H1 MATHEMATICS

( CATHOLIC JUNIOR COLLEGE
2022 JC2 PRELIM EXAMINATION SOLUTION

Q1 Solution

kx? +(k —l)x+ k >0 for all real values of x

So, graph has no real roots and is U-shaped
Discriminant < 0

b?—-4ac<0 and k>0
(k-1)"-4(k)(k)<0

—3k? -2k +1<0
3k?+2k-1>0
(3k-1)(k+1)>0

Alternatively,
If 3k?+2k—-1=0,

(2442 ~4B3)D)

2(3)

=-1 or 1
3

-1

Wl

k<-1(rej - k>0) or k>%

Set of values of k is {k eR:k >%}

v

Q2 Solution

Let the polynomial be y = ax® +bx* +cx +d

d—y:3ax2+2bx+c

dx

At (1,-13),
a+b+c+d=-13 - (1)
3a+2b+c=0 ------- (2)

At (-1,7),
—a+b—-c+d=7 - (3)
3a—-2b+c=-12 --- (4)

Solving (1), (2), (3) and (4),
a=2,b=3,c=-12,d=-6




| Hence the polynomial is 2x° +3x* —12x—6 ‘

Q3 Solution
@ | g (e d d 1
0) &In[x+2J dx(ln( )—|n(x+2))=&(2x—|n(x+2)):2—m
Alternative Method (Quotient rule)
d { er J
—In
dx X+2
X+2 [(x+2)2e” —e*
= X 2
e (x+2)
_, L
B X+ 2
(a) n n-1 n-1
(i i(ugj =n(1+3j (-%) =—2—2(1+3j
dx X X X X X
(b) 1 \/_+\/ x+x=2 _\/;+\/x—2

Jx - Jx 2 Ix—Ax=2 x+dx-2 _(\/;)2_( x—2)2_ 2

gt =3 [ X 420K

Jx—/x=2
3 3
2 X—2)2
:% X ( ) +C , where C is an arbitrary constant

1 2 3
=3 X2 +(x—-2)2 |+C




Q4 Solution

(i)

y=In(2x-4)-2/x +6

1
ﬂ: 2 _Z(EJX_Z
dx 2x-4 2

1

Tx-2 Jx
For stationary points, set g—i =0
so, ESE

x=2 fx
1 1
x-2 Jx
J;:X—Z
Method 1
Squaring both sides,
(V1) = (-2
X=x"—4x+4
x> —5x+4=0
(x-1)(x—-4)=0
x=1o0r x=4
Since x>2,50 x=4
Method 2
Jg—x+2=0
Let y=+/x, then y—y?+2=0
y>-y-2=0

(y+1)(y-2)=0
S0, y=~/x=2 or y=+/x=-1 (no solution)
Hence x=4

=0

>
= e
[\)

S-Sl

N

X_

When x=4, y=In(2x4-4)-2/x+6=In4-4+6=2+In4
So turning point is (4,2+In4)




(ii) NORHAL FLOAT AUTO REAL RADIAN HF |:|

Plotl  Plotz  Plot3

INY1ERN(2X-4)-2]X+6

;;;';.Z:;........................................... (-————____‘
ANY 3=

INY 4=

BINYs5=

“Ye=

INY 7=

HORHAL FLOAT AUTO REAL RRDIAN HP n NORMAL FLOAT AUTO REAL RADIAN HP _
CALC ZERD CALC ZERD
Ya=In2K-4)-2 T(HI+6 Y= K- -2 T (H)+6

f—\\h‘ f——_——

| »

Zaro )
H=23.913272 Y=o .B212859 Y=14E-12

Y a !
:(4,2+1n4)
| y=In(2x—4)—2/x +6
i (23.9,0)
o[ ! X
V.H, x=2
(iii) | At x=9,

dy 1 1 1 1 11 3-7 4

dx x-2 Jx 9-2 Y9 7 3 21 21
and y=In(2x9-4)-2\9+6=In14-6+6=In14

Method 1
Substituting point and gradient into y =mx+c

In14 = (—%)(9) +C
12

c= In14+(ij(9):lnl4+—
21 7
Hence equation of tangent at x=9 is

yz—ix+¥+ln14
21 7

Method 2
Hence equation of tangent at x=9 is

4
—Inl4=-—(x-9
y—In 21(x )

y:—ix+i><9+ln14
21 21

yz—ix+E+lnl4
21 7




(v)

V.H x=2

HORHMAL FLOAT AUTO REAL RADIAN MP n

[2c-as21)%+12/741n(14) )2
e 2B 2BBB378T
i

Area

= area under tangent — area under curve

s 4 12 9
=IO —2—1x+7+ In14 dx—jleleasgln(2x—4)—2\/§+6 dx
=10.2 (to 3s.f.)




Q5 Solution

() | Since N is in hundreds,
So, N =481
481=500-140e®
s _ 19
140
5 1140
k=-0.399=-0.4(1d.p.)
i d—N =56 "
dt
dN . . .
s represents the rate of change of recorded influenza cases with respect to time.
Or
dN . i . .
_t represents the rate of increase of recorded influenza cases with respect to time.
Or
dNn . .
E implies that for every increase of 1 day, the number of recorded influenza cases
increase by 56e " hundreds.
(iii)
N
A
N =500
(0, 360) N =500 —140e"
>t
O
(V) | Astbecomes large, e —>0 , N — 500
So, number of recorded influenza cases will tend to 50 000.
No, it is not realistic as it is not possible to have the number of cases stay at a constant as sick people
should get well eventually. (or any other reasonable reason.)




V) @:@t% 7

__t3

dt 3 3

For max/min values, aQ =0
dt
2 4
207 M5 oo
3 3

@t7§_7 3

= t3
3 3

2 4

250t 3 =T7t3
250 = 7t?

t= /@ (since t >0)
7
250

t 5.97 — 5.98

aQ
dt

Hence, t = /2_§O days gives max value of Q.

0.05203 0 -0.03266

(vi)

»
»

S

/ N =500 —140e"

(0, 120) 17
=250t3 —t3 +120

0 (17.215, 5)

(vii) | x-coordinates of intersection: 2.3655512, 7.874977
~.2.37<t<7.87 days




Q6 Solution

Q) Consider AB as one group.
Number of ways
=71x 2!
Arrange 7 Adam and Bernice
objects can swap places
=10080
(i) |AJSJISJIS) or JSJSIJSJA
Number of ways
=(4!x31)x2 \
Arrange 4 Arrange remaining Adam can be on the
Juniors 3 Seniors left or right of row.
=288
iii i '
(iii) Probability = nbr of ways to select 1 Junior and 4 Seniors
nbr of ways to select 5 members
B 4C1 X 4C4
8C5
_1
14
Alternative Method
Probability =£X£X§XZX1X5 =—
7 6 5 4 14




Q7 Solution

(i)

(i) Let X be the random variable denoting number of passengers
rejected by the facial recognition scanner out of 50 passengers.
Then X ~B(50, p)

Given Var(X)=3.68
=np(1-p)=3.68
=50p(1-p)=3.68
= p—p°=0.0736

= p?-p+0.0736=0

Method 1 (Using GC to find the roots)

INORHAL FLOAT AUTO REAL RADIAN MP n INORHAL FLOAT AUTO REAL RADIAN HP n
[FLYSHLTZ RPF

APPLICATIONS MAIN MENU

INORHAL FLOAT AUTO REAL DEGREE HP n
[PLYSHLTZ AFF

POLY ROOT FINDER MODE

4tConics FEPOLYNOMIAL ROOT FIMDER ORDER 1HM345678910
5:EasuData 2:SIMULTANEOUS EQN SOLVER atbi  re”(8i)
6: Hub 3:ABOUT EDIfY DEC
7: Ineaualz 4:POLY ROOT FINDER HELP SCI ENG
8:Periodic S:SIMULT EQN SOLVER HELP 9123456789
EBP12Smlt2 6:QUIT APP RADIAN
B:Prob Sim
:5ciTools
*Transfrm HATN [HELP INEXT],
[NORHAL FLOAT DEC REAL DEGREE HP
0
POLYNOMIAL — ORDER 2 1x2—  1x40.0.=0
1x2— 1><+=B Cxi@p.08 T
x2=0.92
0.0736

MATN T MODE ICLEARI LOAD IG0LVE]| [[MATN I MODE ICOEFFISTOREIF 43D 1

Since p<0.5, p=0.08

Method 2 (factorize to find the roots)
p>—p+0.0736=0

46
o5
625p> —625p+46=0
(25p—2)(25p—23)=0

p’-p+ 0

So, p:2—25 or pzz—g (reject since p<0.5)

Hence, p=0.08

Method 3 (using GC graph to find the roots)

NORHAL FLOAT AUTO REAL RADIAN HP [] [NORHAL FLOAT AUTD REAL RADIAN HP []
CALC ZERD

Floti  Plotz Plot3 Y1=50K(1-X)-3.68

ENY1B50X(1-X)-3.68
BNYz=
ENY 3=
INYa=

ENYs=

ENYs=
\Ys=
ANY 7=
:

ENYa= Zera

H=0.08 =g

Using GC, since p<0.5, p=0.08




(i)

Let Y be the random variable denoting number of passengers rejected
by the iris scanner out of 100 passengers.

Then Y ~ B(100,0.07)

P(plane departs on time)

=P(Y <13)

=P(Y <12)=0.9775924796 ~ 0.978 (t0 3s.f)

(iii)

Let W be the random variable denoting number of planes delayed out
of 75 planes.

Then W ~ B(75,P(Y >13))

W ~ B(75,1—0.9775924796)

W ~ B(75,0.0224075204)

P(more than 5 planes delayed) =P(W >5)=1-P(W <5)
=0.0068237351 ~ 0.00682 (to 3s.f.)

(iv)

W ~ B(75,0.0224075204)

PFEIE DRAW

binompdf
9TFPdF( trials:75
@-quf( P:0.0224075204
EHb i nomedf x value:X

B:binomcdf Paste
CrinvBinom({

D:poissonpdf(
E:poissoncdf(
F:oeometrdf(
G:oeometedf(

NORHAL FLOAT AUTO REAL RADIAH HF |_ NORHAL FLOAT AUTO REAL RADIAN HP
FRESS + FOR & Tb1

Plotl Plot2  Plot3 2 Y1
5.1827
83141
9.2664

|

EINY 1Bbinomedf (75, 0.0224075
NYz=1
ENY 3=
BNY4=

-
7
-
wn
1l
= 8 03~ o 0
=
=
=
b
@

=
jon
i
™
jor

-
7
==
r
1l
>
[}
=

P(W=w)
0.1827
0.3141

Nk lof| s

0.2664

Hence the most likely number of planes delayed is 1.

10



Q8 Solution

(i)

(AU B")

Method 1
P(AUB") =1—P(B)+P(Am B)

13
1-P(B)+P(AnB) ===
(B)*P(ANB) =1

11 1 13
1-la+—= |[+—==—
40) 20 20
13 1 11
——t+—=a+—
20 20 40

(12 111
20 40 8

Method 2
P(B) = [1— P(AUB ')]+P(Am B)

11 137, 1
a+—=[1-22 |+ =
40 20| 20

1
a==
8

Method 3
P(AUB") = P(A)+ P(B')—P(AmB')

=P(A)+P(B")-[P(A)-P(ANB)]

13 11 1
—=a+|l-la+—=||-|a-=—
20 { ( 40” [ 20}
13 29 1
=—=—"+—-a
20 40 20
,_31 13_5

1
40 20 40 8

(i)

A B

(A'nB)

P(A'n B) is the probability of only event B occurring.
or

the probability of only event B occurring and event A not
occurring.




P(A'~B)=P(B)—P(ANB)
u_1
40 20

1 9

= — 4 —

8 40

__7

40 20

(iii)

1
P(ANB)=—
( ) 0

P(A)xP(B):lx(1+E L2 1
8 (8" 20) 875 20

Yes, A and B are independent.

Since A and B are independent, then A’ and B are also independent.

So P(A'|B)=P(A") :%

-
[Check: P(A'| B) = %:Z_ZO:Q:P(A') ]
5

12



Q9 Solution

(i)
pass
0.65
V pass
0-35 fail
m fail
(i) | P(did not qualify)
= P(did not pass first song and did not pass second song)
=0.35x0.3
= 2l or ~0.105
200
(i) | p(sing twice | qualify)
_ P(sing twice and qualify)
P (qualify)
B P(lst song did not pass followed by 2nd song passed)
- 1-P(did not qualify)
~ 0.35x0.7
1-0.105
_ B o <0274 (351)
179
Alternative Method
P(sing twice | qualify)
_ P(sing twice and qualify)
- P (qualify)
_ P(lst song did not pass followed by 2nd song passed)
~ P(1st song passed )+ P (1st song did not pass followed by 2nd song passed )
_ 0.35x0.7
0.65+0.35x%0.7
49
=—— or ~0.274 (3s.f)
179
(iv) | Probability
= P(qualify after 2nd song) x [P (did not qualify)] %3
=(0.35x0.7)x(0.105)" x 3

=0.00810 (3s..)
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Q10 Solution

0 S . o _2.(x=5)
Unbiased estimate of population mean, X = 120 +5
94
=——+5
120
=5.45 (exact value)
Unbiased estimate of population variance,
2
go_1 3 (x-5)° _M
120-1 120
2
= L 162 — 54
120-1 120
_81
70
=1.157142857
~1.16 (3s.f.)
(i) | H,:u=565
H,:u#5.65
Under Ho, since n = 120 is sufficiently large, by Central Limit Theorem,
X ~N [5.65, 1'15071j approximately
Test statistics, 7 = 0 — 545-565 _ , 367
52 \/1.1571
n 120
Using GC, p-value = 0.041676 (5 s.f.) =0.0417 (3 s.f.)
Or
test statistics z = — 2.0367 < critical value z = —1.95996
Since p-value = 0.0417 < 0.05, we reject Ho.
Hence, we conclude at 5% significance level that there is sufficient evidence
that the mean time spent by students participating in sports activities is not
5.65 hours.
The p-value of 0.0417 means the probability of obtaining a sample mean at
least as extreme as the given sample of 120 students whose mean time
participating in sports activities is 5.45 hours, assuming that the population
mean time is 5.65 hours, is 0.0417.
(i) | H,:u=565
H, 1 <5.65

Under Ho, since n = 100 is sufficiently large, by Central Limit Theorem,

X ~N (5.65, 1'15(:1] approximately

5.65

X—Hy _ X~
\/7 \/1 1571

Test statistics, z =

14



Teachers’ claim not justified
— do not reject Ho at 2% sig. level  rejection

— test statistic > — 2.0537 Mf\'ow

_, X565 5 0537
\/1.1571 2033 1T o —2
X >1502291 Tesk sbishie

= .

. {ieR:§>5.43}

Alternative Method (no need to standardize)

X > invNorm (0.02, 5.65, LS?l]

100
= X >5.4291

15



Q11 Solution

(i)

<]

1.23}---m

0 10

(i)

NORMAL FLOAT AUTO REAL RADIAN MP n

g=ax+b

3=0.08342833333
b=08. 82868555556
r2=0.9908289127
r=0.9954038943

r=0.995 (3s..)

There is a strong positive linear relationship between t and v
hence |r| is close to 1.

(ris close to 1 is accepted too)
As t increases, v also increases proportionately.

(i)

t = 0.8280555556 + 0.0342833333v
t=0.828+0.0343v

The gradient of the line is 0.0343 which means that
when v increases by 1 km/h, t will increase by 0.0343 seconds.

(iv)

Using t =0.82806 +0.034283v,

When v=110=1t =0.82806 + 0.034283(110) ~4.60 seconds

Since v =110 is not within the given range 10<v <90, this is
an extrapolation hence the estimate is not reliable.

v)

t= (0.828 + 0.5) +0.0343v
t=1.328+0.0343v

16



Q12 Solution

(i)

Let X be the random variable denoting mass of one packet of
cement in kg.

Then X ~ N (,u, 02)

P(X >49.8)=0.6

P(Z>498_” 0.6
o Z ~ N(0,1)

498- 4 _ 2533471011

o
1#—0.25334710110 =49.8 ———————— (l)

P(X <49.1)=0.15
49.1- u

o

49-1-1 _ 4 03643338

P(Z < JzO.lS

(o2
14—~1.036433380 = 49.1— —— — ——— (2)

Using GC, solving (1) and (2),
4 =50.026 =50.0

o0 =0.89390=0.894

(i)

Let Y be the random variable denoting mass of one brick in kg.
Then Y ~N(3.88, 0.1?)
P(Y >4.07)=0.0287

(iil)

Y, +Y, +. Y, ~ N(12x3.88,12x0.1°)
P(3.85(12) <Y, +Y, +....+Y,, <3.92(12)) = 0.768 (3 sf)

Alternative method

_ 2
Since Y is normally distributed, Y ~ N [3.88, 01; J

P(3.85 <Y < 3.92) -0.768

(iv)

1.15Y ~ N(1.15><3.88, 1.152 ><O.12)
1.15Y ~ N(4.462,132.25)
P(1.15Y <4.22)=0.0177

Alternative method
Using Y ~N(3.88, 0.1%)
4.22

P(1.15Y < 4.22) = P(Y < Ej =0.0177

17



(V)

Let F=X, + X, +1.15Y, +1.15Y, +....+1.15Y,,
F ~ N(2(50.0)+25(4.462), 2(0.894%) + 25(132.25))
F ~ N (211.602, 1.9291)

P(F>m)=038

m =210.4 (1 dp)

(vi)

Assumption is that mass of bricks and packets of cement are
independent normal distributions.
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