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Full marks are not necessarily awarded for a correct answer with no working. Answers must
be supported by working and/or explanations. Where an answer is incorrect, some marks may

be given for a correct method, provided this is shown by written working. You are advised to
show all working.

SECTION A (60 marks)
1 [Maximum mark: 4]

The mean and standard deviation of a data set K is given by y and o. Denote by (aK + b)
the set derived by adding b after multiplying by a each element in K.

(a) Express in terms of y the mean of the data set (2K — 1). [1]
(b) Express in terms of ¢ the standard deviation of (2K + 1). [1]
(c) Find o if the variance of (2K + 1) is 3. [2]

TURN OVER
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2 [Maximum mark: 7]

(a) Given thatlog,; 2 + 2log;,(a — b) = log,; a + logy, b, find the value of %. [4]

(b)  Solve the equation: 32¥(23%¥ — 4) — 23* + 4 = 0. [3]

TURN OVER
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3 [Maximum mark: 6]

Let a € C be a fifth root of unity such that Im(a) # 0.

(i)  Express a in the form re'?. [1]
(i1)) Enumerate the other four fifth roots of unity as a power of . [1]
(iii) Evaluate Y32, ak. [4]

TURN OVER
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4 [Maximum mark: 5]

Show that no complex number z € C such that |z| = 1 satisfies z? — 3z* = i, where
2
i-=-1.

TURN OVER
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5 [Maximum mark: 6]

. . . . . 1
Given that {a; },cy is a geometric sequence with common ratio r = 3 such that

(a) show that [4]
z az = z 5ay
k=1 k=1
(b) Hence or otherwise, evaluate [2]
> @@ +5)
k=1

TURN OVER
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6 [Maximum mark: 5]

If y¥*1 = vx5 + 1 + tan x + In(cos(x)), find &Y at (0,1).
dx

TURN OVER
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7 [Maximum mark: 5]
(a) Suppose f(0) = 12 and f' is continuous such that f04 f'(x)dx = 17, find f (4). [2]

(b) Suppose f is continuous such that | 04 f(x)dx = 10, evaluate [ 02 f(2x)dx. [3]

TURN OVER
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8 [Maximum mark: 5]

Enumerate the terms containing x°, x* and x? in the expansion of (1 — 4x + 4x2)°>.

TURN OVER
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9 [Maximum mark: 5]

Let P(x) = (b — x)(ax? + (a + 1)x + b), where a, b € R. Find the range of values of a
given that 3 is the only real root of P(x).

TURN OVER
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10 [Maximum mark: 6]

Suppose the solution of the equation x + tanx = m over the interval (O,%n) is x = a.

Find the other solutions of the equation over the interval (0, 27) in terms of a and .

TURN OVER
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11 [Maximum mark: 6]

Determine the probability that a randomly selected integer between 100 and 500 inclusive
is divisible by 3 or 5.

TURN OVER
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Do NOT write solutions on this page.

SECTION B (60 marks)

Answer all questions on the foolscap paper provided. Please start each question on a new page.
12 [Maximum mark: 15]
(@) (i) For vectors a, b and ¢ in three dimensions, prove that [5]
a-(bxc)=(axhb)-c
(i1)) Hence, show that for three coplanar vectors v,, v, and v;: [2]
(vy Xvy) vy =0ifj=1or2

(b) Show that the volume of the parallelepiped pictured below is given by |a - (b X )|,
where a, b, and ¢ are vectors representing the respective sides. [4]

(c) Find the equation of the plane consisting of all points equidistant to the points (1,2, —1)
and (5,4, 5). (4]

13 [Maximum mark: 15]
2n 2n—2 :
(a) Prove that for ( " ) <2 for all integers n > 5. [7]

(b) Find the value of s such that
P(x)=—x*+sx3+(s?=-3)x?—(s+2)x+2
is divisible by (x — 1)2. [5]

(c) Describe with reason the nature of the roots of P(x) defined in (b) when s = 0. [3]

TURN OVER
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14 [Maximum mark: 20]

(a) The figure below shows the graphs of four functions. One is the position
(displacement) function of a car, one is the velocity of the car, one is its acceleration,
and one is its jerk (which is defined as the rate of change of acceleration). Identify
each curve, and explain your choices. [5]

YA

(b) The displacement of a particle from an origin is given by the equation s = zlv_—v1
(s = 0), where s is its distance from the origin given its velocity v.
(1) Find an expression for v in terms of s. [2]

(i1) Interpret what happens to the velocity of the car as it continues to go farther
from its origin. [1]

(ii1) Find an expression for the acceleration of the car in terms of s. [4]

(c) (i) Find the stationary point of f(x) = x1/3 — x2/3 and classify it as maximum,
minimum or point of inflexion. [6]

(i) Describe with reason the tangent line at x = 0. [2]

15 [Maximum mark: 10]

(a) The graph of y = cos x is transformed to y = 2 cos(3x — m) + 1 via the following
sequence of ordered transformations:

Reflection in the x-axis;
Vertical scaling by a factor of a, where a > 0;
Horizontal scaling by a factor of b, where b > 0;

Translation by (Z)
Find a, b, h and k. (3]
(b) (i) The function f(x) = 2 cos(3x — ) + 1 is one-one over the interval [0, t]. Find
the largest possible value of t. [2]
(i) Given the domain found in (i), find the inverse of f. [3]
(ii1) State the domain of the inverse found in (i1). [2]

End of Paper
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JC2 HL Math Preliminary Examination 2016 Paper 1 (Markscheme)

Qn | Suggested Solutions Marks
1 | Descriptive Statistics [Maximum mark: 4]
@ |EQk+1)=2u—1. Al
(b) | /Var@2K + 1) = 20. Al
© |3=var2K + 1) = 402, M1
1
and so 0 = ~v3. Al
2 | Exponential/Logarithmic Equation [Maximum mark: 7]
(@) |logy; 2(a—b)? =logy,ab = 2a? —5ab +2b* =0 M1
(2a—b)(a—2b) =0 M1
% = % (rej. Because a > b) or% =2. AlAl
(b) (32x _ 1)(2336 _ 4) =0 M1
2
x=00rx=§. AlAl
3 | De Moivre’s [Maximum mark: 6]
() | Accept any of the following: e2™/5, g4™/5 g6Ti/5 @87/5 | Al
(ii) | Other 5" roots of unity: a?, a3, a* and a® = 1. Al
(i) [1+a+a’?+al+a*=0=2a+a’+a’+a*=-1 Al
Thus, Y2, a¥=a+a?+a®+a*+a’+-+a*®+a? + | MIAL
a®+a*®=0+--+0+a*® +a*’ +a*® + a*’
=a+a’?+a’+at=-1. Al
4 | Complex Numbers [Maximum mark: 5]

72 -3z =i=2z3=iz+3

Geometrically, since |z| = 1, then z3 is in the unit circle,
but iz + 3 is not.

To see this, let z = a + ib for some real numbers a and b.
Recall that a? + b? = 1. Now, suppose |iz + 3| = 1, then it

follows that a? + (3 — b)? = 1 which implies b = % which

. .. . . 5
is a contradiction since this would mean a? = — "

M1

Al-|z3| =1

Ml-letz=a+ib
Al-b =2

2

R1

Page 1 of 6
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Qn | Suggested Solutions Marks
5 | Geometric Progression [Maximum mark: 6]
@ | =10=aq, = 23_0 M1A1
3
{a2} is GP with first term a? = % and common ratio r2 =
M1A1l
L Thus, ¥2_, a2 = 222 = 50 = 5(10) = ¥2, 5a,.
9 1-1/9
(b) | Ziliar(ax +5) = iy 2af = 100. M1A1l
6 | Implicit differentiation [Maximum mark: 5]
y+1Iny=In (\/x5 +1+tanx + ln(cos(x))) Ml_‘ correct way 9f
4 _ taking In of both sides
X +sec? x + X
(lny 4 y_“)ﬂ _ 2V +1 cos x AlA1
y /dx x5+ 1+ tanx + In(cos(x))
At (0,1), we have M1 — attempt to sub
in x=0, y=1
(0 1+1)dy_0+1+0:>dy_1
1 Jdx 14040 dx 2 Al (NO)
7 | Integration [Maximum mark: 5]
(@) t
17 = [ 1Gdx = f@® - £0) ML
0
= f(4)=12+17=29 Al
®) | Letx=2y.1fx=0y=0ifx =4y =2 M1
4 2
10 =.f fx)dx =f fQy)2dy M1
0 0
2
= [ renay=s AL (NO)
0
8 | Binomial Theorem [Maximum mark: 5]
(1 —4x +4x%)> = (1 — 2x)1° M1A1
=1-—10(2x) + 45(2x)% + --- M1
=1—20x + 180x2 + --- AlA1l
o T et or -------
(1 —4x + 4x?)°> = [(1 — 4x) + 4x?]*° M1
5
= (1 - 4%)S +(1) (1 - 4) (4x2) + - AL
5 5 5 5 M1
= 1—(1) (4x)+(2) (4x)* + 20x° + - Al
=1—20x + 180x? + - Al

Page 2 of 6
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Qn | Suggested Solutions Marks
9 | Polynomials [Maximum mark: 5]
3 is the unique real root implies b = 3 and Al
(a+1)2—12a <0 Ml1l-useofA<0
=a’—10a+1<0. Al
_104/102-4(1)(1) _ M1 — attempt to use
ByQF.a= 2(1) =5+ 26 quadratic formula
Thus, 5 —2v6 < a < 5 + 2V6. Al (simplified)
10 | Trigonometry Sketching [Maximum mark: 6]
|
| G1G1
|
|
| a
0 |
i} il | 2m
“ [
|
|
|
|
|
Sketchy =tanxand y = 7 — x. M1 — attempt to
sketch
By symmetrical properties of y = tan x, the other solutions
arex =mand x = 2w — a. R1A1Al
11 | Arithmetic Progression + Probability [Maximum mark: 6]

Number of integers: 401
Divisible by 3: 102,105, ...,498 = n; = 498-102

133
Divisible by 5: ng = 2221

+1=

+1=281

495-105 +1=27
15

Divisible by 15: n;s =

133+81-27 _ 187

Thus, P = —
401

401

Al
Al

Al

Al

M1-P.1E.
Al

Page 3 of 6
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Qn | Suggested Solutions Marks
12 | Vector Product / Equation of a plane [Maximum mark: 15]
(@) a; b, €1
(i) Leta := <a2>, b = <b2>, c:= <02> M1
as bs C3
ai byc3 — bzc,
a- (b X C) = <a2> . <b3C1 — b1C3> M1
as b1C2 - b2C1

= a1b2C3 - a1b3C2 + a2b3C1 - a2b1C3 + a3b1C2 - a3b2C1 Al

= (azbs — azb,y)cy + (azhy — aybs)c, + (ayby — azby)c; | M1

a;bs — asb; €1
= <a3b1 - a1b3> . <C2> = (a X b) - C
a1b2 - a2b1 C3 Al

(i) (vy X v2) V1 =v1- (V1 X V) = (W1 X V1) V=0 M1Al
(W1 X v2) v =v1- (V2 X V) =0,

(b)
Area of base is |b X c]| Al
Heightis |a - 11|, where i || b X ¢ Al
Take 7i = ”’;%Zl, so that the volume is M1
b xc AL (A0 —nocl
|b><c||a- |=|a-(b><c)| (A0 - no clear
|b X c explanation)
(©)

The plane equidistant to the points contains the midpoint

5 1
(3,3,2) and has normal vector parallel to (4) —( 2 ) = | Al - midpoint
4 5 -1 Al - normal vector
(2>.
6

Thus, the equation of the plane is given by
4x+2y+6z=12+6+12=30o0r
2x +y+ 3z =15. M1A1

OR

JEx =12+ (y—2)2+ (z + 1)?

=J(x =52+ (y—4)2+ (z—5)2 AlA1
S —2x—4y+2z+6=—-10x — 8y — 10z + 66

M1
Thus, the equation of the plane is given by
8x +4y + 12z = 60 or Al

2x +y +3z =15.

Page 4 of 6




SJIJC2 HL Maths Prelim Exam 2016/P1 (Markscheme)

Qn | Suggested Solutions Marks
13 | Polynomial + Induction [Maximum mark: 15]
(@ | Forn =5,
2(5)\ _ 10! _10><9><8><7><6_252 256
5 ) 7550 5x4x3x2 0" M1A1
— 22(5)—2
Al
Assume true for n = k, i.e., (%) < 22002,
2k+2 2k M1
Forn = k + 1, we prove that (%1,"%) < 22,
<2k + 2) o (2k+2! 2k +2)2k+1D(2K)! | M1
k+1/) ((k+D'(k+1)! (k+1D(k+Dk'k!
_22k+1) (2k) 2k+1) _,,
T k41 \k k+1 Al
— (4_ _ 2 )22k—2 < 4% 22k—2 — 22k
k+1
* Al (A0 — when not
Therefore, by mathematical induction, the ascertion is | clear)
(b) | proved.
M1
By the factor theorem and repeated roots,
P(1) = P'(1) =0.
Al
P()=-1+4+5+(s?2-3)—(s+2)+2=0
=52—4=0=s5s=+42
M1
P'(x) = —4x3 +3sx?> + 2(s* =3)x— (s + 2)
P'(1)=—4+3s+2s2—6—-5—2=0 Al
=5°+5—-6=(s—2)(s+3)=0=s=20r—3 AL
Thus, s = 2.
(©)
Whens =0, P(x) = —x* — 3x% — 2x + 2.
M1M1
2 2 2 2 _ 2 -3\ _ a
B8 +y?=02-2(2)=-6<0 and 2<0, | a1
then P (x) has two complex roots and two real roots.
14 | Derivatives + Kinematics [Maximum mark: 20]
(a) | Byobservation,d' =c,c' =band b’ = a. M1M1A1
Thus, d is displacement, c is velocity, b is acceleration and | A1Al

a is jerk.

Page 5 of 6
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Qn | Suggested Solutions Marks
(b) | (i)
1-v 5 1 1+s
= f—r — = — et =
S 5o —1 vs —S v v 1+ 25 M1A1L
(i) Ass—o0,v -2, Al
dv ds dv dv ds
(Ill)a—zandv—a. AlSO,E—ga. M1A1
_dv_(1+25)—2(1+s)ds_ 1+s
=TT O+2)?  dt (d+25° | MIAL
© | @)
) =ax 5 — 2y =2 %(1 2%) MIAL
fix) = 3x 3x = 3x X
Thus, f'(x) =0 = x = g Al
2 5 2 4 2 s 1 M1
"(x)=—=x3+-x3=—=x3(1—x3
f"(x) 9x + 9x 9x (1 X >
n (1 L . 1 1)\ . .
and so f (g) < 0, which implies (E'Z is a maximum. R1A1
(i) At x = 0, f’ does not exist. But f(0) = 0, which can
only mean that at x = 0, we have a vertical tangent line. R1Al
15 | Transformation of functions + Inverse Trigo [Maximum mark: 10]
(@) y=2cos(3x —m)+1=—-2cos(3x) +1 (M1)
Thus,a=2,b=§,h=0andk=1 AlAl
b
(b) (i) period isz?”and sotzz?”+2=§. M1AL
(ii)
y=2cos(3x—m)+1=x=2cos(By—m) +1 M1
x—1 3 1 _x=1\ m
5 —cos(y—rt)=>y—§cos ( > >+§ M1
“1(y) = Leos—1 (F22) 4. Al
Thus, f~1(x) = 5 Cos ( > )+ >
(iii) Since the range of f is —1 < y < 3, then it follows that (R1)AL

Dj1 = {x €ER|—1<x<3].

Page 6 of 6
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Full marks are not necessarily awarded for a correct answer with no working. Answers must
be supported by working and/or explanations. In particular, solutions found from a graph
display calculator should be supported by suitable working, for example, if graphs are used
to find a solution, you should sketch these as part of your answer. Where an answer is
incorrect, some marks may be given for a correct method, provided this is shown by written
working. You are therefore advised to show all working.

SECTION A (60 marks)

Answer all questions in the spaces provided. Working may be continued below the lines if
necessary. Foolscap paper may be used for any additional working.

1 [Maximum mark: 5]

an(Iny)

t
By using an appropriate substitution , find I ( dy,y>0.
y
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[Maximum Mark: 4]

Only two international airlines fly daily into an airport. UN Air has 70 flights a day and
IS Air has 65 flights a day. Passengers flying with UN Air have an 18% probability of
losing their luggage and passengers flying with IS Air have a 23% probability of losing
their luggage. You overhear someone in the airport complain about her luggage being
lost.

Find the probability that she travelled with IS Air.

TURN OVER
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3 [Maximum Mark: 6]

o) > A
OABC is a trapezium such that CB is parallel to OAand CB: OA=k: 1, wherekisa
constant and 0 < k <1. It is given that OA=a, OC =c, and M is the midpoint of OC.

Find OB in terms of k, a and ¢ and show that the area of triangle AMB can be written
as Alaxc|, where 4 is a constant to be found in terms of k.
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[Maximum Mark: 6]

A curve C has the equation p®x? +y? = p?where p>1. The curve C is made up of Cy

when y >0, and Cowhen y <0.

(i) Sketch C, stating the coordinates of any points of intersection with the axes in
terms of p. [2]

(ii) The graph of y=f(x)=p(x+2)e™ is given below. It has a maximum point at
x=-1, a point of inflexion at x =0and a horizontal asymptote y=0 . Itisalso
given that the gradient of f(x) is less than the gradient of graph C.for —1< x<0.

y

Sketch the graph of y =f'(x) on the same diagram as C. [3]
Hence, state the number of roots of the equation p?x? +[f’(x)]2 = p?. [1]

TURN OVER
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[Maximum Mark: 9]

Do not use a graphic calculator in answering this question.

It is given that sinx > 2X for O<x<%.
T

V4 2X

()  Explain why .LZ e ™ dx < LZ e ™ dx . 2]

(i) By making the substitution u =z —x, show that

T

I e ™ dx = Iz e " du. [2]

z 0

(iii)  Hence show that I e dx < Z(e-1) . [5]
0 e

TURN OVER
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[Maximum Mark: 7]

If z=wis the solution of the equation z> =1 which has the smallest positive

argument, show that 1+ @+ w? =0. [2]
Solve the system of simultaneous equations
X+y+z= 3
X+ oy + w?z=-3

X+ a)zy +wz=-3
giving your answer in numerical form (that is, not in terms of o). [5]
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[Maximum Mark: 4]
A group of 12 people consists of 6 married couples.

The group is going on a flight and is assigned to sit in three distinct rows of four seats
each. Find the number of ways in which the 12 people can be arranged if each row has at

least 1 woman.

TURN OVER
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[Maximum mark: 7]

The diagram shows the curve C with equation y = 2sin™ x and the line L with equation

y Z%x—n. C and L intersect at the point where X :%,
y/ﬁ
X
C
L

The region S is defined by y<2sin™x , yz%zx—n and x>0.

Find the exact volume of the solid obtained when S is rotated through 2z radians
about the y-axis.
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[Maximum mark: 5]

Jack and Jill play a game, by throwing a die in turn. If the die shows a 1, 2, 3 or 4, the
player who threw the die wins the game. If the die shows a 5 or 6, the other player has
the next throw. Jack plays first and the game continues until there is a winner.

(@) Write down the probability that Jack wins on his first throw. [1]
(b) Calculate the probability that Jill wins on her first throw. [1]
(c) Calculate the probability that Jack wins the game. [3]

TURN OVER
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[Maximum mark: 7]

Solve the equation z° +32 =0, expressing your answers in the form re'?, where r >0
and -r<0<r. [3]

z,, z, and z, are three of the roots of z°+32=0 such that

O<argz, <argz,<argz;<r.

The points A and B represent the roots z, and z, respectively in an Argand diagram.
The line segment BA' is obtained by rotating the line segment BA through % clockwise

about the point B. Find the real part of the complex number represented by point A',
giving your answer in exact trigonometric form. [4]
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Do NOT write solutions on this page.
SECTION B (60 marks)

Answer all questions using the foolscap papers provided. Please start each question on a new
page.

11 [Maximum Mark: 15]

The function f is defined by
1
fix—>—=, xeR, x<0, X # /2
2—X
Q) Find the inverse function f including its domain. [3]

(ii)  Sketch the graphs of fand f ™ on the same diagram, giving the exact equation
of any asymptote(s) and showing clearly the relationship between the two graphs.
Hence find the value(s) of x for which fof (x)=x. [6]

The function g is defined by

gZXHi, xeR, x>0.

Jx
(iii) Find (gof)(x) and its domain. [2]
(iv) Find the exact value of J‘_O\/E(gof)(x) dx . [2]

(v) Find the derivative of % at x =2, given that h is a function in x such that
g(x
h(2)=0 and h'(2) =1. [2]

TURN OVER
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Do NOT write solutions on this page.

12

13

[Maximum Mark: 10]

The life in the office buildings of a small city have occasional breakdowns. The
breakdowns at any given time are independent of one another and can be modelled using
a Poisson distribution with mean 0.2 per day.

(@)

(b)

(©)
(d)

(€)

Determine the probability that there will be exactly four breakdowns during the
month of June (June has 30 days). [2]
Determine the probability that there are more than 3 breakdowns during the month
of June. [2]
Find the probability that the first breakdown in June occurs on 3™ of June. [2]
It costs 1850 euros to service the lifts when they have breakdowns.

Find the expected cost of servicing lifts for the month of June. [1]
Determine the minimum value of n if the probability that there will be no

breakdowns in at most 2 out of the first n days in June is less than 0.01. [3]

[Maximum mark: 12]

Planes p, and p, have the following equations:

(i)

(i)

p: 3X-2y+6z=2
Pt r=(1+2s+2t)i+(-2-3t)j+(-s-2t)k, steR

Show that p, and p, are parallel and distinct planes. Hence find the shortest
distance between these two planes. [6]

The line | has equation r=(5+ fA)i+(-5+31)j+(a¢+ A1)k , where AR and
a , 3 are real constants, o € Z.

(@) Find conditionson « and g such that | only intersects one plane but not the
other. [3]

(b) The angle between | and p; is 22°. Find the two possible values of . [3]
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Do NOT write solutions on this page.

14

15

[Maximum Mark: 11]

2
When v >0, the motion of a particle can be described by the equation j_v:_lg(\)/
X
where X metres is the displacement from the origin, O.
Given that dx = i write down & in terms of v.
dv av dv
dx
Given that v =10 when x =0, find x in terms of v.
10-tan X
Hence show that v = —52
1+10tan—
50
[Maximum mark: 12]
(a) Show that cos(A+B)+cos(A—B)=2cos AcosB. [2]
(b) Let T, (x)=cos(narccosx) where x is a real number, x e[-11] and neZ".
(i) Find Ty(x). [1]
(i) Show that T, (x)=2x?-1. [2]
(c)  Use the result in part (a) to show that T, 1 (X)+Tp_1 (X) = 2xT, (X). [4]
10 1 L 10 "
T .
(d) Show that Z(Tnﬂ (E] +Th (ED = Z(cos ?) =k, where k is a real
n=2 n=2
number to be determined. [3]

End of paper
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Qn Solution Mark
1 Al
Letu=|ny:>d—u=E
dy 'y
tan(In
I (ny) g
y
M1A1
= jtan(u)du
- J- SN g M1
cosu
=—In|cosul+c
=—In|cos(Iny)|+c Al
TOT=5
2 L M1
d
1
5% 031
L_,‘
L
©3 y
w |
L
Let I be the event that a passenger travlled with IS Air and L be the event
that a pasenger lost her luggage.
P(I|L) = P nl)
P(L)
0.23x 2>
_ 135
0.18x 10 10.23x 0> Al
135 135 Al
299
=—— (or 0.543
551 ( ) Al

TOT=4
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. C B
CB =ka
OB=OC+CB=c+ka M
— 1
OM =—c¢
2~ 0 A
Method 1
Area of trapezium OCBA = %(|CB|+|OA|)|OC|sin 0
1 .
:E(k‘a + a)‘c‘smﬁ
k+1‘H‘mn0
:%(k +1) axc

Area of triangle AMB

= Area of trapezium OCBA - Area of triangle AMO - Area of triangle CMB
1 1)1

=—(k+1)|(axc)|—-=| =cxa
S (keD)lexe)-3 | Fexa

—l(kaxlcj
20 7 2”7
1

-2 () (w0 - Hfaxe) - Efiaxo)

— 4 (1+)[(axc)

Method 2

m:cﬁ_w:wg_%g, m=@_m=g_%g
Area of triangle AMB

:—‘MBXMA‘

e e 1)

==| ka+=c|x|a-=c

2 2” T27

=%k(@x@)—%k(@x9) %(9&)—%@@)
=%—%k(gx9)—%(ax9) (axa=cxc=0,cxa=-axc)
:%(1+k)|(axc)|

Al

M1

AlAl1A1l

Al

M1A1A1l

M1

Al

TOT=6
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(i)
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p°x? +y? = p®where p>1

y
A
)2
2x2 +y2 — pz
0 o T«
A
889 %y

Jy=f(x)

121

No. of roots = no. of intersection points between both graphs = 3

Given that sinx > % = —sinx< —ﬁ

T T
_x
N e SiNX<e 7 since y=e* isincreasing
z T 2X
£ =SiNXqy Fa 7z
= [e™Mdx<[e 7dx
0 0

Let u=7z—X:>d—u:—1
dx

T . 0 .
Ie—sm Xdx :j e—sm(n—u)du

2

eSinuqy (since sin(r—u) = —sinu)

O =N NS

G1(shape)
Gl (x,y

intercepts)

Gl
(shape)
Gl

(x intercept
at x=-1)

Gl

(min point at
x=0)

Al
TOT=6

R1

R1

Al

Al
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(iii) T 7 T M1
Ie—SIn XdX — Ie—SInde+Ie—Sln de
0 0 z
F
=2[e "M dx (from the result in (ii)) Al
0
z _
<2fe 7 dx(from the result in (|)) Al
0
=25 M1A1
0
x(e-1) TOT=9
e
6 Since z = w s a solution of 23 =1, a)3=1:>(a>—l)(l+a)+a)2)=0. M1
Since o is the solution with the smallest positive argument, @ #1. R1
Hence, 1+w+a° =0
X+y+z=3 —-(1)
x+a)y+a)22:—3 -(2)
x+a)2y+a)z:—3 -3
D +2)+(3), M1
3x+(1+a)+a)2)y+(l+a)+a)2)z:—3
_ .. 2 _
:3x——3(.1+a)+a) _0) Al
=x=-1
y+z= 4 —(4)
oy +w’1=-2 —(5)
0’y +wz=-2 —(6)
cux(5)—(6%
07— w2 =-2w+2
M1
=2(1-0)=2(1-0) ( o* =1 Al
=2=2 (v o#l) Al
=>y=2 TOT=7
7 Method 1
W -~
Y — M1
W _ - —~
Ww_ - -
Required no. of ways = (°C, )(3!)(9!) = 435456000 A3

TOT=4
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Method 2
No. of ways that 12 people are seated in three distinct rows of four seats
without restriction =12!

No. of ways that 12 people are seated with 0 female in one of the rows

()<

Hence required no. of ways =121-(*C, )(°C, )(8!)(4!)
= 435456000

C: y= 2sin™t x y

L:y= 8?7[ X—7

C & L intersect at (lfj
23

X
And y-intercept of L is -r. C ;7

/

Volume obtained when S is rotated 27 radians about the y-axis

1 (1) 3 2
=—n[—] [Ln]_nf?’ sin[i] dy M1A1
372) |3 0 2 M1AL
n
_i[ﬂ]_nfgl—cosyd
12| 3 o 2
T
=ﬁ—fy—siny§
7 2 0 M1A1
TEZ T|TC . T
= —|——=SIn—
9 2|3 3
_n? ® n[3
9 6 2|2
_ ™3
4 18 Al

TOT=7
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@) P(Jack wins on his first throw) :g Al
s . Al
(b) P(Jill wins on her first throw) =1><g=g
33 9
c M1
© P(Jackwinsthegame):—+—><1><g+1 1552
33333333
ROEH]
=—|1+| = | +|=| +...
3 3 3
Al
_2 1
3 1_1
9
_3
4 Al
TOT=5
10 2°+32=0
25 — _32 — 326(7I+2k7z’)i Ml
)
z=2e\% ° k=0,+1,+2
B o omp 8mp AlAL
=2e 5 ,2e 5 ,2e%,2e5 ,2e"
@)
2
A=2¢’
i _---"®
B »Re(?)
Ak
Let the complex number represented by A’ be z.
BA rotates 90° about B to get BA’:
7-2e" = (-i) £2el5 - 2ei”] M1A1
l7ri .
z:(—2)—i[2e5 —(—2)} since e'7=-1
z=—2—i{2cos£+2isinz+2)} Al
5 5
Real part = 2-2i%sinZ =—2+2sinZ
5 5 Al

TOT=7
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11()
L :f =
et y=Ff(x)=y S
1 M1
=>x=2-=
y Al
= X=-— /2—% since x<0
1 1 1
Therefore  f 7 (x)=- /2—;, Xe(—oo,O)Ul:E,ooj Al
(ii) _ -
I G2 (f)
y =100 Y =x G2 (fY)
Method 1:
(1) (x) = x
= f(x)=f *(x)
= f(x)=x
M1A1

By GDC, x=-1.62 (3 sf)

1.0 1.2 a

6167 2y
r f. 2.'(_1')=\
£1(x)= <0
2—x 2 1
F10 i
(-1.6
x
6.67
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Method 2:
(FoF)(x)=x
= f(x)=f 7(x) M1AL
=f(x)=x
1
= ==X
2—-X
=x-2x+1=0
= (x—l)(x2 +x—1):0
“1+4144  -1+45
=>x=1LXx= =
2 2
Since x is negative, x = _1_2\/5 .
(i) 1 AlA1l
(:1)(0) =0 =V2-x%, Dgr - (—42.0]
2-x?
iv 0 2
() j_ﬁ(gOf)(X) dx = %x Area of a circle with radius \/—=%(7Z'(\/§) J:% M1A1
v) a { h(x) j _ 9(x)h'(x) —h(x)g'(x)
dx{ g(x) (9(0)°
i[ h(X)] _9@h'@)-hg@) _h@ _ 5 MIAL
= : - =
dx\ 9(x) J_, (9(2) 9(2) TOT=15
12(a) | Let X be the number of breakdowns in 30 days.
. M1
X ~ Py (0.2x30) ie. X ~Py(6)
P(X =4)=0.13385=0.134 (3sf) Al
(b) P(X >3)=P(X >4)=0.849 M1A1
(© Let Y be the number of breakdowns ina day. Y ~ P, (0.2)
[P(Y =0)* P(Y >1)=0.122 M1AL
(d) Expected cost = 6x1850 =11100 Al
(e) Let W be the no. of days, out of n, whereby there is no breakdowns.
W~ B(n,e‘o'z)
P(W <2)<0.01 M1
when n =6, P(W <2)=0.0118 > 0.01 M1
whenn=7, P(W <2)=0.002965 < 0.01
Al

By GDC, least nis 7.

TOT=10
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binomCdf,
[ 4.10.152741 0
Ly 5.| 0.044542
----------------- \’
-10 1 10 5.1 0.011852

10.002965

0.00070S —

667 © 0.0029648133%[ 4 [ »

13(i)

Proving parallel & distinct planes
Normal vectors of p, and p, are respectively

3 2 2
n, =|-2 n,=| 0 |x|-3 M1
6 -1) (-2
-3
=l 2
—6
Since n, =—n,, the normal vectors are parallel and hence the planes are | A1
parallel as well.
Furthermore, 3(1) —2(-2)+6(0) =7 = 2, so the point (1,—2,0)ison p, but | Al
not on p,. Hence the two planes are distinct.
Finding shortest distance
Method 1:
Express equations of both planes in scalar product form r.n=d where n
is a unit normal vector and d is the shortest distance between the origin and
the plane.
3 1 3 2
pir|—2|(=2 > 2 |=———
6 V9+4+36| 6 | ~/9+4+36 Al
3
= r.n:g where n:E -2
7 7\ 6
-3 1)(-3
pir| 2 |=-2|.| 2 [=-T7
—6 0)(-6
Lo L[]
V9+4+36| 6] V9+4+36
1( 3
= rn=1lwheren==|-2
7\ 6
Since both planes are on the same side of the origin,
shortest distance between both planes =1—g
/ M1A1
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Method 2:
Since 3(0)—(-1)+3(0) =1, the point A(0,~1,0) ison p;.

The point B(1,-2,0) ison p,.

T3 :

Shortest distance between planes= [4B . ii| M1A1

el

Vo+4+36( 0 )( 6

_[B+2+q
7

>
7

(iH@ m m
Lr=-5|+4] 3|, AeR
a 1

Since the planes are parallel, for | to intersect one but not the other, we need
| to be contained in exactly one plane at one time.

3
pir|-2|=|-1]|-2|=2
6 0 6
3N
Pl | =2 |=|-2|.|-2|=7
6 0 6
B (3
| parallel to p, and p, = [3 .[GZJ—O
1

= B=0 Al

5
| containedin p, = |-5|.|-2|=2
a
2—

15-10
6

= a=—% (reject "~ x € Z)

5 3
| containedin p, = | -5|.|-2|=7
a 6

> a e Al

M1

Oy, W

= a=
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13(b) B (3
31| -2
1)1 6
sin 22° = M1
JBE+9+1x/9+4+36
Al
3
0amas1-— A
7 A2 +10 Al
Using GDC, g =-5.69 or 5.69 (3s.f)
TOT=12
14 dv 14V Al
dx 50
M1
X= .[ - 502 dv
1+v Al
x=-50tan " (v)+c
When x =0,v =10, M1
= 0=-50tan"" (10)+c Al
= c=50tan"*(10)
X = 50[tan‘1 (10)-tan™ (v)] Al
= tan~(v)=tan (10)—i Al
50
— v =tan (tan‘1 (10)- ij MIA1L
50
Applying additional formula,
X M1
10—-tan— Al
=>V= —52 (shown)
1+10tan—
50 TOT=11
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15(a) | cos(A+ B)=cos AcosB —sin Asin B—(1)
cos(A—B) =cos Acos B +sin Asin B—(2) M1Al
(1)+(2), cos(A+B)+cos(A—B)=2cos Acos B. (shown)
(L)) T (x)= cos(cos_1 x) =X Al
(i) T, (x) =cos(2arccos x) = 2cos? (cos‘1 x) —1=2x% -1 (shown) MIA1
©) T (X)+Th1 (%)

Al
= cos((n+1)arccos x) +cos((n—1)arccos x) M1
= 2c0s Acos B, where A =narccos X, B = arccos x Al

Al
= 2c0s(arccos x) cos(narccos x)
= 2XT,, (x) (shown)

(@ X = 1 = cos"l(x) =z
2 3
=Ty (lj =C0S ncos_l(l) — cos % Al
2 2 3
. 1 1 1 1 nz M1
Since T —|+Th1| = |=2| = |T,,| = |=cOs—,
“*1@ " 1@ (zj " (zj 3
10 . 1 10 .
. 1 2= e __
..Z;‘(Tnﬂ(szrTn_l[ZD Z;(cos 3) 2 (by GDC) Al
n= n=

TOT=12
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Full marks are not necessarily awarded for a correct answer with no working. Answers must
be supported by working and/or explanations. Where an answer is incorrect, some marks may

be given for a correct method, provided this is shown by written working. You are advised to
show all working.

SECTION A (50 marks)

1 [Maximum mark: 5]

Find the value of a and of b such that the following system of linear equations yields infinitely
many solutions.

4z+2y+x=5
2z —x=b

TURN OVER
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2  [Maximum mark: 5]
Using mathematical induction, prove the following statement for n € Z*:

sin 2"
(cos x)(cos 2x)(cos 4x)(cos 8x) --- (cos 2" 1x) = , ad
2" sinx

for all x € R such that sinx # 0.

TURN OVER
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3 [Maximum mark: 9]

Determine the real coefficients a and b of the cubic polynomial 2x3 + ax? + bx + 50 given that
2 — i is one of its roots where i? = —1. 7]

Hence or otherwise, find the zeros of f(x) = 50x3 + bx? + ax + 2. 2]

TURN OVER
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4 [Maximum mark: 5]
The discrete random variable X has the following probability distribution function:

PX=k)=ark?, k=123,..

Find a and r given that P(X = 8) = (2)7 — G)S.

TURN OVER
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5 [Maximum mark: 6]

By using an appropriate trigonometric identity, show that [2]

1 1
i 2 -1 -y — — qj —
jsm (Bx —1)dx >X T 13 sin(6x —2) + C

Hence, evaluate the following integral: [4]

j 2xsin?(3x — 1) dx

TURN OVER
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6 [Maximum mark: 6]
Find the gradient of the line tangent to the curve
y = log, (x* + 2)

at the point (5, 3). Leave your final answer in the form - , where a, b, c € Z.

a
+cln3

TURN OVER
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7 [Maximum mark: 6]

Solve the following system of complex equations:

T
argz =

3(z —z*) = z2

Leave your final answer in exponential form.

TURN OVER
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8 [Maximum mark: 8]

The graph of y = f(x), which is shown below over the interval [0, 7], is obtained by transforming the
graph of y = cos x.

a1 Y

W

Find an appropriate expression for f in terms of cosine. [3]

Using the same set of axes, sketch the graph of y = @, clearly indicating the endpoints, maximum/
g9(x) P

minimum points and asymptotes, if any. [5]

TURN OVER
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Do NOT write solutions on this page.

SECTION B (50 marks)
Answer all questions on the foolscap paper provided. Please start each question on a new page.

9 [Maximum mark: 22]

2
Let f(x) = /xTﬂx € D and g(x) = ﬁ,x € D,.

(a) Determine the maximal domains Dy and D,. [4]
(b) Using the graph of y = i, find the range of f. [2]
(c) Show algebraically that f is one-one on Dy. [3]
(d) Hence, find an expression for f 1, including its domain Dg-1. [4]
(€) On the other hand, justify that g is not one-one on D;. [2]
(f) Find g o f and show that Dy, = Dy. [4]
(g) Sketch the graph of g o f, clearly indicating any intercepts and asymptotes. [3]

10 [Maximum mark: 13]

Let z, € C as in the Argand diagram below such that |z, | = 1 for k = 1,2,3,4. Also, let a, 8, ¥ and § be

positive angles such that ¢ = gand B = 2?”

Im
21
22
(o4
1
B\ ) Re
Y
Z4

23

(a) Find i—z, leaving your final answer in Cartesian form. [2]
1

(b) Determine z; given that z; = —i, leaving your final answer in exponential form. [2]
(¢) Find the smallest positive integer m such that z,” = 1. [2]
(d) Let w € C. Find the possible values of argw given that w? = i. [2]
(e) Suppose zZ = i X z2. Prove that y = §. [3]

(f) Find the probability that a randomly drawn point on the Argand diagram lies on the
sector formed by y given that the point is found inside the circle. [2]

TURN OVER
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Do NOT write solutions on this page

11 [Maximum mark: 15]

(a) The graph of y = f'(x) appears below, where x = 0 is a vertical asymptote. It is known
that f’(\/g) = f’(—\/§) = 0 and the minimum value of f occurs when x = ++/6.

Y

—J

1. Identify the x-coordinate of the maximum and minimum points of y = f(x). [3]
ii. Also, identify the x-coordinate of all the points of inflexion of y = f(x). [2]
iii. Sketch the graph of y = f(x) as accurately as possible. [4]

(b) Consider the cubic polynomial y = (ax + b)(x? — 3x + 1), where a,b € R.

Dividing ¥’ by (x — 1) yields a remainder of —1, while dividing y"’ by the same divisor
yields a remainder of —6.

Determine the value of a and of b. [6]

End of Paper
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JC2 HL Math Preliminary Examination 2017 Paper 1 (Markscheme)

Qn

Suggested Solutions

Marks

1

System of Linear Equations — Vectors/RREF

[Maximum: 5]

RREF Method:
1 2 4 5 0 2 6 b+5
-1 0 2 b =-1 0 2 b
1 1 al -10 0 1 a+2lb-10
-1 0 2 b
= 0 1 a+2|b-10
0 0 2—2al25-b

Thus,a = 1 and b = 25.

Linear Combination Method:

Eql—2Eq3: (4 — 2a)z — x = 25.

The line of intersection intersects 2z — x = b at infinitely many
points if and only if a =1 and b = 25

Vector Method:
1 1 2a — 4 -1
mxn;=2|x(1]=(4—-a |Ln,=( 0
4 a -1 2

Thus,4—2a—-2=0=>a=1.

Let z =0, so that Eq 1 and 3 become 2y +x =5 and y + x =
—10 which givesus x = —25 and y = 15.

Substituting z = 0 and x = —25 in Eq 2 gives us b = —25.

M1A1

M1

AlAl

-OR-

M1A1

(M1)A1A1

-OR-

Al

Al

(M1)

M1
Al

Page 1 of 6
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Qn | Suggested Solutions Marks
2 | Mathematical Induction/Compound Angle Formula [Maximum: 5]
-1 sin2x _ 2sinxcosx __ Al
n= “2sinx  2sinx = COsX.
: k
Suppose Z;{ns?ni = (cos x)(cos 2x)(cos 4x) ++- (cos 2¥~1x) M1
Thus,
sin 2%x %sin 2k+1y
cos x) - (cos 2kx) = cos2kx) =4———
( )+ ( ) 2k sinx ( ) 2k sinx M1A1
R sin 2k+1y
which is equal to 37—
Thus, by mathematical induction, the statement is true for all Al
positive integer n.
3 | Vieta’s Formula/Complex Roots [Maximum: 9]

2 + i is also a root.

Let  be the 3™ root. Thus,
0 ) )
7=—(2+l)(2—1)r=>25=—5r=>r=—5
Therefore,

a
—E=(2+i)+(2—i)—5=—1=a=2
and

g=—5(2+i)—5(2—i)+(2+i)(2—i)=—15
= b=-30

Since, 0 = x3f G) = 2x3 4+ 2x? — 30x + 50, then the zeros of f

1 1 2+i 1 2—i
are ——,— = — and —_— =
5" 2—i 5 2410 5

Al

M1
Al

M1

Al

M1A1

R1
Al -all

Page 2 of 6
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Qn | Suggested Solutions Marks
4 | Discrete Probability/Geometric Progression [Maximum: 5]
1=ZP(X=k)=Zark‘1=1_ =a=1-r R1A1
k=1 ; k=1 8 1;
3 3 3 /3
. ar7=(z) -(3) _Z_(Z) 3 M1
ar®  (3\¢ 3y’ 1— 3 4 Al
@ -@)
1
Thus, a = Z Al
5 | Integration by Parts [Maximum: 6]
Note that cos 26 = 1 — 2sin? 6. Al
Thus, [ sin?(3x — 1) dx = %f(l — cos(6x — 2)))dx Mi
1 1 .
=5x—asm(6x—2)+C AG
Using by parts, let u = 2x and dv = sin?(3x — 1). Thus, du =
2dx and v = %x — 1—125in(6x - 2). M1
Therefore,
1 1
I = x? ——xsm(6x—2)—j(x——sm(6x—2)> dx Al
6 6
— 22 1 (6 2) 1 2 1 (6 2)+C MI1A1
=x 6xsm X 2x 36cos x
6 | Implicit Differentiation/Logarithms [Maximum: 6]

2
Note that y = %
2x(Iny) In(x* +2)dy
dy _ x*+2 y dx
dx (Iny)2
At (5,3)
dy , 10 1 dy
dx(lnS) = 27ln3 - 3ln27dx
10
dy ~ 77In3 10

dx (n3)2+In3 27+27In3

Al
M1
Al - 2x(21ny)
X -IZ-Z
Al - In(x“+2) dy
y dx
M1
Al
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Qn | Suggested Solutions Marks
7 | System of Complex Equations [Maximum: 6]
arg(z)=%=z=x+ix,x>0. Al
= 3(2ix) =2ix? = x?—3x=0=x=0,3 MIAIAL
in Al —rej.
Reject x = 0. Thus,z =3+ 3i = 3v/2e%. Al
8 | Transformation of Graph [Maximum: 8]
M1A1A1

f(x) =2sin(2x) +1 = 2cos(2x—%) +1

G1 - shape: all
5 branches

Gl1-4
asymptotes

G1 - Endpoints

(0,1) 1 G1 -2 roots
/2 G1 — Max and
Min
9 | Functions [Maximum: 22]
(@) p it o< 0= 1]u (0
E— = x<-lorx>0=(—o,—1] U (0,) MIAIAL
D, =R Al

9

b 1
O e = 1+ M1

Thus, Ry = [0,1) U (1, ) AlA1
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Qn | Suggested Solutions Marks
(c) 1 1
f@=fb)= |1+-= [1+-=a=b
M1A1
@ | A i
y = +;=x— +;=y—x2_1. M1A1
-1 _ 1
Thus, f~1(x) = S XE [0,1) U (1, ). AlAL
@ |g(1)=g(-1= § thus, g is not 1-1. M1A1
® x+ +1 M1
_ X _x
9(f) = (x +1) 2x +1 Al
+1
X
Thus, Dy = {R = {~ 2} n {(=e0, =1 U (0,00} = ;. M1A1
‘ 1.141.2 “3 *Unsaved — -q:] G
(2) .08y G1 — shape
- label
) G1 —intercepts
~— (-1, 0) & hollow
02 X point (0, 1)
TR s .
' G1 — asymptote
1
£1(x)= hl x<-1 ; £2(x)= ,;«"‘-’"
2ix+l -2.16 + 2kl
10 | Roots of Unity [Maximum: 13]
(@) %z _ (M1)A1
Z1
. 7T 3T
(b) 2 xixw = —i = ¢'(7*%) = o' M1
_m_m_=m —el5
Thus,B—2 6—3andsozl—83. Al
(c) Smm M1A1

szzeszlﬁmzlz
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Qn | Suggested Solutions Marks
z2=i= e =ei§ﬁargz=zor5—”. AlAl
(d) 4 4
From the given assumption, it follows that
s s
V3 .
Thusy = 4 as well, proving that y = §. Al
® prop = _1 (M1)A1
mob =360 "8
11 | Techniques of Differentiation/Remainder Theorem [Maximum: 15]
(a) (i)  Minimum at x = —/3 and max at x = V3 (M1)A1A1
(i)  Inflexion at x = +/6. AlAl
(iii)
Y
G1- shape
G1- asymptotes
G1- max/min
G1- inflexion
(b) y' =3ax*+ (2b — 6a)x + (a — 3b) ii
y" = 6ax + (2b — 6a)
y'(1)=3a+2b—6a+a—3b=-2a—b=—1 ﬁi
y"'(1) =6a+2b—6a=2b=-6
b=-3anda =2 AlAL
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Full marks are not necessarily awarded for a correct answer with no working. Answers must

be supported by working and/or explanations. In particular, solutions found from a graphical display
calculator should be supported by suitable working; for example, if graphs are used to find a solution,
you should sketch these as part of your answer. Where an answer is incorrect, some marks may

be given for a correct method, provided this is shown by written working. You are advised to

show all working.

SECTION A (50 marks)

Answer all questions in the spaces provided. Working may be continued below the lines if necessary.
Foolscap paper may be used for any additional working.

1 [Maximum mark: 3]

The random variable X is the number of successes in 200 independent trials of an experiment
in which the probability of success at any one trial is p.

Given that E(XZ) =10.6008, find the value of p.

TURN OVER



-3- JC2 HL Maths Prelim Exam 2017/P2

2 [Maximum mark: 10]

The graph of y =f(x) undergoes, in succession, the following transformations:

. . 1
A: A scaling parallel to the x-axis by factor 3

B: A translation of —4 units in the direction of y-axis.
The resulting graph has equation y = 7=6x .
3x-2
(i)  Find an expression for f(x). [3]
(i) By considering fof, find an expression for the composite function f '*'(x). [3]
(i11) State, with a reason, if fis self-inverse. [2]

(iv) Find the value of ' (-1). [2]
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TURN OVER
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3 [Maximum mark: 7]

(1) Prove that sin(4-B) =tan A —tan B. [3]
cos Acos B
(i1) Hence show that
sinx sin x - sin x B sin nx (4]

COSxXCcos2x cos2xcos3x cosnxcos(n+1)x cosxcos(n+1)x
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4 [Maximum mark: 10]

(i)  Differentiate In(seca +tanar) with respect to &, leaving your final answer in
simplified form. [2]

3
. . o 1
(i) By using the substitution x =1+secé, find the exact value of I X

12 Afx?—2x

[8]

TURN OVER
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5 [Maximum mark: 5]

Alfred, Bernard and Caleb have k marbles altogether. When Alfred gives Bernard 30 marbles
and Bernard gives Caleb 12 marbles, the number of marbles Alfred, Bernard and Caleb each

has respectively is in the ratio 1:2:3.

Find the least value of &, assuming that each of them has some marbles initially.
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6 [Maximum mark: 3]

A vehicle rental company has 7 cars and 4 vans available for rental per day.
It is known that the request for cars has a mean of 4 per day; and independently,
the request for vans has a mean of 2 per day.

Find the probability that some requests for a vehicle have to be refused on a particular day.

TURN OVER



-9- JC2 HL Maths Prelim Exam 2017/P2

7 [Maximum mark: 7]

Solve the equation z°+z° + z* + 2> + z* + z+1 =0, giving the six roots in trigonometric form.

Hence deduce the exact value of cos (%J +cos (gj +cos (67“} .
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8 [Maximum mark: 5]

The diagram shows three straight lines with 12 distinct points.

(i)  Find the number of line segments that can be formed by joining any two points
from different lines.

(ii)  Find the number of different triangles that can be formed from these points.

TURN OVER



-11- JC2 HL Maths Prelim Exam 2017/P2

Do NOT write solutions on this page.

SECTION B (50 marks)

Answer all questions on the foolscap paper provided. Please start each question on a new page.

9 [Maximum mark: 8]

(@)

(b)

10

(@)

(b)

The first, second and third terms of an arithmetic progression are «, £ and o’

respectively where a <0. The first, second and third terms of a geometric

progression are ¢, > and B respectively. Find the value of « .

Let S, =1+2x+3x" +...+nx""

X (1 -x" ) )
Show that .[S” dx = I +c, where c is a constant.

1—(n+1)x” +nx™!

(1-x)

Hence, deduce that S, =

Given that for 0 <x <1, nx" — 0 as n — oo, state, in terms of x, lim S, .

n—>0

[Maximum mark: 10]
Show that, for any positive integer n,
3571+ 1)> 65 +1).
Hence prove by induction that, for n > 2,
3171(sm 1) 67

2

It is given that g(x) =

x4+
(i) Determine if g is an even function.
(i) Sketch y =g(x).

where 0 <x <1 and n is a positive integer.

, where A is a non-zero positive constant.

[3]

[3]

[7]

[1]
[2]
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Do NOT write solutions on this page.

11 [Maximum mark: 9]

(@)
Ya
z y=sin""' Jx
2
y= cos ™! \/;
0 ] > X

The diagram shows part of the curves of y =sin™' v/x and y =cos™ Jx . The two curves
intersect at point P.

(i) State the coordinates of P in exact form. [1]

(ii) The region 4 is bounded by the 2 curves and the x-axis.
Without the use of GDC, find the area of 4. [4]

(b)

The diagram above shows a region bounded by the curve y =x’, the lines y=a*, y =16

and the y-axis. When this region is rotated 360° about the x-axis, the volume formed

. 3968n
1s

units®. Find the value of a. (4]

TURN OVER
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Do NOT write solutions on this page.

12

13

[Maximum mark: 15]

(a) By considering the scalar product a-b, where a=aq,i+a,j +ak and
b =bi+b,j+ bk , prove that

(a,b, +a,b, +a3b3)2 < (al2 +a22 + a32)(b12 +b22 +b32). [3]

(b) The angle between the vectors a and b is 60° and |a| =2, b| =1.

Find |2a-b|. [4]

(¢) Three non-zero vectors p, q and r are such that px3q =2pxr.

Find a linear relationship between p, q and r. [3]

(d) Planer hasequation 3x+2y+5z=45.
Obtain a vector equation of x in the form r =t+ Au+uv, 4, ueR,

given that t and u are of the form pi + pj and 2i + gj respectively, where p and g are
constants to be determined, and u is perpendicular to v. [5]

[Maximum mark: §]

Jane goes into a candy shop and decides to buy 3 candies. She has a choice of 10 strawberry
flavoured and 15 chocolate flavoured candies to choose from.

Let X be the number of strawberry candies she selected.

(i)  Show that P(X =2)=%. [3]
(i) Find E(X) and Var(X). [5]

End of paper
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Qn | Suggested Solutions Marks
1 | x~B(200, p)
E(X?)=Var(X)+[E(X)] =10.6008 M1
= 200p(1- p)+[200p]* =10.6008 Al
Bt GDC, p =0.014. Al
nSolve(200' x- (1-x)+(200- x)2=10,6008,x)
0.014
2(1) 7-6X 5 7-6X 6x -1 Al
> +4=
(3x—2) (3x—2) 3x -2
1
6x—1 , \6(3X)_1:2x—1 Al
3x-2 3(1)()_2 X—2
3
Therefore, f(x)= 2x—1 Al
X—2
(1) 2(2x—1)_1
fof(x)=f| X2|oAx=2) 3 _,
X—2
2x-1
f1(x)=f (x) ==
(0)=F(0="5 .
(iii) | Since fis1-1 = f (x)exists and fof (x)=x = f(x)=f 7(x) R2
i.e. fis self-inverse.
(|V) *Unsaved —
_______\1:
Foo Ny i6]
(1 -12,1(Y):: \—j]t‘l( )=-1
-667: \
M1A1

Since f(l) =-1=f (-1)=1.
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3(i) sin(A—B) _sin AcosB—cos AsinB
cos AcosB cos AcosB M1
_sinAcosB cosAsinB M1
cos AcosB cosAcosB
_SinA sinB Al
cosA cosB
=tan A—tan B (shown)
(i) sin X sin X sin X
COSXCOS2X COS2XCOS3X cosnxcos(n+1)x
sin(2x —x) N sin(3x — 2x) sin[(n+1)x—nx] M1
COS2XCOSX COS3XCOS2X cos[(n+1)x]cos x

= (tan 2x —tan x) + (tan 3x —tan 2x) +............ +[tan(n+1)x — tan x] Al

=tan(n+1)x—tan x Al

_ sin[(n+1)x—x] Al
cos xcos(n+1)x

_ sin nx (shown)
cos xcos(n+1)x

4(i)
d secatana +sec’a M1A1

—(In(seca +tana)) = =seca

do seca +tana

(i) x=1+secd .-.%=sec0tan9 h
do
= M1
When x=3,0= 3 -
When x:l+\/§,0:%
3 —

I X+1 dx o
12 X% —2X Al (limits)
3 X+1 AL(

) on T 8 rtano)
J 1442 (X—l)2 -1 dg—sec an

” AL(

- [72225%C0 ecpranado 2“%“))
7 |J(sec’0-1 (sec’6-1)

- [ 25ect secdtanod o
Iz tan@

= E(ZSec0+secze)d0
"

=[2In(sec6+tang)+tang |2 M1A1Al

n
=2In \/§+2 +\/§—1 Al
J2+1




-3- JC2 HL Maths Prelim Exam 2017/P2

Let A, B, C be the no. of marbles Alfred, Bernard and Caleb has respectively.

A+B+C=k

Giventhat A-30:B+18:C+12=1:2:3,

2(A—30): B+18 A2 -
=1 3(A-30)=C+12 any 2
equatlons out
3(B+18)=2(C+12) of 3
2A-B=78 ———(1)
=41 3A-C=102 ——-(2)
3B-2C=-30---(3)
By GDC,
A:34+1C
3 Al
2
B=-10+-C
3
Since A, B, C eZ*,B=—10+§C>O:>C>15 M1
least C =18, B=2, A=40
Hence, least k =18+ 2+ 40 = 60. Al
Alternatively,
Let A, B, C be the no. of marbles Alfred, Bernard and Caleb has respectively.
Giventhat A-30:B+18:C+12=1:2:3,
2(A—30)= B+18 AD -
= 3(A—30)=C+12 any 2
equations out
3(B+18):2(C +12) of 3
2A-B=78 ———-(1)
=41 3A-C=102 ——-(2)
3B-2C=-30—---(3)
A+B+C=k
A+B+C-k=0---(4)
By GC,
A:3O+1k
6
1
B=-18+=k Al
3
C :—12+3k
3
Since A, B, C eZ*,B:—18+%k>0:>k>54 M1
Al

Since k must be a multiple of 6, least k = 60.
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6 | “Some requests for a vehicle have to be refused on a particular day” is equivalent
to “Either demand for a car or a van is not met”.

P (Either demand for a car or a van is not met. )

=P(X>7o0rY >4) [Note that P(AUB) =P(A" N B').] M1
=1-P(X <7andY <4)
=1-P(X <7)P(Y < 4) M1
Al
=0.101
[Note that P(X <7 and Y <4)=P(X <7)xP(Y <4) is due to the independence
property of Poisson random variable.]
7| 2+ + 2+ +2%+2+1=0
7 —
=z 1 0, z#1 M1
z-1
=17'=1 Al

27k .

—~z=e’  k=—3-2-1123

(27:) . (275} AlAL
= Z=C0S| — [xisin| = |,
7 7
cos(ﬂjiisin(‘l—nj,
7 7
cos(@jiisin(@].
7 7

2+ 2+ + 22 +2°+2+1=0
Sum of roots = —1 M1

e {5 (105,
o) 5 ) ) (3] -
[l o3 - .
-l o{ ) (- :

8(i)
Method 1: M1A1l

°C,“C, +°C,°C, + 'C,°C, = 47

Method 2:
12(:2 _ SCZ _ 4C2 _ 5C2
=47
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ii
(i Method 1: M1Al
°’c,‘c,°c,+°c,*c,°c,+°C,c,C, +°C,*C,C,
+%C,*Cc,°C,+%,'C,Cc, +°C,C,°C, AL
=205
Method 2: M1A1
12C3 _ 303 _ 4C3 _ 5c3 Al
=205
98 | p-a=a’-p (1)
2 Al
“—zﬁz.-.ﬂzoﬁ 2)
a [04
Sub (2)in(1), &’ —a=a*-a’
2 —a?—a=0 M1
Since ¢ #0, 2a°-a-1=0
a=1 e
2
. 1
Since a<0,a=—5. Al
(b) M1
ISndx:I(l+ 2X+3%° + ...+ nX" Jdx Integrating
=X+ X+ X0+ X +C Al
:M'FC (ShOWﬂ) geometric
_ series
d(x@-x" 1-xX)A-(n+1)x") +x(@1—x"
“=d_( (1 )+cj=( )d-( ;) 2)+ ( ) M1 quotient
AN @ ule
1-(n+1)Xx" +nx"*
= deduced
(1-x)? ( ) Al
Since for 0<x<1, nx" >0 as n—>oo, limS, = 1 > Al
n—w (1—X)
10(a) | 3(5™* + 1) —6(5" + 1)
=355"+3-65"-6 M1
=95"-3 Al
>42 (5" >5forn>1)
>0 R1

S3(E™ +1) > 6(5" +1)
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Let Py be the statement 3n—1(5n +1)> 6"”, neZ", n>2.

M1
Whenn =2, LHS = 3(5% + 1) = 78.
RHS = 62 _ 36) (template)
LHS > RHS
.. P2 s true. Al
Assume that Py is true for some k e Z*, k> 2,
ie. 316k +1)> 6%
. ; ; K(zk+1 k+1
To prove: Pk+1 IS true, 1.e. 3 (5 +1)> 6" .
When n = k+1,
3k (5k+1 +1)=3k—1.3(5k+1 +1)
>3k 16(5¢+ 1) M1
> 6.6
= gk+1 Al
. Pxis true = Px+1 iS true.
Since P2 is true, and Py is true = Px+1 Is true, by Maths Induction,
Poistrue forall neZ", n>2.
(b)(i) AX?
9(x) ==
X+ A
P R1
Since g(—x) =—; =g(x), g is even.
X+ A
(i)
Ya
y=9(x)
y=2 G1
““““““““““““““““““““““““““““““ (asymptote)
G1(shape)
> X
0
1%_()8) sin™ /x = cos/x
i
= sin"T/x = cos T/x = %
o xe L
J2
1
= X==
2
L P= G%) Al
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I z x
(1) Area of A = jo“ cos’ ydy—jo“sin2 y dy M1
= J‘Oicosz y—sin?ydy
= IozcosZydy M1
_ sin2y%
- 2 | Al
= % units? Al
(b) 4 M1
n(162)(4)—n(a2)(a)—j x“o|x=39287t Al
By GDC, nsolve ’ _n(az)(a)]
y . ; Al
4 . M o4
nSolve|n 162- 4—n-x5—n-J x% dx=r \_;_956’ J- X4dX]
X
2. L a
a=2 Al
12(a) | a-b=a||b|coséd
=la-b|< |a|lb] |cosd]<1 M1
=a-b < |af|bP
M1

2 b,
Ifa=|a,|, b=|b,]|,
% b,

= (ab, +a,b, + asb3)2 < (312 + 3-22 + 332)(b12 + b22 + b32)

Alternative Method

2 b,
a=|a, |, b=|h,
8 b,

a-b=ab +ab, +ab,
|a||b|cos@=ab, +a,b, +a,b,

\/af +a,” +a, \/bf +b,? +b,> cos@ =ab, +a,b, +ab,

(a2 +a,2 +a,) (b +b;7 +b)c0s’ 0 = (ah, +a,b, +ab,)
(a1b1 + aZbZ + a3b3)2

(a’+a,°+a)(b’ +b,’+b?)

s (ab +a,b, + agbg)z < (312 + a22 + agz)(bl2 + b22 + b32)

cos’ @ =

2

Al
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(®) | |2a-bf? = (2a-b).(2a-b) M1
—4fa]* —4ab + |bf? Al
=4(4)-4(2)(1)cos60° +1=13 Al
:>|2a—b|:«/1—3 (shown) AL
() | px3q=2pxr
=>px3g-2pxr=0 M1
=px((3g-2r)=0 Al
=pl/l3q-2r
=p=k(Bg-2r), keR Al
(d) | The equation of the plane = is 3x+2y+5z =45.
(p,p,0) liesin 7=3p+2p+0=45=p=9 Al
2 3 2) (3
g | is perpendicularto | 2 |=| q || 2|=0
0 5 0)\5
6+29=0=>9g=-3 Al
Since v is perpendicular to both u and n,
3 2 15 M1A1
uxn=|2|x|-3|=| 10
5 0 -13
9 2 15
r={9|+A4|-3|+u| 10 |, ueR Al
0 0 -13

Alternative method to find v

X
Let v=|y
zZ
X) (3 X 2
y|-|2|=0and | y|-|-3|=0
z)\5 z 0
3Xx+2y+5z=0and2x-3y=0
x:—Ez,y:—Ez,z:z
13 13
Let z = 13 (any non-zero number will work)
-15
v=|-10

13
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13(i) c x®C, 27 M1
P(X=2)=—%—2=—(shown
(X=2) o2 (shown) AIAL
(i) X 0 1 2 | 3
P(X=x) | c,x*®C, 91 |®C,x*C, 21|27 | 6
%5 = 25 = E E M1
C, 460 C, 46 Al
Method 1
E(X)=2 M1
5 Al
21 (6)° 33 Al
Var(X)=EMX3)-[E(X? === 2| ===
(X)=EX)-[EMX)] 10(5j 20
Method 2
By GDC,
() nCr(lO,x)-nCr(15,3—x) Done
xX).=

nCr(25,3)
®|[C D E F
= =0neVar(
3 X 1.2
4 X 2.1 M1
5 SX = Sn-.|#UNDEF.,
6 OX 1= On... | 0.812404 0.66
7 n il |,3‘ Al
F7 | 4 \ 4
E(X)=12 Al
Var(X)=c’=0.66




STUDENT NAME:

TEACHER INITIALS:

MATHEMATICS
HIGHER LEVEL
PAPER 1
Friday

INSTRUCTIONS TO CANDIDATES

¢ Do not open this examination paper until instructed to do so.

Section A: Answer all questions showing working and answers in the spaces provided
in the exam paper.

Section B: Answer all questions using the foolscap paper provided.

The use of calculators is not permitted in this paper.

A clean copy of the Mathematics HL Formulae Booklet is required for this paper.

Unless otherwise stated in the question all numerical answers are to be given exactly.

The maximum mark for this examination paper is [100 marks].

This question paper consists of 10 printed pages including the Cover Sheet.

CANDIDATE SESSION NUMEER

0|2

5

0112

EXAMINATION CODE

8|8

1

8|-|7(2]|0

ST. JOSEPH’S INSTITUTION
YEAR 6 PRELIMINARY EXAMINATION 2018

29th June 2018

2 hours

1400 - 1600 hrs

FOR MARKER USE ONLY:

Ql | Q2 | Q3

Q4

Q5

Q6

Q7

Q8

Q9

Q10

TOTAL

/100




-2- Year 6 HL Maths Prelim Exam 2018/P1

Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are advised to show all

working.

SECTION A (50 marks)

1 [Maximum mark: 4]

Find the derivative y' from first principles given

3
y=ﬁ,x¢0.

TURN OVER
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[Maximum mark: 7]
For some positive integer n,
Px)=(1+x—2x*)"=1+nx+3x*+ -
(@) Determine the maximum power of x in the expansion by first solving for n. [5]

(b)  Find the sum of the roots of P(x) given the value of n found above. [2]

TURN OVER



-4- Year 6 HL Maths Prelim Exam 2018/P1

3 [Maximum mark: 9]

(@ Integrate by parts: [5]
t
f(t + 1) cos (E) dt
(b) Hence, by introducing an appropriate substitution, evaluate [4]
s
. w
. w sin (5) dw

TURN OVER



-5- Year 6 HL Maths Prelim Exam 2018/P1
4 [Maximum mark: 6]

The graph of y = f'(x) is shown below where lim f'(x) = 2.

(@ On the same set of axes above, sketch y = f(x), indicating clearly the maximum/

minimum points and points of inflexion of the graph. [5]
(b) Evaluate lim £, [1]

TURN OVER
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[Maximum mark: 6]

LetN = {0,1,2,3,..}.

(@) Justify the following identity whenever gcd(a,b) = 1, a,b € N*: [2]
1 1 1
2w\ 27 27
i,JEN i eEN JEN

where gcd(a, b) refers to the greatest common divisor of a and b.

(b) Using (a), find the value of the infinite sum [4]
1+1+1+1+1+1+1+1+1+1+1+1+ _z 1
1 2 3 4 56 8 9 10 12 15 16 ___kENzi-3f-5k
L.j,

TURN OVER
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[Maximum mark: 10]

(@) The vertices of a triangle are given by A(—-1,0,4), €(1,1,0) and D(Z 3 1) Another
point B is located on the line that connects A and C such that 3AC = 2CB.

i. Find the vector DB. [4]
ii. Find the Cartesian equation of the plane passing through 4, B, C and D. [4]

(b)  Calculate the shortest distance between the plane 3x — 2y + z = 4 and the point
A(-1,0,4). [2]

TURN OVER
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[Maximum mark: 8]
Let w € C be an nth root of unity for some positive integer n such that w? —w + 1 = 0.

(@) Plot the two possible values of w on the Argand diagram, and hence prove that n = 6.

[5]

(b) Evaluate (1 —w)(1 —w*)(1 —w?)(1 — (w*)?), simplifying your final answer. [3]

TURN OVER
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Do NOT write solutions on this page.

SECTION B (50 marks)

Answer all questions on the foolscap paper provided. Please start each question on a new page.

8 [Maximum mark: 17]

(@) The curve C has equation X’y +Xxy*+54=0.

Find the coordinates of the point on C at which the gradient is —1, showing that there is
only one such point. [7]

(b)

Fig. 1 Fig. 2 Fig. 3

Fig. 1 shows a piece of card, ABC, in the form of an equilateral triangle with sides of
length a. A kite shape is cut from each corner, to give the shape shown in Fig. 2. The
remaining card shown in Fig. 2 is folded along the dotted lines, to form the open
triangular prism of height x shown in Fig. 3.

B3

(i)  Show that the volume V of the prism is given by V = Tx(a—Zx\@)z . [3]

(if)  Find, in terms of a, the maximum value of V, proving that it is a maximum. [7]

TURN OVER



-10- Year 6 HL Maths Prelim Exam 2018/P1

Do NOT write solutions on this page.

9 [Maximum mark: 17]

(a) Solve the equation sin™ x—cos™ x=sin"(3x—2) where all the angles are principal
values. [6]

(b) (i) Prove that cos(A+B)—cos(A—B)=-2sin AsinB. [2]
(i)  Hence prove, by mathematical induction, that

2X— 2 1
sin3x+sin5x+sin7x+...+sin[(2n+l)x]=COS x—cos| 2(n +1)x]

2sin x
forall neZ",sinx#0. [9]
10 [Maximum mark: 16]
. X* +x+1 .
(a) Giventhat y= 1 xe R, x#1, find the range of values that y can take. [6]

(b) The roots of the equation x* — px—q =0, where p and g are non-zero real constants, are
given by «, 3, and .

(i)  Find the sum o” + B° +»° in terms of p and g. [6]
(if)  State the range of values of p for which the given equation has complex roots. [1]

(i) Using the range of values of p from part (ii), and further given that
a’+ B’ +y° =5, determine the sign of the real root of the equation, explaining
your answer clearly. [3]

End of Paper
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SJI Year 6 HL Math Prelim Exam 2018/P1 (Markscheme)

Qn | Suggested solution Markscheme
1 Differentiation using first principles [Max mark: 4]
) ﬁ_;_z 3x% — 3(x + h)? MIAI
y =m = m 2 2
h=0  h _6x_2h0 hx (g +h) M1 — evaluation
=lim———==—-—— ofh -0
h-0x2(x + h)? x3 Al
2 Binomial Theorem [Max mark: 7]
(a) (I+x—2xH)"=(1—-2)"(1+2x)" M1 — any valid
_ (41 _ (" nm oo, n m 2 approach even if
=(1-()x+()x+) (1 +(})2x + () 422 + kg B ot
n o n correct, e.g.
— = expanding twice
()-20)()+ ()= pncing
n-5n-6=mn-6)(n+1)=0 Al - quadratic
Thus, n = 6, . . MI1Al
and so the maximum power of x is 12. Al
(b) Sum of roots is 6 <1 + (— l)) =3 M1 — any Vah.d
2 approach even if
working is wrong
Al
3 Integration by Parts + via Substitution [Max mark: 9]
@ |u=t+manddv = cos(f)dt
RS (M1)
dt = du and v = 2 sin (E) (A1)
f(t+ ) <t>dt—2(t+ ) si (t) fz ' <t>dt
) COS 2 = m)sin |2 sin{7 Al
ot t
+ C is missing
(b) |Letw=t+m M1
T w 0 o t+m
f wsin (E) dw = j (t+m) sm( > ) dt Al —  correct
0 0 I bounds
= j (t+n)cos<§>dt =4
- MI - cos
Al

Page 1 of 10
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Qn | Suggested solution Markscheme
4 Gradient Graph [Max mark: 6]
(a) | Inflexionatx = —3,—1,2 Al
Max atx = 0.5 Al
Min at x = 3 Al
G1 — correct shape
(excluding
asymptotic
behavior)
Note: as x - +, f(x) becomes a straight line with gradient 2. | 1
Also f"'(2) does not exist.
() @
x>0 X Al
5 GP [Max mark: 6]
(a) | Any logical explanation will do. Use of examples is also | R1R1
acceptable.
z ! —1+1+1+1+ ! + ! +1+ + ! +
[ alh) a b a? a?b ab? b2 ampn
i,j EN
—(1+1+ + )(1+ oy )
— a_a? b b2
(b)
(Zl) Zl Zl _ 11 11 11 MIALI
i J J
=k jeN3 jENS I-5/\1-3/\1-%
15
=2X=X—=— MI1A1
2 4 4
6 Ratio Theorem and Distance between a Plane and a Point [Max mark: 10]
(a)()

() =)
()-50(3) ==
m-(-0s)

AlAl -

relevant vector
M1 — correct use
of Ratio Theorem

any

or any  other
method
Al

Page 2 of 10
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Qn | Suggested solution Markscheme
(a)(i1) -3 -1 9 3
=3 |x|(-2|=(-6]]|-2 MI1A1
3 -1 3 1
3 1
1 0
(b) . 4= 3 M1 - any valid
distance = T Vid method
Al
7 | Roots of unity [Max mark: 8]
(a) 1431 n MIAI
w = =e 3
2
waZ2 -7 ] S i
"}:'v-} \‘V\\\\
Iy % Gl
? !
i S [ Gl
w6 = (eii§)6 _ ptizm _ 1 RIAL
(b) 1-wA-wHA-wH)1-Ww?) M1 — using
=(1—=W+w")+ww)(1 - W?+w?) +w2w*?) whatever w found
=1-1+1DA-(-D+1) in (a)
=3 MI1A1

Note: Students can use the Cartesian form of w which may result
to unnecessary calculation of w2,

Page 3 of 10
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Qn

Suggested solution

Markscheme

Differentiation (Implicit and Optimisation)

[Max mark: 17]

(2)

X’ y+xy° +54=0
Differentiating wrt. x,
xzd—y+2xy+x 2yd—yj+y2 =0
dx dx
(x2 +2xy)ﬂ+2xy+y2 =0
dx
When d_y =-1,
dx

—(x2 + 2xy) +2xy+3° =0

y2 _x2 — O

y==*x

When y =x, we have from equation of C:
2x° +54=0
=X’ =-27
=>y=x=-3

When y=-x,

—x +x+54=0

= 54=0 (contradiction)

Therefore, there is only one point on C with gradient —1,
and the point is (—3,-3).

M1 M1 - product rule &
chain rule

Al

M1 — subst. d_y =-1
dx

A1 — both answers

R1

A1l — coordinates

(b))

A

2
Y

y=LM =a- 23x
) =Base area x Height

:%(a—Z\/gx)z sin%xx
(5
:%x(a—%/gx) (73]
3

= e x(a - 2\/§x)2 (shown)

Al

M1 A1

AG

Page 4 of 10
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Qn | Suggested solution Markscheme

(b)ii) | Method 1

a—2x3 2—3x(a—2x\/§) A1 — product rule

N PN (a—6\/§x) Al - factorised (for 1%
4 derivative test)
v
Set E =0 M1
a a
x=—— (rej. wa—23x#0) or x=—— i ;
NG (rej ) 63 Al A1l (with ans. rej.)
Ll e _a
63 63 63
dv R1
— +ve 0 —ve
dx
Therefore, V' is a maximum when x = a4 .
63
Hee28(25))
Max. V == —— || a—2/3| —=
4 63 63
_ i(&)z _a
24\ 3 54 Al
Method 2
NE) 2
V= Tx(a - 2X\/§)
= £(12x3 - 4\/§ax2 + azx)
4
av By,
= =2 (36x* -8 Bax+a’ Al
de 4 ( )
Set d—V =0
dx
36x> —8\3ax+a> =0 M1
o 8v/3a £/192a> —1444>
72
B 8\/§a + 4\/§a
72
3 3 .
= 1_8a or % (rej. ~y=a— 2\3x # 0) Al Al (with ans. rej.)

Page 5 of 10
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Qn | Suggested solution Markscheme
it J_(72x 8fa)—18fx 6a Al
ax* 4
When x = @ ,

18
R IRE) .
7 = T(—4\/—a) =-3a <0 (since a >0) R1
Therefore, V' is a maximum when x = % .

2

Max. V:ﬁ V3a a-23 N3a

4 18 18

Al

2a _a_3
24 3 54

Page 6 of 10
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Qn | Suggested solution Markscheme
9 Trigonometry and Proof by Induction [Max mark: 17]
(@) |Let a=sin"'x and f=cosx
Then
sina = x Z<a<Z Scosa>0 RI - scen anywhere to
2 justify
cosff=x 0<p<rmr =sinf>0 cosa =sin f=+/1-x’
sin”' x—cos™' x =sin”"’ (3x — 2) [Note: é <x<1]
= sin (sirf1 x—cos”' x) =3x-2
=sin(a—f)=3x-2 Al
sinacos f—cosasin f=3x—-2 M1 - compound angle
(x)(x)—\/l—x2 V1-x* =3x—-2 (since cosa > 0,sin 3 > 0)
x’ —(l—xz) =3x-2
2x* =3x+1=0 Al
X —5 or x = Al Al
(b)i) | cos(4+B)—cos(A4-B)
= cos A cos B —sin Asin B —(cos 4 cos B +sin 4sin B) M1 Al
=—-2sin Asin B AG
(b)ii) | Let P, be the proposition

cos 2x—cos[2(n +1)x]

sin3x+sin5x+...+sin[(2n+1)x]: o
sin x

for neZ",sinx#0.

Whenn=1,
LHS =sin3x
RES — cos 2x'—cos 4x
2sin x
_ 2sin3xsinx
2sin x
=sin3x=LHS

Therefore £ is true.

Assume P, is true for some ke Z" i.e.

2x— 2(k+1
sin3x+sin5x+...+sin[(2k+1)x:|=COS x COS[ (k+ )x:|

2sinx
When n=k+1,

M1 - basis step

M1 — using (b)i)

R1 — must get M1 (for
hence)

M1 — must assume true
(for some k, not Vk )

Page 7 of 10
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Suggested solution

Markscheme

sin3x+sinSx+...+sin[ (2k +1)x |+sin[ 2(k+1)+1]x
~ cos2x—cos[2(k+1)x]
2sin x
~ cos2x—cos[(2k+2)x]+2sin[(2k+3)x]sinx
2sin x
_ c0s2x—cos [(2k+2)x:|+cos[(Zk+2)x:|—cos[(2k+4)x:|
2sin x
~ cos2x—cos[2(k+2)x]
2sin x
cos2x—cos[2((k+l)+l)x}

+sin [(21{ + 3)x:|

2sin x
Therefore, B, is assumed true = P, , is true.

Since R is true, and F, is assumed true = £, is true , by

mathematical induction, P, is true forall ne Z".

M1 — using B, is true
Al

M1 — using (b)i)

Al

R1 — awarded only if
previous 5 marks for
inductive step were
obtained

Page 8 of 10
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Qn | Suggested solution Markscheme
10 | Functions and Polynomials (Vieta’s Formulae) [Max mark: 16]
(a) | Method 1

y:%, xeR, x=1
x2+(1—y)x+(1+y)=0

Since the quadratic equation has real solutions for x,
Discriminant > 0

(1-y) —4(1+y)>0

¥ —6y-3>0

Solving y>* —6y—-3=0:

y= 61;/& =3+2.3

.'.yS3—2\/§ or y23+2\/§

Method 2
X +x+1 3
=—=Xx+2+—
x—1 x—1
Setd—yzl— 3 =0
dx (x—l)
—x=1+3,y=3+23
dy__6
dx’ (x—l)3
2
d{ :L>O ©.y=3+2/3 min. value
dx x=1+\/§ 3\/5
2
d{ :_L<O .'.y=3—2\/§ max. value
dx x:l—\/§ 3\/5

16.73 1

-18.491

.'.yS3—2\/§ or y23+2\/§

A1l — quadratic in x

(R1)

Al — with >

M1 - solving quad. ineq.
Al A1 (Al if strict ineq.)

Al

M1 - finding max & min
points

G1 — sketch of graph
G1 - oblique asymptote
y=x+2 and vertical

asymptote x =1

Al A1 (Al if strict ineq.)

Page 9 of 10
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Qn | Suggested solution Markscheme
(b)i) | a+pB+y=0
Yaf=-p
2 2, .2 2 No additional 2 marks
@+ 4yt =(arBrr) -2(Xap) Ml}ifthis appears in (b)ii).
=2p ALl J (b)ii) only 1 mark.
From x’ — px—g =0, we get
a’—pa-q=0 M1
B ~pP-q=0
Y =pr—-q=0
Adding,
a3+,6’3+}/3=p(0)+3q:3q Al
Similarly, multiplying by x*:
o’ —pa’—qa’ =0 M1
B -pf -qp* =0
Y’ =pr-qr’ =0
Therefore,
a’+f+y :p(a3 +5 +73)+q(a2 + B +7/2)
=p(39)+4q(2p)
Al
=5pq
®)ii) | p<0 Al
i) | &’ + 2+’ =5pg=5

Since p<0 and pg=1, ¢<0

Since coefficients are real, complex roots occur in complex
conjugate pairs.

By Vieta’s Formula,

apf =q
Since BB° =|,B|2 >0 and ¢<0,

the real root a <0

M1 - product of roots
with complex conjugates
R1 — must be BB, not
just any zw

A1 — with working,

no follow through from
p>0

Page 10 of 10
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Full marks are not necessarily awarded for a correct answer with no working. Answers must

be supported by working and/or explanations. In particular, solutions found from a graphical display
calculator should be supported by suitable working; for example, if graphs are used to find a solution,
you should sketch these as part of your answer. Where an answer is incorrect, some marks may

be given for a correct method, provided this is shown by written working. You are advised to

show all working.

SECTION A (50 marks)

1 [Maximum mark: 7]
Consider the system of equations below where p and ¢ are real.

2x+2y+z=p
x=2y+2z=-7
gx—6y+11z=-16

Find the value of p and g for which the system has an infinite number of solutions.
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2 [Maximum mark: 8]

For events 4 and B, it is given that P(4|B'") = ; , P(B'| A") =§ and P(A4) = ;—(1)

Give a reason why events 4 and B are not independent. [1]
Find

i P(Bn4). [3]
(ii) the probability that exactly either one of A and B will occur. [4]

TURN OVER
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3 [Maximum mark: 6]

The graph of y =g(x)is shown below.

(1) Sketch y= on a separate diagram, indicating clearly the new coordinates

1
g(x)

of A and B, and the asymptotes. [3]

g'(x)

(i1) Sketch y=-
g(%)

5 on a separate diagram, indicating clearly the x-intercepts and the

asymptotes. [3]
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TURN OVER
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4 [Maximum mark: 8]

(a) Itis given that, for some constant c, j secx dx =In|secx +tan x|+ c.

By writing sec’ x = secx sec’ x, find J. sec’ x dx . [6]

(b) Find the value of o such that 0 <tan™' & <% and .[()tan “sec’ x dr=+5 +%ln(\/§ +2).
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5 [Maximum mark: 8]

The complex number z is given by z =re'?, where » >0 and — < 6 < m. It is given that

the complex number w = (—\/5 - i)z .

(i) Find M in terms of , and argw in terms of & and 7. [3]
Z3

(ii) Find the largest negative value of € in terms of 7 such that — is purely real. [5]
w

TURN OVER
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6 [Maximum mark: 5]

A circle has two fixed points 4 and B such that AB is the diameter of length 10 cm. A point P
moves on the circle. Given that the length of the line segment AP decreases at the rate of
0.4 cm s, find the exact rate at which the angle PAB is changing when AP = 5 cm.
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7 [Maximum mark: 8]

Relative to the origin O, the points 4, B, M and N have position vectors a, b, m and n respectively,
where a and b are non-parallel vectors.

It is given that m = Aa + (1 — A)b and n = 2(1 — A)a — Ab where A is a real parameter.
Show that mxn = (317~ 4%+ 2)(bxa). 3]

It is given that |a| =3, b| =4, and the angle between a and b is % Find the smallest area of the

triangle MON as A varies. [5]

TURN OVER
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Do NOT write solutions on this page.

SECTION B (50 marks)

Answer all questions on the foolscap paper provided. Please start each question on a new page.

8 [Maximum mark: 18]

(a) The fourth, seventh and sixteenth terms of a non-trivial A.P. are in geometric progression.

If the first six terms of the A.P. have a sum of 12, find the common difference of the A.P.
and the common ratio of the G.P. [8]

Hence determine the number of terms required for the sum of the terms of the A.P. to
first exceed 1000. [2]

(b) A convergent function f(x) is defined on its maximal domain, D; c R, by
2 4 8 16
f(x) =1+ ;+ x_2+ x_3+ x_4+
(1) Determine the maximal domain, Dy. [3]

(ii) Express f(x) in simplified rational function form. Hence sketch the graph of
f(x) on Dy. [5]

9 [Maximum mark: 22]

The diagram below shows the curve y = xe™?* together with the straight line y = mx,

where m is a constant with 0 < m < 1. The curve and the line meet at O and P. The
dashed line is the tangent at P.

r 3
y=mx
P
< PR 5
0 o y=xe X
= -~ = n » -\

(a) Find to 3 s.f. the coordinates of the point of inflexion of the curve y = xe™2* . [3]
(b) Show that the x-coordinate of point P is — %ln m. [3]
(c) Find, in terms of m, the gradient of the tangent to the curve at P. [4]

This question continues overleaf
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Do NOT write solutions on this page.

9 (continued)

10

The tangent and the line OP make the same angle with the x-axis.

(d) Show that m = e™2 and find the exact coordinates of P. [4]

(e) Hence, find the exact area of the shaded region enclosed between the line OP and the

curve y = xe 2%, [5]

(f) Find the volume of the solid of revolution generated when the shaded area is rotated

360° about the x-axis, giving your answer correct to 3 s.f. [3]

[Maximum mark: 10]

(1) A sports club has 50 members, of whom 23 play hockey. If all the sports club members

(i)

were arranged in a row at random, find

(a) the total number of arrangements in which all the hockey players would be standing
together; [2]

(b) the probability that there would be a hockey player at each end of the row. [4]

As part of an experiment a computer has to assign an integer between 1 and m inclusive
to each of n participants where n < m. It does this randomly never assigning the same
integer twice.

If K is the highest value that is assigned, show that the probability of a participant being
assigned the highest integer value is

(o)

m);
n

()

k=n

P(K =k) = forn < k <m.

~

Deduce the value of

[4]

End of Paper
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1 Systems of Linear Equations & Vectors [Max mark: 7]
7 2x+2y+z=p
Ty Xx=2y+2z=-7
7,1qx—6y+11z=-16
2 1 -2
=2 |x|2=-31
n, xn, X MIAL
1 2 2
For the system to have an infinite number of solutions,
-2 q
1 '(—6>=0:>—2q—6+22=0:>q=8 M1A1
2 11
f h
: X—2'y+2:z="7 !
1‘“501"6'-[{31-6y+11-z=-16 ’ {x,}f,ZJ l
c?
{1—c1,—+4,c1} mi
2
Since (1,4,0) lieson 7, 2(1)+2(4)+z(0)=p = p=10 MIi1A1
2 Probability [Max mark: 8]
Since P(A4)#P(A4|B"), events 4 and B’ are not independent. R1
Hence 4 and B are not independent.
(i) | Method 1
P(B’|A)=2=PB|A)=1 M1
»w_ 1 _ P@'nB) ' _1.,9_ 3
PBIA)= =~ = PANB) =X =2 M1A1
Method 2
A B
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P(B'|A'):g
3
P(B'mA4') 2
Sl Sl AP M1
P(4" 3
11
1———
20 7 2
13 Al
20
3
Y 20
:>P(BmA')=i Al
20
ii ' M1
(ii) P(A|B')=£:>P(AmB)=i
7 P(B") 7
P(4nB") _4
1-P(B) 7
X 4 Al
= —_
1—(11—x+ J 7
20 "
X 4
= =—
11 3 7
I-| ——x+—
20 20
2
:>x=P(AmB'):§ Al
. 3 2 11 Al
P(exactly one of them will occur) = x+ y = —+—=—
20 5 20
3 Reciprocal and Gradient Graphs [Max mark: 6]
(@)

[G1]
Shape

[G1]
asymptotes.

B e el R = 1

sm---------r

[G1]
coordinates.

Page 2 of 10
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(ii) x=-2 Ay
: : [G1] [G1]
; ! g Shape
; : [8COT?
i E [G1]
: : Y i) X asymptotes
E : K/ /”——_ x-intercepts
4 Integration by parts [Max mark: 8]
(@) J. sec® x dx
= Isecx sec’x dx
=secxtamx—'[secxtam2 x dx M1A1
:secxtamx—J‘secx(sec2 x—1) dx M1
:secxtanx—Isec3x—secxdx Al
=secxtanx —J.sec3 xdx+1In |sec x+tan x|
M1
2jsec3 x dx =secxtanx+ ln|secx+ tan x|
. Al
.[secz' x dx =§(secxtanx+ln|secx+ tanx|) +C
(b) o
| tan )
nsolve isec{:x:*}s dx=\/;+—l 'lnwg' Ml
\J o 2
2.
o=2 Al
5 Complex Numbers in Exponential Form [Max mark: 8]
(i) Method 1

_ _\/g_. Im
v=(-i) 58
_[Ze(_é)]reié) i /%//‘\/56”
T | 7
=2r e{i Lmj ¢ -
|w|=2r, argw=——+6

M1

AlA1
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Method 2
It :\(_ﬁ -i)z .
z‘(_\/g_l) g Al
=2r
argw = arg([—\/g —i} z)
= arg(—\/g —i)+argz
__ T Al
6
(i) 3
arg| = | =arg(z*)—arg (w¥) M1
W*
=30 +argw
=30+ (—5—” + 9)
6
49— 5z Al
6
z’ z3 _
For o to be purely real, arg (W—) =kn, kE€Z M1
- 40 7 -
6 Al
—0=-"1
24
. the largest negative value of @ is —2—7; . Al
6 Connected Rates [Max mark: 5]

Method 1
Let AP=xand LPAB=20. p

dx do
Given —=-0.4 ¢cm s, find — . ©
dr dr
X S x B
cos@=—=0=cos | —
10 10 A
1 1

dx ¥ Lloo— V100—x?
=11 10
10
At x=5cm,

do do dx -1 2 23
—=—x—=—"7——(-04)=——=="Trads
dt  dx dr J100-5° 253 75

Al

M1A1

M1A1
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Method 2
Let AP=x and £PAB=80.
dx do
Given — =-0.4 cm 5™, find — .
dt dt
cosf = *
10
Differentiate wrt ¢,
. 1
(—sind) 40 _1dx
dr 10 dt

When x =5, cos6’=%:6’=60°

do 004 2 243 Aol
—-—= = = rad s
dt  —sin60° 253 75

Al

M1

Al

M1A1

7 The Vector Product [Max mark: 8]
(i) |mxn=Ra+(1-X)b)x2(1-AL)a—-Ab)
=201 —-A) (axa)— A% (axb) +2(1 —1)*(bxa)—A(1 —A)(bxb) MI
=2(1-2)*(bxa)—22(axb) since axa= 0=bxb Al
— 2192 . _ R1
=(2(1 =A)" tL°) (bxa) since axb=—-bxa
= (3A2— 41 +2) (bxa)
(ii) ) 1 1 )
Area of triangle MON —§|mxn|_§‘ (34" —44+ 2)(bxa) ‘ M1
:%‘3/12—4/1+2Hb><a| Al
2
= 3[1-% 2||b | afsin® M
2 3 3 6
2
-3 3(1-% 2 Al
3 3
. smallest area is 3><§: 2 units? Al
8 APs/GPs, Rational Functions [Max mark: 18]
(a) | The AP hasterms a + 3d,a + 6d,a + 15d

a+6d _ a+15d
- - a+6d

a+3d

= a? + 12ad + 36d? = a? + 18ad + 45d?
= 6ad +9d?* =0

= d(2a+3d) =0 or az—gd o0.e.

For AP: Sg =12 = 3(2a + 5d)

M1

Al

M1
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= 2a=4-5d Al
~d(4—-5d+3d)=d(4—-2d)=0 (d #0) M1
=d=2 Al
-3+12
d:z’a:—gz)r: = AlAl
-3+6
n
Sp = E[_6 +2(n—1)] > 1000
E.g. Using nsolve we obtain G1
(or M1 if
33.686 .
nSolve| = (-6+2- (1-1))=1000,7,0 2 algebraic
: solution
attempted)
~ required number of terms = 34 Al
(b)(® 2 4 c
f) =1+~ +—+—+ 2() )] < oo
2
f(x) represents a convergent infinite GP with common ratio g R1
2
|;|<1=>|x|>2 M1
~ maximal domain, Dy = {x € R:x < —2 orx > 2}, o.e. Al
(b)(ii) | Using sum of infinite GP:
1 x 2
f(x)_l__g_x_ or 1+— onD; M1 Al
X
2y
T G1 two branches
Gly=1,x=2
il asymptotes
_____________________________ I g
B X G1 hollow point
-2 1 x=2 at (—2,0.5)

Page 6 of 10




SJI Year 6 HL Maths Prelim Exam 2018/P2 (Markscheme)

9 Differentiation and Integration Applications, Logs/Exp [Max mark: 22]
(a) | Using GDC for sketch of y'":
1.68 1y
G1
0.2 _ﬁ(.__l'o'l"' ) . Al for x =1
-i28‘§:::::{:2::/:/-"'T.:......'...:.:::::::==::€6:8.9
/ (1'0_)_ f4(x)=x- e
/ /rs(.\}=“—_(_r4(.\))
Or using GDC for sketch of y': Or
1.68{?}-'
e G1
=====?;%_"E.{i_(?_]:-5'2-1JJ A+ Al for x =1
-1.89 / 2 71!,):;.135)
/ [ £5(x)=—(ra(x))
I."l ax
/m( c)=x e
| ¥
~ Point of inflection is at (1.00,0.135) to 3 s.f. Al
2
NOTE 1: M1 for correct calculation of 3732' = 4e" ¥ (x — 1).
2
NOTE 2: Al only for (1.00,0.135) obtained from solving 3732, =0.
(b) | xe ™ =mx M1
=x(Ee?*-m)=0
— a—2% © Al
= m=e (rej x = 0)
= —2x =Inm Al
= x = —Elnm AG
(0 - _ _
a(xe 2X) = e72¥ — 2xe™?%* M1 Al
(e7* —2xe )| 1 =emmyeltmnm M1
x=—§lnm
=m+mlnm=m(1l+Inm) Al
d |m(A+Inm)=-m M1
== Ihm=-2(~0<m<1) Al
= m=e 2 AG
From (b) x=—§1nm=x=—§lne_2=1 M1
. P coordinates: (1,e72). Al
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Or
AtP: y=xe™?* =mx = xe ¥ = e %x M1
=x=1 (vatP, x= —ilnm # 0)
. P coordinates: (1, e72). Al
(e) | Method 1
Shaded area = fol xe ¥dx — Ze™?
M1 Al
1 1
= [_lxe—zx] _f —le‘zxdx _le 2 M1 (correctly
2 o Jo 2 2 by parts)
|1 —2x_ 1 —o2x 1 2
= [—5xe e ]0 e oe Al
_(1_38—2)_ e2=1_342 Al
4 4 4 4
Method 2
Shaded area = f1 xe 2 — e 2x dx M1
g 1.1
[— —xe"zx] - f ——e ¥dx —e? [—xz] M1 (by parts) Al
o 2 2 1y
1
= |—Lxe2x —e_zx] e % oe Al
2 0
=(1_§ _2)_—e_2=l——e_2 Al
4 4 2 4
® ' -2xY2 -2,2
V,=m | (xe™**)* — (e *x)*dx M1 Al
0
= 0.0556 (3s.f) Al
Or
1 1
V, = nf (xe™2%)2dx — §n(e‘2)2 x 1 M1 Al
0
= 0.074799 — 0.019180 = 0.0556 (3s.f) Al
10 P&C, Probability [Max mark: 10]
(i)(a) | Treating the hockey players as one person, the number
of permutations is (50 — 23 + 1)!23! M1
= 28!23! o.c. Al
[Accept 7.88 x 10°! (3 5.f)]
(i)(b) | Method 1
There are 23 ways to choose the hockey player on the left end, and 22 | M1
ways to choose the hockey player on the right end (or vice versa).
Number of ways of arranging remaining members in between is | Al
(50 —2)! = 48!
1 23 ! 1
. Required probability = 222242 o =220 M1
253
=T = 0.207 (3s.f) Al
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Method 2
Probability of first and last person being a hockey player
23 22
= P(1st a hockey player) x P(last a hockey player) = =0 X 19 M1 Al Al
=22 = 2% _ 0207 (3s.f) Al
2450 1225
Method 3
Required probability _ Total no.of ways of select11.1.g 2 hockey plays from23 M1
Total no of ways of selectiing two people from 50
23
_ G Al Al
- 50C2
=22 - 0207 (3s.f) Al
1225
(ii) | The total number of ways of assigning n integer values from m possible
. . . . .. (m Al
values with no value being assigned twice is (n )
With the highest integer value k assigned, the other n — 1 integer values
can be any distinct selection from the remaining k — 1 .
So there are (n : 1) ways of assigning the values distinctly with a | R1
highest value of k.
()
Hence P(K = k) = 21 AG
(n)
= M1
Total Probability = 1 = Z PK=k) =1
k=n
m (k—1
Z (n - 1)
= =1
k=n (n)
1 z (n — 1)
= 7m Y - L
(n) k=n (n)
m
k—1\_m
=2 (21 =() Al
k=n
Or
For highest value of K,
m
Z (k : }) gives all possible ways of assigning n values.
k=n n M1
m m
k—1y_m —
ey (571) = (7)Y Pk =
k=n k=n
m m
= () x1=(5) Al
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be

given for a correct method, provided this is shown by written working. You are advised to show
all working.

SECTION A (50 marks)

1. [Maximum mark: 5]

T
Find an expression for ¢/, in terms of x, when g(z) = (cosz) %%, 0 <z < 5

Turn Over
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2. [Maximum mark: 5]

By considering suitable graphs, determine the sum of all the real values of z such that

sinz = 22°19,

Turn Over
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3. [Maximum mark: 7]

Suppose the cubic function P(x) = 22® + 322 — 8 has zeros a, 3, and v. It is also given
that a8 + ay + Sy = 0.

(a) Find the value of a + 3+~ and of «afy.
(b) Hence, or otherwise, find the sum and product of the zeros of (P(2z — 1))*.

Turn Over
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4. [Maximum mark: 7]

(a) Evaluate f()\/g‘cz)url_1 y dy.
(b) By the aid of a graph, deduce the value of fog tanz dx.

Turn Over
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5. [Maximum mark: 9]

In a talent competition, there are 12 participants who have to go through multiple rounds
of selection.

(a) In the first round, the participants are to form groups to compete against one another.
Find the number of ways in which all 12 people can be divided into three groups of 4
people. [You do not need to simplify your answer.]

(b) Only 4 people get through to the second round. In order to eliminate their competitors,
each person can either team up or compete individually. Find the possible number of
groupings formed in this round.

Turn Over
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6. [Maximum mark: 8]

1—1
Given that 2 = ——— where > = —1.

(V3 +1i)?

(a) Find the modulus and argument of z, where —7 < arg(z) < . [4]

(b) Find the third roots of the complex number z, simplifying your answers in the form
re, where r > 0 and —7 < 0 < 7. 4]

Turn Over
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7. [Maximum mark: 9]

LtS—O 1 2 3 4 n—1
e n_ﬂ+i+§+ﬂ+5+m+ T

Find the values of S1, S, S3 and Sy.

Make a conjecture for an expression of .S,,, leaving your answer as a single fraction in terms
of n.

Hence, prove your conjecture using induction for positive integer n.

Question 7 Continues on the Next Page
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Do NOT write solutions on this page.

SECTION B (50 marks)

Answer all questions on the foolscap paper provided. Please start each question on a new page.
8. [Maximum mark: 17]

The diagrams in this question are not drawn to scale.

(a) The diagram below shows the graphs of y = f’(x) and y = |f(z)|.

Ya YA
(=2,5) y=[f(x)|
y=1') 9,4)
5
_ o (42)
2/ 0 4 9
4 o[ 1 6 12 ¥
2
On a separate diagram, sketch the graphs of,
(i) y = f(z), and (6]
(i) y = f(|=), [4]
labeling clearly the coordinates of all turning points and axial intercepts.
(b) State an ordered set of transformations that transform
g(z) =vV9—622+24, —1<z<1lontoh(r)=2z+1)?2 —-1<z2<0. (7]
9. [Maximum mark: 12]
Let zy,x9, ... ,x, and z,,, be real numbers. The numbers A, B and C' are defined by
1 n 1 n 1 n+1
A:—Zxk, B:—Z<.’Ij'k—A)2, C = Zl'k
" "= n+l k=1
(a) In the case of x; = k, calculate the value of A when n = 21. (3]
(b) Express C in terms of A, x,.; and n. (3]
(c¢) Show that (6]
B LS ) -
n k
k=1

Turn Over
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10. [Maximum mark: 21]

The planes 7 and v have equations z +y + 2z = 1 and x + z = 2 respectively, and meet in
the line (.

(a) Find the value of cosine of the angle between 7 and +. 2]
(b) Find a vector equation of line [. [4]

Let P be the set of planes py, po, ps, ..., such that the cartesian equation of p,, is given by

x—i—uny—i-,z:Sn,

1

where u,, is the n'® term of a geometric progression with first term 1 and common ratio 55

and S, is the sum of the first n terms of the geometric progression.

(c) Write down a cartesian equation of py in terms of k, where k € Z7. (3]
(d) Evaluate the value of cosine of the angle between p; and py as k — oo. [4]
(e) Show that [ lies in all planes in P. (5]

(f) Let 8 be a plane with equation ax + by + ¢z = d. Determine, with reason, the rela-
tionship between 8 and two randomly chosen planes in P, if a # c. (3]

End of Paper
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be
given for a correct method, provided this is shown by written working. You are advised to show
all working.

SECTION A (50 marks)

1. [Maximum mark: 5]

T
Find an expression for ¢/, in terms of x, when g(z) = (cosz) %%, 0 <z < 5

Solution: g(x) = (cosx) % is the same as In g(x) = (cosz)(In cos x).

Differentiating both sides with respect to z,

1 1
@%(g(m)) = (—sinz)(In(cosz)) + cos (COS x) (—sinz)
use of product rule, use of chain rule

g (x) = ((cosx) “*%) (—sinz)(In(cos z) + 1)

Alternative solution g(z) = (cosz) °*? is the same as g(z) = e(cos®) In(cosz),

Differentiating both sides with respect to =z,

, 1

g'(x) = |(cosx) o

Cosx(_ sinx) — (sinz)(In(cosx))| (cosx)

= ((cos ) “**) (—sinz)(In(cos x) + 1)

Turn Over

M2
A2

M1

M2
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2. [Maximum mark: 5]

Year 6 HL Maths Prelim Exam 2019/P1

By considering suitable graphs, determine the sum of all the real values of z such that

sinz = x

2019

Solution:

The graph of y = sinx and y = 22919

Y

appear below.

2019
y=x

(kﬁ, k2019)

(—k, _k2019)

This is due to both functions being odd.

The two graphs intersect at x = —k, x = 0 and = = k for some positive real number k.

Therefore, the sum of the solutions is —k + 0+ k£ = 0.

Turn Over

G2 -
one
mark
each
graph

Al
R1
Al
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3. [Maximum mark: 7]

Suppose the cubic function P(x) = 22® + 322 — 8 has zeros a, 3, and v. It is also given
that a8 + ay + Sy = 0.

(a) Find the value of « + 3+~ and of «fy. [2]
(b) Hence, or otherwise, find the sum and product of the zeros of (P(2x — 1)), (5]
Solution:
3
(a)a+5+’y=—§ and  afy=4 A2
(b) Method 1:
1 1 1
P(2x—1)h3usze1rosOé;L ,B; ,7—2'— R1
and thus (P(2z — 1)) has repeated zeros of P(2z — 1).
1 1 1 3 3
Hence the sum of zeros of (P(2z —1))* = 2 [a—2|— + 6;— + V;L =3 +3= 3" M1A1
The product of zeros of (P(2z — 1))? is
a+1\ /B+1\ [v+1\]* 1 )
= — 1 1 1 M1
(55) (5 (35)] = gler @+ 06+ )
1
= 6—4(@ﬁ7—|—aﬁ+ory+ﬁ’y+oz+ﬂ+’y+1)2
1 3\
= (4+0-211
5 (1+0-341)
_ 49 Al
256
Method 2:
P(2x —1) =202z —1)* +3(2x — 1)* - 8
=162 — 122% — 7 Al
(P(2x —1))* has repeated zeros of P(2z —1). R1
) 12\ 3
Hence the sum of zeros of (P(2x —1))” =2 )= M1A1
The product of f (P(2z —1))* AN Al
e product of zeros o T — is|— ) =—.
P 16) 256
Method 3:
P2z — 1) = [2(22 — 1)® + 3(2z — 1)> — 8]° M1
= (162° — 1227 — 7)” Al
= 2562° — 3842° + 144" — 2242° + 1682 + 49 Al

Question 3 Continues on the Next Page
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384 3
Hence the sum of zeros of (P(2z —1))* = — = =
256 2
5 49
The product of zeros of (P(2z —1))" = 756"

Turn Over

Al
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4. [Maximum mark: 7]

Year 6 HL Maths Prelim Exam 2019/P1

(a) Evaluate foﬁtan_l y dy. 4]
b) By the aid of a graph, deduce the value of S tana da. 3
0
Solution:
(a) Method 1: Using integration by parts, M1
V3 V3
_ -1 _1V3 )
tan 'y dy = [y tan™! — / ( ) d Al
/O n~ly dy = [y tan"'y]; i) W
1 V3
=3 tan ' V3 — {5 In (1 + 352)] M1
0
1
= vir _1 In4 Al
3 2
= v _ In2
3
Method 2: Sketch the graph of y = tanz and observe that M1
V3 - -
/ tan 'y dy = V3 (—) —/ tanx dx Al
0 3 0
- [1n|cosx|]% M1
\/g 0
= @ —1n2 Al
3
(b) From diagram of either y = tanz or y = tan™ 1, M1
f0§ tanx dx = (g) (V3) — foﬁ tan"'y dy = In 2. M1A1

Turn Over
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5. [Maximum mark: 9]

In a talent competition, there are 12 participants who have to go through multiple rounds
of selection.

(a) In the first round, the participants are to form groups to compete against one another.
Find the number of ways in which all 12 people can be divided into three groups of 4
people. [You do not need to simplify your answer.] (3]

(b) Only 4 people get through to the second round. In order to eliminate their competitors,
each person can either team up or compete individually. Find the possible number of
groupings formed in this round. (6]

GInIoY "

Solution: (a) Number of ways is

3!
1 mark - 12C4, 1 mark - the rest of numerator, 1 mark - 3!
(b) Consider these cases: M1
Case 1: all are individual. Number of ways is 1. Al

Case 2: one group of 2 and 2 individual. Number of ways is (3)

Case 3: one group of 3 and 1 individual. Number of ways is (g) Al case2

and 3

ol6) A1

Case 4: two groups of 2. Number of ways is 51

Hence the total number of ways is

M1A1

Turn Over
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6. [Maximum mark: 8]

1—1
Given that 2 = ——— where > = —1.

(V3 +1i)?

(a) Find the modulus and argument of z, where —7 < arg(z) < .

(b) Find the third roots of the complex number z, simplifying your answers in the form

re’ where r > 0 and —7 < 6 < .

— 1+ 2 .
Solution: (a) |z| = ﬂ = L; =273/2,
V3 iz 2
arg(z) = arg(—1+ i) — 2arg(V/3 + 1)
3T s
-2 a(3)
4 6
5w
12
1—1 =3 (5w
b) 28 = ——— =235 = _101
®) (V3 +1)?
Hence the roots are z = Q%ei(%+%%), k=-1,0,1

Turn Over

[4]

4]

M1A1

M1

Al

M1A1
(FT)

M1A1
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7. [Maximum mark: 9]
0 1 2 3 4 n—1
Let S,, = 1—|—2|+3|—|—4|—|—5+ |

Find the values of S1, S, S3 and Sy.

Make a conjecture for an expression of .S,,, leaving your answer as a single fraction in terms

of n.

Hence, prove your conjecture using induction for positive integer n.

Year 6 HL Maths Prelim Exam 2019/P1

. 0 O
Solution: 5 =1
1 1
275173
1 2 5
R TR
g 1 n 2 N 3 23
TR
-1
The conjecture is \S,, = n_'
n!

-1 1 2
Let the proposition P, be S, = n for n € Z*, where S,, = i + 5 + a0
n! !
n—1
..+
n!
0 o0—1 0
When n = ]_, LHS = ﬂ, and RHS = T = F
Since LHS = RHS, P, is true.
Assume that P, is true for some k € Z*, we have
0 2 3 k k' —1
—_ 1kl = -
Se=qtq Tttt otk ="
To prove Py.q, i.e.
g _0+1+2+3+4+ +k+1—1_(k+1)!—1
AARET 3! 5! (k+1)!  (k+1)

Question 7 Continues on the Next Page

A]. for S1

and S2

A.]. for S3

and S4

Al

Al
R1
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When n =k +1,

0 1 2 3 4 k
gs= 0 b, 2.3 4k
TR TR TR R T

MG
k+1)E) = (k+1) &
(k+ 1) MRS
(k1) —k—1+k
k1 1)
(k+1)!—1

=T _ RHS,
(k+ 1)

Since P; is true and P, is true = P, is true, by mathematical induction, P, is true

for all positive integer values of n.

Turn Over

A1l

M1

Al

R1
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Do NOT write solutions on this page.

SECTION B (50 marks)
Answer all questions on the foolscap paper provided. Please start each question on a new page.
8. [Maximum mark: 17]

The diagrams in this question are not drawn to scale.

(a) The diagram below shows the graphs of y = f'(x) and y = |f(x)|.

Ya YA
(=2,5) y= |f(x)|
y=f'(x) 9.4
5
k S
-2/ 0 4 9 -
4 o[ 1 6 12

2
On a separate diagram, sketch the graphs of,
(i) y = f(z), and (6]
(i) y = f(l=]), [4]
labeling clearly the coordinates of all turning points and axial intercepts.

(b) State an ordered set of transformations that transform

g(x) =vV9—622+24, —1<z<1lontoh(r)=2z+1)?2 -1<z<0. (7]

Solution:

(a) (1)

G1 - shape,

Question 8 Continues on the Next Page
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G1 - x-axis intercepts, GI1 - y-axis intercept
G1 - max pt (4,2), GI1-min pt (-2,-5), G1 - min pt (9,-4)

(a) (i)

y=f(IxI)

12 -6 .05 05 6 12

G1 - shape, G1 - axial intercepts,

G1 - max pt(4,2) and min pt (9,-4),

G1 - max pt (-4,2) and min pt (-9,-4),

If previous part answer is wrong, follow through with markscheme: M1 - |z| pro-
cess, Al - corresponding points are labelled.

(b) Since 9 — 622 + 2* = (2? — 3)? or (3 — 2?)?, then

V9 — 622 + 24 = |22 — 3| or V9 — 622 + 2t = |3 — 2?|. M1A1

Since —1 < x < 1, then g(z) = —y/ (22 — 3)2 = —(2? — 3) = 3 — 2% Al

Hence the possible ordered transformations are

Method 1:

- Reflection about the z— axis Al
- Translation by < _31 ) A2
- Horizontal scaling by a factor of 0.5. Al
Method 2:

- Reflection about the r— axis Al
- Vertical translation by 3 units Al
- Horizontal scaling by a factor of 0.5 Al
- Horizontal translation by —0.5 unit. Al
Method 3:

Turn Over
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9.

- Vertical translation by —3 Al
- Reflection about the z— axis Al
- Horizontal translation by —1 unit Al
- Horizontal scaling by a factor of 0.5. Al
Method 4:

- Vertical translation by —3 Al
- Reflection about the z— axis Al
- Horizontal scaling by a factor of 0.5 Al
- Horizontal translation by —0.5 unit. Al
Method 5:

- Translation by < :;) ) A2
- Reflection about the z— axis Al
- Horizontal translation by —0.5 unit. Al
Method 6:

- Translation by < ::1)) ) A2
- Horizontal translation by —0.5 unit Al
- Reflection about the z— axis. Al

[Maximum mark: 12]

Let z1,x9, ... ,x, and z,,1 be real numbers. The numbers A, B and C' are defined by
A:lzn:xk B:lzn:(xk—/l)z C = ! %xk
"= ’ "= ’ n+liS
(a) In the case of x = k, calculate the value of A when n = 21. (3]
(b) Express C in terms of A, x,.; and n. (3]
(c) Show that [6]

Solution:

Question 9 Continues on the Next Page
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(a) When z, = k and n = 21,

n+1

1
n+1 ;xk
! Z$k+$n+1
k=1

n+1
1 n
n

k=1
n
A
n+1 +n+1

C:

n

n+1

Tn41

(z) — A)?

S|
I]-

Bl

(l’i — 2AZL’k + A2)

Sl 3|
ol
I
:)—‘

1

k=1

n

3 () - 24

k

S|

I
-

M:

(22) — 247 4 A?

SRS
B

1

3

(z7) — A*  shown

SRS

>
Il
—_

split summation

1
Z xk> + ——x,11 adjust coefficient to obtain A
n—+1

(x2) —QAixk+A2i1]
k=1 k=1

use of summation properties for second and third terms

1 1
(— E xk) + —A’n manipulate to try to get A
n n
k=1

Turn Over

M1

A.]_ use of

AP formula

Al

M1

M1

Al

M1

M2

M1

Al

Al
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10. [Maximum mark: 21]

The planes 7 and v have equations z +y + 2z = 1 and x + z = 2 respectively, and meet in
the line (.

(a) Find the value of cosine of the angle between 7 and ~. 2]
(b) Find a vector equation of line [. [4]

Let P be the set of planes py, po, ps, ..., such that the cartesian equation of p,, is given by
T+ Uy + 2= Sn7

where u,, is the n'® term of a geometric progression with first term 1 and common ratio %,

and S, is the sum of the first n terms of the geometric progression.

(c) Write down a cartesian equation of py in terms of k, where k € Z7. (3]
(d) Evaluate the value of cosine of the angle between p; and py as k — oo. [4]
(e) Show that [ lies in all planes in P. (5]

(f) Let 8 be a plane with equation ax + by + ¢z = d. Determine, with reason, the rela-

tionship between 8 and two randomly chosen planes in P, if a # c. (3]
Solution:
1 1
(a) 110 ]=2 M1
1 1
2 2
Hence cos = —— = —. Al
V3V2 V6
1 1 1
b)yn=|1|x| 0 ]|= 0 M1A1
1 1 -1
Solving for a common point in 7 and v, y = —1,x = 2,2 = 0. A1 any vaiia
Hence a vector equation of [ is rom
2 1
r=| -1 | +AX 0 A e R Al
0 -1
1 n—1
n - - bl A].
()
1—(H” 1\"
5= 120 (1 (1)Y). AL
1—-3 2

Question 10 Continues on the Next Page
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()

1\ F1 1\ A1
p1:x+y+z:1andpk:m+(—) y+z:2—(—>

Hence the Cartesian equation of py is

(3) e (-0))

2 2
1 1
R G Ol
1 1
1 k—1
cosf = 2t (2)

V6

As k — oo, (%)k_l — 0, hence cos 6 —

1 1
Since 0 : (%)kfl = 0 for all values of k € Z™,
-1 1
the line [ is parallel to any plane in P.
Moreover,
2 1 1 k!
k—1
e =2 ()
0 1
=22k
=2(1-27%)

Hence, [ lies in any plane in P.

Any two planes in P intersect at line [, and

Since a # ¢, a—c # 0. Therefore (8 is not parallel to [ and § cuts the line [ at a

point.

Hence  and any two planes in P meet at one point of intersection. (accept: the
system of equations has a unique solution)

Question 10 Continues on the Next Page

Al

M1

A1l

R1
Al

M1

A1l

M1

Al

R1

M1

R1

Al
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End of Paper
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. In particular, solutions found from a graphical display
calculator should be supported by suitable working, for example, if graphs are used to find a solution,
you should sketch these as part of your answer. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are advised to show all working.

SECTION A (50 marks)

1 [Maximum mark: 4]

The following table shows the values of two functions v and w and their first derivatives when x = 0

andx=1.
v(x) v'(x) w(x) w'(x)
4 3 1 5
-2 0.5 -1 2

Find the derivative of the composite function (V ° W) (sin71 Zx) when x = 0.

TURN OVER
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2 [Maximum mark: 4]

In the expansion of (x+3)(2x+1)",neZ", the coefficient of the term in x> is 280.

Find the value of n.

TURN OVER
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3 [Maximum mark: 6]

R x
A curve C has equation y = f(x) where f(x)=p> —e™ —j (x—u)du and p is real.
0

The gradient of the normal to the curve C where x =1 is M.

What is the greatest possible value of M as p varies?

TURN OVER
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4 [Maximum mark: 6]

In SJI, 60% of its alumni members liked their course of study. 70% of alumni members found
jobs which they enjoyed given that they liked their course of study, while 30% of alumni
members did not like their course of study and also found jobs which they did not enjoy.

Find the probability that

(i) an alumni member found a job which he did not enjoy given that he did not like his
course of study, [2]

(ii) an alumni member found a job which he enjoyed, [2]

(iii) an alumni member did not like his course of study given that he found a job which he
enjoyed. [2]

TURN OVER
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3 6 9 3r
w|=2 and S=1+ AR [N L R L ROV DL I
4) \a) "4 4

(@) show that the infinite sum S exists, [3]

5 [Maximum mark: 8]

Given that arg(w) = %,

(ii) evaluate S, leaving your answer in the form % + i% ) [5]

TURN OVER
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6 [Maximum mark: 5]

Two ships, A and B, are observed from an origin O. Relative to O, their position vectors at
time ¢ hours after midday are given by

GHEH

where distances are measured in kilometres.

Find the minimum distance between the two ships.

TURN OVER
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7 [Maximum mark: 6]

Let A(x)=2x+1.
Let n be a positive integer.

Determine A™(x) where A™(x) = A(A(A-- A(x) -++)).

ntimes

Leave your answer in the simplest form possible.

Solve 400 (x)= A_l(x),where A7 is the inverse of 4.

TURN OVER
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8 [Maximum mark: 5]

A triangle ABC is to be drawn with AB = 10cm, BC = 7cm and the angle at A equal to 6,
where 6 is a certain specified angle. Of the two possible triangles that could be drawn, the
larger triangle has three times the area of the smaller one. Find the value of cos 6.

TURN OVER
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9 [Maximum mark: 6]

Diagram is not to scale

The above diagram shows a circle with radius 7 units and centre O. The points 4 and B on

the circle are such that O4=a , OB =b and ZAOB=120". The point N divides 4B in the
ratio A:1-A4 and ON is perpendicular to OB.

Show that ON = %(2a+b) .

TURN OVER
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Do NOT write solutions on this page.
SECTION B (50 marks)
Answer all questions on the writing paper provided. Please start each question on a new page.

10 [Maximum mark: 11]
(a) Consider the polynomial P(z)=2z"—(2+i)z’+2(2+i)z—4i, where zeC and i* =-1.
(i) Show that z=i is aroot of P(z). [2]

(i) Find the quadratic factor of P(z). [3]

(b) Prove algebraically that the equation —x’ + 5x° —=16x+9 = 0 has non-real roots.

Determine the sign of the real root(s) of the equation, if any. [6]

11 [Maximum mark: 19]

The function g is given by g(x) =x+ The graph of g has two vertical asymptotes x =3

-9

and x =-3, and an oblique asymptote y =x as shown in the diagram below.

| I
| : #A¥ =%
| -
x=-3 I : i
| ,{/
| 7
| a
| Vs I
o ] a
| s |
| // I
| - |
N I
/7| I
// | Ix=3
s | I
/7 | I
[ |
(a) (i) Explain why x =3 is a vertical asymptote of the graph. [2]

(ii) Copy the diagram above and sketch the graph of y = g(x) on its maximal domain,

indicating the y-axis intercept clearly. [3]

(b) Hence, find the value of the positive integer ¢ such that the polynomial
p(x) =X —gx’ —9x+(9q +1) has exactly one real root. [6]

TURN OVER
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Do NOT write solutions on this page.

[Q11 continued]

12

(©)

The function /4 is given by & (x) =g (x) for x <m such that / has an inverse function.

(i) Write down the largest possible value of m. [1]

(ii) Sketch the graphs of y:h(x) and y:h_l(x) on the same diagram, indicating
clearly the asymptotes. [3]

(iii) Find the value of A" (-5). [2]

Consider the function f (x) =In (—x) defined on its maximal domain.

(iv) Find the range of the composite function foh™ . [2]

[Maximum mark: 20]

(@)

Using the substitution x =2sin &, show that
I\/4 —x*dx = AxV4 - x* + Barcsin (g} +constant ,

where 4 and B are constants to be determined. [8]

The function fis defined by f (x)=xv4—x* +4arcsin (g}, -2<x<2.

(b)

(©

()

(e)

Write down an expression for the area bounded by the curve y = f (x) , the x-axis and the

line x =-2, and find the value of this area. [3]

A dish is created when the region bounded by the curve y = f (x) where 0.5 <x<1.5, and

the x-axis, is rotated by 27 radians about the x-axis. Find the volume of the dish. [3]
Using part (a) or otherwise, find f '(x) in simplified form. [3]
Show that f (x) has a point of inflexion at x =0, justifying your answer. [3]

End of Paper
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Year 6 HL Maths Prelim Exam 2019 — Paper 2 Markscheme

Qn | Suggested solution | Markscheme
Section A
1 | Differentiation — Chain Rule and Composite Function Max mark: 4
i[Vow(sin_1 ZX):|
dx
:v'(w(sin_l2x))-w'(sin‘12x)- 2 M1A1l
V1-4x2
d in12 0 0)-2 1521525'\/IlAl
—| vow/(sin™"2x =v'(w(0))-w'(0)-2=v'(1)-5-2==.5.2 =
G/ W(sn )| =vi(w(0) wi(0)-2=v 5=
2 | Binomial Expansion Max mark: 4
n
The general term of (2x+1)" is ( j(ZX)r.
r
n n
The term in x2is given by (Z](Zx)2+3.(3J(2x)3. M1Al
n 2 n 3
2) +3- 2)" =280
HERHE
rf 1. . [+ 2].93=
noolvelnCrix, 2)-4+3-nCrix 327 =280 x M1
By GDC, n=5 Al
3 | Gradient of Normal Max mark: 6
_3 e [T _3 e 102
f(x)=p°-e (x—u)du=p°-e 5% Al
0
fr(x)=—2pxe™ —x M1
f'(1)=—2peP -1 Al
Gradient of normal at x =1:
1 Al
2peP +1

Page 1 of 14
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Qn | Suggested solution Markscheme
5.67 Py
(-1,3.78) . + \ G1
i
v 1
f3lx)=
2xe" +1
. Al
By GDC, max value of M is 3.78.
4 | Probability Max mark: 6
/ \3 r
Let S be the event that he liked his study;
J be the event that he enjoyed his job.
x=P(J'|S")= P(an alumni member found a job he did not enjoy]|
he did not like his course of study)
(i) | From tree diagram, 0.4x = 0.3 = x=0.75 M1A1l
(i) | P(J)=0.6(0.7)+0.4(0.25) M1
=0.52 Al
ii P(S'nJ
W19 PE
(J) M1
_ 01 Al
0.52
5
=—=0.192 (3s.f.)
26

Page 2 of 14
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Qn | Suggested solution Markscheme
5 | Geometric Series with Complex Numbers Max mark: 8
(i) (wY
Common ratio = 2 Al
3 3 3
: wY| W 28 1 e :
Since | — | |=—-=—==<1, the infinity sum S exists.
[4) 64 64 8 Y M1 Al
(“) W 3 W 6 W " 3r
1+ — | +| — | +| — T e I
4 4 4 4
1
= 3
W
1= 4j M1AL
1
1-1a7 M1
8
1
=1 Al
1-—=i
_64.8; Al
65 65
6 | Vectors Max mark: 5
r,—-r,= 3 +t ™
B A 7| g 4 M1
|rB—rA|:\/(3—5t)2+(—6+4t)2 M1
=/41t? — 78t + 45 Al
- X
13.33°
f1lx) =J 41x*-78x+45
Gl
;" 10.951,2.81]
Minimum distance between the 2 ships is 2.81 (3sf) Al

Page 3 of 14
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Qn | Suggested solution Markscheme
7 | Composite Function Max mark: 6
A2(x) = A(2x+1) = 2(2x+1) +1=4x+3=22x+22 1 MI1Al
A3(x) = A(4x+3)=2(4x+3)+1=8x+7=23x+2%-1 M1
A (x) = A(8x+7)=2(8x+7)+1=16x+15=2%x+2* -1
A"(x)=2"x+2" -1 Al
AL000 3y — A1)
1001 M1
= A7 (X)=x
_, 91001y | 51001 1 _
— (91001 _q)y — (91001 4
N N
=>x=-1
8 | Area of Triangle and Cosine Rule Max mark: 5
B
10
7 /
A 0 C’
C
Area of triangle ABC’ = 3 Area of triangle ABC
= AC'=3AC Al
By cosine rule,
722102 +(AC)* —20(AC)cos6 (1) e
72 =107 +(3AC)* —20(3AC)cos 6 —(2) Al
Method 1
(2)-(1), 8(AC)*—40(AC)cosf=0
M1

:>cos€=%AC -3

Page 4 of 14
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Suggested solution Markscheme
Subst cos(9=%AC into (1), (AC)* =17 = AC =17
Al
..C0sf= @
5
Method 2 _
f h
. 49=100+x-20-
llnfxalvel * Y J{xy ]I
| |49=100+9 x-60"y |
J 17 17 l M1
|7 s
By GDC,
ACcosf= 17
5
(AC)? =17
..C0sf= g
Al
Note: Accept cos&=0.825 (3s.f.)
Vectors — Ratio Theorem (and Scalar Product) Max mark: 6
Method 1
Area of AOBN 1-4
Areaof AOAN 1 M1
1 -
SlplloN 12
;|a|‘O—N‘sin 300 A AlAl
o itA (v [a] =|b| = r = radius of circle)
1/1 Al
=>A==
3 Al

Page 5 of 14



SJI Year 6 HL Maths Prelim Exam 2019/P2 (Markscheme)

Suggested solution Markscheme
N divides AB in the ratio 4:1- 1,
. —— R1
By Ratio Thm, ON =(1-1)a+ib= %(2a+b) (shown)
Method 2
Z0OAN = ZOBN = 30° (since AOAB is isosceles) M1
ZAON = 30° = AOAN is isosceles
b
cos30° /3
1
AN =ON =|bjtan30°=——=|b
bl \/§| | Al
BN _ 9 1-2 Al
AN A
=> A= E Al
3
N divides AB in the ratio 4:1- 1, R1
By Ratio Thm, ON =(1—1)a+b = %(2a+b) (shown)
Method 3
|a| =|b| = r = radius of circle,
a~b:|a||b|cos(120“)=—lr2 Al
2
Since ON is perpendicular to OB, M1
ON-OB=0
=[(1-4)a+ib]-b=0 Al
= (1-4)a-b+A|p[ =0
1 Al
:>(1—/1)(—Er2j+}t|b|2 =0
= —1+§i =0
2 2 AL
=> A= 1
3
N divides AB in the ratio 4:1- 1, R1
By Ratio Thm, ON =(1-1)a+b
Hence, ON = §a+%b = % (2a+b) (shown)

Page 6 of 14
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Qn | Suggested solution | Markscheme
Section B
10 | Factor Theorem, Polynomials, Nature of Roots [Max mark: 11]
@i) | P(i)=i*—(2+i)i*+2(2+i)i—4i M1
=—i+2+i+4i-2-4i
=0 Al
By factor theorem, z =i is a root of P(z). AG
@ii) | P(z)=2°-(2+1)2° +2(2+i)z—4i
=(z—i)(22+bz+4) M1 (or long division)
Comparing coefficients of z2;
—(2+i)=-i+b
s bh=-2 Al
Hence, quadratic factor is z* —2z+4. Al
(b) | Method 1 (Algebra)
Ya=5
Yaf =16
Ya? = (Za)? —2(Tap) M1
=25-32=-7<0 Al
> a® <0= Notall roots are real. R1
Therefore, the equation has non-real roots. AG
Since the coefficients are real, the equation has either 3 real
roots or 1 real and 2 complex conjugate roots.
apf =9>0 M1 (> 0)
Since 8" =|p|" >0, a>0 R1
The equation has one positive real root. Al

Method 2 (Calculus)
Let f (x)=-x°+5x*—16x+9
f'(x) = —3x?+10x — 16

- 52 - Z o

(Alternative: use discriminant on f'(x), A= —92 < 0)

Hence, there are no stationary points,
i.e. f is a strictly decreasing function.

Since the coefficients are real, the equation has either 3 real
roots or 1 real and 2 complex conjugate roots.

But since f is a strictly decreasing function, there can only
be 1 real root.

Therefore, the equation has non-real roots.

M1 — 1% derivative / A

Al — vertex form

R1

AG
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Qn | Suggested solution Markscheme
Further, f(0)=9>0 and f(1)=-3<0. M1-IVT
Therefore, there is only one real root between 0 and 1, and | R1
the sign of the real root is positive. Al
(This is actually the Intermediate Value Theorem)

(Alternative to IVT: use GDC, real root is x = 0.691 M1A1
Al

Therefore, the sign of the real root is positive.)
KN’ *Doc < raD {1 B

-6.67
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Qn | Suggested solution Markscheme
11 | Functions & Graphs, Graph of Inverse Function, | [Max mark: 19]
Composite Function and Range
@) | Asx >3, 9(x) =x + x21_9 - —0 M1
Asx - 3%, g(x) =x+ x21_9 -+
Therefore, x = 3 is a vertical asymptote Al
(a)ii) | oy
A2 — shape of graph
with 3 branches
Al —y-intercept
[0,—% or
9
(0,-0.111)
(b) | Method 1
p(x)=x>—gx*>—9x+(99+1)=0
Note that p(-3)=p(3)=1=0 i.e. x* -9 is not a factor (R1)
Dividing p(x)=0 by x*-9:
X° —gx® —9x+(9q+1)
X -9 - M1
x(x*=9)-q(x*-9)+1
(¢ -9)-al-9)+1_
X°—9
1 L.
X+———=0q Whichisg(x)=q Al
X" -9
— 1 9%y

For g(x)=q to have one real solution,
2.15<0<3.79 (3sf)
Since qeZ", q=3

(M1) —finding local
max/min points

Al
Al
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Qn | Suggested solution Markscheme
Method 2
B 9 q.‘y
fl(.\')=.\'+ T ( )/
=9 3.4074,3.7905
" f2(x)=3 M1 — finding local
1 max/min points
(-3.0275,3) 1] (2%9%8,2.1537) 2 P
-8 1 1 ' 8|
. N
From the graph of y =g (x), observe that the equation (R1)
g(x)=k has one real root when 2.15 <k <3.79 (3 sf).
IfkeZ", k=3. Al
Consider g(x)=0 = x+———=q Al
X —

3 2 M1 — showing
X"—9x+1=qx"-9q equivalence to
= x°—x* —9x+9q+1=p(x)=0 p(x)=0
Hence, q=3. Al

©)i) | m=-3 Al
(c)ii) { 6Ty
1 ) !
fZ(x)= x+ . X%=3 1 ﬁ( _)_ | | Al—graphs are
e — LEPVWEEL ) reflections in y =X
}=}1(«\’) 1 .
- . 3| |AL-y=h"(x)
................................ bt e || AL asymptote
il 1fale)=-2| | y=-3
y=h I(X) i
x=-3 -9
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Qn | Suggested solution Markscheme
(Q)iil) | Let h*(-5)=a
By GDC,
Method 1
61y
fl(.\')= x+ 71 Jo=3 1
X< =9
y=h(x) 1
: %
-9 : 1 2
(-5.0602,-5)
£ (x)=-5|
:\.=_ :/ -9
h™'(-5)=-5.06 (35f) Al
Method 2
nSolve[x+ =-5x,-1.£999,-3
2
Xe—9
-5.06022
h™(-5)=-5.06 (3 sf) Al
©iv) | R, =(—0,-3) M1 - finding R .
D, =(—,0) and D,
Range of foh™=(In3,0) 0.e. Al
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Qn | Suggested solution Markscheme
12 | Integration by Substitution, Bounded Area, Vol. of Solids | [Max mark: 22]
of Revolution, Inflection Points
(@ | x=2sind
dx=2cos@ do o.e. Al
[V4—x2dx = [+/4— 4sin20 x 2cosH db M1 Al
= [ 4cos?6 db
Method 1: Double-angle formula
= fZ(COSZB + 1)d9 M1 Al
= sin260 + 20 + C
= 2sinfcosf + 20 + C Al (ok w/out +C)
Method 2: Integration by parts
[4cos?0df =4sinfcosf — [4sinf (—sinb)do M1
[4cos?0df =4sinfcosf + 4 [(1—cos?0)do
[4cos?0d6 =4sin6cosO + 40 — [4cos?6do Al
2 [4cos?0df = 4sin6 cos + 46
[4cos?6do = 2sinB cosO + 26 Al (ok w/out +C)
Continuing from Method 1 or 2
=2 (f)( ’1 —£> + 2arcsin(£) +C
2 4 2 Al —1%term (A)
=~ x4 — x% + 2arcsin (£> +C Al -2" term (B)
2 2
1 (ok w/out +C)
A==,B=2
2
) Area = —[° xv/4—x2 + 4arcsin| 2 |dx
=[x 2 AL
OR joz X4 —x? +4arcsin (gj dx
OR ‘.[02 Xv/4—x* +4arcsin (g) dx
0
OR ‘-[—2 f (x)dx‘ 0.e.
Method 1 (GDC — Numerical Integral)
0 7.23304
- (\ J4—.\'2 +4- sin"(i))dx M1
2
-2
Area = 7.23 square units (3 sf) Al
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Qn | Suggested solution Markscheme
Method 2 (GDC — Bounded Area on Graph)
2,6.2832)
£1(0)=x- | 4-x2 +4- sin"(%)
P -
-4 105 4 M1
7.233 L
(-2,-6.2832)
_9 ES ‘
Area = 7.23 square units (3 sf) Al
(© P (2,6.2832)
fl(\')=.\'- J 4x2 +4 sin"(%)
1 X
-4 0.5 H
(-2 —6.2832)_9
15 X 2
Volume = _[05 z[x\M—xz +4arcsin Eﬂ dx MI1Al
= 47.9 units® (3 sf) Al
1.5
2
b1 (x- J4—x2 +4- sin“(%)) dx
0.5
47.9052
(d) | Method 1 (using part (a))
From (a),
f\/4—x2dx=§x\/4—x2+2arcsin(§)+c Al
=2/ V4—x%dx = f(x) +c¢ M1
> 2V4 —x2?2 = f'(x)
f'(x) = 2vV4 — x? Al
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Qn | Suggested solution Markscheme
Method 2 (product and chain rule)
f (X)=xv4—x* +4arcsin (gj
: —2X 2 M1 Al
f'(X)=%| —— [+ V4—X* + ——
(x) [2\/4—x2j L x°
4
2
- X Jaxy 4
NS 4-x*
=2J4-x? Al
(e) I\_/Iethod 1: Plotting graph of f"'(x)
| o1y (2,6.2832)
£1(x)=x- J4—_\'3 +4 sin"(i) /
2
1 a2 Al - graph of
1/ £ )=ﬁ(f1(:~ ))t y=1(x)
— = ax~ e
-4 ( 0 . 0/) 0.5 4
(-2,-6.2832) 1
From graph,
£"(0)=0 Al
and f"(x) changes sign through x =0 R1
Hence, f(x) has a point of inflection at x =0 AG
Method 2: Differentiating from (d) to obtain £ (x)
From (a),
f'(x)=2V4-x*
2X
f'"(X)=——= Al
f'(x)=0=x=0 Al
When —2<x<0, f"(x)>0
When 0<x<2, f"(x)<0
i.e. f"(x) changes sign through x =0 R1
Hence, f(x) has a point of inflection at x =0 AG
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-2- Year 6 HL Maths Prelim Exam 2020/P1

Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are advised to show all working.

SECTION A (50 marks)

1 [Maximum mark: 5]
1

Let f(x)= Sk X —1 where k is a real constant. Given that f (8) ==
x° +
(a) find the value of k, and, [3]
[2]

(b) find an expression for f~(x).

TURN OVER
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2 [Maximum mark: 5]
The random variable X represents the number of eggs laid in a single brood by an eagle.

X follows a Binomial distribution with mean 3 and variance % .

Show that the largest value that X can take is 4, and find the probability that one such eagle lays
less than two eggs in a single brood.

TURN OVER
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3 [Maximum mark: 7]
The plane [T contains the points A(1,2,3), B(2,3,5) and C(3,-2,1).

(@) Find the Cartesian equation of the plane [T. [4]
-5 2
(b) Find the coordinates of the point where the linel: r=| 1 [+ 4| -1|, AeR
2 3
meets the plane 1. [3]

TURN OVER
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4 [Maximum mark: 8]

(@) Show that Iogg(c052x+g): Iog3‘/c052x+g. [3]
3
(b) Let f(x)=log, ,/c052x+§.

flx+Z
Solve the equation 3 ( 4) =1 for 0<x<Z. [5]

o

TURN OVER
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5 [Maximum mark: 8]

(@) On the axes below, sketch the graph of the function y= 2x—11’ clearly labelling all the
X+
asymptotes and the points where the curve cuts the axes. [4]
AY
o) > X

(b) Hence, solve the inequality

|n(2x‘1jso. [3]

X+1

(c) State the equation of the horizontal asymptote of the graph of y = In(zx_llj . [1]
X+

TURN OVER
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6 [Maximum mark: 9]

8
In the expansion of [is— xj ,
2X

(@ (i) find the term independent of x, and [4]

(ii) find the coefficient of x™*. [2]

(b) Show that there is no x term. [1]
8

(c) Find the constant term in the expansion of (2—3x2)2 (%— xj . [2]

MORE SPACE IS AVAILABLE ON THE NEXT PAGE

TURN OVER
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7 [Maximum mark: 8]

The equation x®+ px®+qgx+r=0, where p,q,reR and p =0, has roots that are consecutive
terms of an arithmetic sequence.

(@) Show that one root of the equation is ~P and the other roots satisfy the equation
2+ 2Py 3 g, [5]
3 p
(b) Hence or otherwise, find the value of g for which the equation x*+x*+qgx+1=0 has
non-real roots, justifying your answer. [3]

TURN OVER
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Do NOT write solutions on this page.

SECTION B (50 marks)

Answer all questions on the writing paper provided. Please start each question on a new page.

8 [Maximum mark: 13]

The graph of y = f(x) is shown below.

y= f(z)

(@) Write the domain of the following functions:
i) y=f1x [2]
(i) y==f(4x) [2]

(b) Sketch the respective graphs of the following functions using the same set of axes:
(Do not sketch on the set of axes above.)

i y=f"x [4]
(i) y=5f(4x) [3]
(c) Hence, find the number of solutions for which f (%f(élx)) = X. [2]

TURN OVER
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Do NOT write solutions on this page.

9 [Maximum mark: 13]

(@) Using mathematical induction, show that for all n € Z™,

d" ( X ) _ n! 1
r\1—x)  (Q—xnt ¥ T
[7]
(b) Give a mathematical justification as to why the rational expression 1T1x has the same n'"
derivative as —— for all n € Z*, that is,
d" ( 1 ) B n! L1
r\1—x)  (Q—xnt’ * 7+
[1]
(c) Find the equation of the tangent to the curve
n!
y= (1 — x)n+1
at x = 0, leaving your answer in terms of n and in the form y = mx + b. [5]
10 [Maximum mark: 13]
(@ Inabarn, 100 chicks sit peacefully in a circle. Suddenly, each chick randomly pecks the
chick immediately next it, either to its left or right. What is the expected number of
un-pecked chicks? [4]
(b) Chicken Little, one of the chicks, moves down the stairs on his way out of the barn.
Each time he moves down, he decides randomly whether to go down 1, 2 or 3 steps.
(i) What is the probability that Chicken Little sets foot on the fourth step below his
starting position on his way down the stairs? [6]
(if) Given that Chicken Little first moves down 2 steps, what is the probability
that he sets foot on the fourth step below his starting position on his way down the
stairs? [3]

TURN OVER



-12- Year 6 HL Maths Prelim Exam 2020/P1

Do NOT write solutions on this page.

11  [Maximum mark: 11]
(@ Show that % (tanx) = 1 + tan® x. [1]

Let I, I, I,, ... be a sequence such that
/4

I, =f tan™ x dx

0
for all integers n > 0.

(b) By letting tan™ x = (tan™ 2 x)(1 + tan? x) — tan™ 2 x, show that

1

forn > 2. [5]

(c) Hence, find I,. [5]

End of Paper
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Year 6 HL Math Preliminary Examination 2020 Paper 1 (Markscheme)

Section A
Qn | Suggested solution Markscheme
1 Finding inverse function [Marks: 5]
(a) 1 ( 1]
f1(8)=—==f|-=|=8
(8)=—3 5 M1
1k =8 o.e Al
-—+1
8
k=7 Al
(b)
Let y=
y X3 +1
Interchange x and y
X= ! M1
v +1
7 7—-X Al f.t. value of k
. -1 — —3/— _ 3
~ 1) =y \ x Lor V' x 0-€ Ans. must be f*(x)
2 Binomial Distribution [Marks: 5]

X ~B(n,p)
E(X)=np=3

Var(X)=3(1-p)=

nlw

1
=>1-p=—
P 4

Nlw

=p=

=n=4
Since n=4, X =0,1,2,3,4
-. X =4 is the largest value X can take.

X ~ B(4,§]
4

P(X <2): P(X :0)+ P(X :1)

4 3
R
4 4)\4
1 12
=t —
256 256
13

" 256

M1 - E(X) and Var(X)
for Bin dist

Al
M1 - finding n

AG

M1 — pdf for Bin

Al
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Qn | Suggested solution Markscheme
3 | Cartesian equation of Plane + Intersection with Line [Marks: 7]
(a) 1 1 2 1
AB=|1|, BC=|-5| AC=|-4|=2|-2 Al —anytwo
2 -4 -2 -1
1 1
nil|1(x| -2 M1
2) \-1
3 1 Al
= 3 |]|] 1
-3) -1
1)(1
[T:x+y-z=[2} 1 |=0 Al - Cartesian form
3)-1
(b) —5+24
Substitute r=| 1-A4 |into [I:
2+31
(-5+24)+(1-1)—(2+34)=0 M1
SA=-3 Al ft. eqgnof ]
Point of intersection is (-11,4,-7) Al - coordinates
4 Laws of Log + Trigo equation with exponential [Marks: 8]
(a) 3
| . log;| cos2x+ M1 A1 — change of
0Q, | COS2X+— | =
gg( 2] log, 9 base
:ilogs(cos 2x+§] Al
2 2
3
=log, ,|cos 2x +3 AG
(b) fx 2
3 ( 4) =1 0<x< P
)| 3 A=
3log3 COS{Z(X+ZH+E 1 4
T T
cos 2(x+£] +2 21 M1 Al
4 2
cos| 2| x+ 2= _ 1 OR sin(2x)=l
4 2 2
2(x+£]:2—ﬂ OR  2x== MLAL
4 3 6
X=— OR  x=2— Al
12 12
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Qn | Suggested solution Markscheme
Alternative Method
3f(x+%j .
3Iog3 cos{z x+%ﬂ+% _1
Vs 3
By (a), log, (cos{z(x +Zﬂ +E] =log,1=0
(msz(x+z) +§—9O 1
1 5 M1 Al
cos| 2| x+ 2 _ 1 OR sin(2x)=l
4 2 2
2(x+5]:2—” OR 2x=2= M1 Al
4) 3 6
T T
X=— OR X=—
12 12 Al
5 | Rational function + Log inequality [Marks: 8]
(@ foAy
i Al - shape
£2(x)=2 AL-V.A at x=-1
1//————; Al-HA aty=2
re ; o 2> | (must be labelled with
(0, -1;) (0.5,0) equations)
i 1
: Al - (—,0]& (0,-1)
== 1 - 2
E}
b _
(b) For In(zx 1)30,
X+1
0< 21 M1 — both bounds
X+1
Note that 2X=1 21 when x =2
X+1
1 1 Al Al - with correct
"§<X32 or Xxe 512 0.€. inequality sign, f.t. x-
intercept in (a)
() | y=In2 Alft. HA. y=bin

@onlyif b>0
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Qn | Suggested solution Markscheme
6 Binomial Theorem [Marks: 9]
(@) 8)( 1\ ) 1Y, e
General term = — | (=x)" or — | (—=x)"
(r](ZxJ (=) (k](2x3] (=) M1
Power of x=4r—24 or 8-4k Al
. 8)( 1Y
Term independent of x = = M1 — correct term
6)\2 fromr=6ork=2
8(7)(1
= ~1=7
_h AL
(a)ii) . L (81
Coefficient of X" = — 5 E M1 - correct term
fromr=5ork=3
861y,
3! 8 Al
(b) If 4r—24:—2,r:%¢N or k:%gN R1
There isno x2 term. AG
() 21 8 7
2 . 2 4
(2—3x ) (F_X] _(4—12x +9x )(...+7—7+...]
Constant term = 4(7)+9x* (—l‘l] M1 — both terms
X
=28-63=-35 Al ft. 7and -7 in (i)
7 Polynomials [Marks: 8]
(@ | Method 1
Let the 3roots be «, 3,7 .
a+pry=-p (1) M1 — Sum and
afy=-r -—(2) Product of roots

B-a=y-poaty=2p —(3)
From (1) and (3), 383=-p

P = —g is a root. (shown)

From (1), a+;/:—p—ﬁ:—2?p
r3r

From (2), ay =——=—
B P

The other two roots, o and y, are solutions of
x*—(a+y)x+ay =0

= x° +2—3px+£:0 (shown)
p

Al —terms of AP
(only if leads to —g)
AG

Al
Al

M1

AG

Page 4 of 11




SJI Year 6 HL Math Prelim Exam 2020/P1 (Markscheme)

Qn | Suggested solution Markscheme

Method 2 Al —terms of AP

Let the 3 roots be a—d,a, anda+d . (only if leads to _B)
(a—d)+a+(a+d)=-p 3

=3a=-p M1 — Sum of roots

cas= —g is one of the roots. (shown) AG

2
(a—d)+(a+d):2a=—?p

Al

r3r
(a-d)(a+d)=——==— Al

a p
-.a—d and a+d are zeros of M1
xz—(—ﬂjx+£:0 (shown) AG

3 P

Method 3 Al —terms of AP
Let the 3rootsbhe a—d,a, anda+d . (only if leads to _B)
(a—d)+a+(a+d)=-p 3
—3a=—p M1 — Sum of roots
.'.a:—g is one of the roots. (shown) AG
3 2 _ P2
X P g =| X (x*+Ax+B) M1
By inspection (or long division),

Coefficient of x*: §+ A=p

A 2P Al
3

Constant: g(B) =r

g3 Al
p
The other two roots are solutions of
x2+ﬂx+z:0 (shown) AG
3 p
(b) | Method 1
p=landr=1:
3 2 1 2 2
X+ X +Qgx+1= x+§ X +§x+3 M1
Comparing coefficient of x : q :%(§]+3 :% Al

Page 5 of 11



SJI Year 6 HL Math Prelim Exam 2020/P1 (Markscheme)

Qn

Suggested solution

Markscheme

Method 1(a)

Consider discriminant of x? +§x+3:

A=5-4(3)-

104
9

<0

X+ X2 +§x +1=0 has non-real roots.

Method 1(b)
2052 :(205)2 —ZZOCﬁ

a#f

= (-1’ _2(%]2—4—9&

9

X3+ X2 +§x +1=0 has non-real roots.

R1

R1

Method 2
p=landr=1:

Consider discriminant of x? +gx+3:

A=5-4(3)-

104
9

<0

X+ X2 +§x +1=0 has non-real roots.

Substitute x = —% (which is a root from (a)) into equation:

SESRCES

B
9

R1

M1

Al

Method 3
p=landr=1:

Product of the 3 roots:

o)

:é—dz _3=d2=-2 ¢

- x* 4+ x® + gx+1=0 has non-real roots

A

R1

M1

Al
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Qn

Suggested solution

2
X+ X2 +ng +1=0 has non-real roots.

Markscheme
Method 4 2 2
etnod 4 ) 2 >
Fagr (477
ORI T - 2
%Jrg\% + 9 %%%%( M1
g 2
o A5t
2 2
?76
2 *, 2
— /7(/
27@ —+ 7
¢ =
(4-g )%
0 RS2
(4-Z)* 24 "%
I
L4
24 o3
. 1.
Since x+§ is a factor,
1 29 29 Al
—_Zg+=2 =0 ===
3q 27 = 9
. . , 2 2
Consider discriminant of x +§x+(q—§]:
A:£—4(3):—1OT4 0 R1
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Section B

Qn

Suggested solution

Markscheme

Functions with Transformation and Inverse

[marks: 13]

(a)

Df—lzRf
={yeR|-2<y<4}or[-2, 4]

Di oy =y ER|—4<4x <3}
2

:{ye]R{I—1Ssz}or[—1,ﬂ

(M1)
Al

(M1) -
transformation
Al

(b)

—,

Note that the two graphs do not intersect because the zero of the
blue (inverse) function is 1 while the zero of the red function is
strictly less than 1.

For f~1:

AlAl - Al
correct shape;
Al correct
endpoints for the
linear part

AlAl-Al
correct shape;
Al correct
endpoints for the
non-linear part

For %f(Zx):

AlAl - Al
correct shape;
Al correct
endpoints for the
linear part

Al- correct
shape and
endpoints for the
non-linear part

(©)

The equation f (%f(4x)) = x is equivalent to %f(4x) = f~1(x).

Since the two graphs do not intersect, the number of solutions is
zero.

Note: The composition f (% f (4x)) is well defined over D,y as
the range of the inner function is inside the domain of the outer

function, i.e., R%f@x) =[-1,2] c D; = [-4,3].

M1

Al - A0 for just
guessing.
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Qn | Suggested solution Markscheme

9 | Mathematical Induction + Derivatives and Tangent Lines [marks: 13]

(@) | Let P, be the statement
dr X n!
= foralln € Z*.
( x) a oralln

dxn \1 — — x)n+1
Forn = 1.
d,  x 11-x)—x(-1) 1 1! Al - correct
a(l — ) (]_ — x)Z (1 _ x)z (1 _ x)1+1 derivative
Thus, P, is true.
: + d*  x \ _ k!
Assume Py is true for some k € Z™, i.e., _(H) = e M1l-n=k

Now, we prove that Py, is also true (using Py,).

M1 — split kth
gk+1 X d ( dk X ) d ( Kl ) derivative
— —) | =————— Al — use of

k+1 _ k — k41 ! :
dx (1 x) dx \ dx ( x) dx \(1 —x) inductive
= k! (—(k + 1))(1 — x)CC+D-D(-1) assumption
_ (k+ 1) M1A1 - attempt
(1= x)kt2 + correct
derivative
Therefore, since P; is true and P, is true whenever Py is true, by
mathematical induction, P, is true for all n € Z*. R1 -only award
if everything else
is correct
(b) | Since
i
1—x 1-—x +1 R1 - realization
we get that one is a
dar 1\ _ d* , x 1) = arox vertical translate
dxm <]_ - x) T dxn (]_ —x ) T dxn (]_ - x)' of the other.
Graphically, y = i is a vertical translation of y = ﬁ and so will
have the same derivatives.
(b) | Note that the point of tangency is (0, n!) Al
Gradient at (0,n!) is simply (1( ;)1,1)“ (n+ 1), (MDAL
Therefore, the equation of the tangent line is M1A1

y—-nl=n+D'(x-0<=y=mn+1)x+n!
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Qn | Suggested solution Markscheme

10 | Basic Probability + Conditional Probability + Expectation [marks: 13]

(@) | Any chick is between two other chicks.

The only way for a chick to not get pecked is if the chick on its left
pecks left and the chick on its right pecks right. Thus,

P(left chick pecks left and right chick pecks right) = % x % = i M1Al
. . ) OR

Alternatively, there are three ways of getting pecked:

. . . 1\2
P(left chick pecks and right chick pecks) = (5) ;
P(left chick pecks and right chick does not peck) = G) G)
P(left chick does not peck and right chick pecks) = G) G)

. . . 3_1

Thus, the probability of not getting pecked is 1 — it M1A1L

As there are 100 chicks, the expected number of un-pecked chicks | m1A1
is 100 x - = 25,

® |
(i)
There are four cases in which Chicken Little steps on the 4 step: M1 — at least 2
cases correctly

identified
1 4
1+1+1+1=><§) =1/81 Al
1\ 1
1+1+20r1+2+1or2+1+1=>3<§) <§)=§ Al
1+30r3+1=2 D) =2
ore+i= (3) (3) =9 Al
2+2=(3)(3) =3
=|=])lz])==
3)\3) 79 Al
e 01012 137
Thus, the probability is atststs = Al
(i)
Given he first takes 2 steps, then the conditional probability is M1 — correct
1\ 1\ L (/1 1.1 formula seen
33 3G _ 77t _ (})2 L1 4 AL - correct
1 1 3/ 3 9 numerator
3 3 Al - final
answer
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Qn | Suggested solution Markscheme
11 | Integration + Trigonometric function [marks: 11]
(a) d T 5 Al -sec? x
a(tanx)—sec x=1+tan’x AG
(b) T
I, = j tan™ x dx
0
T T
= |* tan™ 2 x (1 + tan® x)dx — ! tan™ 2 x dx .
o o M1 — split sum
T T
4 4 .
= j tan™ 2 x d(tan x) — j tan™ 2 x dx M1A1 - first
0 0 term
T
tan™ 1 x|4
T a1 | e Al=ln-z
— L Al —first term
n-1 "7 correct
substitution
AG
©) i i oon
Iozj tanoxdx=j dx =— Al
0 1 0 4
w
= . =1-= M1A1l
2 21 h=1-7 ,
/s /s
| = _(1-HY=I_~ M1A1
*Ta-1 ( 4) 4 3
Alternatively, OR
1
I, = ——1, Al - correct use
‘1‘—1 . of (b) on I,
- Z_ ( _ 10) M1 — correct
3 \2-1 expression for I,
1 /4
= ——1+
3 1 0 dx M1ALl - correct
2 1 way to get /4
= —§+— Al - final
answer
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Full marks are not necessarily awarded for a correct answer with no working. Answers must

be supported by working and/or explanations. In particular, solutions found from a graphical display
calculator should be supported by suitable working; for example, if graphs are used to find a solution,
you should sketch these as part of your answer. Where an answer is incorrect, some marks may

be given for a correct method, provided this is shown by written working. You are advised to

show all working.

SECTION A (50 marks)

1 [Maximum mark: 5]

The probability distribution function of a discrete random variable X is defined by
P(X =x)=Cx(8-x) for x=1,2,3,4

(@) Find the value of C. [3]

(b) Find E(X). [2]

TURN OVER
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2 [Maximum mark: 7]

(@ Ifz=i(1+ i)(—\/gi —1) , find the modulus and argument of z, given that

—r<argz<r. [4]

(b) Given that (x+iy)2 =b+i, where x, y, beR, find the value of x*—xy—y’ in
terms of b. [3]

TURN OVER
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3 [Maximum mark: 7]

Year 5 students were asked to sign up for a CAS project on a particular afternoon. Assume
that the arrival of each student is independent and the number of students who signed up per
10-minute interval can be modelled by a Poisson distribution with mean 2.7.

(@) Find the most likely number of students who signed up in the first half hour. [3]

(b) Given that there are exactly 12 students who signed up for the CAS project during
the 2-hour sign-up period, find the probability that exactly 4 of them signed up
during the first 20 minutes. [4]

TURN OVER
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4 [Maximum mark: 8]

An arithmetic sequence has first term a and common difference d , where a and d are
non-zero real numbers. The ninth, tenth and thirteenth terms of the arithmetic sequence
form the first three terms of a geometric sequence.

(@) Show that a=—%d . [3]

(b) The sum of the first n terms of the arithmetic sequence is denoted by S, .

Find the value of S . [2]

(c) Given that the k™ term of the arithmetic sequence is the fourth term of the

geometric sequence, find the value of k. [3]

TURN OVER
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5 [Maximum mark: 4]

A student working on a coding project studies 11-digit quaternary sequences. A quaternary
sequence is a sequence formed using the digits 0, 1, 2 or 3.

Examples of quaternaries are 12030112210, 00231110312, 32103210321 and 00000000000.
Find the number of ways that the 11-digit quaternary sequences can be formed with
(a) no restriction, [1]

(b) at least two consecutive digits the same. [3]

TURN OVER
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6 [Maximum mark: 6]

a ind the complex roots z, and z, of the equation z° +(7+1i)z+24+7i=0.
(@ Findth I d fth ion 2% +(7+1)2+24+7i=0 [3]

(b) Itisgiventhat AA A A, forms asquare centred at the origin, where A, represents, on an
Argand diagram, the complex number z, for n=1, 2, 3, 4.

Find the complex numbers z, and z,. [3]

TURN OVER
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7 [Maximum mark: 8]

Lines L, and L, have vector equations

9 -1 3 1
r=|-2|+A| 1|, AeR and r=|2 |+u|1]|, ueR respectively.
15 -2 4 0
(@) Justify that L, and L, are skew lines. [3]

(b) Find the perpendicular distance between the lines L, and L,, giving your answer in
exact form. [5]

TURN OVER
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8 [Maximum mark: 5]

sin(A-B)

(@) Prove that
cos AcosB

=tan A—tanB. [1]

(b) Hence find an expression for
- sin x

,int f N and x. 4
— cos[(k+1)x]cos(kx) N terms of 7% and x 4]

TURN OVER
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Do NOT write solutions on this page.

SECTION B (50 marks)

Answer all questions on the foolscap paper provided. Please start each question on a new page.

9

[Maximum mark: 15]

Itis given that g(t) :% ,Where teR .
3e +e

(@) By using the substitution u=e", show that J'g (t) dt = 2m arctan(me' )+c,

where m is a real constant to be determined and c is the constant of integration. [5]

An object moves with velocity v(t)=1-g(t), t>0, where t is the time in seconds after it

passes through the origin.

(b) Find the time when the acceleration is the greatest. [2]

(c) Find an expression for the displacement in terms of t, giving your answer

in exact form. [4]

(d) The object returns to the origin some time later. Find the total distance that the

object has travelled when it returns to the origin. [4]
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Do NOT write solutions on this page.

10

[Maximum mark: 14]

The continuous random variable X has probability density function given by

3k

—, 1<x<2
2
k2
f(x)= ?(X—5)2, 2<Xx<5  where k is a positive constant.
0, otherwise
1
(@ Show that k = 3 [3]
(b) Find E(X). [2]
(c) Find the interquartile range of X . [4]
(d) Find P(X <3). [2]

Ten independent observations of X are taken and the random variable Y is the number of

observations such that X <3.

(e) Find P(Y <3). [3]

TURN OVER
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Do NOT write solutions on this page.

11 [Maximum mark: 21]

(@) Let z=cos@+ising.
(i)  Show that (z” —in): 2isinnd, where neZ.
z

3
(if)  Use the binomial theorem to expand (z _Ej , giving your answer in terms of z .

(iii) Hence show that 4sin® @ =3sing—sin36. [6]

The following diagram shows part of the graph of 4x* =4sin®y+cosy+1 for 0<y<r.

The graph cuts the x-axis at (—i 0) and (i Oj, and the y -axis at the point (0, 71)

J2

NA

> X
(b) (i) Find an expression for j—y interms of x and y.
X
(i)  Show that the gradient of the curve at the point [—% %] is 445 . [5]

The shaded region R is the area bounded by the curve and the x-axis.
(¢) Findtheareaof R. [4]

The region R is now rotated about the y-axis, through = radians, to form a solid.

(d) Find the volume of the solid formed in exact form. [6]

End of Paper
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Year 6 HL Math Preliminary Examination 2020 Paper 2 (Mark Scheme)

Section A
Qn | Suggested Solutions Marks
1 | Discrete Random Variables [Max mark: 5]
(@) D P(X =x)=1
all x
4
D Cx(8-x)=1 M1
x=1
Using GDC, (M1)
C=0.02 Al
(b) | Method 1 (by GDC) E(X) zzx.p(x =x) | GDC Method
all x
4
= x-0.02x(8-x) M1
Z( 0,02 x (8-x)) -
romee =2.8 (by GDC) Al
x=1
Method 2 (Analytic) Analytic
E(X)=> x-P(X =X)
all x
4
=Y x-0.02x(8-x) M1
x=1
4
=0.02) x*(8—x)
=1
=0.02[1(7)+4(6)+9(5)+16(4)]
=238 Al
2 | Complex Numbers — Cartesian Algebra [Max mark: 7]
(a) | Method 1 (by GDC) Method 1
i (1+0)- (-3 - i-1)| 282842712475 |2|=2.83 (to 3s.f.) (M1) Al
angle(i- (1+9)- (-3 - i-1)) argz =0.262 (to 3s.f) (M1) Al
0.261799387799
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Qn | Suggested Solutions Marks
Method 2 (Analytic) Method 2
g =fi(L+i)(~3i-1)
=]+ il|-3i -1 ML
—12.2=2\2 Al
argz=argi+arg(1+i)+arg (—\/§i —1)
_r, T 2z M1
2 4 3
— 1 Al
12
(b) (x+iy)2:x2+2xyi—y2 M1
Comparing real and imaginary components,
x*-y>=b and xy:% M1
.'.xz—xy—y2=b—% Al
3 | Poisson Distribution [Max mark: 7]
(@) | Let X bether.v. ‘the number of signups

in an half-hour interval’. X ~Po(8.1)
12 [13 | 1.4 REEE rap [ X Method 1
i x f100:= =« Using GDC,
poissPdf(8.1,x) P(X =7)=0.138
5, P(X =8)=0.140
. s 3 7. 01377778147.. P(X =9)=0.126
8. 0.1395000374...
9. 0.1255500336... Method 2
1001016955772 |~ Reasoning that mode of
- 011900724732 ¢ ¥ Poisson distribution is

the largest integer < A4
when A¢7Z.

When A eZ, the
distribution is bi-modal,

and mode =1 and A 1.

That is, mode = | 8.1].
Mode =8

M1

M1 (Method 1)

M1 (Method 2)

Al

Page 2 of 13




SJI Year 6 HL Maths Prelim Exam 2020/P2_Markscheme

Suggested Solutions

Marks

(b)

Let V,W and Y be the number of signups in the first 20 minutes,

next 100 minutes and during the 2-hour period (120 min)
respectively.

V ~Po(5.4), W ~ Po(27), Y ~ Po(32.4) M1
JEER» *Doc e PV =4|Y =12)
poissPdf(5.4,4) 016002 | _ PV =4nY=12)
poissPdf(27,8) 0.000013 P(Y =12)
poissPdf(32.4,12) 0.000024 _Pv=4nW =8) M1
P(Y =12)
poissPdf(s.4, 4) poissPdf(27,8)  0.088828
poissPdf(22.4,12) _ PV =4)xP(W =8)
P(Y =12)
~ 0.1600..x0.000013L.. | (M1)
0.00002371..
=0.0888 (to 3 s.f.) Al
4 |APGP [Max mark: 8]
(@) | Using common ratio, r = a+9d = a+12d M1
a+8d a+9d
(a+9d)2 =(a+8d)(a+12d)
a’+18ad +81d* = a’ + 20ad + 96d°
2ad +15d° =0 M1
2a+15d =0 (.- d#0)
15
a=——d
> Al
16
(b) | S > —(2a+15d) M1 o.e.
=%(0) (- 2a+15d =0)
~0 Al
(C) _a+9d _a+(k—1)d Mloe
a+8d a+l12d
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Qn | Suggested Solutions Marks
2a+18d 2a+(2k-2)d
2a+16d 2a+24d
(2a+15d)+3d (2a+15d)+(2k-17)d
(2a+15d)+d ~ (2a+15d)+9d
2k -17)d
ﬁ:u ("~ 2a+15d =0) Al (r=3)
d 9d
(Zk —17) 3 Al
5"
Solving, k =22
5 | Permutations & Combinations [Max mark: 4]
(@) | No. of ways = 411 = 4194304 Al
(b) | No. of ways
= Total without restriction — No consecutive digits are the same M1 M1 -4 x 310
=4194 304 — 4 x 310
Al
=3958108
6 | Complex Numbers — Argand Diagram [Max mark: 6]
(a) cPolyRoots(_\'2+(7+i)- X+24+7- i,\‘) By GDC_(I‘OO'[S of (Ml)
{443 i-3-2 8} polynomial),
the two roots are
—4+3i and —3—4i Al Al
(b) | Method 1 (Using rotation in complex humbers) Method 1
z, =1(-3—-4i) M1
=4-3 Al
2, =—i(-4+3i)
=3+4i Al

*Note that the answers can be swapped.
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Qn | Suggested Solutions Marks
Method 2 (Geometry on Argand) Method 2
e - By any geometrical
0 ' B G_GW s method of rotating about (M1)
the origin,
(-4,2) (2,4)
The other two complex
1 \ «| numbers z, and z, are
10 (\0"'0) 10 4-3i and 3+4i. Al Al
(4,-3)
(-3,-4)
6.67
7 | Vectors [Max mark: 8]
@) . -1 1
L, and L, are not parallel since | 1 |isnotparallelto |1 |. R1
-2 0

Use GDC to check if the two lines have any solutions (3 equations,
2 unknowns)

9 -1 3 1
Let| -2 |+4| 1 |=|2|+u|l M1 o.e.
15 -2 4 0
That is,
9-1=3+u
—2+A1=2+u
15-21=4
Using GDC, no solution found. Al

Hence, the two lines are non-parallel and non-intersecting, and are | AG
therefore skew.

-1 -1 -1
o C )
-2 0 1
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Qn | Suggested Solutions Marks
9 3 -6 —
Let 04 = (—2) and OB = (2) then 4B = ( 4 ) M1 (for AB)
15 4 —-11
Perpendicular distance
)0 v
— 1\—-11 1
B V3
— Al
V3
8 | Trigonometry & Sigma Notation [Max mark: 5]
(@ | sin(A-B)
cos AcosB
_sin AcosB—-cos AsinB M1
cos AcosB
=tan A—tan B (shown) AG
(b) N sin x
= cos[ (k+1)xcos (kx)
_J sin[ (k+1)x—kx| (M1)
= cos[ (k+1)x]cos(kx)
N
= > {tan[ (k+1)x]tan (kx)} Al
k=1
= {tan(2x)—tan(x)} +{tan (3x)—tan (2x)} +... (M1)
+{tan[(N +1)x}—tan(Nx)}
=tan[ (N +1)x]-tan(x) Al
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Section B

oQn

Suggested Solutions

Marks

9 | Calculus — Integration by Substitution & Kinematics [Max mark: 15]
(@) | Letu=e',then ?j—ltj:e‘. M1
That is, du =Uu.
dt
o 0 dt =| ° _Lay M1
3e +e u+u— u
8| - [— 2 Al
3u”+1 ) [ 1 j
us+| ——
V3
= 2.\@tan‘1(\/§u)+c (Use of I > L 5 dx=£tan‘1(fj+cj M1
a‘+x a a
=2/3tan™! (\/ge‘ ) + ¢, where c is an arbitrary constant. Al
(b) | Realising the need to find (1) max pt on
a= E(v) or (2) zero on da_ i(v)
dt dt dt>*
<EER» *Doc raD [l] X .
5.67 4 E.g. Using GI(Zj)C, sketch
_ 6 the graph of v for
£1(x)=1-—— = dt
>etre™ (0.332068, 0.866025 ) max. M1
1 >< x
k e £26)=-<-(21() "I Max acceleration
dx occurs when
t =0.332068
=7 =0.332 (to 3 sf) Al
() S= JV dt
= [1-— ° —dt
3e +e
Using (a), we have s=t - Z\Etan‘l(\@e‘)+ c' M1 (ft. m) Al

Given s=0 when t =0, we have
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Suggested Solutions Marks
c'=2\/§tan’1(\/§e°) M1
2\/§7Z'
=23 2 |=
( 3 j 3
Hence, s=t—2+/3tan" (J_e ) 2\/_” Al (ft. m)
Using GDC, either plot the graph of s(t) or use nsolve, based on
the expression in (c) or the integral graph of v(t).
1. 3 *Doc ZUIp  From the graph, the M1 (any valid
2.33 4y object returns to origin method)
fl-1-——— J"“(ﬁ_‘) i when t =1.24075... or
erer 0 turns around when
t =0.59691... Al (ft. from (c))
0:2 x
2 27 (1.24075,0)
Next, to find the total
distance travelled, using
233 GDC:
Method 1 E¥N) *Doc rao [l] X Method 1
Find the further 2394y _.
distance reached, i.e. £1(c)=1-——— B(._,)zj 116 ax
(1) min. pt of s(t), or e 0 ML
(2) when v(t)=0. - x
-3.77 0.2 3.4
. (1.24075,0)
Total distance travelled (0.59691.-0.150848)
= 2x|-0.150848|
=0.3016.. . Al
=0.302 (to 3 s.f)
Method 2 | O mo [l X Method 2
Plot the graph of |v(t)|. .
grep ‘V( )‘ £1 ()= 1-———
Total distance travelled Bnetee £4(c)=[1 ()|
124075 0.301695
=], vt | | M1
=0.3016.. > \/0'2 (1.24075,0)
=0.302 (to 3 s.f) Al

-2.33
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Qn | Suggested Solutions Marks
Method 3 Method 3
Using definite integral:

Total distance travelled
_ J-1.24075‘V(t)‘ dt Ml
0
— 0.3016 1.24075 0.301695
=0.302 (to 3 s.f.) 0 Al
Method 4 } *2020 Prel..tB PR | Method 3
Using bounded areaon | )\~ =
the graph of v(t) and 3. e 40X
the x -axis. 0.20169 M1
Total distance travelled |- e >
=0.3016.. (1.24075
=0.302 (to 3 s.f) Al
-2.33
10 | Continuous Random Variable [Max mark: 14]
(@ | since X is a random variable, J'_w f(x)dx=1.
Therefore,
2
jz%dXJrJ'Sk—(x—S)zdx:l M1
12 2 2
2 3 P
3kx k? (x-5) 4
71+ 2 3 - M1 (steps
2 requires as this
%+K—l is a ‘show’
2 2 question)
9k*+3k-2=0 Al (quadratic
(3k—-1)(3k+2) =0 equation)
k :% or k :—g (rej, since k > 0)
A =§ AG
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Qn | Suggested Solutions Marks

E(X)=] xf(x)dx

= LS x f(x)dx M1 (any mtd)
=2.125 (exact) Al

(c) | Method 1 Method 1
- *Doc PR Using GDC (nsolve),
22 . 2] obtain the lower and M1 (any valid
- q1 ) dxel oz 1.5 upper quartile. method, incl.
Hmetve lf N analytical)
° IOR=Q3-01
g3 R 26189
nSolve( f](.\') dx=i,q3) =2.6189-1.5 Al Al
J1 : =1.1189...
2.6188984475617-1.5 1.1189 =1.12 (to 3 s.f) Al
Method 2 Method 2
Using GDC, plot the
4 cumulative distribution
L r4(1-.;)=: (2.618970:75) 3 == functlon,t
130~ (102s) 20| nlar | PO = fooox. M1
— 0
-1.64 i 2 Arey F(Q]_) =0.25
—Ql=15 Al
e F(Q3)=0.75
= Q3=2.6189 Al
IQR =Q3-Q1

=112 (to3sf) |Al

(@ | P(X <3)=] f(x)dx M1
—0.851852...=0.852 (o 3 5.f) Al
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Qn | Suggested Solutions Marks
(e) Y ~B(10,0.851852..) | M1
binomCdf(10,0.85185185185185,0,2) P(Y <3)=P(Y <2) M1
0-000008 1~ 0,000007875...
(1878162759583 1e-6 =0.00000788 (to 3s.f) | Al
(=7.88x10°°)
11 | Complex — Trigo, Calculus Techniques & Applications [Max mark: 21]
(@ | (1) Given z=cos@+ising
By De Moivre’s Theorem, z" = cosné+isinnd M1
Similarly, iﬂ =z" =cos(—né)+isin(—no) M1
z
in =cosnd—isinnd
That is, [z” —in] = 2isinnd (shown) AG
z
3 2 3
(i) (z—ij =23—322(Ej+32(1) —(l) M1
z z z z
3 1
=2°-3z+>-=
7 7 Al
(iii) Using parts (i) and (ii),
(2isin9)3=(z3—i3]—3(z-1j M1
z z
—8isin® @ = 2isin30 —3(2isin 6) Al
4sin® @ =3sin @ —sin 36 AG
(b) | (i) 4x*=4sin*y+cosy+1
Differentiate implicitly w.r.t. X,
_— dy . dy
8x=12sin“y-cosy-—-—-siny-— M1 M1 M1
dx dx
dy _ 8x 3 8x Al
dx 12sin’ycosy-siny | siny(12sinycosy-1)
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Qn | Suggested Solutions Marks
Alt. i(4x2) = i(Ssin y—sin3y+cosy+1) (applying (a))
dx dx
Then,
8x=3cosy-ﬂ—3c033y-d—y—sin y-d—y M1 M1 M1
dx dx dx
dy _ 8x
dx 3cosy—3cos3y-siny Al
5
J5 o |2
i) At| -2 2| Y ___\ ) _4f5 M1 AG
2 2) dx 12(1)(0)-(1)
(c) | Shaded area
= 2_|'0 xdy
=2J'”1\/4sin3y+cosy+1dy M1 Al
02
=4.76201...=4.76 (to 3s.f.) (M1) Al
(d) | Method 1: (Using (a)’s identity) Method 1
Volume of revolution
M1 Al

- 7;_[0” X% dy = zJ':%(4sin3 y+cosy-+1)dy

- %J'Oﬁ((Ssin y—sin3y)+cosy+1)dy

V4

V4 1 .
= Z{—Bcos y+§cos3y+sm y+ y}

M1 (ldentity)

M1
0
Vs 1 1
=ZJ13-240 —| 342
5o s
_Z{EM} _”(LZJ_ 7 (37 +16) Al
43 3 4 12
Method 2: (Direct) Method 1
Volume of revolution
P =1, . M1 Al
- 7Z'J.O X2 dy = ﬂjo Z(4sm3 y +COS y+1)dy
:%.[O”(sin y(1-cos® y)+cos y+1)dy I(\F/I>1th
ythogorean
Identity)
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oQn

Suggested Solutions

_ Z{j”sin y dy—rsin y(cos’ y)dy+J'0”cos y dy+j0”1dy}

—cosy]; - ——cos y}

/4

5l
2l

cos y}

Marks
el 4D Z
+[siny]; +[V]Z} AL
Al
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Year 6 Mathematics: Analysis and Approaches HL Preliminary Examination 2021/P1

Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are advised to show all working.

SECTION A (55 marks)
Answer all questions in the spaces provided.

1 [Maximum mark: 5]

The graph of f(x)=|x—2|—|x+2|, -6<x <86, is given below.
Ay

al

N

w

N

[NEN

Find the value of

(@ f'(15), [2]
b (-1, [1]
© [ f(xax. 2]

TURN OVER
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2 [Maximum mark: 6]

b J3

Find the values of x, where 0 < x <, for which the vectors | cosx | and | 2cos X | are
-1 1

perpendicular, leaving your answers in terms of 7.

TURN OVER
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3 [Maximum mark: 8]

The function f is defined by f (x)= ° % for xeR.

(@) Find the Maclaurin expansion of f up to and including the term in x°. [5]
_ _x—f(x)

(b) Hence, find the value of ImgT. [3]

TURN OVER
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4 [Maximum mark: 9]
(a) Find the roots of the equation 27w® +125=0, w e C, giving your answers in the form re'’,

where r>0 and -z <0<r. [6]
(b) The roots found in (a) are represented by the vertices of a triangle in an Argand diagram.
Find the area of the triangle. [3]
TURN OVER
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5 [Maximum mark: 6]

(a) Show that the sum of the geometric series 1—x*+x* +...+(=1)"*x*"? can be

n-1 1\t 2n
expressed as Z:(—l)k N +( D x .
k=0

[2]

1+x* 1+%°

n-1 _1)k . 1 in
b) Hence, by using integrals, find the value of ( — (-1)" I dx. [4
(b) y using 1nteg kZ;{Zk+1 (=) o 1+x° [4]

TURN OVER
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6 [Maximum mark: 12]

2

Let the function g be defined by g(x)= X_ on its maximal domain. The graph of y=g(X)

is given below.

(@) Find the asymptotes of y =g(x). Draw and label them on the graph given above.  [4]

(b) Describe the sequence of transformations that map the graph of y=g (x) to the graph of

3
=3X+5+—. 4
y 1 [4]

(c) State the number of zero(s) of y =3x+5+i1 and write down the equation of the new
X_

asymptotes. Hence, justify that the zero(s) lie in the interval }—%1[ [4]

MORE SPACE IS AVAILABLE ON THE NEXT PAGE

TURN OVER
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TURN OVER
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[Maximum mark: 9]

The function f is defined by f (x)=x*-2cosx, where —% <X g%.

The function h is defined by h(x)=(f g)(x) where g(x) is a continuous and differentiable
function with the following properties:

= gisincreasing for all values of x,

= g has a stationary point of inflexionat x=0,

= g isconcave upward for x >0, and concave downward for x <0,
= g(x)>0 for x>0, and g(x)<0 for x<O0.

(@) Show that h"(0)=0. [4]
(b) Bycompleting the table below with the positive “+” and negative ‘-’ signs for the respective
derivative values, explain whether h has a point of inflexionat x=0. [5]
x | P00 | 00 | g(x) | g'(x) | 9"(x)
0 - + -
ot + + +

TURN OVER
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Do NOT write solutions on this page.

SECTION B (55 marks)

Answer all questions on the writing paper provided. Please start each question on a new page.

8 [Maximum mark: 10]

The graph of y = f(x) for -6 < x <6 is shown below, where the graph passes through the
points (-6,-5), (-3,-4), (0,0), (3,3) and (6,4).

y y = f(x)

[GURFEN

Diagram not drawn to scale

On different sets of axes, sketch the graph of the following. Indicate any axial intercepts and
asymptotes. Also, label the endpoints of each resulting graph clearly.

(@) y="f(x), -6<x<6. [3]
1

(b) y= 059 -6<x<6, x=0. [4]

(c) y:[f(x)]z, -6<x<6. [3]

TURN OVER
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Do NOT write solutions on this page.

9 [Maximum mark: 17]

2
The plane TT has normal vector n=| -3 | and Q(-3,1,-2) lies on the plane.
1
The coordinates of P are (2,1,2).
(@) Show that IT has equation 2x—3y+z =-11. [2]
(b) Determine whether P lieson IT. [2]

(c) Find an equation of the line, ¢, perpendicular to IT passing through point P,

leaving your answer in the form r=a+ Ad, AeR. [3]
(d) Show that /¢ intersects IT at the point F(0,4,1). [3]
(e) Hence, find the distance between IT and P . [3]
(f) Find PQ. [2]
(9) Find ‘@ . ﬁ‘, where n is a unit vector of n. [1]
(h) Comment on the geometrical interpretation of the answer in (g). [1]

10 [Maximum mark: 14]

() Prove or disprove the statement:

“f(x)=x>-x*-x+1 is a one-one function for all xeR.” [3]
(b) Using the principle of mathematical induction, prove that [8]
n 2 n
[Zr] =>r’, nx2
r=1 r=1
(c) Hence, show that [3]

n N+, 2
D(r+1)° = [irj -1, nx>2.
r=1 r=1

11
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. . . TURN OVER
Do NOT write solutions on this page.

11  [Maximum mark: 14]

(@) How many 5-letter passwords can be formed from A, B, C, D, E, F, G
i. if the letters in each password must be distinct?
ii. if the letters in each password must be distinct and A, B, C, D can only occur
as the first, third or fifth letters while E, F, G as the second or fourth letters?  [5]

(b) Consider the following set of points that form a perfect square grid.

Find
I. the number of straight lines which pass through 3 points;
ii. the number of triangles whose vertices are points in the diagram above; and,
iii. the number of rectangles whose vertices are points in the diagram above. [9]

End of Paper
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Year 6 HL MAA Preliminary Examination 2021 Paper 1 (Markscheme)

Section A
Qn | Suggested solution Markscheme
1 | Absolute value function graph + Definite integral [Marks: 5]
@ | f'(15)=-2 M1 Al
(b) | f*(-1)=0 Al
(©) 3 1 1 M1 — must subtract
[, f()ax=2(1)(2)-5(1+3)(4)
=_7 Al
2 Scalar Product + Double angle formula (Trigo) [Marks: 6]
ATENG
cosX [ 2cosx |=0 M1 — dot product = 0
-1 1
§+2coszx—1:0 Al
2cos’ x—1= —ﬁ
2
cos(2x):—£ M1 Al —double angle
2
2X = 7 or g
6 6
=2 o 17 AL, Al
12 12
3 Maclaurin series + application to Limits [Marks: 8]
(@ | Method 1
1
f(x)==(e"—e~
(=1~
_1fy x> x xt X M1
TR TRTRT] Al
X X x % Al
21 3! 41 5l
3 5
ex+ X A2,1,0
3! 5!
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Qn | Suggested solution Markscheme
Method 2
¥ _g* M1 — finding
f(x)= > derivatives
e*+e”
f'(x)=
()=
F(x) =S = 1 (x)
f(0)=f"(0)=f“(0)=0 Al
f(0)=f9(0)=1®(0)=1 Al
X3 5
f(X)~ X+ —+=— A2,1,0
3! 5!
(b) [ 3 ij M1 — use of
X—| X+ -+ expansion from (a)
— | | !
lim X 3( ):Iim f >t not L’Hopital’s
x—0 X x—0 X
X X
TR (No Al at this line)
—lim —3
x—0 X
— | l X2 . - g
=—hm TR A_l f.t..(s.lr_npllfled
with division)
1
) Alft.
4 Roots of a complex number + Area of triangle [Marks: 9]
(@ | Method 1
s _ 125 125 Al—arg(v\ﬁ):ﬁ
27 27
N | MLAL
27
[ 2n+1
w:ge( 3] , n=-10,1 M1
_§ei”, _ei§ or _e—|§ A2, 1, 0
3
Method 2

M_Jé_@ﬂs
27 3

W= —% is a root = (3w+5) is a factor.

Page 2 of 11




SJI Year 6 HL MAA Prelim Exam 2021/P1 (Markscheme)

Qn | Suggested solution Markscheme
27W* +125 = (3w+5)(9w’ +bw+25) M1 — find quad factor
Comparing coefficient of w,
50+75=0=Db=-15
27w +125 = (3w+5) (9w —15w+25) =0 AL - 9w’ 15w +25
59w’ —15w+25=0
We 15+/225-4(225) 15i15(\/§') _ 5i5(‘/§') Al — Cartesian form
18 18 6
5 i 5 -~ M1 — convert to Euler
w=—=e", —e? or —e 3 A2 1.0
3 3 y 4y
(b) | Note the triangle on the Argand diagram:

Method 1

2
Area of triangle = 3x1(§J sin 2—”
2\ 3 3

zgxz@ﬂ@} 55

23 2 12
Method 2
2
Areaoftriangle:l % sinZ
2( 3 3
_1(25)(43)_25V3
203 )| 2 12
Method 3

Area of triangle ——( \/_ (_Jr_j

6
5 _25[
E -

M1 (must have x3)
Al (must be sin 2?7[)

Al

M1 Al (# sides)
Al

M1 Al

Al
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Qn | Suggested solution Markscheme
5 Geometric series + Definite integral with arctan [Marks: 6]
@) [ ({12 n} M1 — geometric sum
ni(‘l)k 2 11-((-2)x) with n terms
k=0 1—(—X2) Al—r=-x°
=1+(—1)n71 X1 +(—1)n71 X" AG (if errors in
1+ x? 1+ x? 1+ x? simplification, get
only 1m out of 2)
(b) | From (a),
n-1_op
ni(—l)k X2 — () ¥ 1
— 1+ X2 1+ x?
Integrate wrt. x from x=0 to x=1: M1 — integration
n-1 2k L 1(_1)”*1 X2 L1
~1)¢ ~———dx= dx _ i
LZ(;( ) ok +J jo 1+ %2 Io 1+ 2 Al — summation term
-l n-1 1 in 1
Z:(;( 1 2k +1 _1) .[0 1+ X2 dx = [arctan (X)]o Al — arctan term
n-1 2n
( ] Y
| 2k 11| 01+ X 4 Al (nof.t)
6 Rational function + Graph transformations [Marks: 12]
(a) RS
X—3
9
=X4+3+—— M1 Al
X—3
\_7y=x+3 (OA) Al Al

x=3 (V.A)
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Qn | Suggested solution Markscheme
b
(b) y=3X+5+ 3
-1
=((3x)+3)+2+ 2 M1
(3x)-3
=g(3x)+2 Al
OR
g(x)=x+3+ S
X—3
g(3x)=3x+3+ J
3x-3
3
3X)+2=3X+5+——
g( ) x—1
Horizontal scaling with factor % followed by Translation Al Al
0
b 0.e
/(2
. 0 . :
OR Translation by (2) followed by Horizontal scaling
. 1
with factor 3 0.e.
(¢) | Number of zeros =2 Al
New asymptotes are x=1 and y=3x+5 Al Al
The zeros lie between the x-intercepts of the new
_ 5 R1 — must have
asymptotes, which are at (—5,0] and (1,0). correct x-intercept
7 Differentiation with points of inflexion [Marks: 9]
(@ | Method 1
h(x)=(f-g)(x)
M1 — Chain rule

=fg(0 ]9 0 +f"[9(0)]-[9'(0)]2
= (shown)
since g'(0)=g"(0)=0 (stationary point of inflexion)

M1 Al — product rule

Al — correct use of
both
9'(0)=9"(0)=0
AG
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Qn | Suggested solution Markscheme
Method 2
)=[0(x)]"~2c0s[ g (x)]
( [9(x) ] +25in[g(x)]).g'(x) M1 — Chain rule
2si g"
( [g(x] " sm[g(x)])g (x) M1 — product rule
g9'(x). (12[9 )] +Zcos[g(x)]).g'(x) Al
(4[9(0 )] +25in[g(0)]).g"(0)
Al g'(0)=g"(0)=0
+(12[g<o>]2 +2c0[9(0)])[9'(0) ]
=0 (shown) AG
(b) | f(x)=x"-2cosx
1"(x):4x3+25inx:{>O for XZO_ M1
<0 for x=0
f"(x)=12x*+2cosx >0 for x=0"and x=0"
o) | 00 | 9(¥) | 9'(x) | 9"(x)
X=0 _ + _ " _ Al — considering
=0 N N N " " signs for 0" and 0"
Method 1
" . " " ' 2
h"(x)=1Ta(x)]g"(x)+ g (x)][9'(x)]
h"(07)>0 Al
h"(07)>0
Since h"(x) has the same sign on either side of x=0 i.e. R1
there is no change in concavity, there is no point of Al
inflexionat x=0.
Method 2
h'(x)=f[a(x)]9'(x)
X 0 0 0"
h'(x) - 0 +
Tan \ . / M1Al
h has no point of inflexion at x=0. Al

(In fact, h has a local minimum pointat x=0.)
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Section B

Qn | Suggested solution Markscheme

8 | Graph Sketching [marks: ]

Al —shape;
(6,4) AQ if not sharp at
the origin

Al - right
' Y y ; endpoint

Al - left endpoint

(AOAOAOQ — for
P4 non-function)

5
T —d

(b)
i1 Al - shape

Al — vertical
(a, 1) asymptote

; ; Al - right
endpoint

x=0

Al — left endpoint

(©) v
(=6,25) ' Al — shape
(condone if sharp
at the origin)

(A0 if both
(6,16) endpoints have
the same y-value)

Al - right
endpoint

6 ) 3 6 Al - left endpoint
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Qn | Suggested solution Markscheme
9 | Vectors — Lines & Planes [marks: 17]
(@)
X\ ( 2 -3\( 2 M1 — correct use
. a2l J_ _ _ aa o_ of equation
IT:|y 3= 1 3|=>2x-3y+z=-6-3-2=-11 A1 — dot product
z 1 -2 1 AG
(b)
2)( 2
1 -3|=4-3+2=3=-11, therefore, P does not lie on IT. M1
Al - not
2) 1
(©
2 2 R1 — use of
e _ direction vector
Cir={1]+4]-3|, 1eR Al
2 1
(d)
2(2+22)-3(1-31)+(2+4)=-11 M1
4+41-3+91+2+1=-11
3+141=-11
A=-1 Al
So the point of intersection is (2—2,1+3,2-1) =(0,4,1) Al
(e)
2-0 2 .
dist(IT, P) =|[FP| =| 1-4 | =| -3 |=/22 +(-3)° +12 =14 (R1) —= |FP|
(I1,P) =|FP] V2 er =g | (3D
2-1 1
Note: This is a “hence” question.
()
-3-2 -5
PO=| 1-1 |=| 0 M1A1
—2-2 -4
(9)
1 2 1 2
n
A=—= -3 |=——| -3
In| 27 +(=3)* +1° 1 V14 1 Al
NER
PO.Al=| 0 l——| -3 |=——=|-10-4|=14
PQ MET o4 Al
|
‘PQ-ﬁ = dist(T1, P) Al
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Qn | Suggested solution Markscheme
10 | Proving via Counterexample, Mathematical Induction & Series | [marks: 14 ]
(@)
f()=1-1-1+1=0 M1 — any valid
f(-1) =-1-1+1+1=0 counterexample
f(-1)=f () and —1#1 means f is not one-one. R1
- Al - not
(b)
n 2 n
Let P(n) be the statement (Z rj =>r’ forn>2.
r=1 r=1
P(2) is true since
2 \? 2
(er =(+2)*=9and Y r*=1"+2°=9. Al
r=1 r=1
Assume P(k) is true for some k > 2, i.e.,
K\
(er =>r® Jk>2. Al
r=1 r=1
We now prove that P(k +1) is also true:
ke )2 K 2
[Z_l:r] :(Zﬂ:”(kﬂ)j M1 — split sum
K )2 k ,
:[;rJ +2(k+1)[;r]+(k+1) M1 _ correct
) ) expansion
= r3+2(k+1)( rj+(k+l)2
ZL: ; Al —use of
K 1 inductive
=2I’3+2(k +1)(Ek(k +1)j+(k +1)2 assumption
r:l M1 — use of
_ Z identity

r*+k(k +1)° + (k +1)°

,
1]
4N

r*+(k+1)*(k+1)

Il
M=

.‘
Il
4N

r*+(k+1)>°

Il Il
=~ wM
Il =~
N
-
w

-‘
Il
UN

OR

M1 — factor to get
the correct form
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Qn | Suggested solution Markscheme
(working the other way around)
K+1 K
D=+ (k+1)
i k o M1 — split sum
=(§f} +(k+ D) Al — use of
L inductive
=| =k(k +1)] +(k+1)° assumption
2 M1 — use of
identit
:Z(k+1)2(k2+4(k+1)) y
1 M1 — factor
= Z(k +1)%(k +2)°
1 2 M1 — factor to get
= (E (k+1)(k +1+l)j the correct form
k+1
(%)
Therefore, since P(2) is true and P(k +1) is true whenever P(k)
for any k > 2 is true, by mathematical induction, P(n)is true for R1
all n>2.
(©)

D (r+1)° =22+ +--+(n+1)°

: i
8-

Note:
n+1 n+1 \ 2
“=(27)
r=1 r=1
but

Zn:(r +1)3 # (i(r + 1))

r=1 r=1

M1 — recognize
sum
Al-+1

Al —n+1 /correct
index
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Qn | Suggested solution Markscheme
11 | Permutation & Combination [marks: 14]
(a)
M1 - use of
i. 'R, =7x6x5x4x3=2520 multiplication
Al - 2520
Al - 1St 3I’d 5th
. Al -2, 4"
.4 2x2=144 ’
1. 4x3%x3x2x A1 - 144
(b)

I. Lines passing through 3 points:

Total number of lines=3+3+2=8

ii. Number of triangles, including the degenerate cases (triangles
with collinear vertices)

°c 9l  9x8x7x6!

s = = =3x4x7=84.
3161 3lp!

Number of degenerate triangles = number of lines passing
through 3 points = 8

Thus, total number of triangles = 84-8=76.

iii. Number of rectangles with vertical or horizontal sides:

I I
°C,x°C, =ixi=3x3=9.
2111 21!

Diamond =1

Total number of rectangles=9+1 =10

(M1) — “cases”
seen, e.g.,
horizontal,
vertical and
diagonal lines
considered

Al [N2]

(M1A1)

(M1) — removing
degenerate
triangles

Al [N4]

(Ml) - 3Cz

(A1)

Al [N3]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must
be supported by working and/or explanations. In particular, solutions found from a graphic
display calculator should be supported by suitable working, for example, if graphs are used to
find a solution, you should sketch these as part of your answer. Where an answer is incorrect,
some marks may be given for a correct method, provided this is shown by written working. You
are advised to show all working.

SECTION A (55 marks)
Answer all questions in the spaces provided.

1 [Maximum mark: 6]

The 4th term of an arithmetic sequence is 3142 and the 21st term is 1884.
(&) Find the first term and common difference of this sequence. [3]

(b) Calculate the largest value of n for which the sum of the first n terms of the
sequence is positive. [3]

TURN OVER
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2 [Maximum mark: 10]

Consider the function f defined by

f :X|—>i, XeR\{O,l}.
1-x

Itis giventhat f"(x)=(fofo..of)(x),forall neZ".
| S —

n tirmes
(a) Find the function f ™, indicating clearly its domain. [3]
(b) Find an expression for f*(x). [3]
(c) Deduce the expression for f*(x). [2]
(d) Find f2%(2). 2]

TURN OVER
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3 [Maximum mark: 9]

: . 1-x* . _ . .
(a) Find the expansion of +x in ascending powers of X, up to and including
the term in x*, where |x|<1. [6]

(b) By substituting x =% to your answer in (a), estimate the value of \/g

. . a .
expressing your answer in the form b’ where a and b are integers to be

determined. [3]

TURN OVER
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4 [Maximum mark: 6]

(@) In Singapore, car financing loans are based on simple interest on the principal
amount loaned.

In order to buy a car, Mr Heng takes out a loan of $90,000 on a simple annual
interest of 1.99% for 8 years. How much will he have to pay altogether towards the
loan? [2]

(b) The value of a new car depreciates 15% per year for the first 5 years, and 10% per
year thereafter.

Mr Heng buys his new car for $180,000 and intends to sell it exactly 8 years later.

(1)  How much will he receive when he sells his car? [2]

(i)  What will be the real value of this amount that he receives if the average

inflation rate is 1.5% per year? [2]
TURN OVER
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5 [Maximum mark: 8]

X+5

Consider the function f(x) =——7——.
X +3X+2

(a) Sketch the graph of y = f(x), labelling clearly any axial intercepts, maximum
and minimum points and the equations of any asymptotes. [6]

(b) Given that the equation f (x) =k has no real solutions, find the range of
values of k. [2]

TURN OVER
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6 [Maximum mark: 8]

Consider the three planes defined by the equations

X+2y+3z=5
X—z=Db
y+az=2

where a,beR.

(@) If a=4 and b =0, find the coordinates of the point of intersection of the
three planes. [2]

(b) Itis given that the three planes meet in a line #.

(i)  Find the value of a and of b.
(i)  Find a vector equation of the line #. [6]

TURN OVER



Year 6 Mathematics: Analysis and Approaches HL Preliminary Examination 2021/P2
7 [Maximum mark: 8]

With reference to the origin O, the position vectors of points A, Band P are a, b and
p respectively. It is given that P lies on the line segment AB, such that a-p=Db-p and

ZAOP and ZBOP are 30° and 60° respectively.

(@) Show that AB is perpendicular to OP. [2]
(b) State the geometrical meaning of %|a>< p|. [1]
(c) Show that [axp|=AP, where p = ﬁ . [1]
(d) Show that AP =k |p|, where k is an exact value to be found. [2]
(e) Find the ratio AP:PB. [2]
TURN OVER
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Do NOT write solutions on this page

SECTION B (55 marks)

Answer all questions on the foolscap paper provided. Please start each question on a new

page.

8 [Maximum Mark: 13]

An object starts from rest and moves in a straight line such that its velocity, v(t) ms™,
after t seconds is given by

v(t) = 5cos(%—§)csc(3—t0+%) for 0<t<64.

The following diagram shows the graph of v against t. The point A is a local
maximum and the point B is a local minimum.

()
(b)

(©)
(d)

'
A

10+

10 20 30N\ 40 50 60
_5--

10t B

Find the maximum speed of the object.

The object first comes to rest at t =t,. Find
(i) thevalueoft,
(if)  the acceleration when t =t,.

Find the two values of t when the object is 100 m from the starting point.

Find the total distance travelled in the first 40 seconds.

[3]

[4]
[3]
[3]

TURN OVER
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Do NOT write solutions on this page
9 [Maximum Mark: 13]

Consider the polynomial P(z) = z3 — 5z% + hz — 4, where z € C, for some real
number h.

Given that a, 8 and y are the three roots of P(z) = 0 suchthat « = 4 and 8,y ¢ R.

a+bi
c

(@) Find g and y, leaving your answer in the form where a, b, c € Z. [4]

(b) Hence, find
(i) B3 and y3 using de Moivre’s theorem.
(it)  the smallest positive integer m for which ™ and y™ are real.

(iif) the smallest integer n > 1 for which ™ and y™ are also roots of P(z) = 0.

[9]
10 [Maximum Mark: 12]
It is given that f(x) = (arccos x)(arcsin x), where —1 < x < 1.
(@) Show that
(i) V1 —x2f'(x) = arccos x — arcsin x.
(i) @A-x)f"()+2=xf'(x) [5]

(b) By considering the graph of f”'(x) or otherwise, find the values of £®)(0) and
£®(0), giving your answers to 3 significance figures where necessary. [3]

(c) Determine the Maclaurin series for f(x) up to and including the term in x*. [4]

TURN OVER
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Do NOT write solutions on this page

11 [Maximum Mark: 17]

(@ (i) Find fOth sin(t?) dt, leaving your answer in terms of x.
(i)  Show that cos (xz + g) = —sin(x?).

Hence, show that

X
s
f 2t3 sin (tz + E) dt = cos(x?) — 1 + x? sin(x?)
0

[8]
(b) The function f(x) = 5 arcsin(x?) is defined on its maximal domain.
A bowl is formed by rotating the curve of y = f(x) through m radians about
the y — axis.
(i)  State the maximal domain of f and deduce the exact height of the bowl,
leaving your answer in terms of 7.
Let h be the depth of water in the bowl.
(i)  Find the volume of water in the bowl in terms of h.
(iii) Water is poured into the bowl at a constant rate of 0.3 unit® per seconds.
Determine the rate at which the depth of water is increasing when h=4.
[9]

End of Paper
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Year 6 HL MAA Preliminary Examination 2021 Paper 2 (Markscheme)

Section A

Qn | Suggested solution Markscheme
1 Arithmetic Progression [Marks: 6]
(@) |u,=a+3d=3142 M1

u, =a+20d =1884

{EEREEIEE] > *2021 Prel.tA rap ] X

A LAY
linSolve({a-b geales fad}
a+20- d=1884
{3364.,-74.}

First term, a = 3364 Al

Common difference, d =-74 Al
® |, =2(2(3364)+(n—1)(—74)) >0 ML (S, > 0)

X

—. (9. 22 ) 90. 6390.

. (2- 3364+(x-1)- -74) M1 (any valid

1 x o1. 3094. method, incl. graph or
-10 1 10 92 276 solving of quadratic
’ ’ inequality)
93. -3720
94, -7238. |
-6.67 3094. 4« »

Largest n=91

Al
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2 Functions: Domain, Composite, Inverse [Marks: 10]
(a) 1
f(X)=—
(x) T x
Let y:i,we have M1
1-x
X= 1—1
y
R 1
o f (x)=1—;, x=0,1 Al (expression)
Note: range of £ ~* excludes {0, 1}, therefore since Al (domain, also
f£~1(1) = 0, domain of £~ must also exclude {1} in accept if just x # 0)
addition to the {0}.
(b) 1
fP()=fof(x)="f (rj M1 (compositing)
-t (multiply by 1_—Xj
( 1 j 1-x
1-| —
1-x
S M1 (correct approach
(1-x)-1 to getting 2 layer
_1-x fraction)
—X
2 1
L. f (X) =1_— 0.e. Al
X
(Domain not required, only expression)
() | Observe that f*(x) = f2(x)
f(frx)=f(f*(x) M1 (or any valid
( ) ( ) method)
(d) | Observe that every 3 function is an identity function,
ie. FP=f=f°=.
f2021(X): f2(f2019(x)) (Ml)
= F2(x)
-1
X
L F22(2) =% Al

Page 2 of 15
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3 Binomial Theorem and Generalisation Binomial Theorem | [Marks: 9]
1-x? 2\s E
=(1-x")?(2+Xx) 2
@ |5 =X (2+%) M1
Expanding both, we have
1
= 1
1-x*)2 =1-=x" +...
(1-x) 5 Al
1 1 5
(2+x)2=272 1+1j ’
2
1 Lo(x) A (xY
- :c | 2 e | 2
> 1+ Cl(zj-i- Cz(zj +J M1
1 1(x) 3(x°
=—|1-=| = |+=| — |-+
2 2\2) 8 4
_i 1_54_%
2 4 32 Al
Hence,
1_X2 - 1—1X2+ i _5 3_X2+
24X 2" TR\ 4 32 M1
_L[fox (3¢ X
L2 4 (32 2
1 2
_ 1 1_5_13x Al
L2 4 32
Alternatively, use Maclaurin Series with GDC. _
Note: This cannot be used to continue on to part (b) which | Alternative
requires the estimate to be an exact fraction.
1.1 | 1.2 |g *Doc rap [I] X
- 1—x2 Done
2+x
M1
A0) 0.707107
d -0.176777 Al
—(Ax))re=0
Rdx Al
dz -0.574524
_2(7{3*’))|—\'=0 Al
dx v

1-x°
2+X

=0.707-0.177x— % x 0.5745%

=0.707-0.177x—0.287x*

M1 (Maclaurin series)

Al
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SJI Year 6 HL MAA Prelim Exam 2021/P2 (Markscheme)

() Substitute x ==,
L 11 13(1 ? 3
“a\2) 32la) T M1 (obtain \/%on
LHS)
1(1] 13(1]2
1-=| = |-= =] +
4\ 4) 32\ 4
1(1] 13(1]2
1-=| = -=|=] +
a\4) 32\ 4
5 1 13(1
e [ 2
6 = 16 32(16) (2)
.a_467
‘b 512
s.a=467, b=512 (not required to write out) Al Al
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Qn | Suggested solution Markscheme
4 Financial Mathematics [Marks: 6]
(@) | Simple interest,
| - 90,000x1.99x8 _, /ang M1 (simple interest)
100
Total amount paid after 8 years = $104,328 Al
(b) 5 3
FV =180,000 1- 3 (=20 M1
100 100
= $58,223.01 Al
Alt. mtd: Finance Solver
After 5 years at 15% depreciation
Finance Solver
N: |S. ] -
1(%): | -15. 4
PV: | -180000. »
Pmt: | 0. 3
79866.956250001 > M1
PpY: 1 = v
Finance Solver info stored into
tvm.n, tvm.i, tvm.pv, tvm.pmt, ...
After another 3 years at 10%, using balance after 5 years
Finance Solver
N: | 3. ] -
I(%): | -10. »
PV: |-79867. 4
Pmt: | 0. ]
58223.011106251 > Al
PpY: 1 = .

Finance Solver info stored into

tvm.n, tvm.i, tvm.pv, tvm.pmt, ...

Page 5 of 15
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(b) | Method 1: Using Theory of Interest and IB’s Method 2
(Compounding the Inflation Rate)
5 3
180,000(1—11;0j (1—11&]
RV = - M1 (dividing by
(1+1-5] (1.015)9)
100
=$51,685.21 (accept $51,685.20, based on float6) Al
Method 2: Using IB’s Method 1
(Substracting Inflation Rate)
5 3
RV =180,000(1- = _ 19 (, 10 15 M1
100 100 100 100
=$50,644.78 (accept $50,644.80, based on float6) Al (allow FT)
5 Sketching of Rational Functions using GDC [Marks: 8]
(a) | Use exaggerated proportions for sketch
y Al Y -intercept
S * Al x-intercept
L Al min. point and
(5. 0) i i (0, 2.5) , XILrEO f(x)=0
L y=0" Al lim f(x)=0* and
(-8.46,-0.0718) ' X
X=-2 x=41 . horizontal asymptote.
(=1.54; -113.9) N\ Al vertical
X+5 : : " ml..-o.ovwa%) = aSymptOteS
f(X)=F—7— 1] \! 1 x=-2, x=-1
X“+3x+2 [ \! _
[\ . pf) Al max point and
- | graph for -2 < x<-1
(b) | From the graph, for f(x)=k to have no solutions,

-13.9<k <-0.0718

Al Al (penalize 1m if
" < "isused)
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Qn | Suggested solution Markscheme
6 System of Linear Equations [Marks: 8]

(&) | Using either RREF or Linear Solve on GDC: M1

Coordinates: (-0.25,3,-0.25) Al (must be in

_ coordinate form)
X+2- y+3-z=5
linSolve|{x-z=0 .{XJ',Z }
4 Z=2
{-0.25,3.,-0.25 }

(b) i | Method 1: by row reduction / elementary row operations Method 1

For the three planes to meet on a line, we require the system | (R1)

to be consistent and NOT have three independent equations.

i.e. a full row of zeroes, including the augmented part.

12 3|5 12 3] 5
10 -1|b|>R, >R -R,|0 2 4|5-b
01 a2 01 a| 2

12 3 5
- 02 4 |5-b
R,>R,—2R,(0 0 4-2a|1-b

Hence, a=2 and b=1.

Method 2: find a vectors concepts (or matrix determinant),
then linsolve for x,y,z and b.

1 1 -2 -1
d={2|x| 0 |=| 4 |=2| 2
3) (-1 -2 -1
-1\ (0
Tl,=] 2 |-|1]|=0
-1){a
=0+2-a=0
=a=2

M1 Row reduction

Al Al

Method 1

M1

Al
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Qn | Suggested solution

Markscheme

Using a=2 and treating b as another variable to solve for

linearly:

*¥2021 Prel..tA

rap [l] X

X+2- y+3-z=5
linSolve|{x-z=b .{X Wz, }

+2-z=2
{e2+1.,2.-2.- €2,¢2,1.}

M1 from (b) (ii)
below.

From GDC, b =1, and a vector equation of line is Al for b=1
1 1
r=|2|+A|-2|, where 1e R Al from (b) (ii)
0 1
(b) ii | Using a=2 and b=1,
6.1 6.2 | 6.3 [aetrlCIRY rap [l] X
xX+2: y+3: z=5
linSolve|{x-z=1 ,{XJ',Z}
1+2- z=2
{e1+1.2.-2.- c1,c1}
A vector equation of line is
1 1 Al (any valid fixed
r=|2|+4 -2 |, where 2eR point)
0 1 Al (direction vector)
7 | Vectors — Geometrical Interpretations [Marks: 7]
(@ |Using a-p=b-p, we have M1
a-p—b-p=0
(a—b)-p=0 (Distributive law) Al
= BA LOP
— AB L OP AG
(b) |1
—|ax
5laxp|
Interpretation: Al

Area of AOAP
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Qn

Suggested solution

Markscheme

(©)

|a><p|

axﬁ
P
=lalsing

= AP

Note: Reasoning has to be clear.

It is not sufficient to say “projection, hence ..”

M1 (sin 8 or sin AOP)
AG

(d)

In terms of |p|,

tan 30° = ﬂ

P
. AP =|p|tan30° =

1
ﬁ|l0|
1
K=—1
J3

M1

Al

(€)

Similarly,

tan 60° = E

P
<. BP =|p|tan 60° = \/3]p|

1
&_\/é|p|_l

PB \3|p| 3
AP:PB=1:3

Al

Al
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Section B
Qn | Suggested Solutions Marks
8 | Differential graphs and Kinematics [Marks:
13]

(@) | Maximum speed means maximum of |v|. M1
Comparing max/min points (14.7, 5.20) and (51.3, —7.59) , Comparing
Maximum |v|=7.59 m/s Al Finding

either pt
Al
(51.2803,-7.58995)
-16.09
(b) i | Comestorest =v=0 (R1)
t =314s Al
Alternatively,
t, momw
10 2 2
(b) dv
i a(31.4159) =—
t=31.4159
Finding either the coordinate on the graph of v'(t) or the gradient of v(t) M1
when t =31.4159
. (0517638 _p y
-18.65 P / 92,55
d
030 (200))
dx
(21.4159,-0.517638)
-16.09
Al

Acceleration at t, is —~0.518ms™
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Qn | Suggested Solutions Marks
C t
© f v(x)dx =100 M1
0
Use nsolve to find the two solutions by restricting the range.
T ———
‘ 26.1706 Al
X T X T
nSolve| | 5+ cos|———|- csc —+Z dx=100,£,0.1
Jo
¥ 36.4996 Al
{ ( X Tl:] X T
nSolve|| |5+ cos|———|- esc|—+—||dx=100,£,30
10 2 30 4
Jo
(1 26.1706
nSolve|| /2(x) dx=100,1,0.1
Jo
(1 36.4996
nSolve|| f2(x) dx=100,1,30
0 .
Alternative:
0 M1
/
Al Al
3 x % X 7
fl(x)= 5+ cos| +=——=—|- csc| =——+—|,0=5x<64
10 2 30 4
), 8
£2(c)=| f1(x) dx
10 0 X
————>
-34.94 10 157.06
-38.89 \T
(d) | Total distance travelled in the first 40s
40
= [, vt M1
formula
=126 m
Al
VY ) 2021 Prel. tA rap [I] X
40 126.098
[72(¢)| dx M1 GDC
0 work.
Either by
integration
or bounded
area
(below)
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Qn | Suggested Solutions Marks
rap [l] X
X n X n
f2(\)={5 cos(———)- csc(—+—),0<_f-.\'<_-’-c'-4
10. 2 30 4
2 4 X
2 1/126.098 bounded area X
-18.65 2 92.55
-16.09
9 | Complex numbers, Roots of Polynomials [Maximum
mark: 13]
— _ 2 _
@ [P@=-D(E"-z+1) M1A1
_1+V1-4
2= M1
_ 1+vV3i
B,y = . Al1A0
(b)i | Using GDC, or using arctan. (M1)
I+y3i=g
, 2
I
1+ 3-:‘)
angle
ﬁ = eig y = e_i3
’ AlAl
Using De Moivre’s Theorem,
T 3 .
)83 = (elg) :elT[ = —1 Al
7Ty 3 .
y?=(e7%) =e=im = -1 Al
11 im\ M .
(b)i (ei?> = e*™ wherek € Z (M1)
=>m = 3k
For smallest value of m, m =3 A1 N2
(c)iii +m\" i(2km+T)
e 3| =e 3/, wherek € Z (M1)
> +2=2k+1
3 3
Without loss of generality, we have g =2k + %
Thatis,n=6k+1,k€Z
Alt.: Use of Argand diagram for the above / Guess and check
Smallestn =5 Al N2
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Qn | Suggested Solutions Marks
10 | Calculus, inverse Trigo, Functions [Maximum
mark: 12]
(@i | f(x) = arccos x arcsin x
, _arccosx  arcsinx M1 Product
f(x)_\/l—xz_\/l—xz Rule
Al
V1 —x2 f'(x) = arccos x — arcsin x AG
(a)ii V1 —x2 f'(x) = arccos x — arcsin x
—2x -1 1
——— f'(x) + V1 —x%f"(x) = - M1
2\/1—x2f S V1—x2 V1-—x2
f'x) + J1—=x2f"(x) =
e W TR W = ALAL
2x f'(x) —2(1 —x®)f"(x) = 4
(1 =x?)f"(x)+2=xf'(x) AG
(b) | Graphical approach:
m 12 B *Doc rap [I] X
8.49 MY
raph f2 GO
20c)=—(11(x)) M1
0 1. 5708
-6 1‘2 5
/ﬂ\ cos“(x)—
X
1
f1lx)=———
f3(x)= r\ )
1
dx"‘ 11 .51
£®(0) =157 Al
f®(0) =-8 Al
Alternative method:
- cos™(x)-sin"(x) - Done “ M1
Aodem 1-x2
1 1ox2
d 15707963268 Al
~=(Ad)=0 ' :
X
2 -8.
“=(A))re=0 Al
dx” -
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Qn | Suggested Solutions Marks
(© |f0)=0; f(0) = g; f"(0) = -2, A2 (all 3)
Al (1
wrong)
f@0) =157 or 7, f(0) = -8
T 2x? T 8 M1
— N 3 _ ___ 4
O R TR Te T LT
LN SIS Al
f(x)—zx x +12x 3%
11 | Integration [Maximum
mark: 17]
a)i x
(@) j 2t sin(t?) dt
0
= [—cost]¥’ M1
=1 — cos(x?) Al
@i | ¢os (x2 + g) = cos(x?) cosg — sin(x?) sing M1 A1l
= —sin(x?) (shown) AG
X i3 o 24
Jy 2t3sin (t + 2)dt
= [ t?[2tsin (tz +§)] dt M1
[Integrating by parts, and using results from (a)i]
[—tzcos (1:2 +§)]g + [ 2t cos (tz +§) dt Al (by
parts)
= —x? cos (xz + g) — fox 2t sin(t?) dt Al
= x?sin(x?) + cos(x?) — 1 Al AG
(b)i | Max Ds=[—1,1] Al
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Qn | Suggested Solutions Marks
O T y
8.06 Ay X f1O0= v |~
S*sin(xA.
-2. #ERR
-1. 7.85398... Al
0. 0.
1. 7.85398...
2. #ERR
$ -
-3 -0.73 | 0.5 3] 7.85398163297| ¢« »
Height of bowl = 5 (arcsin 1 — arcsin 0) = 57”
(b)ii x? = sin}é
Volume = nfoh sin%dy M1
_ y\1h Al
=57 [cos (E)] 0
= —5m[cos (g) —1]
Al
= sul1 - cos()
= 5n[1 — cos c ]
iii — h
\C/i; 5r[l— c;)ls (5)]
- —gsin(=— Al
an ~ "M (5)
av _dv y dh
dt  dh’ dt
03 = 7 ain s 98 M1
3 =msing X —
When h =4,
Al

4 _ 0.133 units/s
dt
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Answer all questions on the writing paper provided. Please start each question on a new page. Full
marks are not necessarily awarded for a correct answer with no working. Answers must be supported
by working and/or explanations. Solutions found from a graphic display calculator should be
supported by suitable working. For example, if graphs are used to find a solution, you should sketch
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 24]

This question asks you to investigate some properties of complex numbers in relation to the
results in trigonometry and combinations.

The complex number z is given by z = x + yi, where X,y € R.
(@) Showthat x*+y* =4 if |z|=2. [1]
(b) The point B represents the complex number z on the Argand diagram where ‘z‘ <2 and

tan™ (%) <argz <tan"'(2). The diagram below shows the region S where B lies.

Im
A

2

» Re

(i) Determineif z=1+1 liesinS.
(ii) Calculate the area of the region S, expressing your answer in the form

rtan™ [p] wherer, p,qeZ".

q
(i) The complex number @ lies in S and is a root of the equation z° +1=0.
Show that @* —w+1=0. [8]

2 TURN OVER
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The complex number v is defined as v =cosé@ +isiné, where f R ..

(c) Show that (1+v)" = (Zcosg] [cosn—29+isin ?j neN. [3]
(d) By considering the binomial expansion of (1+ e )n , show that
n n n 0\ no
1+ cos @+ C0S260 +...+ cosréd+...+cosnf = (Zcos—] cos—, neN.
1 2 r 2 2
[3]
(e) Using the result in part (d),

(i) and by considering a suitable value of &, show that

n n n n n .

+ + + 4+ =2",neN.

0 1 2 3 n
N . (). L,(ro) . . .
(ii) deduce the expression of 22 sin > , giving your answer in terms of

r
r=0

nand 6. [4]
—~(n zr AN nz
f) By considerin cOS— =| 2c0S— | cos—,
(f) By g;(rj 5 ( 4j 4

(i) write down the value of 1— + and 1- + - + :
2 4 2 4 6 8

N . N (4K .
(ii) find an expression for Z(—l) in terms of k when k is odd.

2r
r=0

T . N 4k .
(iii) find an expression for Z(—l) ) in terms of k when k is even.
r

r=0

[5]

3 TURN OVER
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2. [Maximum mark: 31]

This question asks you to investigate an approximation for z by using integrals and numerical
methods.

The integral 1, is defined by I, = Il#ﬂdx, neZ'.

“(1+%%)
(@ Find 1. [2]
(b) Showthat 2nl_ , =2" +(2n —1) I [5]
()  Hence, showthat I, = l+Z : [2]
4 8
Consider the function f (X) = ! >, 0<x<1.
(1+x%)
¥y A
e 1
(l+—x2)2
0 02 04 06 08 1 a
The diagram shows part of the graph of y = ﬁ together with line segments parallel
1+ X

to the coordinate axes.

5

l 4
(d)  Using the diagram, show that ZE f (Ej <| f(x)dx< Zl f (E] [3]
5 5 0 5 5

r=1 r=0

4 TURN OVER
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Use the inequality in part (d) to find a lower and upper bound for 7. [3]

Write down a lower and upper bound for 7z if the area under the curve f(x) = 1 5
(1+ X’ )

between x =0and x=1can be approximated by n rectangles with equal width.

Hence find the least number of rectangles such that the upper bound and the lower bound

differ by less than 0.1. [5]

Consider the differential equation (1+ x? )% +4xy =0where y =1when x =0.
X

0] Use the Euler’s method with step length 0.1 to estimate the value of y when

X =0.6. Show the intermediate steps to four decimal places in a table.

(i) How can a more accurate answer be obtained using Euler’s method?

(iii)  Solve the differential equation (1+ x? )j—y+ 4xy =0 given that y =1when x=0.
X

Hence find the value of y when x=0.6.

(iv) Explain why your approximate value for y in part (i) is greater than the actual value
of y.
[11]

End of Paper
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Qn | Suggested Solutions Marks
1 Complex Numbers, Area of sector, nth root of unity, DMT, Trigo, | [Maximum
binomial expansion, nCr mark: 24]
(@ |z=x+yi
Given that |z|=2,
P— M1
SYxX+y =2 —(%)
Squaring both sides of (*) = x* + y* = 4 AG
(b)) im
: S
a
ton _
h » Re
’ °| Mz J?
-2
z=1+Ii
= |z|=+2 and arg(z)=%:tan‘11 M1
Since |z| =+/2 <2 and
1 - R1
tan™ > <arg(z)= i tan 1< tan'2,
z liesinS.
ii
(i tan @ = tan (taan—tan1 %j
1
"5 8
1+ 2(1j 4
2
Exact area of the region S
_Llig
2
_ 1 2 -1 !
==(2)°|tan"2—tan" = M1Al
2 2
= 2tan1(§j. MIAL
4
(i) *+1=0
M1
= (z+1)(2°-2+1)=0
Since w liesin S, = o # —1. R1
. @° —@+1=0(shown) AG

Page 1 of 6
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Qn | Suggested Solutions Marks
© (1+v)"
=(1+cos@+ising)"
n M1[half
= 20052Q+i25ingcosgj angle
2 2 2 formula]
= ZCOSQJn(cosgﬂsing)n
2 2 2 Al
= ZCOSQJ (cosﬁﬂsinE by De Moivre's Thm RI[DMT]
2 2 2 AG
@ | (1+e?)
T L P B P e P R M1
1 2 3 n
n n n
=1+ cosd + c0s 260 + c0s 30 +...+cosné
1 2 3 Al
A(n) . ny . ny . .
+i sin@+| _|sin20+| _[sin36+...+sinnd
1 2 3
Note that (1+cos6+ising)" =(1+e" )n and
(1+cos@ +isin @)’ =(2cosgj (cosn—9+isinﬁj
2 2 2
Comparing the real parts: R1
n n n oY _né
1+|, |cos@+|  |cos20+| |c0os30+..+cosnd=|2cos—| cos— —(#) | aAG
1 2 3 2 2
(e)(i) | Subst =0 into (#) in part (e), M1
n n n n
=1+ 4| (] L] =2
1 2 3 n
n+n+n+n+ +n 2" (shown)
:> cee =
0) 1) (2)"\3 n AG
(i) | & (n "
cosr0=(2cosgj cosn—e
=\ r 2 2
n (n " M1[half
:Z(r](l—ZsinZ%j:(ZCosgj cos Y ang[le
=0 formula]
", (n reY (N " 0
= 2sin® — |= —| 2cos— | cos—
ro( j( 2) ro(r] ( ] Al
=2”—(2cos§j cos—H Al

Page 2 of 6
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Qn

Suggested Solutions

Marks

(O

Ln zr 7\ Nz

;{JCOS?_[ZCOSZ] cosT
nz

:Z( ]cos——(ﬁ) cosT

Since cos%—o cosz—:—l 00537—0 cos4—”:1,

n 27 (N 37 (n A
COS + COS — COS— COS—+ COS—
1 2 3 2 4 2 nz
n 6z (N 7 (N 8r 4
COS—+ COS—+ COS—+ COS—+...
5 2 7 2 8 2

:i[ﬂcos%r:(ﬁf cos

r=0 r

)

R1

Al

Al

(i)

4Zk:(—l)r [4kj = (x/E)4k cos (k)
~(y 4

|4, kisodd
_{4" .,k iseven

Al

Al

Page 3 of 6
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2 Reduction formula, rectangle rule, approximation of pi, Euler’s | [Maximum
Method DE Maclaurin’s Series mark: 31]
M1Al
@ L= ~dx = [tan‘1 x]
0 1+ x
(b)
M1[by
! , parts]
= x.% +2nJ-01 X2 — dx Al
(1+ X ) . (1+ )
Lon f 1+ %2 ni dx M1
z (1)
2 Al
= 2—n + ZHJ.:%dX— ZHE%dX
1+Xx ) (1+ X ) Al
=2"+2nl_-2nl_,
i AG
=2nl,,=2"+(2n-1)1, (shown)
(c) Letn=1,
=21,=2"+1, M1
=21,= 1 +Z Al
2 4
= | —1+Z (shown)
> 4 8
(d) 1.43 Ay
£1 () ={ —— ~,0<x<1
(102)”
X
0]o0a 1.43
The area under the curve is sandwiched between the sum of the areas of the lower | g1
rectangles and the upper rectangles.
Jj f (X) dx = Area under the graph bounded by the x-axis, x =0, x =1. M1[for
lower

Sum of Areas of the lower rectangles = % f (%j +

%f(§j+...+% f (1):25;% f (EJ

5

4
Sum of Areas of the upper rectangles = 1 (9j+1 f (1)+...+l f (ﬂj = Zl f (
5 \5) 5 \b 5 \5 5

> 1 1 41 (r
ng(—J fof(x)dx<§gf(gj

r=1

rectangles]
M1[for

upper
rectangles]

AG

Page 4 of 6
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e |1 ( rj 1 1 (r]
=y f|= f(x)dx<=)» f| =
52 J foodx<Z3
1 ry 1 » 13 r
= fl=-|<=+=<=) f| =
S,Z:l: (5) 4 8 5; (5)
1 ry 1 13 ry 1
=8| =) f|l=-|-=|<z<8| =) f|=|-=
(52 (5] 4] (52 (5) 4) M
5
1 1 1
I
r=1 r\-
(4]
5
872859903612
345237736805
872859903612. 2.52829|
345237736805
1
8 [—-
o
287145187778
345237736805
1287145187778. 3.72829
345237736805
Lower bound for 77 = 2.53 (3sf) Al
Upper bound for 7z = 3.73 (3sf) Al
nl AlAl
® ( Zf( ) j<ﬂ'<8( Zf(LJ—lJ
o \n) 4
ry 1
f f 0.1
5 GG R .
x=1
1 1 1
s |- > i
)
1 . 3 | 1
i
) =r2(x)-73(x)
x  fAx)= ~
f2(x)-f3(
60. 0.1
61, [0008361
62. 0.096774 M1
63. 0.095238
64. 0.09375 AL
Least nis 61.

Page 5 of 6
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@G) [ dy _ —axy
dx 1+x°
—4X
Euler’s formula: y,,, =Y, +0. 1[ ”yz"] (M1)
1+X,
X, Yn
0 1
0.1 1 M1
0.2 0.9604
0.3 0.8865 Al
0.4 0.7889
0.5 0.6801
0.6 0.5713
By Euler’s method, when x =0.6, y =0.571 Al
(if) | Decrease the step size. Al
(i) (1+x2)d—y+4xy=0
dx
dy —4xy M1
dx R (separable
variables)
o Il
1+%°
= In|y|=-2In{L+x’ ‘+C Al
N |y| _ e—2|n‘1+x2‘+c _ e—2|n‘l+x2‘ .eC
1
= y|= ﬁ'ec
(1+ X )
= y=%, where A=+e°
(1+ x2)
y=1when x=0= A=1 M1
1
Sy=—y5 - Al
(1+x%)
fo ¥
f1(x)= -
(0.6,0.540657) (14%)
Using (*), whenx =0.6, y =0.541 (actual value of y) Al
1 0.540657
(1+(0.6)2)3
[Note: By Euler’s method, when x =0.6, y=0.571]
(iv) | Approximate value of y in part (i) is greater than actual value of y because it is
assumed that j—y remains constant throughout each interval when it is actually a R1
X

decreasing function. [Note that there is a point of inflexion at (0.577,0.75)]

Page 6 of 6
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are advised to show all working.

SECTION A (55 marks)
Answer all questions in the spaces provided.

1 [Maximum mark: 5]

Consider a sequence of equilateral triangles, where the length of a side of each triangle is half
that of the previous triangle. The length of a side of Triangle 1 is x cm, and Triangles 1 and 2 are

shown below.

1 1
—X —X
2 2
X X
1
—X
2
X
Triangle 1 Triangle 2
(a) Find the area of Triangle 1 in terms of x. [2]
(b) The sequence of triangles continues to infinity. Given that the total area of all the triangles
is 27+/3 cm?, find the value of x. [3]

TURN OVER
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2 [Maximum mark: 7]

Anthony cycles on the weekends for leisure. Anthony has an equal chance of cycling or not on any
given Saturday. If Anthony cycles on Saturday, then he has a probability of 0.4 of not cycling on
Sunday. If he does not cycle on Saturday, then he has a probability of 0.2 of not cycling on Sunday
as well.

(a) Find the probability that Anthony cycles on exactly one day in a typical weekend.  [2]
(b) Find the probability that Anthony cycled on exactly one day per weekend over all the four

weekends in June. (You do not need to evaluate your answer.) [2]
(c) Onatypical weekend, given that Anthony cycled on Sunday, find the probability that he also
cycled on Saturday. [3]
TURN OVER
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3 [Maximum mark: 6]

. d
a) Find —(cos®x). 2
(a) . (cos*x) [2]
. sin 2x . . T
(b) Find the area bounded by the curve y=—————, the x-axis, and the lines x == and
V2 —cos® x 4
T
X==. 4
5 [4]
TURN OVER
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4 [Maximum mark: 7]

(@) Find the coefficient of x* in the expansion of (x* —1)5. [2]

(b) Hence or otherwise, find the term in x* in the expansion of (X’ —1)5 V1-x% . [4]

(c) Write down the range of values of x for which the expansion in (b) is valid. [1]
TURN OVER
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5 [Maximum mark: 11]

Consider the function f (x)= , defined on its maximal domain.

1+Inx

(@) Find the maximal domain of f. [3]
(b) Find the equation of the tangent to the curve y = f (x) at the point where x =e. [5]

(c) Find the range of values of x for which f is increasing. [3]

MORE SPACE IS AVAILABLE ON THE NEXT PAGE

TURN OVER
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6 [Maximum mark: 12]

Let f,(x)=kx*+x+k, xeR, where k is a real constant.

(@) Find the range of values of k for which f, (x) is always positive. [4]
Let k=2.
(b) Find the coordinates of the turning point of the graph of y = f, (x) : [3]
(c) Sketch the graph of y = ﬁ labelling clearly the coordinates of all turning point(s)
X —_
2

and the equations of the asymptote(s). [5]

MORE SPACE IS AVAILABLE ON THE NEXT PAGE

TURN OVER
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7 [Maximum mark: 7]

1 0 3 1
Consider two skew lines |, :r=2 |+A|5|, AeR and L,:r=0|+ul2|, ueR.

1 1 1 1
(a) Find a vector that is perpendicular to both lines. [3]
(b) Find the shortest distance between the two skew lines. [4]

TURN OVER
10
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Do NOT write solutions on this page.

SECTION B (55 marks)

Answer all questions on the writing paper provided. Please start each question on a new page.

8 [Maximum mark: 20]

Consider the equation z*+2z° —4z+8=0, where zeC.

()

(b)

(©)

Given that z, =-1+ J3i is aroot, find all other roots of the equation. [5]

Let z,be the root for which arg(zz)zg.

(i) Find ﬂ, leaving your answer in the form x +iy, where x,yeR .
22

(i) Consider the modulus and argument of z, and z, to find 4 and show that
ZZ
Z, | 5Sn
arg| =+ |=—.
z,) 12
(iii) With the results in (i) and (ii), determine the exact value of cos(i—:j. [11]

Complex numbers z, and z, are represented by points A and B respectively on an Argand
diagram.

(i)  Sketch the Argand diagram with A and B, showing clearly the moduli and arguments

of the complex numbers represented.

(i) Show that the square of length AB is 8—2+/3 units2. [4]

TURN OVER
11
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Do NOT write solutions on this page.

9

10

[Maximum mark: 15]

@ () Showthat >((r+1)'~r*)=(n+1 1.

r=1

n n(n+1)(2n+1
(ii) Hence, show that > r? = ( )6( ). [7]
r=1
(b) A deck of cards is labelled with the numbers 1, 2, 3, ... , n such that there are r cards

labelled with the number r. That is, there is one card with the number 1, two cards with the
number 2 and so on. A card is drawn randomly from the deck and X represents the number

labelled on the card drawn.

() Showthat P(X =r)=—2" where 1<r<n.
n(n+1)
(i)  Find E(X) in terms of n.
(iii) Given that n=4, find Var(X). [8]

[Maximum mark: 20]

Suppose f, (x) = xe*, where k is a non-zero real constant.
(@ (i) Find f '(x).
(if)  Find the value of x for which f, '(x)=0.
(iif) Given that the stationary point of each of the graphs of y = f, (x), for all k, lies on

the same straight line y = mx+c, determine the value of m and of c. [8]

(b) The n™ derivative of f, (x) is denoted by f ™ (x).

Prove by mathematical induction f ™ (x) =nk"'e*+k"xe* forall neZ". [7]

(c) Find the value of k if the coefficient of x* is equal to the coefficient of x*in the Maclaurin

expansion of f,(X). [3]

(d) Describe geometrically an ordered sequence of transformations that map the graph of

y = f,(x) tothe graphof y= f,(x). [2]

End of Paper
12
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Year 6 HL MAA Preliminary Examination 2022 Paper 1 (Markscheme)

Section A
Qn | Suggested solution Markscheme
1 | Area of Triangle & Infinite geometric series [Marks: 5]
@ | Area of Triangle 1= L x* sin~
rea of Triangle —Ex smg M1
= £x2 Al
4
(b) J3 g
Total area of all triangles = 4 o 1
1—— Al for r=—
4 4
4 ﬁ > =273
31 4
x> =81
Since x >0, x=9 cm Al
2 | Probability & Conditional Probability [Marks: 7]
(a) 1 (2) 1 ( 4) 3
P(cycle exactly one day)=—| — |+—| = |==
(cy yoneday)=—| = 47| £ |=3 M1 Al
OR 0.5(0.4)+0.5(0.8)=0.6
(b) (3 s
Probability = 5] or (0.6) M1 — power 4 Al
81
=—— or 0.1296 (exact from 0.36x0.36)
625
(¢) | P(cycled on Sat | cycled on Sun)
()
_ 2\5 OR 0.5(0.6) M1 — conditional prob
1(3) 1[4 0.5(0.6)+0.5(0.8) Al
— | — + — | —
2\5) 2\5
_3 Al
7

Page 1 of 9
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Qn | Suggested solution Markscheme
3 Integration — Bounded Area with Trigo [Marks: 6]
@ —(cos2 x) =2cos x(—sinx) M1 — chain rule
=—sin2x Al
b in2
® | Note: For Fex<® SN2
4 2" J2—cos*x
A in2x
Bounded area = [ —2=X gy M1
‘[’7 \/2 cos’ x
J~ sm 2x
74 \/ 2 cos’ x
i .
[\/2c052x] Mlj[f(x)} %f'(x) dx
B Al
ho L
=2 \/2—cos2£—\/2—cos2£
2 4
3 s Al — any answer on this
:2(\/5_\/;]:\/5(2_\/5) units line o.e.
4 Binomial Theorem [Marks: 7]
(a) 5 FL s
General term= . (xz) (—1) (M1)
For term in x*, r = 2
5
Coefficient of x* = (ZJ(_IY =-10 Al
(b) | Hence:

= l—lx2 ——x*+...
2 8

Term in x* =—10x" (1)+GJ(—1)4 xz.(—%xzj—£

z(—10—§+ljx4
2 8

:—%.x4
8
Otherwise:
x* -1 i 1-x* =—(1-x* ’ 1-x*
(=1
-~(1-+)"

M1 — product of terms
A1 2" term
Al 3 term

Al

Al

Page 2 of 9
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Qn | Suggested solution Markscheme
()
. 2\2 2
Term in x* = —T(—xz) M1 Al
__ 9. Al
8
(©) ‘x2‘<1 o<l or —1<x<l1 Al
5 Maximal domain & Differentiation [Marks: 11]
(a) | f isdefined for x > 0 except when
M1
I+lnx=0 i.e.x:l M1)
e
Maximal domain of f:
1 1 1 Al — for x>0
xeR:x>0,x#— OR [0,—| U |-,00 o.e. 1
e e e Al —for x = —
e
(b) (%) d( »
x)=—
dx\1+Inx
x2
~ (1+1nx)(2x)—? M1 — quotient rule
(1+Inx)’ Al
3 x(1+2h1x)
(1+lnx)2
' 3e ez 3e
£i(e)= and £(e)=% Al for f(e)=
4 2 4
Equation of tangent at x =€ is:
LN
YT M1
2
y=3—ex—e— or (3e)x—4y=¢’ oe. Al
4 4
(©) | Set f'(x)>0 M1
Since x>0 and (1+In x)2 >0 VxeD,, (R1)
it suffices for 1+2Inx >0
Snx > —l
2
x> 2 Al
Je

Page 3 of 9
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Qn | Suggested solution Markscheme
6 Quadratic Function & Graph Transformation [Marks: 12]
(a) | Leading coefficient £ > 0 and Al
1-4k* <0=(2k—-1)(2k+1)>0 Ml-aA<o0
k<_l or k>l Al —both
2 2
Hence, k > % Al
(b) | Method 1
y=2x"+x+2
2
=2 ( X+ lj _1 M1 - completing square
4 16
2
- (Hlj b2 Al
4 8
. . . 115
Coordinates of turning point are —Z,g Al
Method 2
y=2x"+x+2
Turning point occurs when x = L = 1 (M1) Al
2(2) 4
: . . 115
.. Coordinates of turning point are _Z’E Al
©)

115 Ay

)
2 xX“+x

Wy X

(M1) — downward
translation then reciprocal

A1l — 3 branches
- [-19)
— max —,—
PP
Al- y=0 (HA)
Al —x=0 andxz—%
(both V.A.)

Page 4 of 9




SJI Year 6 HL. MAA Prelim Exam 2022/P1 (Markscheme)

Qn | Suggested solution Markscheme
7 Vector Product & Skew Lines [Marks: 7]
@ | (0) (1 1 (0
M1 - vector product
SIX[2)|or | 2]¢)3 Al —use of di and d2
1 1 1 1
3 -3
Al (accept scalar
- =1 multiples)
-5 5
(b) | Method 1 (distance between parallel planes):
[, :3x+y-52=0 Al
[1, :3x+y-5z=4 Al
Distance between /; and /,
= distance betw two parallel planes containing /, and /,
_oa |
= > M1
‘\/32 +12 +(-5) ‘
4 Al

4+/35 .
= or units
35

J3s
Method 2 (scalar projection):
1 3 -2 3
Let AB=|2|-|0|=| 2 |and n=]| 1
1 1 1 -5
Distance between /; and /,
~(4Bn
-2 3
= 2 ! 1
35
0 \/_ -5
—i or 4\/§ units
V35 35

Al for A—B or E‘l

M1 A1l — use of ﬁ

Al
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SJI Year 6 HL MAA Prelim Exam 2022/P1 (Markscheme)

Section B
Qn | Suggested solution Markscheme
8 Complex numbers & Trigo [marks: 20]
(@) | Since it is a real polynomial, —1-+/3i is also a root Al (.reajon not
(~1 331+ (1 =) = =25 (143 (1 =31 = required)
Z4+222—4Z+8:(22+2Z+4)(zz+az+b):>a=—2,b=2 M1
+./4—
22 =2z+42=0 =¥= * M1 Al Al
(‘t}) z, =141
M i_—l+\/_1 —1 M1
z, 1+i  1-i
2 —1+i++3iH3 Al
z, 2
Z_ V3-1 N \/g—i-li Al
z, 2 2
(b) 2 2 2 2 Al —for |z
(ii) |Zl|= F +(V3) =2 =) +(1) =42 21
| 2 Al —for |zz|
zZ _ _\/5
=—== M1 Al
|22| \/_
ar
g( =5 Al - arg(z))
i =arg(z,)—arg(z )=2—n—£=5—7t
z, ) 3 4 12 M1 AG
(b) - _
(iii) \/52 1+\/§2+li:\/50isﬁ—§j:> ZCOSG—;):—\BZ ! M1
(SEJ J3-1 Al
12) 22
(c) Al
(i) Al
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SJI Year 6 HL. MAA Prelim Exam 2022/P1 (Markscheme)

Qn | Suggested solution Markscheme
M1 — cosi 1
831)) [AB]2 =22+(\/§)2—2(2)(\/§)cos(f—§j cosine rule
\/_ Al AG
1
=4+2-42 6-2(~3-1)=8-23
2 L5 o)

Alternatively,

Z,—z, =—1+\/§i—(1+i) (or z,-z)

Zl—Zz=—2+(\/§+1)i M1

2

[AB]" =(-2)" +{3-1] A1

[AB] =4+(3-2V3+1)=8-2{3 AG
9 Summation & AP with D.R.V. [marks: 15]

n M1 —sub i

((?)) D((r+1) =)= (22 =) (3 =2 )t (n+1) =) values

= X A1 — cancellation

=(n+1) -1 of terms
AG

(a) < 4 M1 — expansion
(i) Z((" +1) - ”3) =D (37 +3r+1) & simplification

r=1 r=1

:i3r2+i3r+il
—Z3r [ ”;l)jm(l)
From (a)(i),
(n+1) —1—3j M
32# :(n+1)3—1—w—n
32/ _ (n+1)

+n

[2 n+1) —3n—2}

-|—l\)

(2n2+4n+2 3n— 2)

n+l)(2n+1)

S -

S
r=1

Al — Zn:r
r=1

M1 — equate and
re-arrange

Al

AG
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SJI Year 6 HL. MAA Prelim Exam 2022/P1 (Markscheme)

Qn | Suggested solution Markscheme
(b) . n(n+l)
(i) | Total number of cards in the deck =1+2+...+n= M1
P(X=pryee 2 Al AG
n(n+1) n(n+l)
2
(b) n n 2 M1 — formula for
ii EX)=> rP(X=r)=>r E
(ii) ()g( );n(m) oy
U M1 — use result of
E(X)=——— 3 ,,
n(n+1)45 zrz
r=I1
E(X) = 2 n(n+1)(2n+1)
n(n+1) 6
2n+1
Eon =2t Al
3
® 1 var(x) = E(x?)-[ECOT
(iii) an(X) ( ) [ECO] , M1 — formula for
[& 2(4)+1 Var(X)
Var(X) = Zrz-P(er)}{ ( 3) }
L r=1
& r 2
Var(X)=| > 7’ (—j -(3)
r=1 10
3 3 3 3
Var(X) = 1_+2_+3_+4_j_9:[wj_9:1 M1 Al
10 10 10 10 10
10 | Differentiation (product rule with exponent) with Maclaurin [marks: 20]
Expansion and mathematical induction
@ | ) =(1)e“+(x)ke *=e“+hxe™ or e (1+kx) M1 - product rule
(1) Al
@ | e"+hre=0
(i1) o
© (1+kx) =0 M1 - solving
1+kx =0 (since e #0)
1
x= T Al —allow f.t.
@) I 1 {-1) 1
S D k) _ 1 - or ——
(i) fk( kj [ k] ¢ e
I 1 —
(——, ——j is the stationary point of y = f, (x) Al - allow £t.
k ke
Let ——le’1 = y=e 'x for x——l
Ve Y A M1
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SJI Year 6 HL. MAA Prelim Exam 2022/P1 (Markscheme)

Qn | Suggested solution Markscheme
1
m=_and ¢ =0 Al A1 - allow fit.
(d) | Prove £, (x)=nk" e +k"xe", neZ*
Let n=1,
LHS = 7" (x) = e" +kxe™ [from (a)(i)] Al
RHS =(1)k""e™ +k'xe "= e"+kxe™=LHS so true for n=1.
Assume proposition true for n=m, for some meZ' Mi
ie. £,"(x)=mk""'e™+k"xe"
TO ShOW fk(m+l) (x) — (m + 1)kmekx+km+1xe kx Ml . rewrlte
LHS = fk(m+l) (x) fk(mH) (x)as
d m d m
e EANS rmEANC]
= i[mk"”le"”‘+k”’xe’“"] M1 - Use of
dx assumption
_ m—1 hx m kx . kx
=mk"" (ke )+ k" (" +x-ke") N
= mk"e" +k"e " +k" (xe
Al
=(m+1)k"e"™+k"" xe™ =RHS
Since true for » =1and true for n=m+1 if true for n=m. R1
Therefore true forall neZ" .
(C) kx 2 ]OC 3
fi(x)=x 1+kx+u+u+.u M1
2! 3!
Kx kx?
fix)=x+k + + Al
2 3 Al
Given?:€3k=3 or k=0 (re) k#0)
(d) y= xex relf;azix y= 2xe2x re;);a;iy 3 2y — 2xe2x = y=xe 2x \
Stretch horizontally by scale factor /5. Al

Stretch vertically by scale factor V5.
*either order accepted*
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Year 6 Mathematics: Analysis and Approaches HL Preliminary Examination 2022/P2

Full marks are not necessarily awarded for a correct answer with no working. Answers must
be supported by working and/or explanations. In particular, solutions found from a graphic
display calculator should be supported by suitable working, for example, if graphs are used to
find a solution, you should sketch these as part of your answer. Where an answer is incorrect,
some marks may be given for a correct method, provided this is shown by written working. You
are advised to show all working.

SECTION A (53 marks)
Answer all questions in the spaces provided.
1 [Maximum mark: 6]

The graph of the function h(x) =log, (x—a)+b passes through the points (0,1) and
(63, 1+log, 2).

Find the value of a and the value of b.

TURN OVER
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2 [Maximum mark: 7]
T kY1 . e
For 2 <x< i find the value of x for which the sum to infinity

1 1 1
+ +

tanx tan’ X tan’ X

equals to tan x .

3 TURN OVER
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TURN OVER
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3 [Maximum mark: 7]

The functions f'and g are defined by
f(x)=v-x>-2x+15, for -5<x<-1
g(x)=—x+c, for x,ceR.

(a) Find f7'(2) [4]
(b) Find the range of f. [1]

(c) Given that (go f)(x)>0 for-5<x < -1, determine the set of possible values
for c. (2]

TURN OVER
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4 [Maximum mark: 6]
Alex and Bobby have each been given $1000 to save for university.

Alex invests his money in an account that pays a nominal annual interest rate of 2.35%
compounded half-yearly.

(a) Calculate the amount Alex will have in his account after 5 years. Give your answer
correct to 2 decimal places. [3]

Bobby wants to invest his money in an account such that his investment will increase to
2 times the initial amount in 5 years. Assume the account pays a nominal annual interest
of p% compounded quarterly.

(b) Determine the value of p. [3]

TURN OVER
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5 [Maximum mark: 5]

: . 3y
Six vectors v,,V,,V;,V,, Vs,V are each chosen to be either {J or (J with equal

probability, with each choice made independently. Find the probability that the sum

10
vV, +V,+Vy;+V, + v+ v, is equal to the vector [ N j

TURN OVER
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6 [Maximum mark: 11]

A particle P starts from point A and moves along a straight line so that its velocity, vms™,

after 7 seconds is given by v(t)=2sin¢+1-¢""" for 0<7<6.

(a) Find the values of  when P is at rest. [3]

(b) Find the acceleration of P when it changes direction. [2]

(¢) Write down the number of times that the acceleration of P is Oms ™. [1]

(d) Find the total distance travelled by P from =0 to ¢ = 6. [2]

(e) Explain why P passes through A again. [3]
TURN OVER
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7 [Maximum mark: 11]
d(Inx I Inx

a) Showthat —| — |=———. 2
@) dx( X j x2 X’ 2]
Hence, find J.ln—zxdx (2]

X

(b) The region bounded by the curve y = Inx and the lines x =1,x =¢, y =0 is rotated
X

through 27 radians about the x-axis.

Find the exact volume of the solid generated. [7]

TURN OVER
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TURN OVER
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Do NOT write solutions on this page.

SECTION B (57 marks)

Answer all questions on the foolscap paper provided. Please start each question on a new

page.

8

[Maximum Mark: 18]

A shop sells apples and pears. The masses, in grams, of apples and pears are normally
distributed with means and standard deviations as shown in the following table.

Standard
Mean
deviation
Apple 204 6
Pear 150 o

(a) Find the probability that a randomly chosen apple weighs between 186 grams and
222 grams. [2]

(b) Copy and complete the following normal distribution diagram, to represent the
probability that the masses of the apples lie within three standard deviations of
the mean, and shade the appropriate region. [2]

(¢) Tom bought n apples. Find the least value of n such that the probability that more
than 7 apples will each weigh between 198 grams and 210 grams is at least 0.85.

[4]

(d) Three pears are chosen at random. Find the probability that one of them weighs
less than the mean mass and each of the other two pears has a mass within one

standard deviation of the mean mass. [4]

TURN OVER
12
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Do NOT write solutions on this page.

The probability of a randomly chosen pear weighing between ¢ and 158 grams, and the

probability that a randomly chosen pear weighs less than # grams are each 0.35.

(e) Find the value of o and of 7. [4]

() Inarandom sample of 50 pears, find the most probable number of pears that each
weighs less than ¢ grams. [2]

[Maximum Mark:17]

Consider the planes
[l,: 2x+7y+5z=24
[L,: 3x—4y+Az=u

and the line / passing through the point A(S, 2,4) and point B (5,—1, 3) .

(a) Find a vector equation of line /. [1]

(b) The point C lies on / such that the foot of perpendicular of C onto [], has

coordinates (3, 1, 1). Find the coordinates of C. [5]

The line / does not intersect [], .
(¢) Show that A =12 and find the possible values of z . [4]
(d) Find the possible values of x if the distance between [[, and /s 2 units. [5]

(e) Find the acute angle between the planes [],and [, . [2]

TURN OVER

13
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Do NOT write solutions on this page.

[Maximum Mark: 22]

The population, P (in thousands), of a colony of ants on a small island can be modelled
by the differential equation

& el 1]
dt N

where ¢ is the time measured in days and k and N are positive constants.
The constant N represents the maximum population of this colony of ants that the

island can sustain indefinitely.

(a) In the context of the population model, interpret the meaning of 112 [1]
t
2
() Show that 47 kQP(l —ﬁj@ —2—Pj . [4]
dt N N
(c) Hence show that that the colony of ants grows the fastest when P = % . [6]
(d) Hence determine the corresponding fastest growth rate. [1]

Let P, being the initial population of the colony of ants.

(e) Show that the solution to the differential equation can be written in the form

ktzlnﬁ(N_E’j. 8]
BR\N-P

After 10 days the population is 5P .

()  Show that & :%m(s.l) if N =205P, . [2]

End of Paper
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Qn | Suggested Solutions Marks
1 Log + simultaneous eqs [Maximum
mark: 6]
Subst (0,1) and (&°,1+log, 2) into h(x) = log, (x—a)+b, (M1)
log,(-a)+b=1 ) Al
log, (e3 —a)+b =1+log,2 —(2) Al
(2)- @,
log, (e3 —a)— log, (—a) = log; 2
e®-a (M1)
= log, =log, 2
3 —
e-a_,
-a
=e’-a=-2a
=a=-¢ Al
2 Al
=b=1-3log, e (or 1-log,e” or —0.542 (sz))
Alternatively,
Subst (0,1) and (e3,1+log7 2) into h(x)=1log, (x—a)+b, (M1)
log,(-a)+b=1 - Al
log, (e3 —a)+b =1+log,2 —(2) Al
b=1-log,(-a) - (M1)
b=1+|og72—log7(e3—a) —(2)
6.67 NV
f57(x)=1+log (:)—log 93—:(
f36(x)=l—log (-x)
7
_/0.5 X
25— 1 10
(-20.086,-0.5417)
By GDC,
a =-20.1(3sf) Al
Al

b =-0.542 (3sf)
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2 GP Sum to infinity/existence + quadratic + trigo [Maximum
mark: 7]
a
@ ! + 12 + 13 +---=tan x
tanx tan“x tan”x
— _fanX_ _ a0 Al
1
1———
tan x
1
= ——=tanx-1
tan x
= tan® x—tanx-1=0 Al
b.o/s TY
f4(x)=x*-x-1
(b)
M1
1
(-0.618034,‘}))y( 1.61803,0)
Since |——|<1= [tan x|>1.
tan x | | R1
. tan x =1.6180 =1.62 (3sf). AL
(1.0172,1.618)
1 x
0.2 31:
fS(x)={t:m(.\'),£<\'<fy—'Tr /
4 4
|
tan"(1.618) 1.017213
Al

x=1.0172=1.02rad (3sf)
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3 Functions [Maximum
mark: 7]
(@) | Method 1
f %(2)=a
= f(a)=2 M1
=+-a?-2a+15=2 Al
(-1’4) .5 Y '
(-4.4641,22
. £40(x)=2, M1
10 ( 5!0) 1 1
|
—a=-4.46(3sf) (reja=2.46 -+ -5<x<-1) Al
Method 2
f(2)=a (-1,12) ,
= f(a)=2 / M1
(a) / M
=+-a’-2a+15=2 VA
=-a’-2a+11=0 b (‘*4)-4;54,1’@) _‘
—a=-446(3sf) (reja=2.46 - ~5<x<-1) L w0
Method 3
f%2)=a
= f(a)=2 Xlll
=+-a?-2a+15=2
, M1
= -a°-2a+11=0 Al
=a=-1+12=-1-V12 (. -5<x<-1)
(b) | Ry =[0,4] Al
(c) o f)(x)=0
(g° 1)) oy
= x> =2x+15+¢c>0
2‘\/—X2—2X+153C 0.5 M1
(-5,0) 1
c>4 Al
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Alternatively,
(92 )(x)20

J=x2—2x+15+¢c>0

f
(-5,0) J
Ia \ 1
(-1,-4)
. _\/2— . . - 0 M1
Reflection of f (x)=+/-x"—2x+15 in x axis and translation by 4l
c>4 Al
4 Financial Math [Maximum
mark: 6]
€)] Finance Solver
N: {10 [ ] (M1) —use
_ financial app in
I%): |2.35 ] GDC
PV: | -1000 ]
Pmt: |o. [ (A1) —correct
tries in GDC
[Fv ]| 1123.9115404851 [ | eniries In
PpY: | 2 :
Finance Solver info stored into
tvm.n, tvm.i, tvm.pv, tvm.pmt, ...
The amount Alex will have in his account after 5 years is $1123.91. Al
(b) Finance Solver
N: (20 [»] (M1) —use
[16):]| 14.105969536551 [ grggc'a' app In
PV: | -1000 [ ]
pmt: [0, v (A1) —correct
FV: [ 2000 [»] entries in GDC;
< FV and PV must
PPY: | 4 = have opposite
Finance Solver info stored into Signs.
tvm.n, tvm.i, tvm.pv, tvm.pmt, ...
p=14.1 (3sf) Al
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5 P&C [Maximum
mark: 5]
. 1) . . 3).
Let n be the no. of times 1 Is selected and m be the no of times ) IS
selected.
1 3) (10
nl_(+m| _|=
1 2 8
Since there are 6 vectors, n+m==6.
Solving the simultaneous equations
n+m=6 M1
n+3m=10
n+2m=38 Al
=>n=4m=2
3). 6
We want exactly 2 of the 6 vectors to be ) i.e. thereare °C, =15ways. | Al
(1 3) . 6 Al
Each vector can be either 1 or ) i.e. total no of ways = 2°.
.. The probability that the sum v, +Vv, +Vv;+V, + Vg +V is equal to the
10) _°c, 15 Al
vector ==
8 2° 64
6 Kinematics [Maximum
mark: 11]
(@)
(3.14,0) M1
2 1
1.2 \/ 86
flG(x)*{_- sm(x)—e““(x]+ 1,0<x<6
(b) 1 M1
2 (726(0)Jeer |
dx
Acceleration = -1 Al
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(c) "
(3.1416,0)
(? c :7\) )/
3.5657, }...\18?
. f.36(x):’{;- :m(x)ft‘:”‘(X)+1,O;x;u
The number of times that the acceleration of P is Oms™ =4 Al
@ | fs 3.494103 M1
|f26(x)| dx
0
Total distance = 3.49 (3sf)
Al
(e) | Method 1
B 0.9228346 Al for 0.932
726(x) dx Al for -2.56
Jo
6 -2.561268
£26(x) dx
Jm
R1

valid explanation comparing their distances

eg 2.56 > 0.932, distance moving back is more than distance
moving forward, hence P passes through A again.

Method 2

For 0<t<6,

v(t)=2sint+1-e""

1 (4.4382,0)

1
From GDC, since s(4.4382) =0, i.e. displacement is zero at t = 4.4382s
hence P passes through A again.

M1 [find tfor ]
s(t)=0

Al

[t=4.43825]

R1
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7 Differentiation + Application of Integration (\Volume) [Maximum
mark:11]
() | By quotient rule,
1
= =11
i('”X]X(Xj ()1 g M1A1
dx\ x G x?  x?
[ %= [ Lo (2]
X X X M1
-1 Inx Al
=——-—+C
X X
b re
(b) V=rx| y?dx
.1

Il
3
.:—.
(¢]
><‘3
=<
N
N
o
=

I
3
ol
N—
—~
5
>
~—
N
o
>

e G-

M1 (vol formula)

M1(by parts)
Al

M1 (use (a))
Al

M1 (subst)

Al
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8 Normal Distribution + Binomial Dist [Maximum
mark: 18]
(@) | Let A be the mass of an apple. A~ N (204,62)
P(186 < A< 222)
=0.99730 M1
=0.997 (3sf) Al
normCdf(186,222,204,6) 0.9973001
Al-Shading -
(Note: 99.7% of
(b) qq,“\-"o the data will lie
within 3 standard
deviations, thus
the shading
should take up
— . == almost the whole
) 1
2 area)
186 4 221 "
204+£3(6) =[186,222]
(©) | Let A be the mass of an apple. A~ N (204,62)
P(198 < A<210)
=0.68269 AL
=0.683(3sf)
Let X be the no. of apples out of n that weigh between 198 grams and 210
grams.
X ~ B(n,0.68269)
P(X > 7) >0.85
= P(X <7)<0.15 Al
Method 1
I M1
invBinomN(0.15,0.68269,7,1)
12 0.2020706
14 0.1204272 Al
Least nis 14.
Method 2
P(X > 7) >0.85
Al
= P(X <7)<0.15
X f39(x):= =
binomCdf(x,0.6826..
12. 0.3232783
13. 0.2030706
14. 0.1204272|
15. 0.0679801 M1
16. 0.0367763
17. 0.0191741
Al
Least nis 14.
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(d)

Let B be the mass of a pear. B~ N (150,02)
P(B<150)=05
P(150-0 <B<150+0)=P(-1<Z <1)=0.68269

Required probability
=3xP(B <150)x[P(150 -0 <B<150+0)]’

=3x0.5x0.68269°2
=0.699 (3sf)

Al-3

Al- 05
Al-0.68269
Al

(€)

1-2-0.35 0.3

P(B>158)=0.3
By GDC nsolve, o =15.256 =15.3 (3sf).
nSolve(normCdf(158,9.£99,150,x)=0.3,x,1) 15.25552

P(B<t)=0.35
By GDC invNorm, t =144 (3sf).
invNorm(0.35,150,15.256) 144.1216

M1Al

M1A1l

()

Let Y be the no of pears, out of 50, that weighs less that t grams.
Y ~ B(50,0.35)

£38(x)=binomPdf(50,0.35,x)
X f38(x):= v
binomPdf(50,0.35,x)
16. 0.1087511

17.| 0.1171165)
18. 0.115615
19. 0.1048493
20. 0.0875088
21. 0.0673145

P(Y =16)=0.10875 (5sf)
P(Y =17)=0.11711 (5sf) « the one with the highest probability
P(Y =18)=0.11562 (5sf)

From GDC, most probable value = Mode = 17

Note: Do NOT accept if students use E (Y )=50(0.35)=17.5.

M1

Al

9
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9 Vectors: Line + planes [Maximum
mark: 17]
(a) 5 0 Al
l:r=|2|+p|3|,eR
4 1
(b) Line m perpendicular to [, passing through (3, 1, 1) is
3 2
m:r={1l|+a|7|,adelR AL
1 5
The 2 lines will intersect at C. M1
5 3+2a
2+30 |=| 1+ 7«
4+ p 1+5a
5=3+2a
2+30=1+7«a M1 solve
4+ ﬂ =1+5a simultaneous eqs)
5=3+2- X {1,2}
linSolve|{ 2+3- y=1+7-x ,{xzy}
4+y=1+5x
Al
=>p=2,a=1
Point C has coordinates (5,8,6). Al
(c) | Since | does not intersect [1,,
0)(3 M1
3|-|-41(=0
1)\ 2
=-12+41=0 Al
= A =12 (shown) AG
5)(3
u#l 2| -4|=15-8+48=55 M1
4)112 Al
= u#55

10
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(d) | From(c), A =12

) ) 1
Pick —u,0, 0.
ick a point on [T, , say Q(Sﬂ ] Al

‘A—Q-ﬁzz

M1
1

2 || -4
Al

3
4
12

55—
:MZZ
13
— 55— =26 Of 55— u=—26

= u=290r81 ALAL

(e) 2)( 3 M1
71 -4
12
V78(13)
38
J78(13)

0 =70.7° or 1.23rad

cosf =

Al

11
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10 DE - Population model /implicit differentiation [Maximum
mark: 22]
@ ?j—lt: represents the rate of population growth over time. Al
(b) 2
d—P=kP 1—E =k P—P—
dt N N
Eo [t 20.00) M1AL
dt? dt N dt
dP op M1 (subst
=K== 1-— ®_p(1-P))
dt N dt ( N
P 2P
=k-kP|1-— || 1-=—
( N j( N J Al
= kZP(l—Bj[l—E} (shown)
N N AG
© | d®p d(dP dP
— =—| — | is the rate of change of —.
dt? dt( dtj g dt M12
d?p P 2P N ar_ 0]
So —2=0:>k2P[1——j(1——)=o:>P=0,N,— dt?
dt N N 2
d*P d(dP Al
LetY=—2=—(—) [p_onN]
dt dt\ dt 2
M1
Al(graph)
v Ni2 voor
N R1
Using first derivative teston P=0,N >y
I L dP
From the sketch, P =0, N will give min point for ek R1
N dP . : AG
Only when P = CXrT is maximum (+ve, 0, -ve). [Shown]
(d) - N .
The corresponding fastest growth rate at P = >
d_P—k(ﬂj 1_% —k_N Al
dt 2 N 4

12
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© d_P:kp(l_Ej
dt N
M1 (Sep
= j k dt ZJ;P dpP Variable)
p(l_j
N
N 1 1 M1 (partial
= |kdt=|——dP=|| =+——— |dP :
.[ '[P(N—P) I(P N—Pj fractlfn) .
Al=
P _
.kt =In|P|-In|N -P|+c M1
Al
= kt=In +C
:ktzln[ P J+C (“N,Pand (N-P) >0) Al
N-P
Whent=0 P=F,
P
=C=-In 0
5 8
Al
.'.kt=In( P ]—ln i
N-P N -P,
:ktzlnE(N_P"j (shown) AG
PRUN-P
(f) | when t=10,P =5P,,N = 205P,
204 1
10k =In5| — |=> k=—In(5.1
(200) oG M1AL

13
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Answer all questions in the answer booklet provided. Please start each question on a new
page. Full marks are not necessarily awarded for a correct answer with no working. Answers
must be supported by working and/or explanations. Solutions found from a graphic display
calculator should be supported by suitable working. For example, if graphs are used to find
a solution, you should sketch these as part of your answer. Where an answer is incorrect,
some marks may be given for a correct method, provided this is shown by written working.
You are therefore advised to show all working.

1. [Maximum mark: 25]

In this question you will investigate the Gamma function and some of its
properties using calculus and methods of proofs.

The Gamma function, I'(n), is defined as

o)

r'(n) = f t"le~tdt,
0
for any number n € R except non-positive integers. (E.g.,n # 0,—1,-2,...)

To approximate I'(n) using technology for some value of n, replace “c0” by “999999”.
(@) Find the value of I'(1), of I'(2), of I'(3), of I'(4), of I'(5) and of I'(6). [3]

(b) Using a factorial, formulate a conjecture on the value of I'(n) for any positive
integer n. [1]

Consider f(x) = x"e™, for any n > 0.

(c) By sketching the graph of y = f(x), deduce what happens to f(x) as x — o. [2]

(d) Using integration by parts, show that I'(n + 1) = n I'(n), for any n > 0. [3]

(e) Hence, using mathematical induction, prove your conjecture in (b). [5]
. 1

Consider T (E)

(f) By using the substitution t = %yz, express T (%) as an integral in terms of y. [5]

The probability density function of the random variable Z ~ N(0,1) is given by

1 1,
f(2) = \/ﬁe 27
(9) Deduce, with justification, the value of f f(2)dz. 2]
(h) Hence, show that I‘(%) = /m. 0 [2]
(i) Hence, find the exact value of T (g) [2]
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2. [Maximum mark: 30]

In this question you will investigate the geometrical properties of complex
numbers and roots of unity.

Consider z = 1 + /2 + i, where i2 = —1.

(a) Find the exact value of z2, leaving your answer in the form x + iy, where

x,y €R. [2]
(b) Find the exact value of arg z2. [2]
(c) Find the exact value of arg z. [2]
(d) Hence, find the exact value of tan g. [2]

(e) For any two complex numbers z; = x; +iy; and z, = x, + iy,,

()  showthat |z — z,| = /(x; — x2)% + (y1 — y2)2.

(i)  Hence, interpret |z, — z,| geometrically. [2]
Let w = —=.
|z|

() Show that |w*| = 1, for any integer k. [1]

(g) Sketch the 16 points representing the complex numbers w*, for k = 0,+1,+2,
+3, +4, 15,16, £7,8, in an Argand diagram. [2]

(h) The points in the Argand diagram represented by the complex numbers w5,
w™ !, w? and w’ form a square. Find the area of this square. [2]

(i) Find the exact value of |w — %| and of |a)2 - ﬁ :

[5]

(i) Show that |w _%| |w3 _ﬁ

= 2. [4]

(This question continues on the following page)
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(Question 2 continued)

Define
n
Hak =aq Xay; XX a.
k=1
(k) Copy and complete the table below: [6]
n 4 7 10

End of Paper
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Year 6 HL MAA Preliminary Examination 2022 Paper 3 (Markscheme)

Qn | Suggested solution Markscheme
1 | Calculus and Proofs [Marks: 25]
(a)
JEER» *Doc rap [ X
999999 1
(:1'1- e")dr
0 Al -2 correct
999999 1 values
(12_1- e")dr
0
{EER» *Doc rap [I] X
0 rs
999999 2.
(:3'1- e")dt
0
Al -2 correct
999999 6.
j ([4_1. e-,)dr values
0
|
JEER» *Doc rap 1] X
0 a
999999 24,
5-1, -t
0 (I ‘ )dl Al -2 correct
999999 120. Values
(ré'l- e")dr
0
(b)
'n)=((mn-1)! Al
(©)
<ERR *Doc rap [I] X
6.6 Y
£1(c)=x™ e ¥
! x M1
8.68 n =3, 1 1n.32
“S[.73
f(x) > 0asx — oo Al
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Qn | Suggested solution Markscheme
(d) )
'n+1) = f th e tdt
0 U dv
u=t"=du=nt"?
dv=eldt =>v=—e" M1

co
= —t"e‘tlg’—f —nt"le~tdt
0

Al — —t"e P

= 0 +nf t"le~tde Alo_o -
0 nf, t"teTtdt
= nl'(n) AG
(e)
Let P(n) be the statement I'(n) = (n — 1)!
[(1)=1=0!=(1— 1), thus, P(1) is true. Al
Assume P (k) is true for some positive integer k, i.e. I'(k) =
(k —1)! M1

From (b), '(k + 1) = kI'(k) = k(k — 1)! = k!.
Thus, P(k + 1) is also true.
Therefore, since P(1) is true and P(k + 1)is true whenever

P (k) is assumed true, by mathematical induction, P(n) is true
for all positive integer n.

M1 — use of (b)
Al —use of
inductive
assumption

R1 —only if
MIMI1ALI have been
awarded prior

69

1
Al —correctn = >

t=2y?=dt=ydy (M1) -
1 © q /2 differentiation
rz) = | G7) e#va
0 M1 - substitution
_ ©\2 W
- j;) —e 2 ydy A1l — condone
© 1 y:=y
= V2 f e 2” Zdy Al
0
(2
Since the total probability is 1 and through symmetry, we R1
deduce that
Al

foo 1 _%sz 1
—e zZ==
0 VZT[ 2

Page 2 of 7
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Qn | Suggested solution Markscheme
(h)
Hence,
f‘” Ly L f‘” Ly V2 Vrm
—e = — e = — =
o v2ms . YT2TL ST YT TR | @D
and so
1 ® 1, \/E
R I
2 o 2
= r AG
(1) .
N=r(t ~Ilr(H) =¥ M1 — usi
Hence (and from (c)), [’ (2) =T (2 + 1) =3 r (2) = e using (c)
2 | Complex Numbers & Roots of Unity [Marks: 30]
(a) ,
2
(1 +V2)+i) = (1+V2) +2(1+V2)i+1 it
= 1+2V2+2+2i+2V2i—-1
= (2+2v2)+ (2+2V2)i Al
(b)
5 . (2 + 2\/5) an1 <"
argz® = arctan| ———= ] = arctan 1 = —
g N2 4 M1A1
(©)
1 , T
argz =zargz" =g MIA1L
(d)
Hence,
m  Im(z 1 1—+2 M1A1
tan— = (): OR = =v2-1
8 Re(z) 1++2 1-2
© | |
|z =zl = I|xg —x +i(y1 — ¥2)l
= V(=) + (1 — ¥2)? Al
(ii)
|z, — z,| = dist(z4, z,) = the distance between z; and z, in the Al
Argand diagram
H z |k zI\"
lw*| = wl* = |—= :<U> =1"=1 Al
|z |z|

Page 3 of 7
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Qn | Suggested solution Markscheme
(2
Al —
w™ w0t wd
A1l — all other
powers
(h)
The square formed by w™>, w ™1, w3, w” is congruent to the
square formed by w™*, w°, w*, w® which clearly has side length | (M1)
V2.
Thus, the area is V2 X V2 = 2 Al
OR via GDC:
{EER» *Doc rap [l X
H'::e_
0.923879532511+0.382682432365- ¢
lw S| 1.41421356237 (MDA
2 1.41421356237
OR
M1A1

Area = 4 X (%(1)(1) sin 90°) =2

Page 4 of 7
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Qn

Suggested solution

Markscheme

(1)

From (e),
1 2
w - _| = dist(w, 0™ = 2Im(w) = ———=
) 4+ 2V2
since
z 14+V2+i 1+V2+i
w=-—= =
|z]
\/(1+\/§)2+12 \/4+2\/§

OR

Consider the triangle cww ™!

rule, | —=| = /12 + 12 = 2(1)(1) cos 45° = V2 — V2

, where ¢ is the origin. By cosine

From the sketch, it follows that

SRR
w'=—=+—=
V2 2
Thus,
2~ L _ dist(w? 02) = 2m(0?) = = = V2
w—wz—lsw,w = 2IM(w _\/E_

(M1) — any valid
approach, e.g. use of
(e) or cosine rule

Al

(A1)

(M1)A1A1

(A1)

Al
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Qn | Suggested solution Markscheme
W)
By symmetry, (as compared to w)
i1t i(1++2) (A1)
4+ 22
Thus,
2+2V2
3 = = 2Im(w?) = ——= Al
4+2v2
And so,
1 2 2+2v2 _2+2v2 (M1
o 2o~
| T Jatava Jatalz 4+2v2
M1 — rationalization
2‘*‘2‘/E 1+‘/— 2— \/— 4+ 4V2 - 2‘/5—4_\/5 of the denominator
I+ NI 242 22 4-2
AG
OR
1
w® — —3| =12+ 12 — 2(1)(1) cos 135° = /2 +vV2 | (MDAl
w
And so,
1
| w2 = J2-vE|2+v2 M1
= 22-2 Al
= 2 AG

Page 6 of 7
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Qn | Suggested solution Markscheme
(k)
. 1
K
[ [l -2
11 1 1
i i1 | e | b | e
1 1 1 1
= e ol A e
:\/E :\/E =2
= V2xV2x2
. (MDA
’ 1
K
[ [l -2
k=1
- 1 1 1 1
_ k 5
ol B L R s | ot | e
k=1
Tl A
= 4x+2x+2
_ g (MDA1
10 1
1_[ wk ——| = 0 because |w® ——| =0 A1(R1)
w w
k=1
OR via GDC:
1.0 Doc rao [l X.

a

4.
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