CATHOLIC JUNIOR COLLEGE
H2 MATHEMATICS

2024 JC1 PROMOTIONAL EXAMINATION SOLUTION

Q1

When x=1,
O=p(1)+\/5—ln(r)
p+g—Inr=0 - (1)

When x=2,
0=p(2)++2¢ ~In(2r)
2p+V2\Jg-Inr=1n2 —mmmv (2)

When x =35,

0= p(5)+\/§—ln(5r)
5p+5g-Inr=In5 - (3)
Using G.C.,
p=-0.4518351361~-0.452 (to 3dp.)

\/E =2.764231837 = ¢=2.764231837" =7.640977649 ~ 7.641 (to 3 d.p.)
Inr=2.312396701 = r=¢>""""""=10.098599 ~10.099 (to 3 d.p.)
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Q2

3x-17 B =3x—7—(x+3)(x—2)
(x+3)(x—2) (x+3)(x—2)
:—xz—x+6+3x—7
(x+3)(x—2)
:—x2+2x—1
(x+3)(x-2)
3x-7
3)(x=2)
3x-7
G2
—x>+2x-1
G (x=2)
xP=2x+1
3 (x=2)
(+-1)
3 (x=2)
Y N N N .
j ! | >

Lx<=3orx>2
Replace x by e*,

e’ <=3 (reject-ce* >0) or e* >2
x>In2
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1 1
(n+1)+1 { 4+1}
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Q4

. o *—4x+4
(a) Using Long Division: y = e x
x—1 x—1

Asymptotes: x=1, y=x-3

y4‘

1 (x—dx+4 Y
(b) (X—2)2+?(T+lj =4
(x=2) 1 (X—dxsd ),
22 (2[))2 x—1
Ellipse centre (2,-1)
0<2b<1

O<b<l
2
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(@)

(b)

%(tan_1 \/ﬁ) :ﬁ%(m)

! -l(2+x3 )7% -%(xz')

:3+x3 2
11 il
T34y ’§(2+x3) e
_ 3x2
2(3+x3)\/2+x3
Method @:
d X d d|1
—In| —— |=—(Inx)——| =In(1-
dxn(«/l—x] &) dx{2 ( x)}
1 1 1
Y (O |
x 2 l—x( )
1o 1
X 2(1—x)
Method @:

il el as)
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(a) y=sin(e"—1)
%zcos(ex—l)-ex
ji—);:e [ sm e —1 ]+cos e’ —1
=—¢’ sm(e —1) %

dy 2x
=——-—ye" shown
s ( )
(b) When x=0,

y=sin(e°—1)=0

d—y=cos(e°—l)-e° =1
dx

2

!

© 1 +sin (e"—l) =[l+sin(e"—1)]%
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(b)

— 304+0C
= A 1 B
4
OC =4b-3a
OD = mOB 19) | B m—1
:mlz
AB=b—a

@=m[3—(4l3—3g)

=3c~z+(m—4)l~)

Given that 4B is perpendicular to CD,

Page 7 of 23



()

S, 2500

?[m +(36-1)(0.5) =500

Method @: Algebraic
3—26[2a +(36-1)(0.5) ] =500

18(2a+17.5)>500

2a+17.5 Zﬂ
18

500

2a>2——-17.5
18

a>5.138888889

Hence, smallest value of a is 6.

Method @: G.C. Table

E, 42
+ a
G ph—tid
I\Y18 %(2(X)+(36—1)(0.5) 2 a8
..................................................... 'si :;g
I\Y2=
n\Ya= samES
I\Ya= 8 603
B\Ys= o [
\NYs= i1 741
E\Y?= %=6
36

a 7[2a+(36—1)(0.5)]

5 495

6 531

7 567

Hence, smallest value of a is 6.
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(b)(i) Method @:
u,=10Iu,_ —x

=1.01(1.01u,_, —x)—x
=1.01%u, , -1.01x—x
=1.01*(1.01u,_, —x)—1.01x —x
=1.0"u, ,—1.0°x-1.01x—x

=1.01"u, -1.01"'x—...— 1.0’ x—1.0lx —x
=1.01"(400)— x(1+1.01+1.01° +...+1.01"")

=1.01" (400)—x[M}

1.01-1

=1.01"(400)~100x(1.01" ~1) (shown)

Method @:
u, =1.0ly,—x
u, =1.0luy, —x
=1.01(1.01u, —x)—x
=1.01%u, -1.0lx—x
uy =1.01u, —x
=1.01(1.01%u, ~1.01x—x) - x
=1.01%u, -1.01°x-1.01x—x
u, =1.01"u, —1.01" ' x—...~1.01*x - 1.01x — x
=1.01"(400)— x(1+1.01+1.01° +...+1.01"")

—1.01" (400)—x[—1(1'01n _1)}

1.01-1

=1.01"(400)~100x(1.01" ~1) (shown)

(b)) y=1.01(1.01" (400)-100(16)(1.01* ~1))
=1.01""'(400)-1616(1.01 1)

Since 0< y <16,
0<1.01'*"(400)-1616(1.01 ~1) <16
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Method @:

Using G.C.,
k| 1.01°7(400)-1616(1.01" -1)
27 30.451
28 14.595
29 -1.419
Hence, k£ =28.
Method @:
Using G.C.,

NORMAL FLOAT DEC REAL RADIAN MP n NORMAL FLOAT DEC REAL RADIAN MP n
CALC INTERSECT

CALC INTERSECT
Y216 Y30

< TN

i Ii
91181 Y=16 X

27.91181<k<2891181
Hence, k£ =28.

Method ®:
0<1.01"(400)-1616(1.01 ~1) <16
0<1.01(404)-1616(1.01' ) +1616 <16
0<-1212(1.01)+1616 <16

—1616<—1212(1.01")<—1600
1600 _, i _=1616

— <.

-1212 -1212
@< 1.01* <i

303 3

ln(@j <kInl.01< ln(ij
303 3

2791180974 < k <28.91180974
Hence, k£ =28.

Sy=14.6 (to 3 s.f.)
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09

(a) Method ©:

4x” —Bx+4=4[x* —2x]+4

Method @:

24[(x—1)2—1}+4

=4(x-1)’

4x* —8x+4=A(x—B)2

4x* —8x+4 = Ax> —2ABx+ AB’
Comparing coefficient of x*: 4=4
Comparing coefficient of x: 8=2(4)(B)

B=1

Ax* —8x+4=4(x-1)

Method @:
y= 3e”
\s
y — 364)(2
\2
y= 364(”)2
\2
y= 364(”)2
Method @:
y= 3e"
J
y= 3¢
J
y= 36(2)(72)2
J
y= 364()(71)2

Scale parallel to x-axis by scale factor %

Translate 1 unit in the positive x-direction

Translate 10 units in the negative y-direction

-10

Translate 2 units in the positive x-direction
. 1
Scale parallel to x-axis by scale factor 5

Translate 10 units in the negative y-direction

-10
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(b)(®

1
xX=-

(b)) ’

(b)(iii) oy
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Q10

(a) Volume of cone = %mfzh =20m

2
h 5

3
60
h=-
r2

(b) Method @: Considering 4
A=mnrl

=\t + 0’

e +252)

r

=n’ (r4 +3600r’2)

Differentiating implicitly with respect to 7:
d4

24—=m’ (4 =7200r")
dr
A% =1’ [2;"3 - 36(3) j (shown)
dr r

Method @: “Otherwise” Method
A=mrl

=qr\rt+h?

, (60)2
=nr,|lr + —
.
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Differentiating with respect to 7:

1 1
“_ 0, -l(;ﬂ + 36001»-4)'5 (2r —4.3600r7° ) + (r2 +36007 )5
dr 2
s
- n(r2 + 3600;»*4) 2 [r2 — 720077 + 7% + 3600;»*4]
- n(r2 +36007™ )’5 [2r2 - 3600r’4]
_ T ( 0 36?0]
\/r2 +360077* r
A% =qrr? +3600r7 - T (21’2 - 36?())
dr Jr? +3600r™ r
= nzr(Zrz - 36?())
r
=7’ (2;’3 - 32?()) (shown)

(¢) At stationary point, ;ﬂ =0
r

T (21/3 _360 ij

3
r

3600

3
r

21 — =0

3600

3
r

r® =1800

21 =

1
r=(1800)s

To prove minimum:
Method @: Using 1% derivative test

' ((1800)é j (1800)s ((1800); j

Sign of
d4 <0 0 >0
dr

Tangent

. — /

1
r=(1800)¢ gives the minimum 4.
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Method @: Using 2" derivative test

From the result A% =’ (Zr3 —ﬂ] , using implicit differentiation to obtain:
r

dr
2 2
A d Ij J{%j =’ (6r2 + 108400j
dr dr r
1 2 2
At % =0and r= (1800)3 , d 124 :n—(6r2 +mj > 0 (minimum)
dr dr A r

1
r=(1800)¢ gives the minimum 4.

, Where k =l
2

Method @:

p 80

2
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, where k = 1
2

(d) Let V' be the volume of water in the cone when radius of water surface is x cm and depth is y cm.
By similar triangles,

x_r 2

v oh 2

Rate of decrease of depth of water is 2i cm/s or 0.477 cm/s (3 s.f)
T
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Since any horizontal line y =,k € R cuts the graph at most once, fis one-one function, f inverse
exist.

Alternative:
Since any horizontal line y =%, where k > 2,k € R cuts the graph exactly once, f is one-one
function, f inverse exist.

1
b) Lety=f(x)=2
(®)  Lety=f(x)=2+—
1
_2=
7 x—=2
x=2+;
y—
£ =2 =f
(¥)=2+—=F ()
D =R; =(2,oo)

Since f(x)=f"(x) forall x>2, fis self-inverse.

Method @:
f(x) =f (x)
ff(x) =ff~' (x)

£2(x)=x
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Method @:

ff(x):f[2+ 12J

X—

=2+ !
1

1

=2+

(¢) Since f(x) =f (x), f? (x) =X

£ (x) =12 [£(x)]

:f2(2+ ! j
x=2

(@) gfexists if R, =(2,0) D, :(l,oo)

Thus we will be using the function g(x)=(x—1)2 +2, for x >1

gf(x)zg(2+x12j

1 2
:{2+ —1} +2
x=2
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(e)

Method @:
D, = (2.%) —>(2.%) > (3.%)

R, =(3,)

Method @:

by
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1 2 4 )
() OA=|2|,0B=|-1|,0C=| 5|, 0D=| 0
3 -1 -5

=9+14+36
=59
Sooa=59

o w1

Method @:
Let @ be the angle between the line BD and [].

el

137 =/98+/274 sin @

137

sinf = ————
J98274

0=56.7°(to 1 d.p.) or 0.990(to 3 s.f.)

sin @
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Method @:
Let @ be the angle between the line BD and normal of [].

—-43\(9 =4\ 9
L7 (=1 7 |lcosd
-9) (12 -9 Ji\12
137 =/98+/274 cos &
0059:—13—7
V98274

6 =33.275° or 0.58075

. angle between the line BD and [] is 90°—33.275°=56.7° 0r§—0.58075 = 0.990(to 3 s.f.).

Let F be the foot of perpendicular from the point D to [].

-2 9
lppir=| 0 |[+4] 7 [,AeR
-5 12
-2+91
Since F' lies on line DF, OF = 7 for some A
=5+124
D (-2,0,-5)
I1: r-| 7 (=59 .
: i
12
2491 9 7
74 || 7 ]=59 £ e
=5+124 ) \12

9(—2+91)+49/1+12(—5+12/1) =59
—18+814+494-60+1441 =59

2744 =137

a-1

2
—2+9(%) A
OF=| 1(4) |=| 7
—5+12(%) 1
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Alternative Method
—4

BD=| 1
-9

FD = (BD- )i
I 9 9

— 12 12
FD=|| 1 |
9 9

12 12

FD=|| 1 [~=£

V274 |N274

FD

3

FD=—(-137)| 7
12

FD=—
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(d) Area of triangle ABC
=—|4Bx AC

12
:%\/92+72+122
:l 274 units®
2
% =y [
DF=| 75|~ 0 |=| 7
1 = 6
% 2 2
LIS BRHRE

6

Volume of pyramid = %(%\/ 274 j( 1377j = 13?7 unit’
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