Q1 | Solution

d_X_4t3_ﬂ d_y:

dt t ' dt

DRERCE

=16t° — 32t + 1—? + 64t2

8t

=16t° +32t2 +1—f

=16(t6 +2t2 +12]
t

Surface area

4(t* +1
:Lkzn(4t2) <t )dt

=32nj1kt5 +tdt

k
=32n[1t6 +1t2}
6 2

1

:32n(1k6+lk2—gj
6 2 3

:1§7t(k6 +3k? —4)

Solving %n(k6 +3k? —4)=384n, (or k®* +3k*-76=0)
we get k=42, Since k>1, k=2.

Q2 Solution

Multiply throughout by n"™*
n"x =4(n-1)""'x _,+2
Let n"x, =,,
y,=4y,,+2 where y, =1
4y . +2

=4%y ,+4x2+2

=48y +4x2+4x2+2

=4"y 44" P24 4" 24 +4X242

&
sl
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Q2 Solution

2(1-4"1)
1-4
2
— 4n—1 _c 1_4n—1
2 1)
_ —2+45.4™
3

— 4n—1 +

—2+5-4"*

Hence x, = a
n

Alternative 1

Y, =4Yy,,+2 where y, =1

The general solution is of the form y = A-4" +B.
y,=1=4A+B=1

y,=6=16A+B=6

Using GC, A:E,Bz—g
12 3
Hence y, :3-4” _z
12 3

Alternative 2
y, =4y, ,+2 where y, =1

2 2
+-—=4 +—=
yn 3 (ynl 3j

2 2
+==4"y +=
yn 3 (yl 3)

5 .1 2
=g _=
Y 3 3
Q3 | Solution
@) dy du
L = = au
ety ux:>dx u+xdx
2. dy

X y&:x3+x2y—y3

= x° (ux)(u + xg—l;(j X+ x? (ux)—(ux)3

= ux® +ux’ 3—5 =x3+ux®—u’x®

= uxd—u—1+u u?—-u®
dx

u du 1
:>— —_—
wWrul-u—10dx

J(u Dl f"dx

et u = + + ¢
u-1)(u+1)? u—l u+1 (u+1)>
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Q3 | Solution
= Uu=AU+D)’*+BU+DHUu-1)+Cu-1)
Letu=1:1=4A = Az%
Letu=-1: -1=-2C :c:%
1 1 1
Let u=0 4 2:> 2
1 1 1
= - + du=-In|x|+c
J4(U—1) 4u+1) 2(u+1)? X
:>1|n|U—]J—1In|u+1|— 1 =—In|x|+c
4 4 2(u+1)
1, ju-1 1
Szlnm+ln|X|—2(u+l)+C
1, [x*(u-)| 1
_| —
=2 urt |T2uen
X'(u-1|_ 2 ,
I = ! =4
= N= 11 | 17 C (where ¢'=4c)
Sub. u:l:
X
x“(y—l)‘
In[—~ -2 ¢
Y1 Y1
X X
4
= In X (y_X)|: 2X ic
y+Xx | y+x
Since x>y, y—x<0, so the general solution is
4
InX(X_y): 2x +C
Y+ X y+X
(b) d_y_x3+x2y—y3

dx X’y
X +xy-y®  x
RS
Using Euler method with step size 0.5,
Yi=Yo +0.5f (Xm YO)

2 1?
:l+ OS(I +l—?j

=2.375

y2
Let f(x,y)= +1-2

, X =2, Yy, =1.
X 0 Yo
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Q3 | Solution
©) Yi i ’
(25,2.375) ¢
@uf
qi
, £ 1 _—
0 1 / 2 3 X
The approximation is an over-estimate.

Q4 | Solution

(i) | Volume of revolution about y-axis, V

= J.Oa[}lj 2nxy dx

= jfnzn[a(t —sint)][a(l—cost)]g—)t(dt
3n

= IOZ 2n[a(t —sint)][a(l- cos'[)]2 dt

3n
= 2na’ joz (t—sint)(1—cost)?dt (Shown)

i [V
3n
= 21ra3J.02 (t—sint)(1—cost)dt

3n
= 27:a3.[02 (t —sint)(1-2cost + cos’ t)dt

3n
= 2ma° [ 2 (t-sint)(1 - 2cost + %)dt

cos2t
2

3
=2na’ J.oz (t— sint)(g —2cost+ )dt

3n i
= 2na3.[02 gt —gsint +2costsint — cos 2tsint +t£C052t

—2costj dt

3n . .
= 2na3j 2 Et —§sint+sin2t— sin3t—sint +t cos2t —2cost | dt
02 2 4

+sin2t —

3n H -
:2na3j2§—55mt Sm3t+'[(0052t—2008tj dt
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— _3z 3z
2 - 7 — -
- 2’ 3%+ 502“ - COZZt ¥ C‘f;’t +t(s":12t —25intj —J 2 (—S”ft —2sintj dt
L Jo 0
- _3z 3z
2 H 3 -
o 3L+5cost_cosZt+cos3t+t(sm2t_28intj {_cosZtJrzcost}z
4 4 2 12 . .

37

- _ a
s| 3t° 3cost 3cos2t cos3t+t(sm2t_28intﬂ
0

=2na +
4 4 8 12

=2na’| —

w
Nlow
VR

©
NG N
N
|
o
N S
|
NG V)
—_
o
|
—_
N—
|
ool w
|
—_—
|
—_
N—
+
[EEN
r\J|'—‘
—
o
|
—_
N—
7~ N\
r\)|§°
~
7~ N\
NP
—_
o
N—"
|
)
|
—_—
N—
N——
| |

=27a’

:ina3(817z2 +727z+34)
24

Alternative
3n
V= 27:&13I02 [(t —2tcost +tcos’t) + (—sint)(1—cost)? ]dt

Let | =f tcostdt =tsint +cost+c¢ ----(1)

Let J =I tcos® tdt

u=t=>—=1
dt

dv .
E:coszt:V:J.%(1+0032t)dt:%t+%sm2t
J =4t +tsin2t—1 [ (t+4sin2t)dt
J=1t° +1tsin2t— 4 4t* ~1cos2t |+c

J =3[ 4" +4tsin2t+ cos2t |+c

Let K = [ (~sint)(1—cost)’ dt
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K :j (-sint)(1—cost)?dt =1 (1—cost)® +c

\Y
3
= 2na3j02 [(t —2tcost+tcos’t) + (—sint)(1— cost)szt
_ 3n
2 -
1t —2(tsint + cost) 2
=2na’ +%[%t2 +1tsin2t+ %cosZt]

| —%(—cost)’

3n

3t2 —2tsint—2cost |2
=2na’| +1tsin 2t + Lcos2t

| —%(1-cost)®

272 _0+3n 0-2-0
=2na’| +0-1 —2ma’| +0+1
1 -0

3

_ 3[27,2 17
=2ma’[ Zn’ +3n+4
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Q5 | Solution
)| det(A)=det(A")=det(-A)=(-1)° det(A)=—det(A)
since A is skew symmetric
2det(A) =0= det(A) =0.
(i) | Method 1
(@) a ) (X
axX=|a, [x| X,
8 ) \ X
X3 — 83X,
=| X X
X, —aX
0 - & X
=| & 0 -a | X%
-a, & 0 ){x
0 -8 &
M=| a 0 -a
-a, a 0
Method 2
a 1 0
axi= asz 0= a,
a 0 —a,
aiJ 0) (-3
axj=|a, |x|1|=| O
a,) \0 &
a) (0 &,
axk = a2]>< 0=|—q
a, 1 0
0 -8 &
M= a 0 -g
-a, a 0
(i) | M is skew symmetric and so by (i) det(M)=0
(b) Hence M is not invertible.
(i) | ker(T)={ka|k € R}, the set of vectors parallel to a or line through origin and parallel to a
© R(T)= {V eR® la-v= 0} , the set of vectors perpendicular to a or plane through origin and perpendicular
toa
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Q6 | Solution

(i) T(cos@j_(cosze sin 26 )(cosej
“\sing) |\sin20 —cos20 ) sing
€0s 28 cos @ +sin 26sin
B sin29cos€—c03205in9]

_(cos(20-0)
| sin(20 - 6’))

cosé
) sinej
- (—sin HJ:(cosze sin 26 J(—sin HJ
’\ cos@ sin26 —cos20 )\ cosd

~ (—cos 26sin 0 +sin 26 cos HJ

—sin20sin @ —cos 20 cos @
sin(20 - 6)
B (—COS(Z@— G)J
—sin@
B _[ cos 6 ]

] o cos@ —siné@ )
The eigenvalues are 1 and —1 with eigenvector | . and 080 respectively.

sin@
(ii) (1 0] ,
T,=R R
0

(iii) 9:5
3
148
2 2
T =
BREERE!
2 2
_l ﬁ _1_}.@
B 1o
ANE =
1 1
ﬁ 1 3+£
2 2 2
(iv) | T,T,
_(cos2a  sin2a \(cos2pB  sin2p
“sin2a —cos2a )\ sin2  —cos2p

COS2a OS2/ +sin2asin2  cos2asin2f —sin2acos2
- sin2acos2 —cos2asin2f3 sin2asin2ﬂ+c052ac052ﬂj
cos2(a—p) -sin2(a-p)
- sin2(a — f) cosZ(a—ﬂ)j
which is a rotation through an angle of 2(a — £3)
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(_37 Solution
0 f(x):x—lz— Xx—2

f2)=2 J2—2=150
2 4
1 8
f(3)=3—2—\/3—2 :—§<O

Since y =f(x) is a continuous curve over the interval
[2,3] with T(2)-f(3) <0, therefore there exists a root «
in the interval.
(i) 2| (3)|+3(f (2
e, ATO3@] o1
|f (3)|+|f (2)| 41

Note that f (%j <0.. . ae [2%}
41 41
2f D)+ £If @)

P f @)
=211 (3sf)

(iff) f(x)=x—12— X—2

=2.106450495

2 1 1 91
f'(X)=———-=(x-2)2<0 for 2<x<=—
() X3 2( ) 41

6 1 3 91
f"(X)=—+=(x=-2)?>0 for 2<x<—=

f(x)= iz —+/Xx—2 is concave upward and its gradient negative over the interval 2 < x < i—i , P is
X

an over-estimate of the root.

X X~ 24x-=2
: f(x,)
Applying X, =X, -

f'(x,)
f(x

X, = X, —f,((—(’) =1.844866
X

0

2 1

-
(x,) 2,/%, -2
Therefore the Newton-Raphson method failed.

V) X ., =2+ !
(%)

with x, =2.5,

Fix) =-

is undefined for x, =1.84486.

X, =3
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1
=2+——-=2.012
X, +(X0)4

1
=2+——=2.061
X, +(Xl)4

Xy = 2+L4: 2.055
(x2)
y 15 2.06 correct to 3 s.f.
Since f(2.055) =0.00227 >0 and f(2.065) =—-0.02044 <0,

y = 2.06 is sufficiently accurate correct to 3 significant
figures.
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Solution

Q8

(@) dv

ma_c kV
1 dv 1

C kvdt  m

(L
= JC_kaV—det

=X —l In|C —kv|= i +c (for arbitrary constant c)

In|C kv| = ———kc

—7—kc
=g "
_kt
= Ae ™ (where A=+e)
When t=0, v=v,: A=C—Kky,
kt

= C-kv=(C—kv,)e ™

= C—kv

kt
C-(C-kvy)e™
K

= V=

b Kt
(b) Ast—>o, e ™0, sov—>%

After a long time, the velocity of the falling body approaches the constant value

of the initial velocity v, .

? )

which is independent

(©)() dv

md——C gt —kv

dv_k,_C-qt

dt m m
kt

k
Multiply both sides by integrating factor eIm =em:

kt kt
emd—v ke my = em(c qtj
dt m m

kt
d kt m
dt(e vj ¢ =—(C—-qt)
« ki

my = | & (c_
:ev—Jm(C qt) dt

kt kt

-Se-w)- &

Kt

_&" (c_qt)+d[en
= k(C qt)+kj'e dt

(-q) dt
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Q8 Solution

Kk kt
= %(C -qt) +%[m—?] +C (arbitrary constant c)
kt
Sy=CTat M e
k k?
When t=0, v=0: 9+ﬂ+c 030__9_@
k = k? k k
Ly2C-at am (C ogm) 7
s L (k kz)e

C qm _kt q_t
= V= (k kzj(l e j " (shown)

O | Fy=c-qt=0= qt=C = t:%

Substitute into equation for v:

c qm ) Ck c
Y= (k kzj(l ] K

_am (qm Cje an

K2 (k2 "k

Ck g gm__1 __am
Since qm>0 e 1+C7k_qm+Ck

gm

gm (gm+Ck gm
:V>k2 ( k? j(qm+ij

_gm gm

g

=0

. v is positive when F(t) =0. (shown)

Q9 | Solution
@ |4u =2u_-u._
O T ar-2141-0
1= 2+\/ 1(1_’_\/’)
8
1Y . I, rn
u, = —j Asin—+Bcos—
2 3 3
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Q9

Solution

(a)
(i)

Asin

k+3
= (ij —Asin %— B cosk—n]

3

(k+3yg+BaB(k+$nj
3 3

k
=—1 1 (Asink—n+Bcosk—nj
2 3 3

:§ul

(b)
(i)

Case 1: First signal requires 1 microsecond
There are 2 different signals that require 1 microsecond and for the remaining n—1 microseconds, a, ;

messages can be transmitted, so total number of messages is 2a,_;

Case 2: First signal requires 2 microseconds
There are 3 different signals that require 2 microsecond and for the remaining n—2 microseconds, a, ,

messages can be transmitted, so total number of messages is 3a, _,

Combining the two cases above, the recurrence relation is
a,=2a ,+3a,,

(i)

AP —=22-3=0

A=-1lor A=3

Hence a, = A(-1)" + B(3)"
Note that &, =2 and a, =7

~A+3B=2
A+9B=7
a-lpg.3
4" 4
1 3
A ==(=])"+=(3)
" 4() 4()

=y
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Q10

Solution

(@)

When Q:O,r:i.
l+e

When 49:7r,r=i.
1-e
a 2a

a + = 2:5.9
1+e 1-e 1-e
a

l-e_p1518 515
a l-e

l+e
= e=0.3650793~0.365

2a 2a

;=59 =
1-e 1-0.3650793
= a=2.55682 ~ 2.56

(i)

Required time  Areafromd=%1t06=3
orbital period 2(Area from8=0to 6 =)

05—
Required time -[% 1+ecoséd

130 N 2
2/ 05[ (a) 40
0\1+ecosd

Required time = 8.11021694 x130 =41.423 ~ 41.4 days

25.45271596

(iii)

Additional time required ~ Areafromf#=3t00 =7
orbital period 2(Areafrom@=0to 0 =r)

051'” _a
Additional time required " J3 {1+ ecosd

130 . 2
2/ 05 (aj do
0\l+ecosd

Additional time required :MXBO =5.8414

25.45271596
~ 5.84 days

25x% + 4y* —50%,X —8Y, Y + 25%,° + 4y, —100=0
25(x2—2x0x+x02)+4(y2—2yy0+y02)=100
25(x—%,)" +4(y-Y,) =100

2 2
(x=x) +(y—szyo) 1

2
Thus, length of semi-major axis of O is 5.

p=iny
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Q10 | Solution

(Period of Q)2 5
(Period of P)°  (5.9/2)

3
Period of Q = \/5—3x1302 = 286.8569 ~ 287 days

(59/2)
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