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H2 Mathematics 9758 A5\
Topic 10: DIFFERENTIATION TECHNIQUES 'G'”_P
Tutorial Worksheets

1 By considering the derivative as a limit, show that the derivative of x* is 3x°.

[NO0O/1/4]
[Solution]
Let f(x)=x>.
Then f(x+6X) = (x+5x)3 = [xs +3x° (5x)—3x(5x)2 +(5x)3]
f(x+x)—f(x) X +3x° (6%)—3x(5x)° +(§x)3 -x
OX OX
i =T <063l (5%) -l (o)
f'(x) = 3x* (shown)
Watch out for mistakes with notations.
2 Differentiate each of the following with respect to x simplifying your answer.
X2 x*-1Y
@ (b) 1+x © [ng . J
x(8-x*) 1 36x” (x° —1)3

[Ans: () ———=

> () € ———=—1
(4-x)e 4 fx(1+\/;) (2x°+1)

[Solution]
= A
@ d—u—} 4
:2x(4—x2)+x3
(e
x(8—x2)

) %[m}zﬁi&(m:wx@iﬁ)
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x-1)| d (X3—1)4
“ %[£2X3+J ]_&szul)“]
(26 +2)" (4)(x* 1)’ (3¢ )~ (x* 1) (4)(2x* +1)" (6x%)
(25 +1)
:12x2(x3—1)3[(2x3+1)—2(x3—1)]

2% +1)
(2x+1)

- 36x7 (¢ -1y
- (2x3 +1)5

(Alternative, apply chain rule first)

dlf -1 o1 Y(d( -1
2=t 124 hll
dx | 2x®+1 2 +1) L dx| 2x3+1

o1 Y(d( x¥-1
=M ||| ==
2x°+1) | dxl 2x° +1

3

3 1 B
=2 h (3(2x3 1) (6%)

3— -
o[ XL 1(—3(2x3+1) 1))
2x>+1 ) \dx

36 (x° -1)
(2041

3 Find the derivative with respect to X of

(@) cosx’, (b) cot(l—2x?),
secx

() tan®(5x), (d) Tty

secx(tan x—1)
(1+tan x)2

[Ans: (a) —ﬁsinx" (b) 4xcosec? (1-2x¢) (c) 15tan? (5x)sec? (5x) (d)
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[Solution]
X
a) Let y=cosx®°=cos—
(@) y 180
dy T . TX s
— =—-——sIin =———sinXx

dx 180 180 180

(b) %[cot(l— 2x°) | = - cosec® (1-2x* ) x(~4x) = 4xcosec” (1-2x°)

() %[tan3 (5x) |=3tan’ (5x)sec’ (5x) x5 =15tan’ (5x)sec” (5x)

g O [ secx (1+tan x)(sec x tan x) - (sec x ) (sec’ x)
) &Lﬂan x} - (1+tan X)Z
sec X (tan x+tan” x—sec” x ) )
= > but 1+tan®x=sec”x
(1+tanx)
_secx(tanx—1)
(1+tan x)*

4 Find the derivative with respect to X of
1

(@) y= glrsindx (b) y= x2ex
1-x In(2x)
=1 d) y=
© v @ y="3
(e) y= |ng (3)(4 _ ex) (f) y= 3In(sinx)
[Ans: @) 3 cos3x (b) e (2x-1) (0 W () —1_";2(2*)
(€) (3>1<42)f—e_x;:nz (f) 3" cotxIn3]
Soluti
Ea;) Ut;/ozn]elJrsinSX (d) y= |n(2X)
R E— o 02 )
— 3el+sin3x coS 3X d_x = X2
) v xex _1-In(2x)
(b) y=xe .
. o In(3xt-e)
(e) y=|ogz(3x —e >:T
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d—y:(Zx)(ei)+(x2)(—%ei]
dx X

1
—ex(2x-1)

1+ %2
dy 1 1( 1
&:mx(—l)—z(lerzj(Zx)
1+ %) -x1-x)
-0+ x?)
___ 1+x
-0+ x?)

(©) yzln{ 1-x }zln(l—x)—%ln(uxz)

dy 1 (12x°—¢"

&_E(M“—eXJ
12X —¢!
~(3x"-e")In2

() y=3""" je Iny=In(sinx)In3
id—yz(—cf’sxjms
ydx \sinx
=cotxIn3

d_y: ycotxIn3
dx

=3""9) cot xIn 3

dy

5 Find ix in terms of X and y for each of the following:

(@) y* —3x’y+2x3 =1

(c) e’ =e*+y

(yx)2 =x*2"

y® = X% +sinxy

2X _ AX+y
[Ans: (@) 2% () Lin2 (¢) 228 (g) 2X+YyCOsxy
y+X 2 e* -1 2y — XCOS Xy
[Solution]
(@) y*-3x’y+2x° =1
= 3y2ﬂ—(6xy+3x2 d—yj+6X2 =0
dx dx
= (3y2 —3x2)d—y = 6xy—6x2
dx
dy 6x(y-x)  2x
dx 3(y2 —x2) Y+ X
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(b)
(yx)2 =x22%

y> =2 (for x=0)

2yﬂ=len2
dx
2
d—y:y—ln2
dx 2y

:Xlnz
2

Alternatively,

(yX)Z — 329X

2In(xy) =Inx*+In2*  (for x #0)
2Inx+2Iny=2Inx+xIn2

1
Iny==xIn2
y 2

Differentiate w.r.t. X,
ld_y = l |n 2

ydx 2

dy _

Xlnz
dx 2

(C) ex+y ZEZX + y

= e (1+ d_y] = 2e* +Q
dx dx

= (e _1)ﬂ = 2% — "
dx
d_y B ZeZX _ex+y

dx (ex+y —1)

(d) y* =x*+sinxy

= Zyd—y = 2x+cos(xy)>{y+ xd—yj
dx dx
dy  dy

= 2y ——X——C0S(Xy) = 2X + y cos(xy)
dx  dx

= [2y- xcos(xy)]j—i = 2X+ ycos(xy)

dy _ 2x+ycos(xy)
dx 2y—xcos(xy)

6 Differentiate each of the following with respect to x:

(@  tan'x

cos2x

© ¢ (d)

Teacher's copy

xtan‘l(3x)—ln1

. X
(b) 5sin (Ej

1+9x2

9x?
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2eCOS

1
2x/§(1+><) \/100 X2 ©) Ji-4

15x 18x

d) tan*3x—
@ 1+9x* 1-9x

[Ans: (a) 71

[Solution]

- 1-;_ 1
@ gl K)- 1+<«F>£ j_zﬁmx)

10

:—X[ssml(%ﬂ—ﬁ(a—ﬁ

d cost2x cos2x 1 zecos’1 2x
) (e )= —— Q)= —
© (=) [ — (2x)2J() <l

2
(d) i(xtan-lsx—ln“gxzj

dx 1-9x

= £ fxtan*3x-[Ina-+9x7) - n1-9x)

g 3 18x —18x
=tan" 3X+X 5= 5= 5
1+(3x) 1+9x* 1-9x

3X 18x 18x

=tan'3x+ == == :
1+9x° 1+9x° 1-9x
tant3x— 15x2__ 18x2
1+9x° 1-9x

7 Find an expression for gi for the following in terms of x and/or y:

@) y° = x sin'x ©y=(Inx)"
@y=92%*D x50
(b) y=a™* X*+1

[Ans: (a) 3—)1/2£sin1x+ X Zj (b) 2X () yln(lnx)+%

1-x
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(d)%[

1+L— 22X ]
Xx+1 x°+1

[Solution]
3y2ﬂ:sin’lx+

@ =X
dy:iz(sinlx+ J
dx 3y 1—x?

o y=amr=x
d—y:2x
dx

©  Iny=In[(Inx)"]=xIn(Inx)

1

ld—y:In(Inx)+x X :In(lnx)+i
y dx Inx In x
dy y

—Z =vyIn(Inx)+—=2-
dx yin(inx) In x

@ In y:ln{s %}:%[Inex+In(x+1)—|n(x2+1)]

Iny= %[x+ In(x+1) - In(x? +1)]

L (W

ydx 30 x+1 x*+1
d_yzl(l_Fi_ 22X j
dx 3 Xx+1 x°+1

2

2
8 If Iny=tan't, prove that y(iTZJr(Zt—l)(g—)t/] =0.

[Solution]
ldy 1
ydt 1+t

d
(1+t2)d—¥—y:o
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2
(1+t)d Y W W

dt dt
d—y(l 2y " y dy(z d_y_d_y) 0
dt®  dt dt dt

2

y Ly 8Y - 1)[0'3’) ~0
d dt (shown)

2 3
9 If y*+ay+b=x where a and b are constants, show that g—¥+2(%J =0.
X X

[Solution]

yd—y+ad—y_1

dx dx
dy
(2y+a)—=1
dx

y Z(d—yj =0 (shown)
dx

10 For each of the following curves, find the gradient at the specified point:
(@) x*+y®+3xy—1=0 at the point (2,-1)

(b) y* +x?y* =4a’(x+4a), where a is a constant, at the point (a,2a)

[Ans: (@) -1 (b) —é ]

[Solution]
(a) Differentiating w.r.t. X,

3x? +3y23—y+3x%+3y=0

X dx

dy _dy
At (2,-1), 2*2+(-D*ZL+22+(-D=0
@D, F+(y L2t
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3d—y+3:0
dx
dy_
dx

(b) Differentiating w.r.t. X,
4y° dy + x2(2y)d—y+ 2xy* =4a°
dx dx
dy
dx

At (a,2a), %(2(2@3 +a’ (2a)) +4a(2a)* =2a°

(2y3 + xzy)+ xy’ = 2a’

g_y (16a° +2a’) +4a° = 2a°
X

dy -2a° 1

dx 18a® 9

11 N14/1/2
The curve C has equation Xx°y+xy?+54=0 . Without using a calculator, find the

coordinates of the point on C at which the gradient is —1, showing that there is only one
such point.

[Ans: (-3,-3)]
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[Solution]
X2y +Xy? +54=0
Differentiate w.r.t x

2xy+x2d—y+ y2+2xyd—y:0
dx dx

When d_y =-1
dx

2xy — x> +y* =2xy=0

X2 _ yz

X=1y

Substitute x =y into C Substitute x=—y into C
y +y’ +54=0 Y —y?+54=0

2y =54 (no solution)

y?=-27

y=-3

.. Coordinates of the point at which the gradient is —1 is (-3,-3)
Hence there is only one such point.

_ _ _ 7
12 It is given that x and y satisfy the equation tan™>x+tan™! y + tan l(xy) =—7.

12
Find the value of y when x = 1.
d, _
(i) Express —tan 1(xy) in terms of x, y and d_y
dx dx
.. dy 1 1
i Show that, whenx =1, L =-=—-——. NOO/1/11
(ii) &~ 3 203 [ ]
1 . 1 dy
Ans: — (I X—+
s O 1+(xy)2( dx y)]
[Solution]
Given tan™ x+tany+tan™ (xy) =% 7
(i) Whenx=1:

tan'l+tanty+tanty==Lx

T T T
Z42tanty="2 = tanty=
4 y 12 y

|
U
I
T
U
N
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.. d 1 1 dy
(i) —|tan " (xy) |= (y+x—j
dx[ ( )} 1+(Xy)2 dx
(iii) tan”'x+tanTy+tan~t(xy)=57
dy
+X—>
1 (1 ey e
1+x% | 1+y? )Jdx 1+(xy)2
1
When x =1, y=—:
g
1 dy
1 (3)dy 3 dx 1 (3Ydy 3 (3)dy
L0 e - L
2 \4)dx  4/3 2 \4)dx 43 \4)dx
6 \dy 1 3 dy 2( 1 3 1
Sl A = | ——_—— = shown
(de 2 43 dx 3( 2 4«5] 3 23 ( )

13 Find an expression for j_y in terms of t.
X

1 t 1 1
_ y= b — (et —gt Ly== el 1ot
@ X=r 7 ¥=ro 0 x=3(e'-e"). y=5(e'+e)
(c) x=asect,y=atant (d) x=e"cos3t, y=e>sin3t
t?2 -1 et 1 sin 3t +cos 3t
Ans: (a b c) cosect (d) ———
[ @) 2t (b) e +1 © @ coth—sinSt]
[Solution]
1 t
a) X= =
@) 1+t2 y 1+t2
dt (1+t2)2 dt (1+t2)2 (1+t2)2
dy
dy gt t°-1
dx dx 2t
dt
1 _ 1 _
(b) x:E(et—e‘), yza(e‘+e‘)
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(©)

(d)

%:%(et +e") and %z%(et —e")

dy
d_y_i_e‘—e‘t_e”—l
dx dx e'+e' e*+1
dt

X=asect , y=atant

dx =asecttant and dy =asec’t
dt dt

dy
dy gt  asec’t
dx dx asecttant
dt

= cosect

x=e"cos3t, y=e>sin3t

% =(3e™ ) (cos3t)+(e™ )(~3sin3t) = 3¢™ (cos3t —sin3t)

(;—i/ =(3e™ )(sin3t)+ (™ )(3cos3t) = 3™ (sin 3t +cos3t)

dy
d_y_i_sin3t+cos3t
dx dXx cos3t—sin3t
dt
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Supplementary Questions

14 Differentiate the following with respect to x:

(@) In(x+ " -4) (b) sin”* (L —x) © (x+x)"

[Ans: (a)

(b)

2 X In(x+x2)J]

1 2\X 1+
«/x2—4 4/ x* (©) (x+x7) 1+ X

Solution ©)
2X
1+

d 2x%2—4 Iny:ln(x+x2)X
(@) —In(x+ X —4)=—2X -4
dx ( ) X+ X" 4 :xln(X+X2)

_ VX? =4 +x 1 EQ:XLLZX +In(x +x2)
(XJF\Iin )\/x 4 o ydx X+ X°

(b —[sm (,/1 X )} = (x+x%)" (l+2x +In(x+x2)j

y=(x+x2)X

x\/lx \jlx

15 Find g_y in terms of x and y for the following equations:
X
(@) siny+x=xy (b) In(1+y)=tan™" x (c) y=sin(x+ y)2
[Ans: (a) /=2 2(x+y)eos(x+y)
CoS Y — X 1+x? (c 2
1-2(x+y)cos(x+y)
(a) siny+x=xy (b) In(1+y)=tan"x
d—ycosy+1:xd—y+y 1 dy_ 1
dx dx 1+ydx 1+x°
d—y(cosy—x):y—l dy 1+y
dx dx  1+x°
dy __y-1
dx cosy-—x
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(c) y=sin(x+ y)2

j—i =cos(x+ y)2 2(x+ y)(1+ j—ij

dy 2(x+y)cos(x+ y)2
dx  1-2(x+y)cos(x+ y)2

2
16 If x* +3xy —y* =3, find :—i and ETZ at the point (1, 1). [Ans: -5, 78]
[Solution]
X2+3xy_y2 =3 When X:l, y=1,
2x+3xd—y+3y—2yd—y:0 dy 2+3
dx ddX dx 2_3’
2x+3y+(3x—2y)d—y=0---(1) =5
X
d’y
2+3(-5)+(3-2)—+(3-2(-5))(-5)=0
O (529) 203y (-5)+(3-2) S +(3-2(-9))(-5)
X
dy 2x+3y
— = < 2
dx 2y-3x d_y=78
dx?
Differentiating (1) wrt X,
2
2+3ﬂ+(3x—2y)d—§’+(3—2d—yjﬂ=o
dx dx dx J dx
17 If y=ecospt, prove that dz—y—Zkﬂ+(k2+p2)y:O If ﬂ=2p and ﬂ=3p
’ dt? dt St dt?
when t=3—” , calculate k and prove that p :9—7[.
2p 8In2
3
Ans: k=—
[ /]

luti .
[Solution] dy _ ky — petsin pt
Differentiate with respect to t, dt

‘;_i’ =e" (—sin pt)(p)+(cos pt)(ekt)k

= ke cos pt — pe sin pt

Teacher's copy Page 14 of 16

Topic 10: Differentiation Techniques



Eunoia Junior College 2017

JC1H2 Mathematics Tutorial

Since e cospt=y,

d’y o dy o 2
EF_Q Ef+“ +p*)y=0 (shown)

2
3_72-, d_y:2p1 d—z:?,p
2p dt dt

k(37
y=e“" cos x P
2p

3z,
=g?P cos(Eﬂj
2

=0

When t =

k37r

5y . [ 37
2p=(0)k — pe *Psin| —
p=(0)k— pe Sln[szpJ

% = ky — pe* sin pt ---(1) o
2p=0-pe Zpsin(gﬂ]
. . . K37
Differentiate with respect to t, 2p=pe 2p )
2
?sz: k(;—il— p[ekt(cos pt)(p)+(sin pt)e“thBp—Zk(Zp)+(k2 + pz)(o):o
LAy ok B Kt o 3p—4kp=0
_kdt p e (cos pt)—k pesin pt 3p = 4kp
y from(1) kyfd—y 3
dt k:Z
dy _ dy (dy j
hallP A A k| =L —
a a7 dt ot
Ay dy .
=k a y+k dt Ky Substitute k=% into (1)
dy (2. 2
=2k—=—(k"+
(K7

L

2p=pe’f *
9z

2p = pe’

Taking In on both sides

9
In2p =In pe®?

or
In2+Inp=Inp+Ine®P

In2:9—”

8p
0= 9
8In2

sin X
X

18 Find, by the first principles, the first derivative of f(X) =cosx, given that Iirrg =1.
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(a) f(X+6x) = cos(x+ &x) = cos xcos(5x)—sin xsin (5x)
f(x+6x) —f(x) = cos(x+ &x) = cos xcos(5x)—sin xsin (5x)—cos x
f(x+5%)—F(x) _C€Osxcos(dx)—sinxsin(5x)—cosx
OX - OX
. o[ OX . i
~ cosx[cos(éx)—l]—sin xsin(ox) cosx{—Zsm (zﬂ—sm xsin (&)

oX oX

Cos x{—Zsinz(éxﬂ—sin xsin (5x)
lim f(x+0x)—1(x) _ lim 2

5x—0 OX %0 OX

{—Zsinz[éxﬂ
=(cosx)5Iim0 5 2 —(sinx);imow
oX

sin() s
=—(cos x)bllTo (5—ijsin(7xj —sin x(2)
2

f'(x) = —(cos x) (1)(0) —sin x =—sin x
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