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Chapter 7 (Pure Mathematics) : Integration Techniques

Objectives:

At the end of the chapter, you should be able to

(@) understand that integration is the reverse of differentiation
(b)  find the integral of x", for any rational n, and, e*, together with constant
multiples, sums and differences

(c)  find the integral of (ax+b)", for any rational n, and e
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7.1 Introduction

If you have the gradient function % =2x+5 and some related information, can you find

X
the equation of the curvey ? The answer is yes. The process of getting y from S—y IS
X

called Integration, also sometimes known as anti-differentiation.

Example 1

Given the gradient function j—y = 2x, find the general equation of y.
X

Solution:

We know that if we differentiate x*, we will get 2x. Hence y = x°.

But this is not the complete picture, because if you differentiate x> +1, you will also get
the same answer, 2x. The same is true for y = x* + 2.

In fact if you differentiate x* plus any constant, you get the same answer.

Therefore g—y =2x = y=x*+C, where C is an arbitrary constant.
X

This reversal of differentiation, known as integration, is represented as follows:
IZX dx=x*+C

C is the "Constant of Integration®. It is there because of functions whose derivative are 2x is

not unique. For example, di(x2 —4)=2x; di(x2 +20) = 2x, etc...
X X

7.2 Definition

Integration is the reverse process of Differentiation.

d
If —F(x)=f(x), th
dX (X) (X) en

Integral symbol éj‘f (X) dx = F(X) +C .

Function we want to integrate Variable to integrate
where d';_(x) =f(x) and C is an arbitrary constant.
X
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7.2.1 Basic Properties of Indefinite Integral

Let fand g be two functions. Then,

1. .fk dx =kx+C, where C is an arbitrary constant
2. Multiply function by constant: .[kf (x) dx= kjf (x) dx

3. Sum and Difference of functions: I[f (x)ig(x)] dx = If (x) dxijg(x) dx

7.3 Integrate Basic Functions

7.3.1 Integrate Algebraic Functions

Recall when we differentiate x", we multiply by the number in the power and reduce the

d(x")
dx

In integration, we raise the power by 1 and divide by n+1 . See (a)

power by 1. i.e. "

nx

Note: For (a) to (d) below, C represents an arbitrary constant.

Common functions | Function Integral
(@) | Power where n=-1 n Xt
_[X dx =——+C ,n=-1
n+1
n n+1
ax+b
I(ax+b) dx :Qﬂj,n;«t—l
a(n+1)
(b) | Constant J‘k dx = J‘kxo dx =kx+C

Special Case (when power n=-1)

(c) | Power where n=-1

J'x‘ldx:jidx =In|x/+C

(d)

[ (@+b) ™ o= [ ——oi _Infax+b}
ax+b a
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Example 2 (Using results (a) to (b))

Find the following indefinite integrals.

Chapter 7: Integration Techniques

Solution:
i 4 vi 2
@ Jx3dx=X—+C, v J.(x+2)dx X Loxic
4 2
where C is an arbitrary constant OR
J.(x+2) dx
2 2
_ (x+2) to- (x+2) .C.
2(1) 2
where C is an arbitrary constant
— - -
(i) J.2 dx=_|.2x°dx:2x+C, (vii) .[(3x—5)6dx:(3x_5) L
where C is an arbitrary constant 7(3)
7
_(8x-5) .C.
21
where C is an arbitrary constant
iii 1 viii 2 _
(i) [V dx= [ xedx (viii) j(3X+4)3 dx=[2(3x+4) " dx
3
hd -2
X PGSR
3 -2(3)
2
3 = —;Z‘FC
:§x2+C, 3(3x+4)
where C is an arbitrary constant where C is an arbitrary constant
(iv) 1 1 (ix) 2 1
—=dx=|x2d dx=|2(3x+1) 2 dx
J&X -[X X I\/3x+l I( )
1 1
1 311}
X PGS e
1 1(3)
2 2
1 4
=2x2+C, =—+3x+1+C,
where C is an arbitrary constant where C is an arf)itrar
y constant
(x) J.X(X—Z)dx:I(xz—Zx)dx

v) 1 2.8 2
J'(\/;+ﬁjdx:§x +2x2+C,

where C is an arbitrary constant

X3 x?

=2 22 4cC
3 T2
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Chapter 7: Integration Techniques

3
X
=—-x*+C,

where C is an arbitrary constant

Example 3 (using results (c) and (d))

Find the following indefinite integrals.

Solution:
CNEPRETEN Gl 1
2x 2° X j dx=3_[ dx
3 1-2x 1-2x
=EIn|x|+C, _3In|1—2x| .
where C is an arbitrary constant B ) *
:—gln|1—2x|+C,
where C is an arbitrary constant
i In|2x +1 iv
()Jldxz| e ()jl+1dx
2x+1 2 (1—3x)2 4% +3

where C is an arbitrary constant

= j(l—sx N dx+.|'(4x+3)_l dx
(1—3x)_l In|4x+3
+ +
-1(-3) 4
1, In|4x+3| c
3(1-3x) 4
where C is an arbitrary constant
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7.3.2 Integrate Exponential Function

Function Integral
J'exdx =e* +C, where C is an arbitrary constant
J'eax+bdx _ leax+b «C
a
where C is an arbitrary constant
Example 4
Find the following indefinite integrals.
Solution:
() | [2e ax=2[e" o (iv)
_ d e7x—4 C
= 2¢* e dx = +C,
2¢" +C, J 7
where C is an arbitrary constant where C is an arbitrary constant
(i) | ¢ 1 5 V) | (e¥-3 e 3
dx = [ e""dx - _>
JeZX _[ ‘[ o dx = J- o o dx
e—2x B
=2+C = [(e-3e™) dx
1 e
- =e"-3—+C
26 < -1
where C is an arbitrary constant < 3
=e +—+C,
e

where C is an arbitrary constant

(iii) J'\/?dx =I(ex); dx (vi) I(ex —e*)%dx :'[(eX —e¥)2dx

X = J(ezx —2e™ +e®) dx
— 2
_Ie dX B e2x ~ 2e4x s er +C
eg 2 4 6
=—+C 2x 4x 6
1 = e__e_+e_+C’
2 2 2 6
X where C is an arbitrary constant
=2e? +C,

where C is an arbitrary constant
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Example 5

Show that di[lnx/2x2+l} = 22X

+1 2%x% +1

X 2X

Solution:

X

3z
2\ 2x% +1

2X

Chapter 7: Integration Techniques

3x dx.

. Hence find j

d 2 _dj1 2
d—[ln\/ZX +1} —&[Eln(Zx +1)}

= (Shown)

C2x% 41

3 3. 2
j2x2x+1OIX :§I :

2x% +1

dx

- ;[ln (2x° +1)} +C where C is an arbitrary constant

Exercise 1

1. Find the following indefinite integrals.

. . 1-x
i 3x° +2x—4) dx ii —= dx iii t—2)(t+3) dt
M ) ()I& (i) [(t-2)(t+3)
iv) | J(5x+7) dx (v) [2e” dx (vi) [e¥ dx
Solution:
(i) o (ii)
3X°  2X 1—x B
j(3x5+2x—4)dx=?+7—4x+c J'W dx = (x z_xzjdx
_XG 2 4 C 1 E
=—+x’-4x+C, Wy
. : =—-—5+C
where C is an arbitrary constant 1 3
2 2

2 3
:2\/§—§x2+c,

where C is an arbitrary constant

(iii)
_[(t—2)(t—3)dt =j(t2 +t—6) dt
=E+£—&+Q

3 2

where C is an arbitrary constant

(iv)
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I (5x+7)%dx = I(5x + Y)de

5
2
— (52;7) +C
=5
>©)
2 5
=—(5x+7)2+C,
25
where C is an arbitrary constant
s 2e3x ] s e3x—5
(v) jze dx = 5 +C. (vi) je dx=—+C,
where C is an arbitrary constant where C is an arbitrary constant

2.  DHS Prelim 8865/2018/Q2
(i) Differentiate /(e” +1)° with respect to x.

(i) Hence find [ e*y(e” +e™) dx.
Solution:

H d 2X 3 d 2X g 3 2X % 2X 2X 2X
(i) &v(e +1) =&(e +1) :E(e +1)2(2e7) =3V (e +1)
(ii) j e (¥ +e%) dx

_ j e V[e?* (e®* +1)] dx

- %J- 32Xy (€2* +1) dx

- %[\/(ezx +1)3} +C

3. NJC Prelim 8865/2018/Q3
(i) Differentiate In(x2+9).

2 J—
(if)  Express _2XXH49 in the form i+i where A and B where are

(1—x)(x2+9) 1-x  X2+9

integers to be determined.

2X° —x+9

(iii) Hence findjm dx

Solution:
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. d ) 2X
(i) &[In(x +9)]=X2+9
A Bx =A(x2+9)+(1—x)(Bx)

1-x  x*+9 (1-x)(x* +9)
_ AX* +9A+Bx—Bx’
T 1=x0E+9)
_(A-B)x*+Bx+9A
T (1-x)(x%+9)

(i)

Comparing coefficients with ijg:
L-x)(x"+9)
xX*:A-B=2
x:B=-1
constant:9A=9= A=1

Therefore, A=1, B=-1

2_
Hence 2x X2+9 - 2X (shown)
@-x)(x*+9) 1-x x°+9

dx

_—— ~ " dx=
(1-x)(x*+9) 1-x x*+9

(i) j- 2x2 —Xx+9 1 X

X __Ix +9

:—In|1—x|—EIn(x2+9)+C

Answer:

6

3
1(i) X?+x2—4x+C 1(ii) 2&-%# iC

3 2

Lt Ly 2 >
4 1(iv) —(5x+7)2 +C
1(iii) 25 6t+C (iv) 25( )

2e3x e3x—5

3 +C 1(vi) +C

1(v)

For (i) to (iii) above, C represents an arbitrary constant.

2. 3e2x\/(e2X +1) ;l[v(eZX +1)3} +C

3. (|) (||) A=1, B =-1; (iii) —In[1- x|——|n(x +9)+C
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7.4 Miscellaneous Examples

Example 6

Chapter 7: Integration Techniques

Given that the gradient of a curve is 2x* +7x and that the curve passes through the

origin, determine the equation of the curve.

Solution:

Given dy =2x*+7x
dx

y = I(sz +7x)dx

3 2
2| X 7| X i,
3 2
where C is an arbitrary constant

=gx3+zx2+C-~-(1)
3 2

Since curve passes through the origin,
0=0+C

C=0

Therefore the equation of the curve is y = % X3 +%X2 .

Example 7

Note: (0, 0) satisfies the
equation y=—x"+—=x"+C
q y 3 5

Substitute x =0,y =0 into
1)

Given that the rate of change of s with respect to t is given by %; 3t?—7 and that s=6

when t =0, find s in terms of t.

Solution:
Given ds =3t2-7,
dt
s =j(3t2 ~7)dt
3t?

:?—7t+c,where C is an arbitrary constant ---(1)
Whens=6andt=0
6=0-0+C
C=6
L s=t*-Tt+6

Note:
Substitute s=6,t=0into

1)
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Exercise 2

1.  Find the following indefinite integrals.

Chapter 7: Integration Techniques

5
WM (tz +t12J dt (i) [(2x+9)° ox (i) | 3_32X dx
: 1 e +3
(iv) jﬁ dx (v) Im dx (w)j ot dx
Solution:
For (i) to (vi) below, C represents an arbitrary constant.
. > 1 > (2x+9)6
2 - — 2 2 .e 5 _
(i) j[t +t2Jdt j[t +t Jdt (ii) j(2x+9) dx_W+C
7 6
tE t—l (2X+9)
- =——*+C
==+ _1+C 12 +
2
7
:gtE—E'FC
7 t
3 3In[3-2x| : 1 In|5x+3
dx = C dx = C
(i) J-3—2x X —2 i () -[5x+3 X 5 "
—Jinp-2x+C
2
(V) j T x= j 7(2—3x)‘3dx (vi) j eH+3dx: j e 4 3e 7 dx
N2 —-3X Xt
(2—3x)% = J e +3e*dx
=71 4C ) o
;(_3) _e2x+3exl+c
2 2 A
_ 18 poaxac R S B
3 2e2x ex+l
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2. Given that the gradient of a curve is d—y:——
dx  /x

through the point (4,-2), find the equation of the curve.

2x and that the curve passes

Solution:
dy_1 Substitute (4,-2) into (1),
dx  x 2-2Ja-421C
1
y=[—=-2xdx C=-2-4+16
5
- I X 2 —2x dx Equation of the curve is y = 2v/x — x2 +10
1
x2 X
=125 |*C= 2dx =X +C (1),
2
where C is an arbitrary constant

dy 4—2x . Explain why the curve

3. The gradient of a curve at any point is given by 5
X
has a maximum value when x = 2. If the maximum value of the curve is 1, find the

equation of the curve.

Solution:
Y 4oy y=[(4-2x )dx
dx 2
dy y= 4x—2i+C
When —=0, 4-2x=0 2
X
2x =4 =4x-x*+C---(1)
X=2 where C is an arbitrary constant
2 . .
d_z/ 920 Substitute (2,1) into (1),
dx _ 1=4(2)-2°+C
Therefore, the curve has a maximum value
when x=2. C=1-8+4
=-3
Equation of the curve is y = 4x— x> —3.
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4.  The curve for which j_y = 2x+£2, where k is a constant, passes through the points
X X
(11) and (2,12). Find the equation of the curve and the stationary point.
Solution:
dy 5 k Solving (2) and (3) using GC,
wx e k=C=16
y = IZX+£2dx Equation of the curve is y = x° —%+16
X
d 16
:j2x+kx‘2dx —y:2x+—2
dx X
2 -1
zz[x_}kx_m when & —0, 2x+ 8 _¢
2 -1 dx X
k 2X = _E
=x2—;+C~-~(1) 2
where C is an arbitrary constant x°=-8
Substitute (1,1) into (1), X=—
1=1-k+C When x=-2, y:(—2)2—E+16
—k+C=0---(2) -2
. . =4+8+16
Substitute (2,12) into (1), _ o8
12 = 22 _54_ C (—2,28) is the stationary point.
2
k
—S4+C=8-(3
< +C=8-(3)
Answers:
N 25 1 . (2x+9)6
1(i) -t* —=+C (i) ——~+C
7 t
3 In|5x+3
_—=In[3-2x/+C 1(iv) MJFC
(iii) 2
14 poaxsc 1vi) —— 2 ¢
1(v) 3 2 e
2. y=2/x-x2+10 3. y=4x—x*-3

4, y=x —§+16, (-2,28)
X

For 1(i) to 1(vi) above, C represents an arbitrary constant.
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Practice Questions

1.

[NYJC/2018/BT2/Q3a]

2 2
Find J wdx.

X
[Ans: X—2+6In|x|—i+C]
S 2 2x°
Solution:

J. (x* +3)2 dx='[ X" +6x2+9

x3 x3

dx

=| X+— 0 +3dx
x x°
2
:X—+6In|x|—i2+c
2 2X
where C is an arbitrary constant

[DHS/2018/BT1/Q2b]

Find J(3e1_2t + #] dt
V(2t+1)

[Ans: —gel_Zt +V(2t+1)+C, where C is an arbitrary constant ]

Solution:

j(3e1‘2t + #] dt
V(2t+1)
= j (?,el—2t + (2t+1)‘§jdt

1-2t 3
_3e +(21 +D?
-2 5(2)

3 1-2t
=——¢ J(2t+1)+C, . _
2 V@D where C is an arbitrary constant

[AJC Promo 8865/2018/Q3b]

(i) Find j (e“* le x\fj dx, simplifying your answers.
i) Find dx.
() I 1+3x)
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e172X l

. 2 .. 1
Ans: (1) =— +=In|x|——+C (i) ——+C
[ ® 2 2 Jx (i 6(1+3x) ]
Solution:
1 1
i e+ —+——— | dx
0 I( 2X xJ;)
1-2x _1 1-2x
__f +_mvp2x2+0=—e +lkaJ£+C,Cbanmmnmy
2 2 2 Jx
constant
(i)
1 1 )
—— — dx==| (1+3x) “dx
J2(1+3x)2 2“ )
-1
=1 w +C
2| -1(3)
:___1——+CmmaecEanmewyamﬁmt
6(1+3x)

4. [NJC/2018/BT2/Q6]

2
() Verify that x+4+-2> - X+9
Xx—4 x-4
(i)  Given thaty = In (exz —1), find I
dx
(iii) Hence, find IX 9 2§e dx.
e’ -1
dy 2xe x?
[Ans(n) 0u)2?+4x+25m(x 4)+m( 1)+C]

Solution:

. LHS = X+ 4+ 25 :(X+4)(X_4)+25:X2—16+25
() TR L 16

2_
=X f:RHS

O yuff -y

(iii)
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x2+9 2xe*
+——dx
x—4 e -1

:J x+4+£+ 2>2<e dx
X—4 e -1

2
=X L 4x+25In (x—4)+In (eX2 —1) +C,where C is an arbitrary constant

5. [DHS Promo 8865/2018/Q3]
a+bx

(@ (i) For 0<x<2,show that iIn(x3(3—2x)) =————, where aand b are
dx X(3—-2x)
constants to be determined.
(i) Hence solve J 27-24x X
X(3—2x)

(b) Find I[memz‘zx+3(mx)2}dx, where m is a constant.

[Ans: (3)(i) % @)(ii) 3IN(CE-2x))+C () —ime™ > +m>x*+c]
Solution:
d In(x* (3—2x)) Alternative Method
@0 dx %In(x3(3— 2x))
:i(BInx+In(3—2x)) q
dx =d—(ln(3x3—2x4))
3 2 X
=T~ 9x* -8x3
;,((3—3 ;xz)X—Zx "3 -2
== . 9-8x
X(3-2%) “a2d
= % where a =9,b =-8 (shown) = X(93_ 82XX) , Where a =9,b =-8 (shown)
(a)(i) 27— 24x 9-8x
" dx=3| ———dx
X(3—-2x) X(3—-2x)

=3In(x*(3—2x)) + ¢, where c is an arbitrary constant
(b) J.[memz’zx+3(mx)2]dx

= mjemz‘“dx +3m2J x2dX.

2 - -
=—1me™ ?* +m?x® +c, where c is an arbitrary constant

Summary
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In the table below, ‘k’, ‘a’ and ‘b’ are constants, and C is an arbitrary constant.

Common Function Integral
functions
(a) | Constant I k dx =kx+C
b) | Variable 2
(b) dex ¥
2
) | Square 2 3
(c) | Sq Ix dx _X.c
3
d) | Power ntl
@ where _[Xn dx =:+1+C,n¢—1
n=-1
(e) n n+l
I(ax+b) x :—(ax+b) +C ,n=-1
a(n+1)
(f) | Power ) 1 =In|x|+C
where J.X ldX:J.—dX 4
n=-— X
@ [(ax+bytax=] L ox | ~Inlax+bf
ax+b a
(h) | Exponential jexdx —e*+C
(1) J‘ ax+b 1
e dX — = e8.X+b + C
d
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