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1 Consider the differential equation ’

dy _14e?
dx xy '

where y = 1 when x = 1.

(a) Use one step of both the Euler methed and the improved Euler method to calculate approximations

to the value of y when x = 1.5, giving each answer correct to 3 decimal places. [4]
(b) Explain the large discrepancy between these two answers, [1]
[Solution]
. 1+e*”?
(@  Given X, =1Yy,=Lh=05and f(x,y)= :
Xy

By Euler method,
Y, = Yo +0.5 (X5, Y, ) =5.194528 ~5.195 (to 3 dp)

By Improved Euler method,
U, =Y, +0.5F (X, Y, ) =5.194528 ~ 5.195

05
Y1 = Yo +7[f (X Yo )+ (%,1;) ] ~ 29.053(to 3 dp)

(b)  The Euler method uses the slope at the point (xo, yo) to obtain the estimate of y1, while
the Improved Euler method uses the average of the slope based on the initial point and
the point (x1, u1). Since the values of f(xo, yo) and f(xz, u1) differ greatly, there is a
large discrepancy between the two answers.

2 (a) Showing full working, determine the eigenvalues and corresponding eigenvectors of the matrix
” 2..]

M ={\2 X, (5]
(b) Describe the geometrical significance of these eigenvectors with respect to the plane transformation
given by the matrix M. [1]
[Solution]
(@) Let A be the eigenvalue of the matrix M
1-1 2
Then =0
2 -2-1

Q- MN(2-1)-4=0
2-A+20+ A -4=0 =AM +AL-6=0
=>A+3)(A-2)=0
A=20r-3



-1 2)\(x 0
IfA =2, ( j( J=[j = -X+2y=0 and2x—-4y=0 = x=2y
2 —4)\y 0

2
A corresponding eigenvector is [1)

4 2\(x 0
IfA=-3, = =4x+2y=0and 2x+y=0 =y =-2x
2 1)\y 0

1
A corresponding eigenvector is [ ZJ

(b) Points on the line x = 2y and y = —2x under M will be map to another point on the same

line respectively — that means the lines are x = 2y and y = —2x are invariant under the
transformation represented by M.

3 For real numbers x, and any positive integer », the function F'n is defined by

x+1D)x+2)...(x+n—1)

F, )= =

oo b i ‘o ¢ ; e Jitae 'rl-{_ !

Prove by induction that, for all positive integers n, F_ I::] Tonal" [7]
[Solution]
Let P(n) be the statement

1(1 1 _
“F )< 1 forn=1,2,3,.... where F@)=2 G+D..G+n-1)
2n+1 n!
L1 1
n=1 F(})=2=><-= as2> /3. Thus P(1) is true.
0=1"3°% V3 (1)
. e . 1
Assume P(K) is true for some positive integer k, that is F, (2) < .
AN
1
Whenn=k+1, toprove F,_. (1)<
k+l(2) m
101 1 — 1
LHS = F_,(3) = 2 G+D..3+k-1) (3+k)
k! k+1
1 G+k _ 1 2k +1

<

V2k+1 k+1  J2k+1 2k+2
_N2k+1 \J(2k +1)(2k +3)
2k+2  (2k+2)v2k +3

 JAKZ 48k +3  \AKE+8k+4 (2k +2)?

T (2k+2)V2k +3 ) 2k +2)\2k +3  (2k +2)/2k +3




1

2k +3

So P(k) is true = P(k + 1) is true, by Mathematical Induction, F, (%) <

<

1
2n+1

for all positive

integers n .

X
1+ ax

4 Let C denote the curve y= between the origin and the point {b’i %) where a and b are
!

positive constants.

When C is rotated about the x-axis, the volume generated is . When C is rotated about the y-axis, the
volume generated is .

(a) Determine Fin terms of @ and h. [5]

{b) Show that

2

_y
de 427
Hence or otherwise, show that B = V. [4]

[Solution]
(@) By disc method,

2
b X
V:ﬂJ.O (1+axj ax

2
b X

=7| ————dx

IO a’x? +2ax+1

1(q2y2 2 1

bg(a X +2ax+1)—gx—a—2 o
=7ZI - dx (or use long division)

0

a‘x®+2ax+1

b X+

[ i-—2" " gy

03 g?x%2 4+ 2ax+1
1 2 1
b b—3(2a x+2a)——2
_ 1 _ a a
—ﬁjogdx 72'.[0 72
a“x +2ax+1

=7z[%x]z - %In(1+ax)2 1 (ra)

a

b 2 1 1
:ﬂ[;)—ﬂ'(gln(l‘Fab)‘l‘m—;j

=13(ab—2|n(1+ab)— L +1j

a 1+ab
d 1+ax)—x(a 1 2 1 2

(b) d_y:( ) 2( )= = X ' _2:y_2 (ShOWﬂ)
X (1+ax) (1+ax) (I+ax)” )x* X



By disc method, W = ﬂjyy;ﬁ’ X2 dy

_ [P e[ dy xb . dy 2
=z X (dxjdx:ﬂjxo y?dx | Since ik

=V (shown)

5  Consider the equation f(x) = 0, where f(x) = xe* ' +x—2—8 and & is very close to zero.

(a) Sketch the curve y = xe’ ' +x—2. Hence show that f(x) = 0 has a single root, &, and that & is
very close to 1. (4]

(b) Use two iterations of the Newton-Raphson method, with initial approximation x, = I,.to show
that o = 1+ _I;:’i - #55. where terms in 8 and higher powers of & have been ignored. [6]
[Solution]

(@) Graph of y=xe*"1+x-2
We note that when x =1,y =1+ 1 -2 =0and there is :
only one zero.

f(1) =-o
f(1.1) =1.1e%1+1.1-2-85=0.316-§ o o
If & is very small and positive, f(1) <0 and f(1.1) >0 .
= 1l<axll

f(0.9)=0.9e %1 +09-2-5=-0.286 -6 /
If & is very small and negative, f(1) >0 and f(0.9) <0

= 09<ax<l

In both cases, a is close to 1.

(b) P(x)=xe* T+ t+1=(x+1)e 1+1
Cfa) X+ x, 20
f'(x,) " (x, +Det T+l
Cxee Tt x e 4 x, —[x, e T+ x, —2-6]
(x, +1)e" " +1

Using the Newton-Raphson method X,,; = X,

x4 245
(x, +De " +1



(1+5)e +2+0 (1+25+5)(1+2'5+ 2)+2+8
18

@+t 41 2+9)A+2 +2)+1
_ L R+ 54245 3425+%
2+25+25 +94+9 41 3+5+4

= (3+25+ 5—;)3*1[1+ 2+ 5—;)]*1

1 2 2 2
= §(3+25+%)[1—(§+f—8)+(§+‘f—8)2+...]
=%(3+2§+ )[1————+—+ ]

1 5
= 5(3*'25"'?)[1""’ S

%(3+25+——§—&+ﬁ+ )

1 5 &

= =(3+0- + )=l ——+..
3 3 18

6  The curve £ has cartesian equation (x? 4 y:__r = 5¢° —.‘::}»'2.

(a) Determine the polar equation of E in the form » = (), where {'is a function of cos € only.

(b) Use integration by parts to show that, for integers n = 2,
1 v pla
= (8= I)J- cos" 26de.
o rJo

3_I'I:
f cos
0

(c) Find, in an exact form, the total area enclosed by £. Full working must be shown.

[Solution]
() (x2 +y° )2 =5x%% + xy?
r* =5r°cos® @ +r®cos@sin® @
r =cos6(5cos’ @+sin’ 0)
=cosd(1+4cos” 0)

=4c0s® 6 +cosé
(b) _[;” cos" 0do = J‘f” cos"* @cos@do
=[singcos™ 9]: +_[f”(n ~1)sin® @cos" > 0do
=(n —1)_[0%”(1—cos2 «9)cos"‘2 6do
=(n —1)[-[0%” cos"? HdB—If” cos" Hde}
J‘;” cos" #dO +(n —1)j§”cos” 0do=(n —1)'[5”005”’2 do

njjﬁ cos" #do =(n —1)j;” cos"20deo

2]



“cos" 0do = (nT—lj j;” cos"?#dé (shown)

o

(c)  Areaenclosed = 2x%jf(40053 0 +cos 9)2 do

= Ij (16cos® @ +8cos* 0+ cos® 0)do
Using the result in (b),
b 1) Loy
[ coszedez(gjj 1d0=—[0]; =
3

0
74 3 (47 2
j CoS 9d¢9:—j CoS 0d0=—[
0 4o 4

T

j%”coss9d9:§f”cos“¢9d9:§( j:—”
0 60 6\ 16 6

9
157 37 T\ 17«x
SOA losed=16| — [+8] — |[+| — | =
rea enclose (%j ( (4)

7  The general equation of the family of all quadratic curves, which includes the conic sections, is
Ax* +By* + Cxy+Dx+Ey+F=0. (%)
(a) In the first instance, it is given that 4 = 1 and C' = 0.
(i) In order for (=) to describe a circle, state a necessary condition on the value of B. [1]

(ii) Assume this necessary condition on B holds. Find the necessary condition on D, E and F
for (*) to describe a circle. Explain what happens when this condition on D, E and I doesn’t
hold. (51

(b) In a different case, it is given that C = 1. Find, in terms of the coefficients of (=), the value of the
' N !

constant & for which the transformation with matrix (__] k) reduces (+) to a form with zero

xy term. [3]

[Solution]

@A=1landC=0
(i) For (*) to be acircle, B=A=1
(iA=B=1andC=0
X*+y?++Dx+Ey+F=0
(X+2) +(y+E)’ -2 -E+F=0

(X+2) +(y+5)? = +E —F

For (*)tobeacircle, 2+E —F >0=D?+E?-4F >0

If D2+E?—4F =0then X=-% and y=-5 thus (*) is the point (-5, —%)
If D?+E?—4F <0 then no solution



k 1)(x) (x' x_kl’lx‘_l k —1)(x'
o o) = O I Cetals )
Substitute x = 2 1+1(kx y') and y= ”

21 1(x'+ky') into the original equation with C =1
+
We have:

A(kx'—y')2+B(x'+ky')2+C(kx'—y')(x'+ky')+ D(kx'—y')+E(x'+ky')+F(k2 +1):O

Making the coefficient of the x'y' term =0
Thatis: k*+2(B-A)k-1=0

So k=_2(B_A)iV24(B_A)2+4 =A-B =1+ (B-A)

cosd sin@

Note: if we do by actual rotation matrix .
—-singd cosé

j for clockwise rotation of angle 6,

we need to “normalise” the given matrix and work out the angle — a bit more troublesome.

% It has been discovered that an aggressive and destructive type of hornet was accidentally introduced
into a forest. It is estimated that the initial population of hornets, at the start of 2019, was 3000 and that
the population of hornets at the start of 2020 was 4500.

From previous studies, it is known that the increase in hornet population from year » to year (n+1) is
four times the increase from year (n—1) to year n.

(a) (i) Let H, denote the population of hornets » years after the start of 2019, Find an expression for
H_in ‘terms of n. [5]

(ii) Deduce the predicted size of the hornet population at the start of 2030. Give your answer
correct to 3 significant figures, (1]

An ecological group takes steps to eliminate the hornets from the forest by the start of 2030: In order
to achieve this, they implement a “harvesting” method of pest-control which, at the end of each year,
removes a proportion A of the population which was alive at the end of the previous year.

(b) Given that this pest-control process began in 2[]'2{1 determine the appropriate value of h, giving
vour answer to 3 significant figures. [8]

[Solution]

(@)(i) H, denote the population of hornets n years after the start of 2019
H,= 3000
H, = 4500 (1 year after the start of 2019 that is at the end of 1% year or start of 2020)
H,.,—H,= 4(Hn - Hn—l)
H,., -5H,+4H ,=0
Auxiliary equation: m?>—-5m+4=0



(m-4)(m-1)=0
m=4orl
General solution: H_ = A(4“)+ B wheren=0,1,2, ....

Whenn=0,3000=A+B ---- (1)
Whenn =1, 4500 =4A + B --- (2)

(2)— (1) : 1500 = 3A = A =500
B = 2500

Thus H, =500(4") + 2500 forn=0, 1,2, ....

(ii) At the start of 2030, n =11
Hi1 = 500(4') + 2500 = 2097154500 ~ 210 x 10’ (Correct to 3 sf)

(b) With “harvesting”
Hn+1=5Hn—4Hn_1 — hH, forn 32

Hn+1+(h—5)Hn+4Hn71:O
m?+(h-5m+4=0

m:(5—h)i«/(h—5)2—16

2

Since 0 < h < 1, m has two distinct solutions.

Hence H., =A{(5h)+ “(h5)216] +B[(5h) V 2h5)216] for A BeR

2

Ho = 3000 = A + B = 3000

(5h)+1/(h5)216]+8[(5h)«/ h5)216J
2

H1 =4500 = A[ 5

- (3000_B)£(5_h)+m}B{(S_h)_W]

2
Hence 4500 —7500+1500h—1500+/(h—5)* —16 = —B4/(h—5)* —16

— B _1500[1+2;hJ

J(h—5)*-16

2-h
and A =3000-B = 1500[1——J

J(h=5)*-16



Therefore Hi1 =0 =

L 2-h (5—h)++/(h-5)*-16 11+ Ly 2-h (5-h)—/(h—-5)*-16 N _o
J(h=5)-16 2 J(h-5)2-16 2

From GC: h = 0.83499 = 0.835 (3 sf)

9 Leta= cos(%n) s isin(% ]I).
(a) (i) Write down, in terms of @, the eleven roots of z'' =1 = 0. [1]

7

(i) Showthat o+’ +a’+e'+0’ +a’+0"+0' +0° + @' =—1. m

The complex numbers & and S are given by

‘ro v r070.

a=w+o0’+o'+o’+o’ md f=0'+@”

(b) (i) Find, in its simplest form, the quadratic equation whose roots are ¢ and S. [5]

(i) Show that |a|= /3. [2]
(iii) Do not use a calculator in answering this part,

By considering €' = Re(w) and § = Im(c), prove that

sin({; ) + snf; )+ sin(f ) +sin({}) 4 sn 1) = 41T,

Full working must be shown, 31
[Solution]
. _ 27 L icin 2
Given @ = COS<T+ISINSE
(a)

M -1=0 =M= for k=0,1,2,3,..., 10
(we choose these k values for the requirement of the subsequent parts)
j2kr
= 7=e"
(i) Sointerms of w, the roots are 1, ®" wheren=1,2,3,4,5,6,7,8,9, 10
(ii) Coefficient of z1? is 0 in the polynomial equation z}* —1 =0
Sum of roots =0
Thus 1+ o+’ +o’*+o’+o0’+0® o'+ 0 e’ +v®=0
So+tol+o’+ot+o’+ot o’ +0tte’+ell=-1
ORo+m’+0’+0*+0’+ 0 0’ +0?* e’ + ol
a)(l—a)lo)
=——— (sum of GP)
l-w




|

~ P72 1 (since o =1)

(b) Givena=o+ol+o*+w’+0’ and =ot+o +o*+o°+o®
Sinceo*=1sop=ot(0l+o+o*+0’+0?0)
8 + o +0f + 02

=0%+o +o

Sumofroots: a+B=0+0*+o*+0’+ o+ 0+ 0+ o’ +0b + w?=-1

Product of roots: o = (o + ©° + o* + ©° + ©°) (0% + 0 + ©’ +0® + v?)

_ 9, 8. .7, 3 .
o’ +1+o0%+o’+o0’+ oll =1

o’to+l+of+e’+

o*+o’+to+l+o’+

0+ 0 + 0 +ot +1
= 542+ +o’+ot+o’+ol o’ + 0t e+ nl?)
=5_2=3

The quadratic equation is: z2+z+3=0

1112 1 .
- (—Ltdiﬁ).Soehhm'a::%(—l+vﬁﬁ)or %(-1—Vﬁﬁ)

(i) z= =5

:»|a|:%JT2:ﬁ

(iii) Im(a) = IM(o + 0 + ©* + ©° + ©°)
— Qi 27 4 cin 87 4 i 87 4 cin 107 . qjn 18
= SiN 2 +5in 8 +5in & 4 5in 12 4 sin 2

in 27 in 67 in 87 in 10z in 18z __ _
= SlnH+S|nH+S|nE+S|nT+S|nT—— 0 _—

5=
é‘

in2 in6 in8 in 10 in 18
Sin22 +sin 2 + sin 82 4 5in 2z 4 sjn 2z
— cin2 ind in8 in 10 in 4
= Sin2Z+sin 82 4sin 2 4 sin Lz _sjp 4
J11

N 27 in 67 in 87 in 107 in4r _
If sin2Z +sin82 4 sin 82 4 sin Xz —sin 4z = — then

) ) . ) ) V11 11
Sin3Z +sin8% +sin8Z 4+ sinlZ =sin 22 - —~ <1-—-<0
2 2

This is not possible as each sin of each angle on the LHS is positive.

N 27 in 6z in 8z in 10z N4z _ “11
ThUS SlnH+S|nH+S|nH+S|nT—S|nH—7

10



10 @
North [v]

0 (D, 0) East (x)

At noon, ship P sets sail from port O at constant speed F'ms ™" in pursuit of ship § which is travelling
due north at constant speed Ums ', where U < ¥, At noon, S is Dm due east of 0.

I is always steered directly towards S, so that its instantaneous direction is tangential to its pursuit-
curve, as shown in the diagram above.

At time f seconds after noon, P is at the point which is xm east and ym north of 0.
(a) (i) Write down

*  the coordinates of § at time ¢ seconds after noon,

*  ane ion fi Y ot
xpression for - at time f. 2]
- dy . . .

(ii) Letm= i Explain why, with reference to the distance travelled by P, der-(VI) =vV1+m’.
[1]
(ifi) Using all of these results, show that (D—I)%’” = 14m?, where A= 1. [3]
(b) Use the substitution m = tan® to deduce the result m+v'1 +m* = (1 - %}_A, [5]
(¢) Determine, in the form y = f(x). the equation of the pursuit-curve. [4]

[Solution]:

(a)(i) Coordinates of S = (D,Ut)

&y _ Gradient PS (at time t)= vtoy
dx D

(ii) Distance travelled by P = arc length OP
2
:jx 1+(d—yj dx:jX\/1+m2 dx
0 dx 0

Since P travelled at a constant speed Vms™, the distance travelled by P is also
given by Vt.

Hence Vt = on J1+m? dx

11



Diffentiate the above w.r.t x: i(Vt) =+/1+m?

dx
L dy Ut-y
i From (a)(i), —=——~
(i) @), =2
dy
D-x)—=Ut-
=(D-x) =Ut-y
= (D-x)m=Ut-y
Differentiate w.rtx: (D— x)d—m_m: U dt _dy
dx dx dx
2 -
(D_x)‘jj_m_m:uﬂ;m ~m | (om (@) i)
X d—(Vt) = \/1+ m2
X
(D—x)?j—m:/i 1+m? , where /1=% "
X
=V —=+1+m’
(b) m=tané ---- (1) dx
M _ e 999 (2) _ dt_ v+ m’
dx dx dx Vv
Sub (1) and (2) into DE in part (iii):

(D —x)sec? 92—5= IN1+tan® 0

sec’ @ _ 2
Vl+tan?g dx  D-x
daa A
secd—=
dx D-x
Isec0d0=j dx
D-x
Injsec@+tan | = —AIn|D-x|+Inc

In|secd+tand| = Inc|D x|
secd+tand= +c(D-x) "

secO+tan o= A(D-x) ", where A=+C
J1+tan? 6 +tan 6= A(D—x) "

Ji+m?* +m=A(D-x)"

Atnoon,t=0, x=0,y=0 = m=0
1=A(D)" = A=D"

)
~Al+m’ +m=D*(D-x)" =D'D " (1—%)
X -1
SANl+m? +m = (1—Bj (deducd)

(c) N1+m? +m = [1—%)

12



-1
J1+m? = (1—%} -m

X 24 X -1
1+m® = [1——] —2(1——j m+m?
D D
X 21 X -2
1:(1__j _2(1__j m
D D

aals) o))

1 x ) xY
Integrate w.rtx: y==|||1-—| —-|1-—] |dX
st y-4 ] (1-4)] (1-2)

)\ W« Y
Dl1-— Dl1-—
1 D D

y=— - +C
2| —(-1+) —(1+1)

X A+l X 1-1
D(l‘oj D(l‘oj
- +C

1+4 1-4

1D D
Wh :01 :0102_ - T +C:>C:—
NA=DY 2{1” 1—/1} 1- 12

D ( X j“l D ( X jH DA
sy= y A - + ==
2(1+2)0" D 2(1-2)\" D 1-1

13



