Jurong Pioneer Junior College
H2 Mathematics
Year-End Exam Solution

Q1
(a)
%cos_l(?,xz):— bx >
1—(3x2)
_ 6X
1—9x4
(b)
iIn N2x+l :iFln(ZxH)—Blnx}
dx X3 dx| 2
__ 2 3
2(2x+1) x
1 3
2x+1 X
_ —-5x-3
x(2x+1)

Alternative (not recommended)
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dx X

J2x+1 %0
X x=3(2x+1)
J2x+1 X8 2x+1
~ —bx-3
_x(2x+1)
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Q2

Let V be the volume of the water and h be the depth of the water at time t minutes after the start.

Given V :%ﬂl’zh and O(lj—\t/:o.lm3/min.

Consider tan30° =

Consider V = —7[[

Then av = E7zh2
dh 3

When V =3m?® , 3:17rh3 =h® :z h:(zj?’
9 Vs Vs
Consider d—V:d_VX@
dt  dh dt
2
0.1:17{2]3 . dn
3 T dt
dh

m/min

1

. — =0.0228m/min (nearest to 3 s.f.) or
dt =
3073

Q3

f(X) = +bx+C
X

At (-1, 4), f(-1) =4
a

(-D*

+b(-1)+c=4

At (2,-11), f(2) =-11
a

) +b(2)+c=-11

y= Tlx) has a vertical asymptote with equation x =1 implies C has an x-intercept at x =1.

f(1) =0
e

0 +b@®)+c=0



a+bx® +cx?
f(X)=———
X
1 NG

f(x) a+bx +ox

y= %) has a vertical asymptote with equation x =1,
X

a+b(1)’ +c(1)" =0

a+b+c=0 ---—--- 3
Solving (1), (2) & (3) using GC: a=12,b=-2,c=-10.
Hence, f(x)=%—2x—10.
X
Q4

Consider x = A(8x-8)+B

By comparing coefficient of x and constant term: A :% , B=1.

1
I%dx
0 4x° —-8x+5
1o 8&-8 X+ I—l dx
8 Jo4x*—8x+5 04x? —8x+5
1 L 1 1
==|In|4x* —8x+5/| + dx
8[ ‘ HO J."4[x2—2x+(—1)2—(—1)2}+5

1 1 1
==|In1-In5 ———dx
8[ =+ J.04(x—1)2+1

:—1|n5+j1 ! dx
8 0

= —%Ins R R

4|1 1
z L)
= —éIn5+%[tan‘1(0)—tan‘l(—z)]

:—llnS—ltan’l(—Z)
8 2



Q5
()

_ X’ +ax+b

o x+1
(2,0) is aturning point on C,
0=2°+2a+b
2a+b=—4 Eqgn (1)

dy (2x+a)(x+1)—(x2 +ax+b)

dx (x+1)2
:x2+2x+a—b
(x+1)2
d
At (2,0), — =0
(2.0) Ix
2°+2(2)+a—-b=0
a—b=-8 Eqgn (2)

D +©)

3a=-12

a=-+4

From (2)
b=a+8=-4+8=4

(i)

X* —4x+4
AN L S
X+1

. y ‘

_x—4x+4
x+1

v
x



(iii)
x°+ax’ +(b+1)x+1=0

X} +ax® +bx=—-x-1
x(x2 +ax+b):—(x+1)

x*+ax+b 1
X+1 X
2
Since the graphs of y=)(+;axer and y=—1 intersect
x+1 X

x° +ax® +(b+1)x+1=0 has only one real root.

Q6
(1)

Cartesian equation of ellipse is x_2+y_2 =1
a” (2a)

(i)

%
(23)2

y? =4a’ 1—X—2j

y —4(a2

y=12\/a —x°

Since x>0,y >0 for coordinates of P,
Area of rectangle PQRS, A=(2x)(2y)
=4xy

= 4x(2ya? — x?)
=8xva’—x®  (shown)

only once,

(iii)
d_A:8X _ X +8+a% - x? Alternatively
ox 2Ja’ - x* 2 2(a2 2 2,2 4
—8x2+8(a2—x2) A ZA64X (@ —x%)=64(a"x" —x")
B [a2 _ 2 ZAd——64(2a X—4x°)
8a® —16x° dA
I e Put — =0, 2x(a’-2x*)=0
Ja? —x2 dx (e )=
. . dA a
When A is a maximum, — =0. X =0(NA) or x=—(x>0)
dx NA

the equation



8a’ —16x° _

1
+t—a

‘7

=<
I

Since x>0, x= a

2
(iv)

A= 8xx/ a’—x? Alternatively

= A=100 "
100 = 64 5 a’ -

%? j\/(=j =100 1007 = 4%a*

j( j 100 a=5(a>0)
a_iS

Since a>0, a=5

Q7

X24+x—2
5-3x+2(X* +x-2)
X2+ x-2

2
2X°—x+1 S
(x+2)(x-1)

>0

2X° —x+1

=2 xz—lxj+1
2

2 2
=2 x2—1x+(—1j —(—i) +1
2 4 4
2

. 1Y 1V 7
Since X—Z >0, 2 X—Z +§>0forall real values of x.

OR:



Consider 2x* —x+1=0
Discriminant = (—1)° —4(2)(1)=-7<0 and coefficient of x*=2 >0
Hence 2x? —x+1> Ofor all real values of x.

Thus, consider ——— >0
(x+2)(x-1)

(x+2)(x-1) >0
+ - +
P D > X
-2 1
Therefore x <-2 or Xx>1

(i)
—5-3x -
x> —Xx—2
—(5+3x)>
X —x-2_
5+3x <
X>—x-2
5-3(—x)

(=x)"+(-x)-2

Replace x by —x:

2

<-2 (Note that the inequality sign is different from that in (i))

-2<—-x<1

-l<x<?2

Q8

(@)

y=f(x-a)+a : y
e
E r=0 > X
| ¢

A'(0,a) i

B'(a,0) xr=-d



(b)

y=g(x)=sinx
After A, y=g(Xx+7r)=sin(x+x)

After B, y:g(§+ﬂj:sin(§+ﬂj

After C, y=g[§+ﬂj+2=sin(g+ﬁj+2

Q9
(@)
2sin% 0
dx = cos& de
J.x/l NG J.x/l sin?
J-Zsm 6?
x/cos
_jzsm 0de

=j(1—c0320)d9
:e—lsin 20+cC

=sin' x—cos@sinf+c

—sinx—xy1-x% +¢

X=sin@
%zcose
do

Note :

To obtain cos@ in terms of x, use
trigo identities or triangle.

cos? @+sin?6 =1

Or




(b)(i)

isin(ln X) =cos(In x)(lj
dx X
(b)(i)

_[sin(ln X) dx = xsin(In x) —j x(% cos(In x))dx

= xsin(In x) —Icos(ln X)dx

= xsin(In x){xcos(ln x)—J—x(ljsin(ln x)dx} u = cos(In x) d—=1
X X

= xsin(In x) — xcos(In x) - j sin(In x)dx

2| sin(In x)dx = xsin(In x) - xcos(In x) +¢,

- [sin(in x)dx =%x[sin(|n x)—cos(n )]+

Q10
(i)
Ya
(0,2)
> X
o \_/(2,0)
(i)
X=t>+t y=t" -t
dx =2t+1 dy =2t-1
dt dt
ﬂ o 2t-1

dx 2t+1

u=sin(Inx) ﬂ=1

dx
du_ cos(In x) (lj V=X
dx X

dv

W sininx) (EJ V=X
dx X

Note :

Must include negative values of t in
the window settings.

When x=0, t°+t=0
t(t+1)=0
t=0 or -1
y=0 or 2

When y=0, t°-t=0
t(t-1)=0
t=0 or 1
x=0 or 2




10
. . .4
Gradient of line 5y =4x—-20 is rE

dy _ 2t14

dx 2t+1 5
10t-5=8t+4

(=2
2

2 2
X= 9 +g:24.75 y= 9 —g:15.75
2 2 2 2

Tangent to C is parallel to 5y =4x—20 at point (24.75,15.75)

(iii)

From (i), at (0,2), t=-1 (Can also obtain t =—1 from graph on GC)
dy _2(-1)-1
dx 2(-1)+1 Rir=T2+T Yar=12-T

Equation of tangent at (0,2) is

y—2=3(x-0)

y=3X+2

t*—t=3(t*+1)+2

2t° +4t+2=0

t?+2t+1=0 iy y=2

(t+l)2 =0

t=-1

Since t =—1 is the only solution, the tangent at (0,2) does not cut C again.

011
(i)
Given OA=a , OB=b, @z%a.

By Ratio Theorem, OD = 2c+3 _1 Z(Ea}er =l(a+3b)
5 5 2 5
(i)

Area of triangle OCD
GC xOD|

NIFR, NP N

%ax%(a+3b)‘

E(axa)Jr%(axb)‘



11
=%‘%(axb)‘ since axa=0

:i|a><b| where k=i
20 20

(iii)
B
@:oﬁ—&:l(awb)—laib—ia )
5 2°75° 10
@.EA:(gb—iaj.a D
5 10
3
-3pa-2aa z
5 10 4 .
O
= 3lb|lalcosZ > faf ¢
5 410
3 ) 3,2 6 12
= 2(2)(2) X2 22 =222 20
5(*F)( )[2] 10 =571

Since CD.OA=0, CD is perpendicular to OA. (Shown)

Alternative Method
BC—0OC_0B = %a—b

BC.OA= Ga—bj.a

= 1a.a—b.a
2

4

Since BC.OA=0, BC is perpendicular to OA.
Since D is on BC, CD parallel to BC,CD s perpendicular to OA. (Shown)

(iv)

%|a|2 _|b||a|cosﬁ - %(2)2 _(ﬁ)(@(@} =2-2=0

larh| is the length of projection of OB onto OA (or a line or vector parallel to OA).
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Q12
(i)
1 3
Givenl : r=|-5|+A4| 1 | where A &[]
-5 -6
2
Given r,:r.|-5|=4
-3

Acute angle between | and 7,

= 90° —cos™

90° —cos™ 19 j

46438
= 27° (nearest degree)
(ii)
1+31 2
-5+4 |.|-5|=4
-5-64)\-3
21+31)—-5(-5+1)-3(-5-61)=4
194 =-38
A==-2
1 3 -5
When 1=-2,0Q=|-5|-2| 1 |=|-7].
-5 -6 -7

The coordinates of Q = (-5,-7,7)

(iii)
3 2 -33 33
Tofind normalto z,: | 1 |x|-5|=| -3 |=—| 3
-6) \-3) \-17 17
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33 1)(33 33 -5) (33
rN3|={-5|.|3]|orr| 3 |=-T7]|3
17 —5) (17 17 7 17
33
Thus r.| 3 |=-67
17

Cartesian equation of 7,: 33x+3y +17z = —67

(iv)

Equation of z,: 2x-5y—-3z=4
Equation of 7,: 33x+3y+17z =67

. 17 4 14 7
Using GC, let z=pu, X=————u, y=————
g9 H 9 gﬂ y 9 g,U
iy (.4
9 9
Vector equation of the line: r = —% + 1 —g =
0 1
Alternative Method:
2 33 —76 4
-5 |x| 3 |=|-133|=-19| 7
-3) (17 171 -9

Deduced that point Q lies on the intersection line as
it lieson 7, and 1.

-5 4
Vector equation of the line: r=| =7 |+t| 7 |, where tell .
7 -9
Q13
(i)
A
-___—-_\\ O » X
X) (b) y=k
(-1.3)

4
+t| 7 |, where tel] .
-9
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(ii)

Any horizontal line y =k cuts the graph of f at most once. Hence, f is one-one and f ! exists.

Letyzl—i2
X

NI

-y
[i
-y
Since x<-1, x=- i
\fl—y
4
f(x)=—,|—
(x) «/H
Dfﬂ:(_

1
X=x%

[N

3,1)

(iii)

Hence, for ff*(x)=f"'f (x), we have -3<x<-1.
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(iv)

Rg (_OO'_Z)
D, = (—oo,—l)
Since R, < Dy, fg exists. Ya

fg(x):l—m

A

Ry =(0,1) y=0

Alternative to find R ;:

f
Dg ! Rg ng

(—o0,0) (—=.-2) 01)  y=f(x)

Ry, =(0,1)




