Additional Practice Questions

1. N92/11/15 (partial)

The equation of a planeIT is x—6y+2z = -5, and the point 4

Write down

(1) a vector perpendicular to I1,

(i)
perpendicular to IT.

Find the coordinates of the point of intersection of ¢ and II,

perpendicular distance from 4 to IT is 2J41.
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2.

N90/11/15

8 —6
The point A has coordinates (3,—1,5) and the line ¢ has equation r=| 0 |[+¢7| 1
-1 4

Find the coordinates of the point B on ¢ such that AB is perpendicular to /.
1

The plane [] has equation re —1|=15.
3

Find the coordinates of the point C where / intersects ] .

Find a vector perpendicular to the plane ABC. Hence show that the acute angle between
[1 and the plane ABC is 68°, correct to the nearest degree.
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3. VJC/2018 MYE/Q6
The diagram above shows the vertical cross-section of a slab of glass in the form of a
trapezoidal prism, where the top surface is a plane p, and the left side of the glass is a
plane p,. C and D are points in p,. The light from a particle placed at C travels in a
straight line to B in the glass. The light is refracted at B and travels in a straight line to 4
(3,1,2) in the air. To an observer at 4, the particle at C appears to be at D (0,7, —4).
The plane p, has equation z =0and 4B is parallel to i—2j+2Kk.
(i) Find the coordinates of B. [3]
BC is in the direction of —4i+aj+k, where a is a positive constant. The line BC makes
an angle of cos™! (éj with the normal to p, at B.
(i) Find the value of a. [3]
(iii)) Given that the distance BC is 18, show that the position vector of C is
—6i+19j+2k . [2]
The plane p, has equation r-n=34.
(iv) Given that p,is perpendicular to a plane with equation 2x+y =7, find n. [4]
® 0
Equation of p1is | 0 |=0 and
1
3 1
equationon line 4Bis r=|1 [+s| 2 |,seR
2 2
3 1 0
li{+s|-2(]-|0|=0

Solving them,
2 1

2425s=0=>s5=-1

3 1 2
OB=|1|-|-2|=|3
2] |2 0

The coordinates of B is (2, 3, 0).
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(i)

1 1 1
cos| cos™’ (—D = 7
( 9 J& +a® + 141

. ) .. 1
(Reahse that the scalar product is positive. Else we should use — 5)

1
9 17+d°
17+a*> =81
a=8or—8(NA --a>0)
(i11) | Method 1:
- . —4 -8
BC:H{W) 21§ = 126
2 -8 —6
OC=0B+BC=|3|+|16 |=|19
0 2 2
Method 2:
—4 —4
BC=k| 8 ,k>0because§5is in the direction of | 8
1 1
—4
BC=\k| 8 (=% =18=k=2
1
—4 -6
OC=0B+BC=|3|+2| 8 |=|19
0 1 2
(iv) | Method 1:
0 —6 6 1
CD=| 7 |- 19 |=|-12|=6] =2
—4 2 -6 -1
1 2 1
A normal vector to the plane = | =2 x| 1 |=| =2
-1) (0 5
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1 0 1 -1
Dyl 2}: 7 || 2|=-34,1e.r:| 2 |=34
5 —4)\5 -5
-1
n= 2]
-5
Method 2:
X
Letn=|y|.
z
2
yI-11|=0=2x+y=0
z) 0
0

7 |=34=7y-4z=34 (since D isinp,)

ByGC,x=-1,y=2,z=-5
-1

Y1119 |=34=—-6x+19y+2z=34 (since C isinp,)
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*4 TPJC 10/11/4
The figure below shows a cuboid positioned on level ground so that it rests on one of its
vertices, 0. The vectors i and j are on the ground.
¥
i
Given that 04 =3i—12j+3k, OB =2i+j+2k and OC =-2i+2k
(1) Show that the position vector of X'is i—12j+5k.
(i1) State the height of X above the ground. Hence find the angle between OX and the
level ground, giving your answer to nearest 0.1°.
(iii)  Find the equation of plane BD.X in the form of ren=d
(iv)  Find the acute angle between planes BDX and OBDC.
4 3 1 2 -2 -1
() OA=|-12|=3| -4 |;0B=|1[;0C=| 0 |=2| 0
3 1 2 2 1
OX =O0d+ AX = 04+0C
3 -2 1
= —-12|+]| 0 [=|-12
3 2 5

(i)
Height of X above the ground = 5 units

Let & be the required angle.

) 5 5
sinf = ——=

Hence, ‘OX J1+144+25
=60=225°
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BD=0C=2| 0
1
1 2 -1
BX=|12 |-|1|=|-13
-5 2 3
-1 -1 13
0 [x|-13|=]| 2
1 3 13
13 2) (13
Therefore, equation of plane BDX :re| 2 |=|1 |e| 2 |=54
13 2) \13

(iv) Normal vector to plane OBDC is 04=2| -4
1
Let a be the required angle.

13) (1
2 |o| -4
13) |1
COS¥ = —F—+—
V342418
a=767°
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JJC/2012/Prelim 11/4
The  planes 77, and /7, have equations re (i -2j+ k) =4 and

r=3i—j+k+A(-i+j+K)+ u(4i+j) respectively, and meet in a line /1.
(1) Find the acute angle between /7, and /7, . [3]

(i1))  Find a vector equation of /i. [2]
(iii) ~ The points 4 and B have coordinates (6, 3, —5) and (2, 3, 1) respectively. Find

the length of projection of AB onto the line /. [2]
The line /, passes through the point C with position vector pi+(2p+1)j—3kand is

parallel to 3gi—3j+ gk, where p and ¢ are positive constants.

Given that the perpendicular distance from C to /7, is % and that the acute angle

between /, and /7, is sin”! (%) , find the values of p and ¢. [6]
) -1\ (4 -1
O T =] 1| 1]=| 4
1) {0 -5
1 -1
-2 |e| 4
LU -5
Acute angle between //, and /7, = cos ) )
-2 4
1 -5
=cos' (Lj
Jovn
=28.1" (to 1 dp)
() 3) (-1
-1 4|=-12
1 ){-5

SALire 4 |=-12= —x+4y-5z=-12
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11, : x-2y+z=4
7, : —x+4y—-5z=-12

-4 3
Using GC, eqnof /[, is r=| 4 |[+a| 2 |, where « e R-
0 1
(iif) 6 2 2) (6 —4
Given OA=| 3 |and OB=|3 |, AB=|3|-| 3 |=| 0
-5 1 1 -5 6

Length of projection of AB onto the line /,

0 (e 2

L:r=|2p+1|+t| 3

Let D be a point on the plane /7, .

4\( 1
Since | O [ =2 [=4,Dis (4, 0,0).
0/ 1
p 4 p—4
. DC=|2p+1|-|0|=|2p+1
-3 0 -3

Perpendicular distance from C to /7,

= Length of projection of D_C; onto the normal of /7,
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(p-4)-22p+1)-3|=15

|-3p-9|=15
-3p-9=15 or -3p-9=-15
p=-8 (rej- p>0) p=2
3q 1
=3 1. 2
Acute angle between 1, and [/, = sin”' 1 : =sin”’ (i
3q 1 6
-3 -2
q 1

3g+6+q _ 2 (|3q+6+q:3q+6+qsinceq>0)

\/9q2+9+q2\/g V6

4g+6=24/10¢° +9

(49+6)" =4(104% +9)

¢*~2¢=0
g=2 (sinceg>0)
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AJC/2018/MYE/1/Q9

The plane IT contains the origin O and is parallel to vectors —i+k and i+2j.

(1) Find an equation of the plane IT in scalar product form. (2]

The point P has coordinates (3,1,2).

(ii) By finding the foot of perpendicular, N, of point P to the plane IT, show that the
position vector of the mirror image of P in IT is —i+3j—2k. [3]

The point Q has coordinates (4,0,1).

(ii1) Find the exact length of projection of PQ on to the plane IT. [3]
(iv) Hence, or otherwise, find the exact area of the triangle PNQ. [2]
-1\ (1 -2
(i)  Normal to the plane, ITis | 0 |x| 2 |=] 1
1 0 -2
-2
Equation of plane is [1:7e| 1 |=0.
-2
(i1) Let N be the foot of perpendicular from P to IT and P’ be the reflection of P about IT.
-2 -2 3 -2 3-2k
PN=k| 1 | =ON-OP=k| 1 | >ON=|1|+k| 1 |=| 1+k
-2 -2 2 -2 2-2k
3-2k) (-2 1
Since Nliesin IT, | 1+k |¢| 1 |[=0=k=1 ..ON=|2
2-2k) (-2 0
PP'=2PN
-2 3 -1
—OP'=2PN+OP=2| 1 |+|1|=| 3 | (shown)
-2 2 -2
4 3 1 1 -2
(ii1) P—Q =|0|-|1|=|-1|; Requiredlength | -1 |x| 1 (= 2 4 ||= @ units
1 2 -1 -1) \=2 o -1 3
(iv) Areaof » PNQ = %(gj(PN) = %(\/?2’_6}3) = units?
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7. SRJC/2018/MYE/II/Q7(modified)
The planes p,, p, and p, have equations 2x+y+z=2, -2x+z=6 and

ax+3y+2z=p respectively, where a, f € R. Given that the plane p, meets the plane
p, atthe line /,

(i) find the equation of /. [1]
(ii) Find the values of @ and g if p, also contains /. [2]

(iii) The plane p, is parallel to the plane p, and has equation —2x + z = k, where k e R.
Find the possible values of k for which the plane p, iS\/g units away from the
plane p,. [2]

(1) Solving 2x+y+z=2 and —-2x+z=6 using GC,

x=—3+%,u
y=8-2u
Z=H
1
-3 2 -3 1
Hence, /: r=| 8 |[+u| 2|, ueR OR [l:r=| 8 |[+u|l4|, ueR
0 1 0 2
-2 o
(ii)) p,:re| 0 |=6, p,:re 3 |=p
1 2

If p,, p,and p, have a common line of intersection /,

the normal of p, is perpendicular to the direction of /.

a 1

3 || -4|=0
2 2
a—-12+4=0
a=38

Since any point of / will be in plane p;,

-3) (8

8 (8|3 (=4
0 2
£ =0
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(111) k
(=2) +12
k—6=5
k—6=5 o k-6=-5
k=11 or k=1
g. ACJC/2018/MYE/Q7 E
H
F
NG
4 IB
D c "

The diagram shows the structure of a building with a horizontal rectangular base ABCD,
whereby BC is m units. The structure consists of four vertical columns, AE, DH, CG and

BF which are parallel to the z-axis.

The roof EFGH has equation x— y+x/§ z=2+4/2 and the plane ABFE has equation
x+y=2.The origin (O, 0, O) is a point within the rectangular base ABCD.

(1)  Find the cartesian equation of the plane DCGH in terms of m. [2]
(i) Find the acute angle between the roof EFGH and the base ABCD. [2]
To ensure that the roof is sturdier, a beam needs to be added to connect point W(O, 2, 4) ,

which lies on column 4E, to the nearest point on the roof.

(iii)) Show that this nearest point on the roof is (1 1,4+ 2 ) . [3]
(iv) Hence find the exact cartesian equation of the beam EF. [3]
(@) 1
Plane ABFE: r.|1 |=2
0
1
Let equation of plane DCGH be r.| 1 |= p, where p <0 since origin is within the
0

base ABCD.

Shortest distance between plane DCGH and plane ABFE = m
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2
:‘__L:m

V2 2
:>2—p=\/§m, since 2—p>0
Lp=2- V2m
Hence, cartesian equation of Plane DCGH: x+y=2— m2
(Note: m > J2 )

(ii) | Let @ be the acute angle between the roof EFGH and the base ABCD.
1 0
-11|0
21
cosf = 2
1 0
-1 |0
NEY L@
cosf = Q
4
0=45°
(iii) | Method 1:

Let point N be the foot of perpendicular from point ¥ to the roof EFGH.

0 1
Line WN: r={2}+/1 -1 | where AeR  ----- (1)
4 V2
1
Roof EFGH: r.| -1 |=2+4J2 s 2)
V2
Sub (1) into (2):
y) 1
2= || -1]=2+42
4+22) 2
A-2+A+42+22=2+42
A=1
Sub. A =1 into (1),
(o) (1 1
ON=|2 |+ -1]=| 1
4) (V2) l4+2

Hence the nearest point on the roof from point Wis N (l, 1,4+ J2 ) . (shown)

Method 2:
By trial and error, M (2 +42 ,0,0) is a point on the roof.
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. (2+442) (0) (2+4V2
M= 0 |-|2]|=] -2
0 4 -4

Let point N be the foot of perpendicular from point W to the roof EFGH

1 1
-1 -1
— | —— (N2 2
WN =| WM 2 2
1 1
-1 -1
V2 )\ (V2
1 1
-1 -1
2+42) | 2) | (V2
= -2
e 1
-1 -1
2\ (V2
1
= -1
2
WN = ON —OW
ON =WN +OW
1 0
=| -1 [+]|2
2 4
1
= 1
442
Hence the nearest point on the roof from point Wis N (1, 1,4+ V2 ) . (shown)
(iv) 1 1 V2
Direction vector of line EF =| 1 |x| -1 |=| —/2
0) (2 -2
1 2
Line EF: r = 1 +u —2 | where HelR
442 -2

Hence, a Cartesian equation of line EF is

x-1 1-y 442-z | 442z
= = , le. x—1=1l-y=—F7—

V2 2 2 V2

(On: Why can’t we simply solve the equations of plane EFGH and plane ABFE

with GC to obtain equation of line EF? What is the limitation of this approach?)
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9. 2019 SAJC Prelim/P2/ Q3

1
The plane 7, has equation r-| —1 (=10, and the coordinates of 4 and B are (2, a, 2),
3
(1, 0, 3) respectively, where a is a constant.
(1) Verify that B lies on 7,. [1]
(11)  Given that 4 does not lie on 7, state the possible range of values for a. [1]

(ii1) Given that ¢ =9, find the coordinates of the foot of the perpendicular from 4 to 7.
Hence, or otherwise, find the vector equation of the line of reflection of the line AB

in 7. [5]
1
The plane 7, has equation r-| 0 |=4.
1
(iv) Find the acute angle between 7, and 7,. [2]
(v) Find the cartesian equations of the planes such that the perpendicular distance from
each plane to 7, is % [3]
@ 1
OB-|-1|=1+0+9=10
3
Blieson 7, .
(i1) 2 1
al|-|-1|#10
2)3
2—-a+6#10
a+-2
The range of values is a e R,a # 2.
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(iif)

Let the foot of perpendicular be F.
The line through AF has vector equation

2 1
Lyr=|9|+A|-1], AeR.
2 3
(2 1
Since F'lieson /., OF =| 9 |+ 1| —1| for some fixed A € R
2 3
(1
Since F'lieson 7, OF-| —-1|=10
3
2 1 1
9|+A|-1]|-|-1|=10
2 3 3
2-9+6+114=10
A=1
(2 1 3
OF =9 |+1| -1 |=|8
2 3 5

The coordinates of F are (3,8,5).

Let the point of reflection of 4 about 7, be 4’

I ¢ 2 4
OA4'=20F -04=|16 [—| 9 |=|7
10 2 8

4) (1 3
BA'=0A4'-0OB=|7|-|0|=|7

8) \3 5
Line of reflection, /,,., has vector equation

1 3
Lpp:r=0]+ul7|, uekR
3 5
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(iv)

Acute angle between 7, and 7, is

=cos” 31.5° (1d.p.)

cos

4
-

(98]
—_—O = = O =

V)

1

The desired planes have equation r-| 0 |= D, where D is the constant to be determined.

1

Distance between the planes is given by
‘2 _i‘ s
V2 V2l 2
D 4 5

2

D=

=+

N

5 S

4

D=9 or D=-1
The possible equations are x+z=9 or x+z=-1.

Alternative Solution
Let a point D on the desired plane have coordinates (x, V, z) .

Then

|x—1+z—3|:5
X+z—-4=45

X+z=4%5
The possible equations are x+z=9 or x+z=-1.

47



10.

2021 MYE SAJC/P1/Q1

A factory manufactures machine components by using laser beams to cut through metal
sheets which are placed in fixed positions. Laser beams travel in straight lines and the
widths of the beams can be neglected.

The source of the laser is from a fixed point X with coordinates (1, 2, 3). The initial ray of

2
the laser beam is sent in the direction | 1 |. This laser beam makes an initial cut at point 4
1

on a metal sheet that is part of the plane 4x+y+z=39.

(i)  Find the coordinates of 4. [3]
(i) B is a point on the metal sheet such that XB is perpendicular to the plane. Starting
with its initial cut at A4, the laser beam from X now changes its direction such that the
laser beam cuts out a circle with center B on the metal sheet. Find the exact area of
this circle. [3]

The metal sheet has been replaced with a new one that is put in the same fixed position as
the previous one. The factory worker operating the machine intends to programme the laser
beam such that there will be a straight line cut, / on the metal sheet given by the equation
x—-8= y=>_z72 .
-2 -2
(iii)) Show that / lies on plane. [2]
(iv) To begin the cutting process, the laser beam has to make an initial point cut on the
metal sheet that can lie on any point along the line /. Let C be the initial point cut on
the metal sheet. Find the coordinates of C such that the length of laser beam XC is
minimised. (4]
(v) It is required that a triangle be cut out from the metal sheet. The cutting process
started from point C along line / towards the point D with coordinates (9, 3, 0). The
worker then decides that the points D, C and B will be the vertices of the triangle,
where B is the point on the metal sheet such that XB is perpendicular to the metal
sheet. Find the exact area of the triangle cut out. [2]

(1)

1 2 1+24
Equation of beam: r=| 2 |+ A| 1 |=| 24+ 4 |,AeR
3 1 3+4

Since laser beam intersects plane,
1+24) (4

2+ A4 |-]1 (=39

3+4 ) \1
44+81+24+A+3+1=39
104 =30

A=3
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7
0O4=|5
6

Coordinates of A = (7, 5, 6)

(ii)

4
X’Ezyl
1
4 41 (1
5§=u1 +0X = uo|+ 2=
1 7, 3
4
OB-|1 |=39
1
1+4u) (4
2+u |11 (=39
3+u 1
4+16p+2+u+3+ =39
18 =30
5
“=3
23
0B=1 11
3
14
23 7 1
aB=Ll11|-|5]=2 2
4] l6) 2|22

1

1+4u
24+ u
3+u

Radius of circle = ‘@‘ = % 21=2

(iii)

-2
Area of circle = 7r* = 47 units®
8 1
x—8=y—_5=2_2:>r= 50+4| -2
-2 -2
2 -2
8 1 4
Sub into equation of plane: || 5 |+ A4, | =2 [|-|] |=32+5+2+4,(4-2-2)=39
2 -2 1

(shown)
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(iv)

For minimum ‘XC

, XC must be perpendicular to /.

1
XC-|-2|=0
-2
1
OC=|5+1|-2
2 -2
8+ 4, 1 T+ 4
XC=|5-24 |-|2|=|3-24
2-24) \3) (-1-24

)

T+ 4 1
3-24 |-]-2]=0
-1-22,) (2
T+A4—-6+44+2+44, =0
94, +3=0
1
A= 3
23
oc =117
3
8
Coordinates of C= 2, 1—7, §
3°3°3
Area of triangle ABC
- LBcxcD
2
0 1 -8
2 3 3 3
-2 -2 -2
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