RAFFLES INSTITUTION
H2 Mathematics 9758
2023 Year 6 Term 3 Revision 8 (Summary and Tutorial)

Topic: Applications of Differentiation

Summary for Applications of Differentiation

1 Strictly Increasing/Strictly Decreasing & Concavity

IF Then f is

f'(x) >0 | Strictly increasing
f'(x) <0 | Strictly decreasing over the interval (a,b)
f"(x)>0 | Concave up
f"(x)<0 | Concave down

To show “<0” or “>07, we can complete the square of the expression if it is quadratic
otherwise we can try to “build up the expression” from the given interval.

For example to show f’(x)=2—l>0 for x> 1 ‘
X 2 Ifx>5,then 2x >1which

2x—1 / implies that 2x—-1>0

We can rewrite the expression: f'(x)
X

[ Therefore if the numerator
1 is “> 07 and the
If x > —, then the . . o
2 denominator is also “> 07,
denominator must be “> 0" we can conclude that for

x>%, f'(x)>0

So the strategy here is to try to examine the signs the numerator and denominator from

. . 1
the given condition of x > 3

2 Methods for determining the nature of a stationary point

Method 1: Second Derivative Test

IF Then (k, £(k)) is
f"(x)>0 at x =k a minimum turning point
f"(x)<0 a maximum turning point

Note that if f"(x) =0 then there is no conclusion about the nature of the stationary point.
The first derivative test must then be used.



Method 2: First Derivative Test

To determine the nature of the stationary point at (k, f (k)) , we need to check the signs of
f'(x) for x=k" and x=k".

Important note: you need to fully factorise f'(x) where possible BEFORE discussing the
signs of f'(x).

Example: f(x)=2x"—5x". Itis not sufficient to just differentiate and get

f'(x) =10x* —15x>. You need to factorise further to get f'(x) =10x" {x - EJ()H \/gj ,

BEFORE discussing stationary points at (0,0), ( \/g, —3@} and (_€’3\/§J making

reference to the table below.

X k™ k k* k™ k k* k™ k k*
+ve 0 +ve
f'(x) +ve 0 -ve | —ve 0 +ve or
—ve 0 —ve
Nature of Stationa
Stationary Maximum Minimum . onaty.
Point point of inflexion

3 TANGENTS AND NORMALS

To find the equations of the tangent or normal at a point (k, f (k)) on a curve, we need:

Equation of a (straight) line y — f(k)=m (x — k) with gradient m passing through (k, f (k)) .

e Obtain m by finding f'(k) which will the gradient of the tangent at (k, f (k)).

e If the question needs equation of the normal at (k, f (k)) , gradient of the normal at

. 1
(k, f(k)) 1S —%.

When gradient at a point on a curve f(x)is parallel to the

x-axis | f'(x)=0 (Usually mean that the numerator of f'(x) =0)

y-axis | f'(x)is undefined. | (Usually mean that the denominator of f'(x)=0)




4

MAXIMIZATION AND MINIMIZATION

Some guidelines to solve problems involving maximization and minimization :
Denote each changing quantity by a variable.

Write down a formula for the quantity to be maximized or minimized.

Express the quantity to be maximized or minimized in terms of 1 variable only.
Differentiate and equate derivative to zero for stationary values.

Justify if quantity is a maximum or minimum (using 2"¢ or 1% derivative test).
Answer the question.

Some strategies
1. Identify any right angle triangle by drawing a diagram. Use Pythagoras theorem to
relate the two variables.
2. Identify similar triangles to relate the two variables.
3. Read questions carefully to identify the constant(s) used in the questions. That will
reduce confusion on what variable to differentiate with respect to.

CONNECTED RATES OF CHANGE

Some guidelines to solve questions involving rate of change:

Denote each changing quantity by a variable.

Find the equations relating the variables.

Use the chain rule to link up the derivatives.

Write down the values of the variables and the given rates of change.
Solve for the unknown rate.

Some strategies
1. Write down the rate of change that is given in the question. Use the units to guide you.
For example m’s™ is the rate of change of volume per unit second.
2. Write down the rate of change required by the question and use the chain rule to link
up the derivative.

For example to find il_lt/ and you are given (;—V and % Then using chain rule, we

»
dv _dV dr

can get — =—x—.
de dr dt



MACLAURIN SERIES
Reminder: the formulas are found in MF26.

If f (x) can be expanded as a power series for a given range of x including zero, then

" 3) (n)
f(x) = f(0) + f'(O)x+f2(?) Xt + f 3('0) x4+ f—('o)x”+ ... [in MF26]

Binomial Series

(A+x)" =1+nx+

n(n'—l) JES n(n —1)...('n—r+1) .
r!

The binomial expansion is valid for |x| <1l,ie -1<x<l1. [in MF26]

Note that we need to have “1” before applying the formula, so if we need to expand
1

(3+x)?, we can do the following depending on what is required.

e For ascending powers of x, we rewrite

1

L x )2
(3+x)? =32 (1 +—j
3
before applying the binomial expansion.

X

In this case, the expansion is valid for |—{ <1 (i.e. small x)

e For descending powers of x, we rewrite

1

1 1ol 3y,
B+x)? =(x+3)* =x? (1+—j
X
before applying the binomial expansion.

In this case, the expansion is valid for |—| <1 (i.e. large x)




Small angle approximations

For all small angles, positive or negative, we have

(1) sinx=x
2
X
2) cosx~1——
(2) 5

(3) tanx = x, where x is measured in radians.

Note that

e If angle x is small, addition or subtraction to angle x may not remain small. i.e
sin (x + a) # xta. We need to use addition formula to simplify the expression before

applying the small angle approximations.

) ( ﬂj ) T ) 1 X\ 1
o Forexample: sin| x+— |=sinxcos—+cosxsin— = x| —= |+| l-— || =
4 4 4 2 2 2

e [fx is small, multiple of x is still small.
(2x)

3

o For example: cos(2x)~1-



Revision Tutorial Questions

Source of Question: VJC/Promo/2018/01/Q13

. . 4
1 [It is given that a sphere of radius r has surface area 477> and volume —77°. ]

————

-
-

A touchscreen pen is made up of three parts.

. The head is modelled by the curved surface of a hemisphere of radius » mm.

o The body is modelled by the curved surface of a cylinder of radius » mm and length s
mm.

. The base is modelled by a circular disc of radius » mm.

The three parts are joined together as shown in the diagram. The model is made of material
of negligible thickness.

(i) Itis given that the volume of the model is a fixed value X mm’, and the external surface

area i1s a minimum. Use differentiation to find the values of » and s in terms of k%,
simplifying your answers. [7]

(i) It is given instead that the volume of the model is 1270 mm’ and its external surface
area is 1290 mm’. Show that there is only one possible value of r and

find this value. 5]
Solution:
16) Volume, k=7rr2S+g7Zr3 —g= k2 2
[7] 3 r 3

External surface area is given by
A=2xrs +nr’ +27ar’

r
_2k 50
r 3
Let %zo, Qm—%ﬂ
r 3 r
:?mﬂ} =2k




2
3k (57 )3 3k
S=—)| — = 3[—
Sx\ 3k S

(ii)
(5]

Method 1
k=1270, A=1290
1290 = 27zrs + 3717 — (D
1270 = zr’s + %mﬁ — (2
_ 2
From (1), s = 1290 =371~
27r

_ 2
Substitute into (2), 1270 = zr’ [MJ 20

2xr
= %ﬂ}’} —645r +1270=0

Using GC, r = 2.0015, 14.599 or -16.601
Since >0, r =-16.6 is rejected

If r=2.0015,
2(2.0015
P ( ) 99573
7(2.0015) 3

If r=14.599, s=-7.8364
Hence r=14.599 is rejected since s cannot be negative.

So the only value of »is 2.00.

Method 2 (similar to Method 1 actually)
Given: k=1270, A=1290

From (i), 4 :%+§7z'r2
r 3

2(1270) +§7zr2
r 3

1290 =

:%mﬂ3 —12907 +2540=0
Using GC, » = 2.0015, 14.599 or -16.601

Since »>0, r =—16.6 is rejected

If r=2.0015,

. k _2(2.0015) 99,573

- 7(2.0015) 3




If r=14.599, s=-7.8364
Hence r=14.599 is rejected since s cannot be negative.

So the only value of »is 2.00.

Source of Question: HCI/Promo/2018/01/Q2

2 [It is given that the arc length of a circle is #@, where r is the radius of the circle and € is
the angle in radians subtended by the arc and the centre of the circle.]

The points 4 (0, 0.8) and B (0.8, 0) lie on the circumference of a circle with centre at the
origin O and radius 0.8 units. Point P moves from 4, along the arc 4B in the clockwise

direction. Point Q(x,a) moves in the positive x-direction along the line y = a , where a is

a constant such thata > 0.8 . At time ¢ seconds, points P and Q move at a rate such that O, P
and Q are always on a line making an angle of @ radians with the positive y-axis, where

0<f< f.
2
A
O, a)
a >
A(0, 0.8) P
o
0 B(0.8, 0) >x

. : . d .
(i) Show that point P is moving along the arc at a rate of 0.8d—f units per second.  [1]

. . dx . .
(ii) Express tan @ in terms of x and a. Given that m =0.6 units per second, find in terms

of a and x, the rate at which the point P is moving along the arc. [4]

Solution:
2(i) | Arc Length= S =r0
[1]

Speed at which Q is moving = % = r% =0. %

(since 7 is a constant)




(i)
[4] P y A

dt a dt g X
dé _ 0.6cos” @

dr a
From (i),

2

d_S=0.8{0.6cos 9}

dt a
Since

tan @ = X

a

2
X
2
a

sec’f@=1+tan* =1+

d—S=O.8 —0'6
dr ( xzj
a 1+72
a
d_S_ 0.48a 12a

dt a+x° 25(a2+x2)

Source of Question: CJC/Promo/2018/01/Q7

3 A curve C has equation ke +2xy—3y* =5 where k is a non-zero constant.

(@)
(i)

(iii)

Solution:

hx +

o [2]
y—X

Find the range of values of £ such that tangents to the curve C are parallel to the x

—axis. [4]

For the case where k=13, a point P (x, y) moves along the curve C in such a way

Show that d_y =
dx

that its x —coordinate is increasing at a constant rate of 5 units per second. Find the
rate of change of its y —coordinate at the instant when x =1 and y=2. [2]



3(3)
[2]

ke® +2xy-3y° =5

dx
dy  2kx+2y
dr 6y—2x
_hkx+y
_3y—x

2kx+(2x%+2y}—6yd—y=0

(shown)

(i)
[4]

For tangents parallel to x-axis, % =0

kx+y=0
y=—kx

Substitute y =—kx into C,
Jo? +2x (~kx) = 3(~kx)’ =5
X (—k-3k")=5

P

k+3k*

Since k is a non-zero constant,

k+3k*<0

k(1+3k)<0 o= *
(1+34)< 4 0

—l<k<0
3

(iii)
2]

k=13, x=1andy=2, %=5
dt

dv _13(1)+(2) _

a 3(2)-(1)

d_dy &

=15 units per second.
dt dx dt




Source of Question: EJC/Promo/2018/01/Q6

4 A curve D has parametric equations x=af—asinf, y=a-acosf, where a > 0 and

0<O0<r.

(i) Show that % = cotg. [3]

(ii) Find the exact equation of the normal to the curve at the point for which & =% . [4]

Solution:
4(i)
[3]

E=a—acos9 and d—y=asin9
de de

dy_dy  dv
dr do do
asin@

" a—acos@
_ sind
1—cosé@

.0 0
2sin—cos—
=—2 2 (double angle formula)
2sin’ 5

= cotg (shown)

(i)
[4]

When 6=

b

x:a(z)—asin(zj: f_ﬁ a and
3 3 3 2
—a—acos[z)—la
d 3)72
V.4 1

Gradient of normal = —tang =—tan—=———
2 6 3

Wy

Equation of normal:

11 7 B3
y—Ea——E X— ga—Ta

RS N SRR
N Y - IR T
1 ar

:——x+_
ENCRREN




Source of Question: MJC/Promo/2018/01/Q4

5

given by s =

®
(i)

(iii)

(iv)

[It is given that velocity is the rate of change of displacement.]

A particle travels in a straight line so that its displacement, s cm, from a fixed point A4 is

17,
2

1S a maximum.

t 20, labelling the axial intercepts and the turning point.

Solution:

53)
2]

s=Up Ly
2 4
ds

V=—
dt
=17t—§t2
4
When v =0,

17t—§t2 =0
4

t(17—§tj=0
4

1 . .
—Zt3 , where ¢ is the time in seconds after the start of travel.

Find the exact values of ¢ at which the velocity of the particle is zero.

Use differentiation to find the exact maximum velocity of the particle, proving that it
Sketch the velocity-time graph of the particle over the time interval of  seconds, where

Point B is at a displacement of 252 cm from the fixed point 4. Find the time taken for
the particle to first reach point B.

68

St=0 or t=—
3

Note: Accept solution using GC

(ii)
[4]

dv

3

—=—Z1417

dr

2
dv

When — =0,
d

t

—§t+17=0
2




34 . . :
St= 3 gives a maximum velocity.

BB

d_V +ve 0 -ve
a / — \
When ¢ = ﬁ,
3
2
v:_i[ﬁj +17(ﬁj
4\ 3 3
289
3

.. Maximum velocity = % cm/s

(iii)
V A
2l (3.2)
373
(0,0) ) t
3

(iv) | When s =252,

1, 17

2]

—— +—1" =252
4 2

lﬁ —1—7t2 +252=0
4 2

Using GC,
t=-5.08 (rej. -t>0) or t=6 or ¢t=33.1

Time taken to first reach point B is 6 seconds.




Source of Question: NJC/Promo/2018/01/Q12

6 (a) The diagram below (not drawn to scale) shows a cross-section of an empty swimming
pool measuring 50 m long, 20 m wide and 2 m deep.

Suppose water is being pumped into the pool at a rate of 100 m* per min. How fast is
the water level in the pool rising when the depth of water is 1.6 m? [4]

(b) Figure A shows a dining table that consists of 3 parts:

e acylindrical table top of radius  m,

e acylindrical base of height 201\/; m, that is similar to the table top,

e and a cylindrical body of a fixed radius 0.3 m and height 1 m, attached to the
table top and the base.

Figure B shows a side view of the table which is symmetrical about a vertical axis.

;

-

Figure A Fighre B

The ratio of the volume of the table top to that of the base is to be kept at 8:7°.

The curved surface of a cylinder is known as the lateral surface. Show that the total
area S, in m?, of the lateral surfaces of the three cylinders that form the table is given

by
( 1 LT r\/_ K]
5Vr
where the constant K is to be determined. [4]

Use differentiation to find the exact value of » that minimises S. [3]



Solution:

6(a)
[4]

...........................................................................

45 m

A

Let V be the volume of water in the pool when the depth of water is x m.

By similar triangles,

a x 5
—=—=g==x.
5 2 2

V= %(45 +45 +§xj(x)(20) =900x +25x>

dr_dx dV
de dV dr
1

=X
900x + 50x*
10
90+ 5x

100

When x = 1.6,

dx 10 5
—=—————=— m/min
dt 90+5(1.6) 49

(b)
[7]

Let x m be the radius of the base and # m be the height of the table top.

Since the table top and base are similar, both ratio of the radii and ratio of the heights

J8 _2 .
are equal to 3— =—, i.e.
r r

r_h 2
—=——==
200%
2
Thus,x=r—andh: 105x2: 115
2 200 r 101

Lateral surface area of the table top

1
=] ——
nr(lorlﬁj




Lateral surface area of the base

1 1
SgEs
(2 g 2077

1.5
r

20

Lateral surface area of the body
~21(03)(1)
=0.6m

1.
N

= 5,05 +

:7{ 1~

+0.6m

—+

sJr 20

—0.577" 1.50%° 1 3703
=7 + =T _TJ{__
5 20 10~ 40

=0

+ 0,6} (Shown)

ds
dr
a8
dr

1 B 3r0.5

= =
10/ 40
=302 =40

4 2
=>r=,—=—F7—

3 3

d’s 1.5772°
=n
dr? 10

-0.5
L O forall > 0.
40

26)

Thus, S is minimum when » = 2 (or —
3 3




Source of Question: SAJC/Promo/2018/01/Q3

7 For the curve with equation 40x* —36xy+9)* —25=0,
dy _2(9y-20x)
9 ( y— 2x) ’
(i) find the coordinates of the point(s) at which the tangent is parallel to the
y-axis.

(i) show that

Solution:

7() | 40x* —36xy+9y* —25=0
[3] | Differentiating with respect to x,

80x—36xd—y—36y+18yd—y=0
dx dx

40x—18xd—y—18y+9yd—y:0
dx dx

(9y—18x)%=18y—40x

dy _ 2(9y—20x)
dr  9(y-2x)

(i)
3]

d
At the point where tangent is parallel to y-axis, ay is undefined. i.e. y—2x=0

Substitute y =2x into the equation of the curve:
40x* —36x(2x)+9(2x)’ —25=0
40x* —72x* +36x* —25=0

» 25

5
X'=— = x=x—,y=15
4 2 4

Coordinates of the points are (%,5) and (—%, —5) .




Source of Question: MI/Promo/2018/01/Q5(a)
8 Given a function f (x) =x%" , forxeR.
(i) By differentiation, find the range of values of x for which the function is
increasing. [4]
(ii) Hence find the equation of the tangent to the curve, f (x) =x%" forxeR, at the

point where x =1, giving your answer in terms of e. [2]

Solution:
8(i) f(x) = x%" , forxeR,
(4]

f'(x)=x" (2xex2 ) +2xe"

=2xe” (x2 +1)
Since x> +1>0 and e* >0, forall x e R,
Therefore when x>0, we have f'(x)>0
f'(x)> 0= fis increasing when x>0.
(i) | When x=1, f'(1)=2(1)e(2)=4e, f(1)=¢
[2] | Equation of tangent at x =1
y—e= 4e(x - 1)
Soy=4ex—3e




Source of Question: ACJC/Promo/2018/01/Q8
9 (i) Given that y =e"""** show that

()=, [1]
By further differentiation of this expression, find the series expansion for y, up to and
including the term in x°, giving all coefficients in exact form. [3]
(ii) Find the series expansion for J1+2x , up to and including the term in x°. [1]
By using the Maclaurin expansion for e* found in the List of Formulae (MF26) and
the expansion forv/1+2x , verify your answer in (i). [2]
Solution:
9M) | y=e* = Imy=+l+2x
[4] differentiating w.r.t. x,
1y 1

ydx  J1+2x
1

- In y
dy
Hence (In y)a =y (shown).

Differentiating w.r.t. x,

2 2 2
1d Q+(1ny)d_32’=Q N l(ﬂ) +(1ny)d_fzﬂ'
ydx )dx dx dx y\dx dx dx
Differentiating w.r.t. x,

2 2 2 3 2
1 dy|(d 1(,dvd 1dy\d d d
e LI L b et
- dx J\dx vy dxdx ydx )dx dx”  dx
2 3
When x:O,y=e,d—y=e,d—)2/:0,andd—y
dx dx
Hence by Maclaurin expansion,

€ 3 € 3
yze+ex+§x =e+ex+—Xx.

() | 5 2x =(1+2x)

[3] 1 1 1 1 3
1 (3)(=2) 5 BEDED)
_1+5(2x)+zT(2x) +T(2x) _
~l+x-1xP+1x,
Hence




Tx—dx? 4157 )
~ ( 2 2

124 1,3
x2x+2x)

=e-e(
2 3

142,13 1,213
(x 5X +2x) +(x 3X +2x)

2! 3!

~e 1+<x—%x2 +%x3)+

2 3 2 3
ze[l+x—%x +IX +1x—ox

_1,3.,.1,3
. 4x+6x]

= e(1+x+%x3) = e+ex+%x3 (verified).

Source of Question: VJC/Promo/2018/01/Q5

10

It is given that y =—sec2x.

2
(i) Show that &'y =—4 when x=0. [3]
dx

2
(ii) Find the first two non-zero terms in the Maclaurin series for y. [2]

It is given further that the first two non-zero terms in the series expansion of y are equal to
1
the first two non-zero terms in the series expansion of (a+bx*)*> where a and b are

constants. Find the values of @ and b. [3]

Solution:

10(i)
[3]

d_y =-2sec2xtan2x

dzy
2 —2{sec 2x(25€c2 2x) +tan 2x(2sec2x tan 2x)}

2

=—4sec 2x(sec2 2x + tan’ 2x)
When x=0, tan2x =0, sec2x=1

2
.-.jx—f=—4(1+o)=—4

(ii)
2]

AtxZO,y=71, d—y:() and —=-=-4
dx dx

First two non-zero terms in the Maclarin’s series for y is
-4
y= —l+0(x)+2—!x +...

y ==1-2x"+...




iii !
(1if) (a+bx*)3
31 1 !
=a3(1+—=x7)}
a
1 2
:a3(1+bi)+...
3a
Since the first two non-zero terms are equal
a=-1,

2
bi:—2x2,b=—6

La=-1,b=-6

Source of Question: MI/Promo/2018/02/Q6
11 Itis given that f (x) =cos’ x+sinx, where x>0.

(i) Given that x is a sufficiently small angle, show that

f(x)z1+ax+bx2,

for constants @ and b to be determined. [4]

(i) Joel uses the answer to part (i) to give an approximation for J.3 f (x) dx . Explain why
0

the approximation is not very good. [1]

(iii) Suggest a method to improve the approximation in part (ii). [1]

Solution:

11(i)
(4]

f(x)=cos" x+sinx
2 4
z[l—x—] +x
2
2
=1+4[—x—j+x+...
2

~14x—2x°
Therefore, a=1, b=-2.

(i)
1]

The approximation is not very good because this is only valid for small values of x.
X =§ is not small.

OR
The approximation is not very good because the approximation for the integrand f (x)

consists of only a few terms.




(iii) | One can increase the number of terms for the approximation for f (x) to make the

1] integral approximation better for larger values of x.

12 Let f be a continuous and differentiable function.

f(h)—f(=h)

(a)  Explain with the aid of a sketch, why f'(0) = %mg S(h), where S(h) = >

[2]

(b) A  student  proposes to  find £'(0) using  the  function
f(=2h) —8f (=h) + 8f (h) — £ (2h)

T(h) = , where k is a constant.
kh
(i) Assuming that the Maclaurin series of f exists, write down the Maclaurin
series of f(4) and f(24) up to and including the term in /° . [2]
(ii)  Hence or otherwise, determine k such that £'(0) = 111113 T(h). [3]

(©) Let f(x) =sinx. Determine the largest m such that

@) S(h) differs from f'(0) by at most 10~ for |h| <m. [2]
(i)  T(h) differs from £'(0) by at most 10~ for || <m. [2]
(iii) Comment on the values found above in parts (¢)(i) and (¢)(ii). [1]
Solution
3 ty
(2)

ANV,
[

£(h)—f(~h)
2h

From the sketch, represents the gradient of the line joining the two points

(h, f (h)) and (—h, f (—h)) . This gradient approaches the value of the tangent to the curve
at x = 0 when 4 tends to 0.




b
fl)) f(h)=£(0)+Af'(0)+— L f"(O) +— L f"’(O) ) f(4)(0)+ . f(s)(0)+
" 4h " h 4) (5)
£(2h) = £(0)+2ht'(0) + 2h°f (0)+ £"(0)+——f(0)+ T f 0)+
(ii) | Therefore,
T(h) = f(—2h)—-8f(=h)+8f(h)—-f(2h)
kh
’ 2¢pm 4h " (4) h (5)
£(0)—-2ht"(0)+2A7£t"(0) - 3 —1t"(0)+ f 0)— 5 —1t(0)+
" 4h m (4) (5)
1 —8£(0) +8Af'(0) - 4h*f"(0) + — 3 £"(0)— f (O)+ f 0)+...
B E " h " (4) (5)
+8f(0) +8Af'(0) + 4h°£"(0) + 3 —t"(0)+ f (0)+ f 0)+...
’ 2em 4h m h 4 (%)
—£(0)-2Af"(0)-2A7£"(0) - 3 —f"(0)———f"(0)— T f (0)+
1
=—/| 12hf'(0 £9(0)+..
7 0)- 0) ]
:—f (0)- Sk h £O0) +...
Hence for £'(0) = fm(} T(h), we need k=12.
(¢) | f'(0)=1.
() | Solving the inequality
ORGP
2h
sink_ <0
From GC, —0.0774 < h<0.0774 (accept 0.0775)
Thus largest m is 0.0774
(ii) |16smh—251n2h <10
| 12h
From GC, -0.418</<0.418
Thus largest m is 0.418
(iii) | This shows that to approximate the derivative of sin x at 0 to an accuracy of 0.001, the

second method does not require such a small 4 compared to the first method.
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