CATHOLIC JUNIOR COLLEGE
, H2 MATHEMATICS

2022 JC1 PROMOTIONAL EXAMINATION SOLUTION

Q1 Solution
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y=-2x"—8x—3

v
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(ii)

Method @: Hence (Graphical Method)

v=—2x+3) Ay y=2x+3
e
: : > X
e3 -5
‘ -3
y=-2x"—8x—3
For exact points of intersection, let
2X+3=-2x"-8x-3 —(2x+3)=-2x*-8x-3
2x° +10x+6=0 ~2x-3=-2x*-8x-3
X* +5x+3=0 2x* +6x=0
_5+.[5%— X(x+3)=0
. J5-4()(3) (x+3)
2(1) x=0 or x=-3
5+413 5-413 5 x=-3 .
= +2\/> or x= 2\/7 (reject x=0, since from graph,
_ —5+‘/173(reject M o)
2 2
since from graph, x> -1.5)

Therefore, for [2x+3|>-2x* —8x -3,

—5+\/1_3

2

X > or X< -3

Method @: Otherwise (Definition of Modulus)

|2x+3>-2x* -8x -3
= 2x+3>-2x" -8x~-3 (for x>-15) OR 2x+3<—(-2x*-8x-3)(for x<-15)

= 2X+3+2x* +8x+3>0 2x+3<2x*+8x+3
= 2x*+10x+6>0 0<2x*+8x+3-2x-3
= x*+5x+3>0 0 < 2x* +6X
0 < x*+3x
0<x(x+3)
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Let x> +5x+3=0,

X_—5i4/52—4(1)(3)
20
—5+413 X_—5—\/1_3
S X

Critical Points: x = >

Test Point Method:
+ - +

© © > X
513 5+413
2 2
X < 5413 (rejected) or x> = +2\/173
+ . - + g
O 14 » X
-3 0

s.x<=3or x>0 (rejected)

Let x(x+3)=0,

Critical Points: x=0,x=-3
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Q2 Solution

(i) Let a and d be the first term and common difference of the arithmetic series

respectively.
Let b and r be the first term and common ratio of the geometric series
respectively.

A.P. G.P.
T,=a+d u
T5:a+4d u. =br
T,=a+9d u

Method ©:
a+9d a+4d
a+4d a+d

(a+9d)(a+d)=(a+4d)2
a’+10ad +9d* =a*+8ad +16d*
2ad -7d*=0
d(2a-7d)=0
d=0 or a=3.5d
(rejected - d #0)

. 3.5d +4d
"~ 35d+d

r=—
3

Method @:
br-b=a+4d-(a+d)
b(r-1)=3d (1)

br?—br=a+9d —(a+4d)
br(r-1)=5d --—--- 2

. br(r-1)

; _d (since I #1)
@ b(r-1)

r=—
3

Page 4 of 23




Method ®:
br-b=a+4d-(a+d)
br —b =3d

br?—br=a+9d—(a+4d)
br? —br =5d ------ )

Substitute (1) into (2):
br>—br = g(br —b)

3r>-3r=5r-5 (since b = 0)
3r’-8r+5=0
(3r-5)(r-1)=0

r=1 or r=§
3

(rejected -1 =1)

7
3.5
Using b=a+d=7+2=9

(i) Using a=35d =>d=—=2

br"*—[a+(n-1)d ] >1000
9r"*—[7+(n-1)(2)]=1000

9 > ”’1_ 7+2(n-1)(>1000
(3] ~[r+an-0)]

5 n-1
9[—) -2n-5>1000
3
5 n-1
n 9(—} -2n-5
3
10 868.06 <1000
11 1461.4 > 1000
12 2451.7 > 1000
Leastn=11
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Q3 Solution

(1) Method @:

Since C has a vertical asymptote x =2,
2b-2=0
b=1

Method @:
To find equation of vertical asymptote, equate the denominator to 0,

bx—2:0:>x=g

g:2::>b:1
b

ax+1

Substituting (3,13) into y = >
X_

3a+1
3-2
13=3a+1
a=4

13=

(i) By long division
4x+1 9

y= =4+
X—2 X—2

[replace x with x — 2]
translate 2 units in the positive x-direction

1
Y 2
. [replace y with %]
scale parallel to y-axis by a scale factor of 9
y 1
9 x-2
9
Y 32
. [replace y withy —4]
translate 4 units in the positive y-direction
9
y—4=—"_
X —
y_4+;j5
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Method @:
1

y==
X

[replace x with x —2]
translate 2 units in the positive x-direction

y= 1
X—2
. 4
[replace y withy ——]
l 9
translate g units in the positive y-direction
yod, L
9 x-2
! [replace y with %]
scale parallel to y-axis by a scale factor of 9
y_ 4, 1
9 9 x-2
9
=44+ —
y X—2
Method ®:
1
y=—-
X
X
! [replace x with 5]
scale parallel to x-axis by a scale factor of 9
1
' x
9
9
y —_—

[replace x with x—2]
translate 2 units in the positive x-direction

9

V2

[replace y with 'y —4]
translate 4 units in the positive y-direction
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Q4 Solution

0 u =6: %p+q+r:6 ----- 1)

15 1 15
== —p+3g+r=—— (3
357 aq P 1 3

Solving (1), (2) and (3),
p=16,=-3,r=>5

TR :16(ij—3n +5
4n

(i) Method @:

i{lG(irj—Sr +5}

r=1 4

:1624" —3ir+is
r=1 r=1 r=1

:16[41+41+...+4(”1) +4”J—3[1+2+...+(n—1)+ n}+(5+5+...+5+5}

= )
G.P.:a=47",r=4"",number of terms=n AP.: a=1,d=1,number of terms=n n times

4—1 |:1_ 471 nj| 471 |:1— 471 n:|
#—3xn(l+n)+5n OR lGx#
1-4 2 1-4

_160 4 3
- 3(1 47") 2n(1+n)+5n

~16x —3x2[2(1)+(n—1)(1)]+5n

WhefeA:E,B:—E,C:Z and D:—g.
3 3 2 2

Method @:
i[lG(irj—SHS}

r=1 4

= lGZn: 4" + Zn:(—3r +5)

:16[41 v 424 4 +4”J+[2+(l)+...+[3(nl)+5]+(3n+5)

G.P.:a=4"1,r=4"1 number of terms=n

4 [1— (4*1)"}

AP.: a=2,d=-3,number of terms=n

47 [1—(4*1)”} .

~16x +g[2+(—3n+5)] OR 16x————+2[2(2)+(n-1)(-3)]

whereA=20 8= 20 c_Tangp=-2.
3 3'7 2 2
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Q5 Solution

1
(@) i( In )_X(2+3X)_3(Inx)_2+3x—3x|nx
dx( 2+3x (2+3x)’ x(2+3x)°
d, . _ 3x°+2
(”) d—(SIn 1(X3+2X))= - -
X 1-(x° +2x)
(b) Differentiating 2xy —y* = (1+y)” implicitly with respect to x,

dy . dy dyj
2y +2x—2-2y—2=2(1 hed
T dx ydx ( er)(dx

dy dy dy
2+2y)| == |+2y—-2x—=2
( " y)(dx}r ydx de y

dy__ 2y Y
dx 4y-2x+2 2y—-x+1

Where tangent is parallel to the x-axis,
dy_ 0=y=0
dx
When y =0,
LH.S.=2x(0)-(0)" =0

RH.S.=(1+0)" =1
Hence there are no points on the curve where the tangent is parallel to the x-axis.
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Q6 Solution

[ F N
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Q7 Solution

() | (x-2)+4(y+2)" =16
2 2

(x-2) +4(y+2) 1

16 16

~2)° 2)°
(X42) +(y;) 1
Graph is an ellipse, centre at (2,—2)
Axial Intercepts:
x-intercept: (2,0)
y-intercept: (0,—0.268) and (0,-3.73)
Turning Points:
Turning points: (2,0)and (2,-4)
Vertices:
4 vertices: (-2,-2) , (2,0),(6,-2)and (2,-4)

AY
(x=2) +4(y+2) =16
(2,0)
-
() | x*-2x+6
T x+1

=(x—3)+ xi+1 (By long division or other algebraic techniques)
Asymptotes:

Vertical asymptote: x = —1

Oblique asymptote: y =(x-3)

Axial Intercepts:

y-intercept: (0,6)

Turning Points:

Max point: (—4,-10)

Min point: (2,2)
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10 15

(iii)

2 2
(-2 vame[ 28 o] 1
X+

X —2x+6
- = s

Graphically, (x—2)" +4m?
raphically, (x )+m( 1

2
2} =16 represents the intersecting

points between the 2 graphs
2) +4m’ (y + 2)° =16 d K= 2x+6
- = an =
(x-2) +4m (y+2) —
(x—2)2+4m2(y+2)2:16
(x—2)2 mz(y+2)2
O
2 2
(x-2) +(y+2) 1

)

: 2 : : -
Since m>o0, when 524 , the ellipse will touch the curve at the minimum

1

x> —2X+6

intof Y=
point of Y 1

i.e. when m =7 there is one point of intersection i.e. one solution).

i . . . . 2 . 1
Hence, for no solution (i.e. no points of intersection), o <4, iem >E .
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Q8 Solution

@ [ 1 _1
rt (r+1)!
:r+1—1
(i)
N
(i) As N - o, L AO,ZL—A
(N+1)! = (r+1)!
Therefore the series is convergent.
S r
=1
,Z_;‘(r+1)!
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(iv) rz r+2

Page 14 of 23




Q9 Solution

(i)

Method @:
Let & be the angle between a and b.
Since b and b—a are perpendicular,

Since b is a unit vector, a-b=1
laj|bcos & =1

la|coso =1

la|= 1 seco
cosé

Method @:

cosd = @
OA

Bl

a|

1 . , :
=—  since b is a unit vector
& N

la|= . secd (shown)
cosé

(i)

By Ratio Theorem,

AP MNlw
O

1<)
+

Hlw
oy

o N~
o

| =
l=3

3]
jox
+

o
o

_I_
Mlw MW
O

o

b| since a-b=b-b A\

T=20r N N
N

=1
|c-b] is the length of projection of ¢ on b.
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(i)

Method ®:

loxg|
|a><b| B

, Wherebxb=0

, where |bxa|=|axb|

Method @:

1
loxgl 2

|§Xb| _;|§><b|

|b><g|

_area of AOBC
area of AOAB
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Q10 Solution

(a) y
A :
(0.2) y=1"(x)
y =1 |
> X
\20
= |
: y="f(x)
x=1
(b)(i) | For gh toexist, R, =D, .
R, :(—oo, oo)
D, :(1’00)
since R, £D,, gh does not exist.
(ii) ( 1 j ( 1 j 2
hg(x)=h =1-2 =1-
9(x) 1-x? 1-x? 1-x°
(iii) | Method @: Composite Function
Dy, =Dy =(1' Oo)
y
A !
i y =hg(x)
i x=1
Rig :(1’ o)
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Method @: Mapping Method

y
A :
! y =g(x)
i x=1
y
A
\ y =h(x)
1
Y%
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(iv) | Hence
Let (hg )" (4)=a
4=hg(a)

4-1-—2

Otherwise
Let y=1-
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Q11 Solution

() 2 1
lg:ir={2|+4]-1[,1€eR
3 2
2 1
Since B lieson |5, 0B =| 2 |+4| -1|,forsome 1 e R
3 2
2+ A 1
2-1 |-|-1|=-6
3+21 2
Since B lieson p,, 2+A-2+A+6+41=-6
A==-2
2 1 0
OB=|2|-2|-1|=| 4
3 2 -1
Therefore, coordinates of B is (0,4,-1).
Shortest distance
=|AB
0 2
= 4 |-12
-1) {3
)
= 2
4
=+/24 units
(i) | Let the angle between the direction vector of path BC and the normal of p,

be «.

(1

1] -1

o4 1)1 2

o =CO0S \/g\/g
:cos‘li
V36
=61.8744943°

Angle that the path BC makes with p, = 90°— 61.8744943°

= 28.1255057°
~28.1° (to1d.p.)
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(i)

-1 1
1
oC = +u| 1], for some ueR
-1 1
1
ﬁz,u 1
1
Y7 1
-1
u)\ 2
N
244 =12
H=6 or u=-6
0 1 6
When 4=6,0C=| 4 |+6/1|=|10|.
-1 1 5
0 1 —6
When 4=-6, 0C=| 4 |-6|1|=|-2|.
-1 1 —7

(Reject since coordinates are negative)
. coordinates of C is (6,10,5).

(iv)

Method @:
6
BC=|6
6
18 6 12

CD=|22|-]10|=|12|=2BC
17 5 12

Since CD = 2BC, B, C and D are collinear. Hence, the destroyer do not
need to change its path to reach the final target.

Method @:
Assume D lies on line BC.
18 0 1
22 |=| 4 |+ull
17 -1 1
L =18 is consistent for all three equations.

Hence D lies on line BC, and the destroyer do not need to change its path to
reach the final target.
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Q12 Solution

(@)(i) | By similar triangles,

20x

=20—-——

y R
ZOXj 20m , 20m ,
=—X'—=—X

R 3 3R

% :lnxzy:EnXZ[ZO—
3 3

(i) | dv _40m_ 20m o

dx 3 R
At stationary point, (Z_V =0
X
40n ~ 20m ,

—X——Xx"=0
3 R

x =0 (reject)  or X= % R
X 2R ZR 2R
3 3
dv + 0 _
dx
shape — — T

Hence V is maximum when x = g R

OR
dV _40n 40m
dx* 3 R

40n 40m( 2R 2
=—————|—| when x==R
3 R {3 3

401 80

3 3
:—40—n<0
3

Hence V is maximum when x = % R
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.. largest possible volume

2 3
R ENEECEN
3 \3 3R\ 3

_ 807R* 1607R’
27 81
_ 80nR?

unit® or 3.10R?

(0){1) Since tan30°=~ = r:L
h 3
. . h h
OR Since tan60°=— = r=—
r J3
h h

OR By sine rule,

= = r=
sin30° sin60° J3

OR By Pythagoras Theorem, Jr2+h?=2r = r= %

(ii) | Let E be the volume the charged energy occupies

2
E=1nr2h=1n 1 h=£71:h3
3 3 ({3 9

de 1

dE_dE_dn
dt dh dt
dh

1
8=2n(5)"x—
3™

@ =0.306 unit/s or 24 unit/s
dt o
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