2023 ASRJC H2 FM Prelim Paper 1 Solutions
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cosﬂ=?3=—:>ﬂ:54.736°

a =60° -54.736° = 5.264°

a =3e"" = 3(c0s0.0919+i5in 0.0919) = 2.99 + 0.275i

Using the reflective property of ellipse, y =6

(2c)* =(FP)* +(F'P)* =2(FP)(F 'P)cos(z —26)

(2c)’ =(FP)" +(F'P)* +2(FP)(F 'P)cos 260

FP) +(F'P)’ +2(FP)(F'P)(1-2sin’0)

FP+F'P)’ —4(FP)(F'P)sin?6

(
:(F) +(F'P) +2(FP)(F'P)-4(FP)(F'P)sin’0
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) 4(F )(F'P)sin26’

(F'P)sin*0=a’
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(FP)(F'P)= b—e shown
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y=(—§+Z+Ce j ,(.y>0)

40y | r :sin0+%cos 20

=sin 6’+%(1—23in2 49)

23 (ging_ LY
=2 (sm@ 2)
3

. maximum value of r is 1

Alternatively,

3—; =c0s 6 —sin 20 = cos @ — 2sin §cos & = cos §(1-2sin 0)

dr o 3
@—030050(1 2sin0) =0
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= 0=20rsi ; =0=%




_z . _1
H—Z,r_z
Y
0=-5% "3

maximum value of r is % )
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(ii)
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2
1 _Z
(iii) sm&-i =0= 5
angle = L(3)(3anz)-L(3)(¥3|_3
Area of triangle = 2(4)(4tan 6)— 2(4)( 4 j 32*@

Area of sector = ljg rdo
2Jo

:EI% sin9+lcosze 2 déo
2Jo 2

:1I65in29+%0032 20 +sin0cos26 dé

2_[ (1-cos26)+ 8(1+cos40) 2(sm3¢9 sing) d@

=_j€5—4cosze+cos49+4sin39—4sin9 do
16 o

[50 2sin 26 + 4sm 40—§cos39+4cose}
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_Li(o7m i 12 4 o7 4
_16[(6 25|n3+4sm 3 3c032+4cos6j ( 3+4ﬂ
_b5m 9 1
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=253 55 *g "here a= g P=—g5.C =




1
Since Iol(l—xz)2 dx is the area of the quarter circle y =~/1—x? with centre at origin

and radius 1, therefore | = _[:(1— G ); dx = %n(lz) = %7;

Using Simpson’s Rule,

(1j
4
| zT(Yo +4y,+2y,+4y,+Y,)

2 2 2
N P 1—(% +2 1—[% +4 1—(§j +41-(2)°
12 4 2 4
=i 1+4\/E+2\/§+4 l+0
12 16 N4 V16
=0.7708988
=0.7709 (4 dp)

From symmetry , area under the curve from 1 tolis 1[% —lj - 1

J2 2 2

Using Simpson’s rule,

o 5 [T of [ ) 13

=0.642648365

| ~2(0.642648365) —% =0.78529673=0.7853 (4 dp)

The second method gives a better approximation to the first method because the
width of the interval is smaller and so the quadratic approximation for Simpson’s
Rule in the second method give a better approximation to the area under the curve.




6 |(a)
U,,, = (1+birth rate — death rate)u, —cull
=(1+b-d)u, —c,
(b)
un = pun—l + qv
=p(pu,,+0)+q
= P’U,, + Pa+q
=p*(PU,5+0)+PA+0
= pUy,5+ P°d+pa-+q
=p"'u, + p"Pg+ p" g+t P +Q
l— n-1
oty o P
1-p
(c) If x is the equilibrium population, then u,,; =u,,
x=1.08x-160
= x=2000
(d) (i)
u, =1.08""u, +2000(1-1.08"*)
=1.08""(u, —2000)+ 2000
If u, > 2000, then u, —2000 >0
and 1.08""(u, —2000) > as n— oo,
ieu, —» o
The mathematical model which we have developed predicted unlimited growth in
population.
(i) The most likely scenario is a reducing rate of growth as resources are
depleted.
7@ |Whenu=a, v=2a’+a=a'=2a’+a

Whenu=p, v=2f°+a=p'=2p"+a

v:2u2+a:>ﬁ:4u
du
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jﬂu3\/u4+au2+b du=jﬁu3\/(u2+%a) —%a2+b du
24+ 1V 1
j ol (u%—aj Lan Lay
2a"+a 2 4 4u

2ia — 2
J‘Zﬂz l(—v aj (lvj —1a2+b dv
wia g\ 2 J\\27) 4

Hence f(v)= %(v—a)\/v2 —a’+4b

(b) | C: x=3t* y=t?(2t-3) where t>0.

y<0:>t2(2t—3)<0:>0<t<g

1% (det

I\/6t +(6t(t-1))°d

= jfﬁt,/1+(t—1)2dt

Letw=t- 1:d—u:1
dt

Whent=0=w=-1

Whent=g:>W:

N |-

1
:EG(W+1)\/1+W2dW
Or

By translating the curve by 1 unit in the negative direction of the t-axis,

3 1 1
3 > 1 1
I026t,/1+(t—1) dt =j_216(t+1)\/1+t2dt =I_216(W+1)\/1+W2dw

C,: 3x=t>-3t, 3y=t’

& =t* -1, dy =t
dt dt




B
%ﬁjo 2 32t — 2t +1 dt

_ 2\/§ﬂ.|'\/2§t3 t4_t2+l dt
3 7o 2

Using part (a),

2\/_7[J. (W+l )Vw? -1+ 2 dw

3
7[\/_ W+1 \/ 1dw
7;( r
24 6
J2rr
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8(i) | x=Lsing , y=-Lcos®

dx do dy de
at =LcosO—— a0t Lsmé?dt
2
dx Lcosedf Lsi ne(de) dy LS|n9d—29+Lcose(d9j shown
dt? dt dt dt? d dt

: d’6 do
i ~Tsind=m| Lcos@——Lsin@| — | |--—-- 1
(i) i { o (dtj } )

2
Applying Newton’s 2" law, T cos@—mg = m{LSIn gi_eJr LCOSH(?;?) }

2
=T cosf= mg+mL{sm03t0+cos¢9(Zﬂ } ----- 2

dt

m:_sine d?e (dej

d?o do
L —+L
(2) 050 g+ slné?dt + cose( )

Lcose—— Lsin@
dt? dt




2 2 2
—L cos® esz+ L cos@sin O(Z—fj =gsin @+ Lsin? 49?ij+ Lcos@siné

&)

2

(cos® 0 +sin? H)the —gsing

2
d—f - —Ysing ( cos® 0 +sin? @ :1)
dt L

If @ issmall, sin@~@

d6?

) _9 =@, shown
dt? L

(iii)

Characteristic equation: m? +% =0=m= J_r\/%i

-6 =Asin \/%t + Bcos \/%t where A,B are arbitrary constants

d_H — A\ﬁcos\/gt— B\Esin \ﬁt

e \f \f :_12\f \f

:>A——

- sin \/§t+cos\/§t
12 L L

Hzﬁsin \/§t+z
12 L 4

Maximum H:& since —1<sin \/§t+£ <1
12 L 4

(iv)

at

deo

h
6?49+dt

0=0,, v=0,

do

o, =w,+h—— .

0 0.
=0+1| —=sind, |=—=sing
0=0,, v=w, ( L 0) L °

dé g.:
= h_ — -
0,=6+ . ‘9:01’ o 6, 3 sin g,




(i) For a =5, from GC,

1 2 4 1 1 0 -2 -3
rrefl 2 3 -7 0|=|0 1 -1 2
-1 -3 5 -3 00 0 O

W—-2y-3z=0=>w=2y+3z
X—y+22=0=>Xx=Yy-22

w 2y +3z 2 3
X y—22 1 -2
= =y|  |+2
y y 1 0
z z 0 1
2) (3 2 3
Basis for K, = ! : R since : # [ - forany feR
1110 1 0
0 0 1

When a =5, dim(K,)=2=rankof A=4-2=2

1 2 -4 1 e [L2 4 1 1 2 -4 1
2 3 -7 G5—q|—2R 510 -1 1 3-g|—2EB,l0 -1 1 3-«a
-1 -3 a -3 0 -1 a-4 =2 0 0 a-5 a-5

For o #5,

W+2X—-4y+z2=0
—X+y+(3-a)z=0=>x=y+(3-a)z
(a-5)y+(a-5)z2=0=>y+z=0=>y=-2
We have w+2(-z+(3-«a)z)+4z+2=0

W=9z-20z=wW=(2a-9)z

(2a-9)z 2a -9

_ —Z+(3—05)Z _, 2—«
A -1
z 1

N < X =




|

20 -9
_ 2—«a

)

1

When a #5, dim(K,)

Basis for K,

4-1=3

1= rank of A =

(i)

From observation,

N\
o O O O
N—
121 7~
N\
Lo — d - o A - - o
— //|\/{\
B = =
//|\//||\
T~ < <
N\
— — 4 O Il |
N—
~ = x > N =T X > N
<C < <

HH

Therefore S
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Alternatively,

1 2 4 1|-1 1 0 -2 -3-1
rrefl2 3 -7 0]-2| = |0 1 -1 2|0 | and obtain the answer
-1 -3 5 31 00 0 0f0
-1 2 3
s=i° Hee| 2|2 R
= + + l y y
0 M 1 T 0 H, T €
0 0 1
1 2 3
: (11 - .
S is the column space of the matrix 11 , therefore S is a vector space.
00
1 2
(iv) Rangespaceof T=:6| 2 |+¢| 3 |,0,pcR
-1 -3
Assume that 3x—y+z=0.
X X -1 0
Then |y |=|3x+z|=-X|-3|-z|1
z z 0 1
-1 1 2
But | -3 |=(-3)| 2 |+| 3
0 -1) (-3
0 1 2
and | -1|=(-2)| 2 |+| 3
-1 -1 -3
X X

Therefore | y | e R, the range space of T. Therefore | y |2 U.

Z

X
Henceif | y |eU, then 3x—y+z #0.
z

z
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10(i) | Since the ellipse is a scaling of the circle parallel to the y-axis with a scale factor of
b b, ... .
=, y=—(asinE)=DbsinE
a ) a( ) '
(ii) | r’=x*+y?

r*=(acosE —ae)2 +(bsin E)2

=a’cos’ E—2a’ecosE +a%? +b?*sin’ E

—a®cos? E - 2a’ecos E + a%e? +(a2 —cz)sin2 E

=a’cos’ E —2a%ecos E + a%e? +(a2 —azez)sin2 E

= az(cos2 E +sin? E)—Zazecos E +a%’ (1—sin2 E)

=a’—2a’ecosE +a%?cos’E

=r?=a?(1-ecosE)’

Sr= a(l—ecos E) since r >0, shown

Alternative method

X=rcosd =acosE —ae----- (1)

a(l—ez)
~1tecosd

r+erc059:a(l—e2)

r+e(acosE-ae)=a(l-e”) (using (1))

r=a—ae’—aecosE +ae’

r=a(l-ecosE), shown

(iii)

rcosd =acoskE —ae

r(Zcoszg—lj:acosE—ae

2r cos® g =acosE—ae+a(l-ecosE) (using (ii))

2r0032§:a(20032%— )—ae+a—ae(20052%—1j

rcoszQ:aCOSZE—a—aeJra—aecoszE+ae

2 2 2
rcoszgzacoszg(l—e) ----- (1)

Similarly, r(l— 2sin® g) =acosE —ae

2rsin2§:a—aecosE—acosE+ae

2rsin? g - a—ae(l—Zsin2 %)—a(l—Zsin2 %)Jrae

12




rsng_asm E(1+e) ----- (2)

2
(1) ,0 lve, ,E

tan
tangz ,fﬁ tan% when 0< 8 <, shown

(iv)

_p 1. 47
Let f(E)=E 4s,lnE 15

f'(E):l—%cosE

E—13|nE—4—”
En+1:En_ 41 19
1-~cosE
4 °0SE,
_[(143(1))4z_~
B = (“4(4))19_4
z_lga7_ 47
E=2-4 4 _4 19 084949
4 1—1005—
4774
E, ~0.849051

E, ~0.849051~ 0.8491, correct to 4 dp

1

4 0.8491
1 tan >
4

= 6 =1.06rad, correct to 3 s.f.
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