|z,| since

they are the radii of a circle.
OR

Explanation 2. The points z1, z> and the origin defines an isosceles triangle with OZ; =
0Z,. A perpendicular bisector of the line joining z; and z> (base of the triangle) will pass
through the vertex (the origin) of the triangle.
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OR

Explanation 3. Line joining z; and z2 is a chord of a circle centred at the origin. A
perpendicular bisector of the chord will pass through the centre of the circle (which is
the origin). [This is related to a property of circles students learnt in sec 3/4.]

Angle with which bisector makes with positive real axis
_rm 2n 1 _5m

+ 5 x—=
28 7 2 28

Hence, the locus is y = xtan 52—7;

Im
z=2(1+cos0 +isin0)
z—2=2cos0 +12sin 0

|z—2|:|2 cos 0 +12 sin 9|

C(2,0)
= \/4 cos’ O +4sin” 6 0 Re(2)
= \/4 (sin2 0 +cos’ 9)
=4(1) =2
|z-2|=2
Locus of z is a circle centred at (2,0) with radius 2 units.
Im
max |z - (—i)| = 4D
=AC+2
=22 +(0—(=1)*) +2
=542 ol Re
Since triangle CDF and triangle CAO are
. . DF FC CD A1
similar, = =
AO 0OC (A
DF_FC_2 _ ;e 25 ape-tS
1 2 5 5 5
The coordinates of D are {2 +$, #] , the corresponding value of z is
2+ ﬂ + & i.
5 5
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min |z —(-i)| = 4B

=AC-2
-J5-2
Since triangle CFD and triangle CEB are congruent, BE = DF = ¥ and EC =FC = M
The coordinates of D are {2 —#, - %J , the corresponding value of z is
2- 45 +| - 2J5 i.
5 5

10 Let z=x+1y.
From |z*—l+i|:2

= |x—iy=1+i[=2=|(x-1)-i(y-1)|=2
= (x=1) +(y-1) =4 —oeeeer (1)

z

\—4—1+i|:2

arg(z—2i) =%

:tan£=;2:>y=xtan§+2 where y>2, x>0--------- (2)

2
Sub (2) into (1): (x—1)2 +(xtan§+1j = 4:>(1+tan2 %)xz +(2tan§—2jx—2 =0
Using GC, x ~2.7145 or x~—0.737 (N.A. "~ x>0).
Thus, yz(2.7145)tan§+2:3.97 (3s.£) = z=2.71+3.97i
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11

22 +32=0

ZS — _32 — 326(ﬂ'+2kﬂ')i
Ep

z=2e5 3 |, k=0,£1,£2
3m. . . 3m.

—2¢ 5 ,2e_gl ,2egl ,26?1 2e™
(1) Method 1

( ] pd ) ()

Z, (—3%)1
2"e

n
z
For (—1*] to be real and positive, smallest n =15

Z
Method 2

arg (%) = n[arg(z,) —arg(z,%)]

2

= n| arg(z)) —(—arg(z,)) |

[ﬂ' 371}
=pn|—+—
5 5

_ dnm

5
n
Z, .
For — | to be real and positive,
2

4”T”=21m, kel

nzgk, keZ,sosmallest n=25

(ii)
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Let the complex number represented by A’ be x + iy
BA rotates 90° clockwise about B to get BA’:

(x+iy)—2e" = (i) [2615 —2¢'" }

X+iy= (—2)—{2&’” —(—2)} since e =-1
X+iy = —2—i(2cos%+2isin%+2j

Real part = —2 — 2i sin% =-2+2sin

12 (i)  The greatest value of |z — 41| satisfying the .
aforementioned conditions is the largest distance r‘1‘1 /
from the point (0,4) to the shaded region, which is /
the distance between (0,4) and (4, -2), /

: > ; : (0,2
i.e (0—4) +(4—(=2)) =+/52 =213 units.
(1,0
(
(0,-2)

Im 4

(ii)
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