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The IB learner pro�le represents 10 attributes valued by IB World Schools. We believe these attributes, and others 
like them, can help individuals and groups become responsible members of local, national and global communities.

We nurture our curiosity, developing skills for inquiry and 
research. We know how to learn independently and with others. 
We learn with enthusiasm and sustain our love of learning 
throughout life.

We develop and use conceptual understanding, exploring 
knowledge across a range of disciplines. We engage with issues 
and ideas that have local and global signi�cance. 

We use critical and creative thinking skills to analyse and take 
responsible action on complex problems. We exercise initiative in 
making reasoned, ethical decisions.

We express ourselves con�dently and creatively in more than one 
language and in many ways.  We collaborate e�ectively, listening 
carefully to the perspectives of other individuals and groups.

We act with integrity and honesty, with a strong sense of 
fairness and justice, and with respect for the dignity and rights 
of people everywhere. We take responsibility for our actions 
and their consequences.

We critically appreciate our own cultures and personal histories, 
as well as the values and traditions of others. We seek and evaluate 
a range of points of view, and we are willing to grow from the 
experience.

We show empathy, compassion and respect. We have a 
commitment to service, and we act to make a positive di�erence 
in the lives of others and in the world around us.

We understand the importance of balancing di�erent aspects of 
our lives—intellectual, physical, and emotional—to achieve 
well-being for ourselves and others. We recognize our interde-
pendence with other people and with the world in which we live.

We thoughtfully consider the world and our own ideas and expe-
rience. We work to understand our strengths and weaknesses in 
order to support our learning and personal development.

We approach uncertainty with forethought and determination; 
we work independently and cooperatively to explore new ideas 
and innovative strategies. We are resourceful and resilient in the 
face of challenges and change.

IB learner profile
The aim of all IB programmes is to develop internationally minded people who, recognizing their common 
humanity and shared guardianship of the planet, help to create a better and more peaceful world.

As IB learners we strive to be:
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PAUL’S WHEEL OF REASONING 
 

 

Using Paul’s Wheel of Reasoning in Mathematics  
• Purpose (What do you think is the purpose of giving you that fact?) 
• Question at Issue  (What is the question asking for in your own words?) 
• Information (Please read and list all the facts and information) 
• Assumptions  (What do you think is the assumption behind the given information?) 
• Concepts (What are the key concepts you need in order to resolve this question?) 
• Point of View (Is there any other way of seeing this problem?) 
• Interpretation and Inference (Given the question and the information, what do you 

think are the key moves to solve this problem?) 
• Implication and Consequences (Based on your point of view, what would be the 

steps you take to solve this maths problem?) 
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Setting Press-To-Test for TI-Nspire CX II 

1) Make sure your GDC is switched OFF

2) Press ESC d and HOME c buttons

simultaneously.

3) A pop up box will appear.

4) Change Angle Setting to Radians

5) Unselecting Functions

• DO NOT press ENTER · while selecting the

functions.

• Use only the TAB e button to scroll down the list.

• Uncheck by pressing the centre of the scroll button x

when the function you want is highlighted.

• Applications that are approved

(MUST NOT BE TICKED)

o Disable inequality graphing

o Limit trigonometric functions

o Disable logb x  template and summation

functions

o Disable Polynomial Root Finder and

Simultaneous Equation Solver

o Disable Numerical Solver

o Disable Sliders

• Applications that are NOT approved

(MUST BE TICKED)

o Limit geometry functions

o Disable function and conic grab and move,

and disable change of equation form

o Disable vector functions, including

eigenvectors and eigenvalues

o Disable “isPrime” function

o Disable differential equation graphing

o Disable 3D graphing

o Disable implicit graphing, conic templates, conic analysis and geometric conics.

6) Once done, press ENTER ·

7) Your GDC will enter press-to-test mode and the LED will blink Orange
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Topic 1: Number and algebra – HL 

1.2 The nth term of an 
arithmetic sequence 

1 ( 1)= + −nu u n d

The sum of n terms of an 
arithmetic sequence ( )1 12 ( 1) ; ( )

2 2n n n
n nS u n d S u u= + − = +  

1.3 The nth term of a 
geometric sequence 

1
1

n
nu u r −=

The sum of n terms of a 
finite geometric sequence 

1 1( 1) (1 )
1 1

n n

n
u r u rS

r r
− −

= =
− −

, 1r ≠  

1.8 The sum of an infinite 
geometric sequence 

1 , 1
1

uS r
r∞ = <

−
 

1.4 
Compound interest 1

100

k nrFV PV
k

 = × + 
 

, where FV is the future value, 

PV is the present value, n is the number of years,  
k is the number of compounding periods per year, 
r% is the nominal annual rate of interest 

1.5 Exponents and logarithms logx
aa b x b= ⇔ = , where 0, 0, 1a b a> > ≠  

1.7 Exponents and logarithms log log loga a axy x y= +

log log loga a a
x x y
y
= −   

log logm
a ax m x=

Exponential and 
logarithmic functions 

loglog
log

b
a

b

xx
a

=

lnex x aa = ; loglog a xx
a a x a= =  where , 0, 1a x a> ≠  

1.9 Binomial theorem n∈ 1( ) C C1
n n n n r r nn na b a a b a b br

− −+ = + + + + +   

!C
!( )!

nn
r r n r
=

−
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1.10 

Combinations  
!C

!( )!
nn

r r n r
=

−
 

 
Permutations 

 

Extension of binomial 
theorem, n∈  

!P
( )!

nn
r n r
=

−
 

( ) ( ) 21
1 ...

2!
n n n nb ba b a n

a a
 −   + = + + +         

 

1.12 Complex numbers iz a b= +   

1.13 Modulus-argument (polar) 
and exponential (Euler) 
form 

i(cos isin ) e cisz r r rθθ θ θ= + = =  

1.14 De Moivre’s theorem [ ] i(cos isin ) (cos isin ) e cisn n n n nr r n n r r nθθ θ θ θ θ+ = + = =  

 

Topic 2: Functions – HL  

2.1 Equations of a straight line y mx c= + ; 0ax by d+ + = ; ( )1 1y y m x x− = −  

 
Gradient formula 2 1

2 1

−
=

−
y ym
x x

 

2.6 Axis of symmetry of the 
graph of a quadratic 
function 

2( )
2
bf x ax bx c x
a

= + + ⇒ = −axis of symmetry is  

2.7 Solutions of a quadratic 
equation  
 

Discriminant 

2
2 40 , 0

2
b b acax bx c x a

a
− ± −

+ + = ⇒ = ≠  

2 4b ac∆ = −  

2.12 Sum and product of the 
roots of polynomial 
equations of the form 

0
0

n
r

r
r

a x
=

=∑   

Sum is  1n

n

a
a

−−
 ; product is 

( ) 01 n

n

a
a

−
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Topic 3: Geometry and trigonometry – HL 

Prior learning – HL 

Area of a parallelogram A bh= , where b is the base, h is the height 

Area of a triangle 1 ( )
2

A bh= , where b is the base, h is the height 

Area of a trapezoid 1 ( )
2

A a b h= + , where a and b are the parallel sides, h is the height 

Area of a circle 2A r= π , where r is the radius 

Circumference of a circle 2C r= π , where r is the radius 

Volume of a cuboid V lwh= , where l is the length, w is the width, h is the height 

Volume of a cylinder 2V r h= π , where r is the radius, h is the height 

Volume of a prism =V Ah , where A is the area of cross-section, h is the height 

Area of the curved surface of 
a cylinder 

2A rh= π , where r is the radius, h is the height 

Distance between two 
points 1 1( , )x y and 2 2( , )x y  

2 2
1 2 1 2( ) ( )d x x y y= − + −  

Coordinates of the midpoint of 
a line segment with endpoints 

1 1( , )x y and 2 2( , )x y  

1 2 1 2,  
2 2

x x y y+ + 
 
 

 

 
3.1 Distance between two 

points 1 1 1( , , )x y z  and 

2 2 2( , , )x y z  

2 2 2
1 2 1 2 1 2( ) ( ) ( )= − + − + −d x x y y z z  

 Coordinates of the 
midpoint of a line segment 
with endpoints 1 1 1( , , )x y z  
and 2 2 2( , , )x y z  

1 2 1 2 1 2,  , 
2 2 2
+ + + 

 
 

x x y y z z
 

 
Volume of a right-pyramid 1

3
V Ah= , where A is the area of the base, h is the height 
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Volume of a right cone 21

3
V r h= π , where r is the radius, h is the height 

 Area of the curved surface 
of a cone 

= πA rl , where r is the radius, l is the slant height 

 
Volume of a sphere 34

3
V r= π , where r is the radius 

 Surface area of a sphere 24π=A r , where r is the radius 

3.2 
Sine rule 

sin sin sin
a b c

A B C
= =  

 
Cosine rule 2 2 2 2 cosc a b ab C= + − ; 

2 2 2

cos
2

a b cC
ab

+ −
=  

 
Area of a triangle 

1 sin
2

A ab C=  

3.4 Length of an arc l rθ= , where r  is the radius, θ  is the angle measured in radians 

 
Area of a sector 21

2
A r θ= , where r  is the radius,θ  is the angle measured in 

radians 

3.5 
Identity for tanθ  

sintan
cos

θθ
θ

=  

3.6 Pythagorean identity 2 2cos sin 1θ θ+ =   

 Double angle identities sin 2 2sin cosθ θ θ=  

 
 

2 2 2 2cos 2 cos sin 2cos 1 1 2sinθ θ θ θ θ= − = − = −  

3.9 Reciprocal trigonometric 
identities 

1sec
cos

θ
θ

=  

  1cosec
sin

θ
θ

=  

 Pythagorean identities 2 2

2 2

1 tan sec
1 cot cosec

θ θ

θ θ

+ =

+ =
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3.10 Compound angle identities sin ( ) sin cos cos sinA B A B A B± = ±  

  cos( ) cos cos sin sinA B A B A B± =   

  tan tantan ( )
1 tan tan

A BA B
A B
±

± =


 

 Double angle identity  
for tan 2

2 tantan 2
1 tan

θθ
θ

=
−

 

3.12 

Magnitude of a vector 2 2 2
1 2 3v v v= + +v , where 

1

2

3

v
v
v

 
 =  
 
 

v  

3.13 

Scalar product 1 1 2 2 3 3v w v w v w⋅ = + +v w , where 
1

2

3

v
v
v

 
 =  
 
 

v , 
1

2

3

w
w
w

 
 =  
 
 

w  

  cosθ⋅ =v w v w , where θ  is the angle between v  and w  

 Angle between two 
vectors 

1 1 2 2 3 3cosθ + +
=

v w v w v w
v w

 

3.14 Vector equation of a line = + λr a b  

 Parametric form of the 
equation of a line 

0 0 0,  ,  x x l y y m z z nλ λ λ= + = + = +  

Cartesian equations of a 
line 

0 0 0x x y y z z
l m n
− − −

= =  

3.16 

Vector product 
2 3 3 2

3 1 1 3

1 2 2 1

v w v w
v w v w
v w v w

− 
 × = − 
 − 

v w , where 
1

2

3

v
v
v

 
 =  
 
 

v , 
1

2

3

w
w
w

 
 =  
 
 

w  

sinθ× =v w v w , where θ  is the angle between v  and w  

Area of a parallelogram A = ×v w  where v  and w  form two adjacent sides of a 
parallelogram 

3.17 Vector equation of a plane = + λ µr a b + c  

Equation of a plane  
(using the normal vector) 

⋅ = ⋅r n a n  

Cartesian equation of a 
plane 

ax by cz d+ + =  
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Topic 4: Statistics and probability – HL 

4.2 Interquartile range 3 1IQR Q Q= −  

4.3 

Mean, x , of a set of data  1

k

i i
i

f x
x

n
==
∑

, where 
1

k

i
i

n f
=

=∑
 

4.5 
Probability of an event A  

( )P( )
( )

n AA
n U

=  

Complementary events P( ) P( ) 1A A′+ =  

4.6 Combined events P( ) P( ) P( ) P( )A B A B A B∪ = + − ∩  

Mutually exclusive events P( ) P( ) P( )A B A B∪ = +  

Conditional probability 
P( )P( )

P( )
A BA B

B
∩

=  

Independent events P( ) P( ) P( )A B A B∩ =  

4.7 Expected value of a 
discrete random variable X 

1
E ( ) P( )

k

i i
i

X x X x
=

= =∑  

4.8 Binomial distribution 
~ B ( , )X n p  

 

 Mean E( )X np=  

 Variance Var ( ) (1 )X np p= −  

4.12 
 

Standardized normal 
variable 

xz µ
σ
−

=  

4.13 Bayes’ theorem P( ) P( | )P( | )
P( ) P( | ) P( ) P( | )

B A BB A
B A B B A B

=
′+ ′

 

  

1 1 2 2 3 3

P( )P( | )P( | )
P( )P( | ) P( )P( | ) P( )P( | )

i i
i

B A BB A
B A B B A B B A B

=
+ +
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4.14 

Variance 2σ  
( )2 2

2 21 1

k k

i i i i
i i

f x f x

n n

µ
σ µ= =

−
= = −
∑ ∑

 

 

Standard deviation σ  
( )2

1

k

i i
i

f x

n

µ
σ =

−
=
∑

 

 Linear transformation of a 
single random variable 

( )
( ) 2

E E( )

Var Var ( )

aX b a X b

aX b a X

+ = +

+ =
 

 Expected value of a 
continuous random 
variable X 

E( ) ( )dX x f x xµ
∞

−∞
= = ∫  

 Variance [ ]22 2Var ( ) E ( ) E( ) E( )X X X Xµ = − = −   

Variance of a discrete 
random variable X 

2 2 2Var ( ) ( ) P( ) P( )X x X x x X xµ µ= − = = = −∑ ∑  

Variance of a continuous 
random variable X 

2 2 2Var ( ) ( ) ( )d ( )dX x f x x x f x xµ µ
∞ ∞

−∞ −∞
= − = −∫ ∫  
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Topic 5: Calculus – HL 

5.12 Derivative of ( )f x  from 
first principles 0

d ( ) ( )( ) ( ) lim
d h

y f x h f xy f x f x
x h→

+ − ′= ⇒ = =  
 

 

5.3 Derivative of nx  1( ) ( )n nf x x f x nx −′= ⇒ =  

5.6 Derivative of sin x  ( ) sin ( ) cosf x x f x x′= ⇒ =  

Derivative of cos x  ( ) cos ( ) sinf x x f x x′= ⇒ = −  

Derivative of ex  ( ) e ( ) ex xf x f x′= ⇒ =  

Derivative of ln x  
1( ) ln ( )f x x f x
x

′= ⇒ =  

Chain rule ( )y g u= , where 
d d d( )
d d d
y y uu f x
x u x

= ⇒ = ×  

Product rule d d d
d d d
y v uy uv u v
x x x

= ⇒ = +  

Quotient rule 
2

d d
d d d
d

u vv uu y x xy
v x v

−
= ⇒ =  

5.15 Standard derivatives 
tan x  

 
2( ) tan ( ) secf x x f x x′= ⇒ =  

 sec x  ( ) sec ( ) sec tanf x x f x x x′= ⇒ =  

 cosec x  ( ) cosec ( ) cosec cotf x x f x x x′= ⇒ = −  

 cot x  2( ) cot ( ) cosecf x x f x x′= ⇒ = −  

 xa  ( ) ( ) (ln )x xf x a f x a a′= ⇒ =  

 
loga x  1( ) log ( )

lnaf x x f x
x a

′= ⇒ =  

 
arcsin x  

2

1( ) arcsin ( )
1

f x x f x
x

′= ⇒ =
−

 

 
arccos x  

2

1( ) arccos ( )
1

f x x f x
x

′= ⇒ = −
−

 

 
arctan x  

2

1( ) arctan ( )
1

f x x f x
x

′= ⇒ =
+
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5.9 
Acceleration 

2

2

d d
d d
v sa
t t

= =   

 
Distance travelled from 

1t  to 2t  
distance 2

1

( ) d
t

t
v t t= ∫  

 
Displacement from  

1t  to 2t  
displacement 2

1

( )d
t

t
v t t= ∫  

5.5 
Integral of nx  

1

d , 1
1

n
n xx x C n

n

+

= + ≠ −
+∫  

 
Area between a curve 

( )y f x=  and the x-axis, 
where ( ) 0f x >   

d
b

a
A y x= ∫  

5.10 Standard integrals 1 d lnx x C
x

= +∫  

  sin d cosx x x C= − +∫  

  cos d sinx x x C= +∫  

  e d ex xx C= +∫  

5.15 Standard integrals 

 

1d
ln

x xa x a C
a

= +∫  

2 2

1 1d arctan xx C
a x a a

 = + +  ∫  

  
2 2

1 d arcsin ,xx C x a
aa x

 = + < 
 −

∫  

5.16 
Integration by parts d dd d

d d
v uu x uv v x
x x

= −∫ ∫  or d du v uv v u= −∫ ∫  
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5.11 

Area of region enclosed 
by a curve and x-axis 

d
b

a
A y x= ∫  

5.17 Area of region enclosed 
by a curve and y-axis 

 d
b

a
A x y= ∫  

 Volume of revolution 
about the x or y-axes 

2π d
b

a
V y x= ∫  or 2π d

b

a
V x y= ∫  

5.18 Euler’s method 1 ( , )n n n ny y h f x y+ ×= + ; 1n nx x h+ = + , where h is a constant 
(step length) 

Integrating factor for  
( ) ( )y P x y Q x′ + =  

( )de P x x∫  

5.19 
Maclaurin series 

2

( ) (0) (0) (0)
2!
xf x f x f f′ ′′= + + +  

Maclaurin series for 
special functions 

2

e 1 ...
2!

x xx= + + +  

  2 3

ln (1 ) ...
2 3
x xx x+ = − + −  

  3 5

sin ...
3! 5!
x xx x= − + −  

  2 4

cos 1 ...
2! 4!
x xx = − + −  

  3 5

arctan ...
3 5
x xx x= − + −  

 



The aims of all DP mathematics courses are to enable students to:

1. develop a curiosity and enjoyment of mathematics, and appreciate its elegance and power

2. develop an understanding of the concepts, principles and nature of mathematics

3. communicate mathematics clearly, concisely and confidently in a variety of contexts

4. develop logical and creative thinking, and patience and persistence in problem solving to instil 
confidence in using mathematics

5. employ and refine their powers of abstraction and generalization

6. take action to apply and transfer skills to alternative situations, to other areas of knowledge and to 
future developments in their local and global communities

7. appreciate how developments in technology and mathematics influence each other

8. appreciate the moral, social and ethical questions arising from the work of mathematicians and the 
applications of mathematics

9. appreciate the universality of mathematics and its multicultural, international and historical 
perspectives

10. appreciate the contribution of mathematics to other disciplines, and as a particular “area of 
knowledge” in the TOK course

11. develop the ability to reflect critically upon their own work and the work of others

12. independently and collaboratively extend their understanding of mathematics.

Introduction

Aims

20 Mathematics: analysis and approaches guide



Problem solving is central to learning mathematics and involves the acquisition of mathematical skills and 
concepts in a wide range of situations, including non-routine, open-ended and real-world problems. Having 
followed a DP mathematics course, students will be expected to demonstrate the following:

1. Knowledge and understanding: Recall, select and use their knowledge of mathematical facts, 
concepts and techniques in a variety of familiar and unfamiliar contexts.

2. Problem solving: Recall, select and use their knowledge of mathematical skills, results and models in 
both abstract and real-world contexts to solve problems.

3. Communication and interpretation: Transform common realistic contexts into mathematics; 
comment on the context; sketch or draw mathematical diagrams, graphs or constructions both on 
paper and using technology; record methods, solutions and conclusions using standardized notation; 
use appropriate notation and terminology.

4. Technology: Use technology accurately, appropriately and efficiently both to explore new ideas and 
to solve problems.

5. Reasoning: Construct mathematical arguments through use of precise statements, logical deduction 
and inference and by the manipulation of mathematical expressions.

6. Inquiry approaches: Investigate unfamiliar situations, both abstract and from the real world, 
involving organizing and analyzing information, making conjectures, drawing conclusions, and testing 
their validity.

Introduction

Assessment objectives

21Mathematics: analysis and approaches guide



Syllabus component Suggested teaching hours

SL HL

Topic 1—Number and algebra 19 39

Topic 2—Functions 21 32

Topic 3— Geometry and trigonometry 25 51

Topic 4—Statistics and probability 27 33

Topic 5 —Calculus 28 55

The toolkit and the mathematical exploration

Investigative, problem-solving and modelling skills 
development leading to an individual exploration. The 
exploration is a piece of written work that involves 
investigating an area of mathematics.

30 30

Total teaching hours 150 240

All topics are compulsory. Students must study all the sub-topics in each of the topics in the syllabus as 
listed in this guide. Students are also required to be familiar with the topics listed as prior learning.

Syllabus

Syllabus outline

23Mathematics: analysis and approaches guide



First assessment 2021

Assessment component Weighting

External assessment (5 hours)

Paper 1 (120 minutes)

No technology allowed. (110 marks)

Section A

Compulsory short-response questions based on the syllabus.

Section B

Compulsory extended-response questions based on the syllabus.

80%

30%

Paper 2 (120 minutes)

Technology required. (110 marks)

Section A

Compulsory short-response questions based on the syllabus.

Section B

Compulsory extended-response questions based on the syllabus.

Paper 3 (60 minutes)

Technology required. (55 marks)

Two compulsory extended response problem-solving questions.

30%

20%

Internal assessment

This component is internally assessed by the teacher and externally moderated by the IB at 
the end of the course.

Mathematical exploration

Internal assessment in mathematics is an individual exploration. This is a piece of written 
work that involves investigating an area of mathematics. (20 marks)

20%

Assessment

Assessment outline—HL
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ls

.

Co
nn

ec
tio

ns
Li

n
ks

 to
 o

th
er

 s
u

b
je

ct
s:

 D
if

fr
a

ct
io

n
 p

a
tt

e
rn

s 
a

n
d

 c
ir

cu
la

r 
m

o
ti

o
n

 (
p

h
y

si
cs

).

In
te

rn
at

io
n

al
-m

in
d

ed
n

es
s:

 S
e

k
i 

T
a

k
a

k
a

zu
 c

a
lc

u
la

ti
n

g
 π

 t
o

 t
e

n
 d

e
ci

m
a

l 
p

la
ce

s;
 H

ip
p

a
rc

h
u

s,
 M

e
n

e
la

u
s 

a
n

d
 

P
to

le
m

y
; W

h
y

 a
re

 t
h

e
re

 3
6

0
 d

e
g

re
e

s 
in

 a
 c

o
m

p
le

te
 t

u
rn

? 
L

in
k

s 
to

 B
a

b
y

lo
n

ia
n

 m
a

th
e

m
a

ti
cs

.

TO
K

: 
W

h
ic

h
 i

s 
a

 b
e

tt
e

r 
m

e
a

su
re

 o
f 

a
n

g
le

: 
ra

d
ia

n
 o

r 
d

e
g

re
e

? 
W

h
a

t 
cr

it
e

ri
a

 c
a

n
/d

o
/s

h
o

u
ld

 m
a

th
e

m
a

ti
ci

a
n

s 

u
se

 t
o

 m
a

k
e

 s
u

ch
 d

e
ci

si
o

n
s?

D
o

w
n

lo
a

d
 c

o
n

n
e

ct
io

n
s 

te
m

p
la

te

SL
 3

.5

C
o

n
te

n
t

G
u

id
an

ce
, c

la
ri

fi
ca

ti
o

n
 a

n
d

 s
yl

la
b

u
s 

lin
ks

D
e

fi
n

it
io

n
 o

f 
co
sθ

, s
in
θ 

in
 t

e
rm

s 
o

f 
th

e
 u

n
it

 c
ir

cl
e

.
In

cl
u

d
e

s 
th

e
 r

e
la

ti
o

n
sh

ip
 b

e
tw

e
e

n
 a

n
g

le
s 

in
 d

if
fe

re
n

t 

q
u

a
d

ra
n

ts
.

Ex
am

p
le

s:
 co
sx
=
co
s(
−
x)

tan
(3
π−

x)
=
−
tan

x
sin
(π
+
x)
=
−
sin

x

D
e

fi
n

it
io

n
 o

f 
tan

θ 
a

s 
sin

θ
co
sθ

.
T

h
e

 e
q

u
a

ti
o

n
 o

f 
a

 s
tr

a
ig

h
t 

li
n

e
 t

h
ro

u
g

h
 t

h
e

 o
ri

g
in

 is
 

y
=

xta
nθ

, w
h

e
re

 θ
 is

 t
h

e
 a

n
g

le
 f

o
rm

e
d

 b
e

tw
e

e
n

 t
h

e
 

li
n

e
 a

n
d

 p
o

si
ti

v
e

 x
-a

x
is

.

E
x

a
ct

 v
a

lu
e

s 
o

f 
tr

ig
o

n
o

m
e

tr
ic

 r
a

ti
o

s 
o

f 
0

, 
π 6, 
π 4, 
π 3, 
π 2

a
n

d
 t

h
e

ir
 m

u
lt

ip
le

s.

sin
π 3
=

3 2
, c
os
3π 4

=
−
1 2, ta

n
 2
10
°=

3 3

E
x

te
n

si
o

n
 o

f 
th

e
 s

in
e

 r
u

le
 t

o
 t

h
e

 a
m

b
ig

u
o

u
s 

ca
se

.

S
y

ll
a

b
u

s 
co

n
te

n
t

4
4

M
a

th
e

m
a

ti
cs

: a
n

a
ly

si
s 

a
n

d
 a

p
p

ro
a

ch
e

s 
g

u
id

e

Co
nn

ec
tio

ns
In

te
rn

at
io

n
al

-m
in

d
ed

n
es

s:
 T

h
e

 f
ir

st
 w

o
rk

 t
o

 r
e

fe
r 

e
x

p
li

ci
tl

y
 t

o
 t

h
e

 s
in

e
 a

s 
a

 f
u

n
ct

io
n

 o
f 

a
n

 a
n

g
le

 i
s 

th
e

 

A
ry

a
b

h
a

ti
y

a
 o

f 
A

ry
a

b
h

a
ta

 (
ca

 5
1

0
).

TO
K

: T
ri

g
o

n
o

m
e

tr
y

 w
a

s 
d

e
v

e
lo

p
e

d
 b

y
 s

u
cc

e
ss

iv
e

 c
iv

il
iz

a
ti

o
n

s 
a

n
d

 c
u

lt
u

re
s.

 T
o

 w
h

a
t 

e
x

te
n

t 
is

 m
a

th
e

m
a

ti
ca

l 

k
n

o
w

le
d

g
e

 e
m

b
e

d
d

e
d

 i
n

 p
a

rt
ic

u
la

r 
tr

a
d

it
io

n
s 

o
r 

b
o

u
n

d
 t

o
 p

a
rt

ic
u

la
r 

cu
lt

u
re

s?
 H

o
w

 h
a

v
e

 k
e

y
 e

v
e

n
ts

 i
n

 t
h

e
 

h
is

to
ry

 o
f 

m
a

th
e

m
a

ti
cs

 s
h

a
p

e
d

 it
s 

cu
rr

e
n

t 
fo

rm
 a

n
d

 m
e

th
o

d
s?

En
ri

ch
m

en
t:

 T
h

e
 p

ro
o

f 
o

f 
P

y
th

a
g

o
ra

s’
 t

h
e

o
re

m
 in

 t
h

re
e

 d
im

e
n

si
o

n
s.

D
o

w
n

lo
a

d
 c

o
n

n
e

ct
io

n
s 

te
m

p
la

te

SL
 3

.6

C
o

n
te

n
t

G
u

id
an

ce
, c

la
ri

fi
ca

ti
o

n
 a

n
d

 s
yl

la
b

u
s 

lin
ks

T
h

e
 P

y
th

a
g

o
re

a
n

 id
e

n
ti

ty
 co
s2 θ

+
sin

2 θ
=
1.

D
o

u
b

le
 a

n
g

le
 id

e
n

ti
ti

e
s 

fo
r 

si
n

e
 a

n
d

 c
o

si
n

e
.

S
im

p
le

 g
e

o
m

e
tr

ic
a

l d
ia

g
ra

m
s 

a
n

d
 d

y
n

a
m

ic
 g

ra
p

h
in

g
 

p
a

ck
a

g
e

s 
m

a
y

 b
e

 u
se

d
 t

o
 il

lu
st

ra
te

 t
h

e
 d

o
u

b
le

 a
n

g
le

 

id
e

n
ti

ti
e

s 
(a

n
d

 o
th

e
r 

tr
ig

o
n

o
m

e
tr

ic
 id

e
n

ti
ti

e
s)

.

T
h

e
 r

e
la

ti
o

n
sh

ip
 b

e
tw

e
e

n
 t

ri
g

o
n

o
m

e
tr

ic
 r

a
ti

o
s.

Ex
am

p
le

s:

G
iv

e
n

 si
nθ

, f
in

d
 p

o
ss

ib
le

 v
a

lu
e

s 
o

f 
tan

θ,
 (

w
it

h
o

u
t 

fi
n

d
in

g
 θ

).

G
iv

e
n

 co
sx
=
3 4 a

n
d

 x
 is

 a
cu

te
, f

in
d

 si
n2

x, 
(w

it
h

o
u

t 

fi
n

d
in

g
 x

).

Co
nn

ec
tio

ns

D
o

w
n

lo
a

d
 c

o
n

n
e

ct
io

n
s 

te
m

p
la

te
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 3

.7

C
o

n
te

n
t

G
u

id
an

ce
, c

la
ri

fi
ca

ti
o

n
 a

n
d

 s
yl

la
b

u
s 

lin
ks

T
h

e
 c

ir
cu

la
r 

fu
n

ct
io

n
s 
sin

x, 
co
sx

, a
n

d
 ta
nx

; 

a
m

p
li

tu
d

e
, t

h
e

ir
 p

e
ri

o
d

ic
 n

a
tu

re
, a

n
d

 t
h

e
ir

 g
ra

p
h

s

C
o

m
p

o
si

te
 f

u
n

ct
io

n
s 

o
f 

th
e

 f
o

rm

f(
x)
=

as
in
(b
(x
+
c)
)+

d.

T
ri

g
o

n
o

m
e

tr
ic

 f
u

n
ct

io
n

s 
m

a
y

 h
a

v
e

 d
o

m
a

in
s 

g
iv

e
n

 in
 

d
e

g
re

e
s 

o
r 

ra
d

ia
n

s.

Ex
am

p
le

s:
 f
(x
)=

tan
(x
−
π 4)

,

f(
x)
=
2c
os
(3
(x
−
4)
)+

1.

T
ra

n
sf

o
rm

a
ti

o
n

s.
Ex

am
p

le
: y
=
sin

x u
se

d
 t

o
 o

b
ta

in
 y
=
3s
in
2x

 b
y

 a
 

st
re

tc
h

 o
f 

sc
a

le
 f

a
ct

o
r 

3
 in

 t
h

e
 y

 d
ir

e
ct

io
n

 a
n

d
 a

 

st
re

tc
h

 o
f 

sc
a

le
 f

a
ct

o
r 
1 2 in

 t
h

e
 x

 d
ir

e
ct

io
n

.

Li
n

k 
to

: t
ra

n
sf

o
rm

a
ti

o
n

s 
o

f 
g

ra
p

h
s 

(S
L

2
.1

1
).

R
e

a
l-

li
fe

 c
o

n
te

x
ts

.
Ex

am
p

le
s:

 h
e

ig
h

t 
o

f 
ti

d
e

, m
o

ti
o

n
 o

f 
a

 F
e

rr
is

 w
h

e
e

l.

S
tu

d
e

n
ts

 s
h

o
u

ld
 b

e
 a

w
a

re
 t

h
a

t 
n

o
t 

a
ll

 r
e

g
re

ss
io

n
 

te
ch

n
o

lo
g

y
 p

ro
d

u
ce

s 
tr

ig
o

n
o

m
e

tr
ic

 f
u

n
ct

io
n

s 
in

 t
h

e
 

fo
rm

 f
(x
)=

as
in
(b
(x
+
c)
)+

d.

Co
nn

ec
tio

ns
Li

n
ks

 to
 o

th
er

 s
u

b
je

ct
s:

 S
im

p
le

 h
a

rm
o

n
ic

 m
o

ti
o

n
 (

p
h

y
si

cs
).

TO
K

: 
M

u
si

c 
ca

n
 b

e
 e

x
p

re
ss

e
d

 u
si

n
g

 m
a

th
e

m
a

ti
cs

. 
W

h
a

t 
d

o
e

s 
th

is
 t

e
ll

 u
s 

a
b

o
u

t 
th

e
 r

e
la

ti
o

n
sh

ip
 b

e
tw

e
e

n
 

m
u

si
c 

a
n

d
 m

a
th

e
m

a
ti

cs
?

S
y

ll
a

b
u

s 
co

n
te

n
t

4
5

M
a

th
e

m
a

ti
cs

: a
n

a
ly

si
s 

a
n

d
 a

p
p

ro
a

ch
e

s 
g

u
id

e



D
o

w
n

lo
a

d
 c

o
n

n
e

ct
io

n
s 

te
m

p
la

te
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.8

C
o

n
te

n
t

G
u

id
an

ce
, c

la
ri

fi
ca

ti
o

n
 a

n
d

 s
yl

la
b

u
s 

lin
ks

S
o

lv
in

g
 t

ri
g

o
n

o
m

e
tr

ic
 e

q
u

a
ti

o
n

s 
in

 a
 f

in
it

e
 in

te
rv

a
l, 

b
o

th
 g

ra
p

h
ic

a
ll

y
 a

n
d

 a
n

a
ly

ti
ca

ll
y

.
Ex

am
p

le
s:

 2s
in
x
=
1,

 0
≤

x
≤
2π

2s
in
2x
=
3c
os
x,

 0
°≤

x
≤
18
0°

2t
an
(3
(x
−
4)
)=

1,
 
−
π
≤

x
≤
3π

E
q

u
a

ti
o

n
s 

le
a

d
in

g
 t

o
 q

u
a

d
ra

ti
c 

e
q

u
a

ti
o

n
s 

in
 

sin
x,
co
sx

 o
r 
tan

x.
Ex

am
p

le
s:

 2s
in
2 x
+
5c
os
x
+
1
=
0 f

o
r 
0
≤

x
≤
4π

,

2s
in
x
=
co
s2
x,

 
−
π
≤

x
≤
π

N
o

t r
eq

u
ir

ed
: T

h
e

 g
e

n
e

ra
l s

o
lu

ti
o

n
 o

f 
tr

ig
o

n
o

m
e

tr
ic

 

e
q

u
a

ti
o

n
s.

Co
nn

ec
tio

ns

D
o

w
n

lo
a

d
 c

o
n

n
e

ct
io

n
s 

te
m

p
la

te

A
H

L 
co

n
te

n
t

R
e

co
m

m
e

n
d

e
d

 t
e

a
ch

in
g

 h
o

u
rs

: 2
6

T
h

e
 a

im
 o

f 
th

e
 A

H
L

 c
o

n
te

n
t 

in
 t

h
e

 g
e

o
m

e
tr

y
 a

n
d

 t
ri

g
o

n
o

m
e

tr
y

 t
o

p
ic

 i
s 

to
 e

x
te

n
d

 a
n

d
 b

u
il

d
 u

p
o

n
 t

h
e

 a
im

s,
 

co
n

ce
p

ts
 

a
n

d
 

sk
il

ls
 

fr
o

m
 

th
e

 
S

L
 

co
n

te
n

t.
 

It
 

fu
rt

h
e

r 
e

x
p

lo
re

s 
th

e
 

ci
rc

u
la

r 
fu

n
ct

io
n

s,
 

in
tr

o
d

u
ce

s 
so

m
e

 

im
p

o
rt

a
n

t 
tr

ig
o

n
o

m
e

tr
ic

 i
d

e
n

ti
ti

e
s,

 a
n

d
 i

n
tr

o
d

u
ce

s 
v

e
ct

o
rs

 i
n

 t
w

o
 a

n
d

 t
h

re
e

 d
im

e
n

si
o

n
s.

 T
h

is
 w

il
l 

fa
ci

li
ta

te
 

p
ro

b
le

m
-s

o
lv

in
g

 in
v

o
lv

in
g

 p
o

in
ts

, l
in

e
s 

a
n

d
 p

la
n

e
s.

O
n

 e
x

a
m

in
a

ti
o

n
 p

a
p

e
rs

 r
a

d
ia

n
 m

e
a

su
re

 s
h

o
u

ld
 b

e
 a

ss
u

m
e

d
 u

n
le

ss
 o

th
e

rw
is

e
 in

d
ic

a
te

d
.
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9

C
o

n
te

n
t

G
u

id
an

ce
, c

la
ri

fi
ca

ti
o

n
 a

n
d

 s
yl

la
b

u
s 

lin
ks

D
e

fi
n

it
io

n
 o

f 
th

e
 r

e
ci

p
ro

ca
l t

ri
g

o
n

o
m

e
tr

ic
 r

a
ti

o
s 
se
cθ

, 

co
se
cθ

 a
n

d
 co
tθ

.

P
y

th
a

g
o

re
a

n
 id

e
n

ti
ti

e
s:

 1
+
tan

2 θ
=
se
c2
θ

1+
co
t2 θ

=
co
se
c2
θ

T
h

e
 in

v
e

rs
e

 f
u

n
ct

io
n

s 
f(
x)
=
ar
cs
in
x,

f(
x)
=
ar
cc
os
x,

f(
x)
=
ar
cta
nx

; t
h

e
ir

 d
o

m
a

in
s 

a
n

d
 

ra
n

g
e

s;
 t

h
e

ir
 g

ra
p

h
s.

Co
nn

ec
tio

ns
In

te
rn

at
io

n
al

-m
in

d
ed

n
es

s:
 T

h
e

 o
ri

g
in

 o
f 

d
e

g
re

e
s 

in
 t

h
e

 m
a

th
e

m
a

ti
cs

 o
f 

M
e

so
p

o
ta

m
ia

 a
n

d
 w

h
y

 w
e

 u
se

 

m
in

u
te

s 
a

n
d

 s
e

co
n

d
s 

fo
r 

ti
m

e
; t

h
e

 o
ri

g
in

 o
f 

th
e

 w
o

rd
 s

in
e

.

TO
K

: 
W

h
a

t 
is

 t
h

e
 r

e
la

ti
o

n
sh

ip
 b

e
tw

e
e

n
 c

o
n

ce
p

ts
 a

n
d

 f
a

ct
s?

 T
o

 w
h

a
t 

e
x

te
n

t 
d

o
 t

h
e

 c
o

n
ce

p
ts

 t
h

a
t 

w
e

 u
se

 

sh
a

p
e

 t
h

e
 c

o
n

cl
u

si
o

n
s 

th
a

t 
w

e
 r

e
a

ch
? D

o
w

n
lo

a
d

 c
o

n
n

e
ct

io
n

s 
te

m
p

la
te

S
y

ll
a

b
u

s 
co

n
te

n
t

4
6

M
a

th
e

m
a

ti
cs

: a
n

a
ly

si
s 

a
n

d
 a

p
p

ro
a

ch
e

s 
g

u
id

e

A
H
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10

C
o

n
te

n
t

G
u

id
an

ce
, c

la
ri

fi
ca

ti
o

n
 a

n
d

 s
yl

la
b

u
s 

lin
ks

C
o

m
p

o
u

n
d

 a
n

g
le

 id
e

n
ti

ti
e

s.

D
o

u
b

le
 a

n
g

le
 id

e
n

ti
ty

 f
o

r 
ta

n
.

D
e

ri
v

a
ti

o
n

 o
f 

d
o

u
b

le
 a

n
g

le
 id

e
n

ti
ti

e
s 

fr
o

m
 

co
m

p
o

u
n

d
 a

n
g

le
 id

e
n

ti
ti

e
s.

Li
n

k 
to

: D
e

 M
o

iv
re

’s
 t

h
e

o
re

m
 (

A
H

L
1

.1
4

).

Co
nn

ec
tio

ns
O

th
er

 
co

n
te

xt
s:

 
T

ri
a

n
g

u
la

ti
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R
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b
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p
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e

ir
 g

ra
p

h
s.

sin
(π
−
θ)
=
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p
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 p
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; d
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 d
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n
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=
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ra
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id
an

ce
, c
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ti
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b

u
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 d
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 b
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; p
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 p
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=

w
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=
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=
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v
=
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=
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 b
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 b
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, c
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 o
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n
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R
e
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si
ti

o
n

) 
a

n
d
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ir
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 o
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ra
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=
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=
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=
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=
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=
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T
h
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 b
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 t
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n
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h
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 d
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p
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.
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 o
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n
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 p
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 c
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, c
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b
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h
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 d
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fi
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r 

p
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=

v
w
sin

θn
, w

h
e

re
 θ

is
 t

h
e

 a
n

g
le

 b
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 b
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p
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=
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=
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=

0.
F

o
r 

n
o

n
-z

e
ro

 v
e

ct
o

rs
 v
×

w
=
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o

n
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t

G
u

id
an

ce
, c
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n
d
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yl

la
b

u
s 
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V
e
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e
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n
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o
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n
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=
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p
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 f
in

d
 t

h
e

 v
o

lu
m

e
 

o
f 

a
 p

a
ra

b
o

lo
id

.

TO
K

: 
C

o
n

si
d

e
r 
f(
x)
=
1 x,

1
≤

x
≤
∞

. 
A

n
 i

n
fi

n
it

e
 a

re
a

 s
w

e
e

p
s 

o
u

t 
a

 f
in

it
e

 v
o

lu
m

e
. 

C
a

n
 t

h
is

 b
e

 r
e

co
n

ci
le

d
 

w
it

h
 o

u
r 

in
tu

it
io

n
? 

D
o

 e
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h

e
r 

p
o

w
e

rf
u

l 
te

ch
n

iq
u

e
s 

a
n

d
 

u
se

fu
l 

a
p

p
li

ca
ti

o
n

s 
o

f 
d

if
fe

re
n

ti
a

l 
a

n
d

 
in

te
g

ra
l 

ca
lc

u
lu

s 
a

re
 in

tr
o

d
u

ce
d

.

A
H

L 
5.

12

C
o

n
te

n
t

G
u

id
an

ce
, c

la
ri

fi
ca

ti
o

n
 a

n
d

 s
yl

la
b

u
s 

lin
ks

In
fo

rm
a

l u
n

d
e

rs
ta

n
d

in
g

 o
f 

co
n

ti
n

u
it

y
 a

n
d

 

d
if

fe
re

n
ti

a
b

il
it

y
 o

f 
a

 f
u

n
ct

io
n

 a
t 

a
 p

o
in

t.

In
 e

x
a

m
in

a
ti

o
n

s,
 s

tu
d

e
n

ts
 w

il
l n

o
t 

b
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 t
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 d
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n
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 p
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.
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 d
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d
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 t
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b
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.
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 d
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 m
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 d
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 C
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∞
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 ∞ ∞
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p
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p
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R
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p
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∫
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics: Analysis and Approaches HL 

 

Topic 5 : Calculus 

5.1 Differentiation 
 
1. Limit of a Function 

 

Before we study the concept of differentiation, let us examine what the limit of a function is. 

 

Consider ( ) 2 .xf x =   

 

 

 

 

 

 

x  2x
 

0 02 1=  

-1 
1

2
 

-2 
1

4
 

-3 
1

8
 

-4 
1

16
 

What do you observe about the values of ( )f x  as x  becomes more negative? 

 

Mathematically, we express this behavior with the following notation : when ( ), 0.x f x→− →   

More compactly, we write  it as lim 2 0x

x→−
= . 

Note that 2x
 is not equal to zero here. It approaches the value of 0 as x gets more and more negative. 

Definition : If as x approaches a value a, f (x) approaches a finite value l, then l is called the LIMIT 

of f (x) as x tends to a, and we write:  

As x ⎯→ a,   f (x) ⎯→ l   OR lim ( )
x a

f x
→

 = l. 

 

 

 

 

 

 

 

y 

0 x 

( )y f x=
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Algebra of Limits : 

1. lim
x a

c c
→

= , where c  is a constant 

2. 
lim
x a

x a
→

=
 

3.
( ) ( )lim lim

x a x a
c f x c f x

→ →
 = 

 
4. ( ) ( ) ( ) ( )lim lim lim

x a x a x a
f x g x f x g x

→ → →
   =    provided the limits exist.   

5. ( ) ( ) ( ) ( )lim lim lim
x a x a x a

f x g x f x g x
→ → →
  =   provided the limits exists.  

6.
( )

( )

( )

( )

lim
lim

lim

x a

x a

x a

f xf x

g x g x

→

→

→

=  provided the limits exist.  

7.
( ) ( )lim lim

nn

x a x a
f x f x

→ →

 =       

8. ( ) ( )lim lim
x a x a

f x f x
→ →

=  provided ( )f x  is continuous at x a=  . 

 

The proof the above results are beyond the scope of this syllabus. But you can apply them in the 

following questions. 

 

Example 1: Find the following limits 

(a) ( )2

1
lim 3 4 5
x

x x
→

+ +   (b) 
2

2

4
lim

2x

x

x→

−

−
  (c) 

0

2 3
lim

1x

x

x→

−

+
   

     [(a) 12, (b) 4, (c) 3− ] 

 

 

 

 

Limits of a rational function as x approaches infinity 

In order to assess the behavior of a rational function as x approaches infinity, the approach involves 

dividing both the numerator and denominator by the highest power of x that appears in the 

denominator. This action helps determine which specific term within the entire expression dictates the 

function's behaviour as x becomes exceedingly large. 

 

Example: 
1

lim 0
x x→

= , 
2

2

2 0
lim lim 0

4 4 4

x

x x

x

x→ →
= = =  

 

Example 2: Find the following limits 

(a) 
3

3 2

2 3 4
lim

4 5 7x

x x

x x→

+ +

+ +
 (b)  

4

2

3 7
lim

3x

x

x→

+

+
 

(c) 
2

20

4 2
lim
x

x

x→

+ −
 (d)  ( )2lim 16 8

x
x x x

→
+ −  

          [(a) 
1

2
, (b) √3, (c) 

1

4
, (d) −∞] 
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What do you observe when the power in the numerator is smaller than the power in the denominator? 

What happen when the powers are equal? What if the power in the denominator is smaller than the 

numerator such as 
3 2

2

2 4
lim

3 2x

x x

x→

+ +

−
? 

 

When evaluating limits, you may check your answer by visiting the following link: 

https://www.symbolab.com/solver/limit-calculator 

 

Continuity  

A function ( )f x  is said to be continuous at a point x a=  if there is no ‘break’ or ‘gap’ in the graph 

of ( )y f x=  at that point. 

 

Definition : Let f  be a real function and let c  be in the domain of .f   

Then f  is continuous at c          ( ) ( )lim
x c

f x f c
→

= . 

 

More precisely, if the left hand limit, right hand limit, and the value of the function at x c=  exist and 

are all equal to each other, then f  is continuous at x c= . 

i.e.   ( ) ( ) ( )lim lim
x c x c

f x f c f x
− +→ →

= =    

 

How is the more precise definition different from the first one given?  

 

Continuity in an interval 

1. f  is continuous in an open interval  ,a b      f  is continuous at every  ,c a b   

2. f  is continuous in a closed interval  ,a b   if and only if 

 (a) f  is continuous in  ,a b ,  

 (b) ( ) ( )lim
x a

f x f a
+→

=    and 

 (c) ( ) ( )lim
x b

f x f b
−→

=   

 

Graphically, a function f will be continuous at x c=  if there is no break in the graph of the function at 

the point ( )( ),c f c . In an interval, a function is continuous if there is no break in the graph of the 

function in the entire interval. 

 

The function f will be discontinuous at x a=  in any of the following cases : 

(a) ( )lim
x a

f x
−→

 and ( )lim
x a

f x
+→

 both exist but are not equal.  

(b) ( )lim
x a

f x
−→

 and ( )lim
x a

f x
+→

 both exist and are equal but not equal to ( ).f a   

(c) ( )f a  is not defined.  

 

What is the difference between the terms undefined and indeterminate? Give your own examples to 

illustrate the differences if any. 

https://www.symbolab.com/solver/limit-calculator
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2. Differentiation from First Principles  

 

 
 

The slope of the tangent to ( )y f x=  at x a=  is given by ( )
( ) ( )

lim .
x a

f x f a
f a

x a→

−
 =

−
  

It is called the gradient of the function at .x a=   

This is the slope of the curve at the point ,x a=  and is the instantaneous rate of change in y with 

respect to x at that point. Finding the slope using the limits of the function is referred to as the method 

‘first principles’.  

 

Example 3: Find the slope of the tangent to the curve 22 3y x= +  at 2x =  from first principles. 

Solution :           [8] 

 

 

 

 

 

 

Example 4: Find the derivative of ( )
8

f x
x

=  at 2x =  from first principles.   [-2] 

Solution :            

 

 

 

 

 

 

 

 

Question 1: Find the slope of the tangent to the following curves from first principles.  

(a) ( ) 21f x x= −   at 2x =   (b) ( ) 22 5f x x x= +  at 1x = −     (c) ( )
2 1

3

x
f x

x

−
=

+
 at 1x = −    

(d) ( )
4

f x
x

=  at 2x =   (e) ( )
2

1
f x

x
=  at 4x =   

Note : the derivative can be found from first principles using  ( )
( ) ( )

0
lim .
h

f x h f x
f x

h→

+ −
 =   
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Example 5: Find the derivative of 2x  with respect to x  using first principles.    [2x] 

Solution : 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Question 2: Find the following derivatives with respect to x  using first principles.  

(a) ( )
1

f x
x

=   (b) ( )f x x=   (c) ( )
1

2
f x

x
=

+
  (d) ( ) 2f x x= +    

Solution : 
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Differentiability 

 

Definition : A function f is differentiable at a point c if and only if 
( ) ( )

0
lim
h

f c h f c

h→

+ −
 (or 

equivalently, 
( ) ( )

lim
x c

f x f c

x c→

−

−
) exists. 

f is differentiable on an open interval  ,a b  if and only if 
( ) ( )

0
lim
h

f c h f c

h→

+ −
 exists  ,c a b    

 

Theorem : Let f be a function defined on the open interval  ,a b  and let  , .c a b   

Then, if f  is differentiable at c , then f  is continuous at .c    

Proof : Suppose f  is differentiable at x c= . Then the limit 
( ) ( )

lim
x c

f x f c

x c→

−

−
  exists. 

( ) ( )( ) ( )
( ) ( )

( )
( ) ( )

Then lim lim

lim lim

0

x c x c

x c x c

f x f c
f x f c x c

x c

f x f c
x c

x c

→ →

→ →

 − 
− = − 

− 

−
= −

−

=

  

So ( ) ( )lim
x c

f x f c
→

=  and thus f is continuous at .x c=   

 

Note : A function can fail to be differentiable at x a=  if  

(a) 
( ) ( )

0
lim
h

f a h f a

h→

+ −
 does not exist or 

(b) 
( ) ( )

0
lim
h

f a h f a

h→

+ −
 is infinite.  

 

In the former case, there could be a cusp in the graph, and in the latter case, there could be a vertical 

tangent at x a=  1 

 

 
 

 

  

 
1 https://www.zweigmedia.com/RealWorld/calctopic1/contanddiffb.html 

 

https://www.zweigmedia.com/RealWorld/calctopic1/contanddiffb.html
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3. l’Hopital’s Rule 

 

l’Hopital’s rule is a tool that we can use to evaluate limits of indeterminate form e.g. 
0

,
0




. 

e.g. limits 
0

sin
lim
x

x

x→
, 

2

2

4
lim

2x

x

x→

−

−
, 

2 1
lim

3x

x

x→

+

−
 are of an indeterminate form.  

 

l’Hopital’s Rule 

Let ( )f x  and ( )g x  be differentiable functions on an open interval  ,a b  (except possibly at 

 ,c a b ). If  

(a) ( ) ( )lim lim 0
x c x c

f x g x
→ →

= =  or  ,  

(b) ( ) 0g x   for every    , \x a b c , and  

(c) 
( )

( )
lim
x c

f x

g x→




 exists,  

then 
( )

( )

( )

( )
lim lim
x c x c

f x f x

g x g x→ →


=


  

  

Notes :  

• be sure that the three conditions stated are met before using l’Hopital’s rule.  

• on occasion, l’Hopital’s rule may not help and it is easier to attempt it using other means.  
 

Example 6: Evaluate the following limits using l’Hopital’s rule 

(a) 
0

sin
lim
x

x

x→
 (b) 

2

2

4
lim

2x

x

x→

−

−
 (c) 

2 1
lim

3x

x

x→

+

−
 

(d) 
2

0

1
lim

x

x

e

x→

−
  (e) 

0

2sin sin 2
lim

sinx

x x

x x→

−

−
  (f) 

30

1 cos
lim
x

x

x x→

−

−
  

(g) 
9

9
lim

3x

x

x→

−

−
 (h) 

2

4 ln
lim

3x

x

x→

+

−
 (i) 

3

3
lim

1 2cosx

x

x



→

−

−
 

[(a) 1, (b) 4, (c) 2, (d) 2  (e) 6   (f) 0   (g) 6   (h) 0  (i) 3 ]   
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Example 7: Find the derivative of xa  from first principles.   [𝑎𝑥 ln 𝑎] 

Solution : 

 

 

 

 

 

 

 

 

Example 8: Find the derivative of sin x  from first principles.   [cos 𝑥] 

[Hint : you need to use the factor formula sin sin 2cos sin
2 2

A B A B
A B

+ −   
− =    

   
] 

Solution : 

 

 

 

 

 

 

 

 

 

 

Other Indeterminate Forms 

 

l’Hopital’s rule does not apply directly to other indeterminate forms. One needs to use clever 

algebraic manipulation to change the expression into one where l’Hopital’s rule can be applied. 

 

To use l’Hopital’s rule for expressions of the form 0 , write the product f g  as 
1

f

g

 or 
1

g

f

. 

Example 9: Evaluate (a) 
0

lim ln
x

x x
+→

     (b)  lim x

x
xe

→−
   [(a) 0, (b) 0]  

Solution : 
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4. Rules of Differentiation 

 

Let u and v be two functions in x and k be a constant. Then  

(1) ( ) 0
d

k
dx

=   

(2) ( )
d du

ku k
dx dx

=   

(3) ( )
d du dv

u v
dx dx dx

 =    

(4) Chain Rule : if ( )u f x=  and ( )y g u=  such that ( )y g f x=     (composite function), then : 

 
dy dy du

dx du dx
=  . 

(5) Product Rule : If y uv= , then 
dy dv du

u v
dx dx dx

= +   

(6) Quotient Rule : If 
u

y
v

= , then 
2

.

du dv
v u

dy dx dx

dx v

−

=   

 

Investigate how you may use First Principles to prove the formulae listed above. 

 

Example 11: Differentiate the following functions with respect to .x   

(a) ( )
4

2 2y x x= −   (b) 
4

1 2
y

x
=

−
  

      [(a) 8𝑥3(𝑥 − 2)3(𝑥 − 1) (b) 
4

(1−2𝑥)
3
2

] 

Solution : 

 

 

 

 

 

Question 3: Differentiate the following functions with respect to .x      

(a) ( )
6

5 3y x= +    (b) 
( )

3

1

1 4
y

x
=

−
 (c) 

2

1

2 3x +
  

Solution : 

 

 

 

Question 4: Differentiate the following functions with respect to .x    

(a) ( )( )
42 1 3y x x= + +   (b) 3y x x= +   (c) 

2

2 1

1

x
y

x

+
=

+
  (d) 

4 1

x
y

x
=

+
   

Solution : 
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Differentiation of Standard Functions 

 

Specific Cases General Cases 

1n nd
x nx

dx

−=  ( ) ( ) ( )
1n nd

f x n f x f x
dx

−
  =        

( )
1

ln
d

x
dx x

=   ( )
( )

( )
1

ln
d

f x f x
dx f x

  =     

( )
1

log
ln

a

d
x

dx x a
=   ( )( )

( )

( )

'
log

ln
a

f xd
f x

dx f x a
  = 

  

x xd
e e

dx
=   ( ) ( ) ( )f x f xd

e e f x
dx

  = 
 

  

lnx xd
a a a

dx
=   ( ) ( ) ( )ln

f x f xd
a a a f x

dx
  = 
 

  

( )sin cos
d

x x
dx

=   ( )( ) ( ) ( )sin cos
d

f x f x f x
dx

=   

( )cos sin
d

x x
dx

= −   ( )( ) ( ) ( )cos sin
d

f x f x f x
dx

= −   

( ) 2tan sec
d

x x
dx

=   ( )( ) ( ) ( )2tan ' sec
d

f x f x f x
dx

=   

( )cosec cosec cot
d

x x x
dx

= −   ( )( ) ( ) ( ) ( )cosec cosec cot
d

f x f x f x f x
dx

= −   

( )sec sec tan
d

x x x
dx

=   ( )( ) ( ) ( ) ( )sec sec tan
d

f x f x f x f x
dx

=   

( ) 2cot cosec
d

x x
dx

= −   ( )( ) ( ) ( )2cot cosec
d

f x f x f x
dx

= −   

 

Example 12 : Differentiate the following functions with respect to :x   

(a) ( )2 1 lnx x+   (b) 
1 25 x−

  

Solution :              [(a) 2 ln 𝑥 +
2𝑥+1

𝑥
 (b) −10 ln 5 (

1

25
)

𝑥
] 

 

 

Example 13 : Differentiate the following functions with respect to x : 

(a) ( )( )ln 1 2x x − +     (b) ( )ln ln x   

Solution :        [(a) 
2𝑥+1

(𝑥−1)(𝑥+2)
  (b) 

1

𝑥 ln 𝑥
] 

 

 

 

Example 14 : Differentiate the following functions with respect to x : 

(a) ( )
1

2
1 xx e+   (b) 24x x−  

Solution :    [(a) 
1

𝑥2 𝑒
1

𝑥(𝑥 + 1)(2𝑥2 − 𝑥 − 1) (b) √4 − 𝑥2 −
𝑥2

√4−𝑥2
]  
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Example 15 : Differentiate ( )
3

8log x  with respect to x.      [
3(ln 𝑥)2

𝑥 (ln 8)3] 

Solution : 

 

 

 

Example 16 : Differentiate 3
5

3

x

x

−

+
 with respect to x.     [−

8

3
(5 − 𝑥)−

2

3(𝑥 + 3)−
4

3] 

Solution : 

 

 

 

 

Example 17 : Differentiate the following functions with respect to x.  

(a) ( )4cos 2x   (b) ( )3sec 1 2x+    

       [(a) −8 cos3(2𝑥) sin(2𝑥)  (b) 
3 sec3 √1+2𝑥 tan √1+2𝑥

√1+2𝑥
] 

Solution : 

 

 

 

Example 18 : Differentiate with respect to x : 

(a) sin xe   (b) ( )ln cosec cotx x+   

               [(a) 
1

2√𝑥
𝑒sin √𝑥 cos √𝑥  (b) −cosec 𝑥] 

Solution : 

 

 

 

 

 

Example 19 : Differentiate the following functions with respect to x : 

(a) ( )tan 3x
  (b) 

1
sin

1

x

x

 
 
 

+
  

Solution :   [(a) 3𝑥 ⋅ ln 3 (sec2(3𝑥)) (b) −
(1+𝑥)−

3
2

2𝑥2 (2(1 + 𝑥) cos
1

𝑥
+ 𝑥2 sin

1

𝑥
)] 
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Question 5: Differentiate the following exponential and logarithmic functions with respect to x.  

(a) 2xy =   (b) 5xy =   (c) 2xy x=   (d) 36 xy x −=    

(e) 
2x

y
x

=   (f) 
3x

x
y =   (g) ln7y x=   (h) ( )ln 2 1y x= +   

(i) 2 lny x x=   (j) lnxy e x=   (k) ( )
2

ln x   (l) ( )ln 2y x x=   

(m) ln 1 2y x= −   (n) 
1

ln
2 3

y
x

 
=  

+ 
  (o) ( )ln 2y x x= −   (p) 

3
ln

1

x
y

x

+ 
=  

− 
  

Solution : 

 

 

 

 

 

 

 

Question 6: Differentiate the following trigonometric functions with respect to x.  

(a) 2 tanxy e x=   (b) cosy x x=   (c) 
sin x

y
x

=   (d) tany x x=    

(e) 3cosy x=   (f) cosy x=   (g) cos sin 2y x x=   (h) ( )3cos 4y x=   

Solution : 

 

 

 

 

 

Question 7: Differentiate the following trigonometric functions with respect to x.  

(a) secy x x=   (b) cotxy e x=   (c) 4sec2y x=   (d) cot
2

x x
y e−

 
=  

 
   

(e) 2 cosecy x x=   (f) cosecy x x=   (g) ( )ln secy x=   (h) ( )2cosecy x x=   

(i) 
cot x

y
x

=   

Solution : 
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5. Implicit Differentiation 

For relations like 2 5x xy+ − , it is difficult or at times not possible to find 
dy

dx
 by making y the subject 

of the formula. These types of relations are referred to as implicit relations. 

 

To find 
dy

dx
 in such cases, 

1. Differentiate term by term using chain rule, product rule and quotient rule (eg 1 .n nd dy
y ny

dx dx

−= )   

2. Rearrange the terms in order to get an expression for .
dy

dx
  

 

Example 20: Find 
dy

dx
 if 2 23 2.x y+ =       [−

3𝑥

𝑦
]  

Solution : 

 

 

 

 

 

 

 

 

Question 8: Find 
dy

dx
 in each of the following: 

(a) 3 8x xy+ =    (b) 2 24 5x y+ =  (c) 3 3y x− =   

(d) ( )( )3 2 lnx y x+ + =   (e) 2 4xy y= +   (f) ( )
2ye x y= −   

Solution : 

 

 

 

Question 9: If 2 ln 6 0,x y x x x+ − =  show that 
2

2

2

1
4 2 .

d y dy
x x y

dx xdx
+ + = −   

Solution : 

 

 

 

Question 10: If cos ,xe y x=  show that 
2

2
2 2 0.

dy d y
y

dx dx
+ + =   

Solution : 
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Derivatives of inverse trigonometric functions 

 

Specific Cases General Cases 

( )
2

1
arcsin

1

d
x

dx x
=

−
 ( )( )

( )

( )( )
2

arcsin

1

f xd
f x

dx
f x


  = 

−

 

( )
2

1
arccos

1

d
x

dx x
= −

−
  ( )( )

( )

( )( )
2

arccos

1

f xd
f x

dx
f x


  = − 

−

  

( )
2

1
arctan

1

d
x

dx x
=

+
  ( )( )

( )

( )( )
2

arctan
1

f xd
f x

dx f x


  = 

+
  

 

Question 11: Prove, using implicit differentiation, that  

(a) ( )
2

1
arcsin

1

d
x

dx x
=

−
  (b) ( )

2

1
arccos

1

d
x

dx x
= −

−
  (c) ( )

2

1
arctan

1

d
x

dx x
=

+
  

[Hint for (a) : let arcsiny x= ] 

Solution : 

 

 

 

 

 

 

 

 

 

 

 

Question 12: Differentiate the following with respect to x    

(a) ( )arctan 2y x=   (b) ( )arccos 3y x=   (c) arccos
5

x
y

 
=  

 
  (d) 2arctany x=    

Solution : 
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Answers to Questions : 

1. (a) 4−     (b) 1   (c) 7
4

    (d) 1−     (e)  1
32

−   

2. (a) 
2

1

x
−     (b) 

1

2 x
  (c) 

( )
2

1

2x
−

+
   (d) 

1

2 2x +
  

3. (a) ( )
5

30 5 3x +     (b) ( )
4

12 1 4x
−

−    (c) ( )
3
222 2 3x x

−

− +    

4. (a) ( ) ( )3 22 3 3 3 2x x x+ + +    (b) 
( )3 2

2 3

x

x

+

+
     (c) 

( )

( )

2

2
2

2 1

1

x x

x

− −

+
   (d) 

( )

2 1

4 1 4 1

x

x x

+

+ +
  

5. (a) 2 ln 2x    (b) 5 ln 5x    (c) 2 2 ln 2x xx+    (d) 
2 33 ln6

6x

x x−
   (e) 

2

2 ln 2 2x xx

x

−
   (f) 

1 ln 3

3x

x−
  

(g) 
1

x
   (h) 

2

2 1x +
    (i) 2 lnx x x+     (j) ln

x
x e

e x
x

+     (k)  
2ln x

x
   (l) 

( )ln 2 2

2

x

x

+
    (m) 

1

1 2x

−

−
  

(n) 
2

2 3x

−

+
    (o)  

( )
1 1

2 2x x
−

−
    (p) 

1 1

3 1x x
−

+ −
  

6. (a) 
2

2

2
2 tan

cos

x
x e

e x
x

+     (b) cos sinx x x−    (c) 
2

cos sinx x x

x

−
    (d) 

2
tan

cos

x
x

x
+     

(e) 23sin cosx x−     (f) 
sin

2 cos

x

x
−     (g) sin sin 2 2cos cos2x x x x− +    (h) 212sin 4 cos 4x x−   

7. (a) sec sec tanx x x x+     (b) ( )2cot cosecxe x x−    (c) 8sec2 tan 2x x    

 (d) 
21

cot cosec
2 2 2

x x x
e−

    
− +    

    
    (e) ( )cosec 2 cotx x x x−     (f) cosec 1 cot

2

x
x x
 
− 

 
    (g) 

tan x  (h) ( )2 2 2cosec 1 2 cotx x x −
 

    (i) 
2

cos sin 2

2 sin

x x x

x x x

+
−   

8. (a) 
23x y

x

− −
    (b) 

4x

y
−     (c) 

2

1

6 xy
   (d) 

( )
1 2

3

xy x

x x

− −

+
   (e) 

2

y

y x−
    (f) 

( )2

2 2y

x y

e x y

−

+ −
  

12. (a)  
2

2

1 4x+
    (b) 

2

3

1 9x
−

−
     (c) 

2

1

25 x
−

−
    (d) 

4

2

1

x

x+
  

TOK (Mathematics and Knowledge Claims): Euler was able to make important advances in 

mathematical analysis before calculus had been put on a solid theoretical foundation by Cauchy and 

others. However some work was not possible until after Cauchy’s work. What does this tell us 

about the importance of proof and the nature of mathematics? 

TOK (Mathematics and the real world): The seemingly abstract concept of the calculus allows 

us to create mathematical models that permit human feats such as getting a man on the moon. What 

does this tell us about the links between mathematical models and physical reality? 

 

 

Reflect on what you have learn about the meaning of limits, continuity and differentiability. 

 

How is differentiation valid if the first principle considers the limit as h tends to zero. What happens 

at the discontinuity 0? Does it matter to the correctness of the solution? 

 

When the limit of a function is indeterminate, what does it mean? 
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics: Analysis and Approaches HL 

 

Topic 5: Calculus  

WS 5.1 – Limits & Differentiation  
 
1. Evaluate the following limits:  

 (a) 
2

1

1
lim

1u

u

u→

−

−
   (b) 

4

2
lim

4x

x

x→

−

−
 (c) ( )lim 2

t
t t

→
− +   

 (d) 
3

3

2 10
lim

2x

x x

x→

+ −
  (e) ( )2lim

x
x x x

→
− −   (f) 

0

1 1
lim

1t tt t→

 
− 

+ 
  

 

2. Use l’Hopital’s rule to find the following limits: 

 (a) 
2

5

25
lim

5x

x

x→

−

−
  (b) 

3 2

3

4 5
lim

2 3 1x

x x x

x x→

− +

− +
  (c) 

2

0

tan
lim
x

x

x→
    

 (d) 
0

sin 6
lim

3x

x

x→
   (e) 

2

20

sin
lim
x

x

x→
 (f) 

23lim x

x
x e−

→
   

 (g)* 
0

2
lim

2 1

x

xx

x

→ −
  (h)* ( )

1
lim 1 tan

2x

x
x



→
−   (i)* 2 1lim x

x
x e −

→−
  

 

3. Differentiate the following functions using first principles 

 (a) 
210x     (b) 

1

1 x−
  

4. Differentiate the following with respect to x   

 (a) 
1

ln
3

x

x

− 
 

− 
  (b) 

1
arcsin

x

 
 
 

  (c) ( )2 2cos3 3sin 2xe x x− −   

 

5. Find 
dy

dx
 using implicit differentiation 

 (a) ( )( )sin sin 1x y =   (b) ( )3 cos 2xe x y= +   

 

6*. If ( )sin arcsiny m x= , show that ( )
2

2 2

2
1 0.

d y dy
x x m y

dxdx
− − + =   

 

 

7. Differentiate the following with respect to x 

 (a) 2arcsin 1 x−   (b) 
cos

1 sin

x

x−
  (c) 

1
arctan

1

x

x

+ 
 
− 

 

 

 

 
 

 

 



ACS (Independent) Mathematics Department  17 

Answers: 
 

1.  (a) 2, (b) 0.25, (c) 0, (d) 0.5 (e) 0.5 (f) 0.5−  

2.  
(a) 10  (b)   

1

2
   (c) 0    (d)   2  (e)   1    

(f) 0  (g)  
1

ln 2
  (h) 

2


−   (i)  0 

3.  
(a) 20x   (b) 

( )
2

1

1 x−
 

4.  
(a) 

( )( )
2

1 3x x− −
, (b) 

2

1

1x x
−

−
   (c) ( )2 6sin 2 6cos2 6sin3 4cos3xe x x x x− − − −    

5.  
(a) cot tanx y−     (b) 

( )

( )

( )

33 3 sin 21 3 1
1

2 sin 2 2 sin 2

xx e x ye

x y x y

   + +
− + = −      + +   

    

7. (a) 
21

x

x x

−

−
     (b) 

1

1 sin x−
     (c) 

2

1

1 x+
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics: Analysis and Approaches HL 

 

Topic 5 : Calculus 

5.2 Applications of Differentiation 
 
1. Tangents and Normals 

 

Let ( )y f x=  be a differentiable function and let ( ),P a b  be a point on the graph of ( )y f x=  . Then 

• The tangent to the graph of ( )y f x=  at P  is given by ( )( )y b f a x a− = −   

• The normal to the graph of ( )y f x=  at P  is given by 
( )

( )
1

y b x a
f a

− = − −


  

NB : the normal at P  is perpendicular to the tangent at .P   

Example 1 : Find the equation of the tangent to the curve ( )3 2 cosx y y=  at the point ( )1,1− .  

 [ 2 3 5y x= + ] 

 

 

 

2. Curve Sketching  

 

Definitions : Let f  be a differentiable function with domain fD . Then 

(a) f  is increasing if and only if ( ) 0f x   for every .fx D   

(b) f  is decreasing if and only if ( ) 0f x   for every .fx D   

(c) f  is concave up if and only if ( ) 0f x   for every .fx D   

(d) f  is concave down if and only if ( ) 0f x   for every .fx D    

 

Identify from the following curves the properties that are listed in the above definitions. Which region 

of the curves have an increasing gradient change? What curvature does that correspond to? 
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Definition : Let f  be a differentiable function with domain .fD  Then the point ( )( ),a f a  is called 

(a) a (local) maximum point of f  if f  is increasing for x a  and f  is decreasing for .x a   

(b) a (local) minimum point of f  if f  is decreasing for x a  and f  is increasing for .x a    

 

Identify from the above descriptions the minimum and maximum points on the curves illustrated 

above. 

 

 

Shape of a Curve –  

 

Concave-down  

 

                                    

 

 
At the stationary point, ( ) 0f x = . Change is observed in the sign of 

( )f x  . It is a local maximum as ( ) 0f x  . 

 

Concave-up  

                                                                                       

 
                                   

 

 

At the stationary point, ( ) 0f x = . Change is observed in the sign of 

( )f x . It is a local minimum as  ( ) 0.f x   

A Point of Inflexion is a point on the curve at which there is a change in concavity.  

We have a point of inflexion at x a=  if ( ) 0f a =  and ( )f x  changes sign on either side of 

x a= . [NB : ( ) 0f a = is not a sufficient condition (Example: y = x4.)] 

f (x)>0 

f (x)>0 

 
f (x)= 0 

f (x)<0 

f (x)= 0 

f (x)< 0 
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Stationary Inflexion 

 
 

No change in sign of ( )f x  is observed.  ( ) 0f x =  and 

( ) 0f x =  .  

Non-stationary Inflexion The gradient of the tangent is not zero at this point i.e ( ) 0f x   but  

f  (x) = 0 

 
 

TOK : When mathematicians and historians say that they have explained something, are they using 

the word “explain” in the same way?  

 

Example 2 (non-GDC): For  (a) 3( ) 3 2f x x x= − +   (b) 4 3 2( ) 3 16 24 9f x x x x= − + − , 

(i)  find and classify all points all stationary points; 

(ii) find and classify all points of inflexion; 

(iii) find the intervals where the function is increasing/decreasing; 

(iv) find the intervals where the function is concave up/down. 

(v) Hence, sketch the graph showing all important features. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

f (x)= 0 

 

f (x)< 0 

f (x)< 0 
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Sketching the graph of ( )'y f x=   

Often, you may be required to sketch the graph of ( ) ' f x  from the graph of ( )f x  alone. The 

important thing to note is: the stationary points on the graph of ( )f x  correspond to the x-

intercepts on the graph of ( ) ' f x .  

 

 Graph of ( )f x  Graph of ( ) ' f x  

 ( ),x y  
,
dy

x
dx

 
 
 

 

Stationary 

points 

( ) ' 0f x =  

Maximum point at x = a 

 

 

 

 

 

 

 

x-intercept ( )a,0 from positive to negative y-

coordinates 

 

Minimum point at x = a 

 
x-intercept ( )a,0 from negative to positive y-

coordinates 

 

 

 

 

 

Rising stationary point of inflexion 

 

 

 

 

 

 

 

x-intercept ( )a,0 , Minimum point 

 

 

 

 

Falling stationary point of inflexion x-intercept ( )a,0 , Maximum point 

 

 

 

 

 

Asymptotes Vertical Asymptote Vertical Asymptote, unchanged 

Horizontal Asymptote (y = a) Horizontal Asymptote (y = 0) 

  

Points of 

Inflexion 

Non-stationary points of inflexion Inconclusive, can be maximum, minimum or 

vertical asymptote. 

 

Stationary points of inflexion The maximum/minimum point lies on the x-axis. 

 

 

 

 

 

a 
a 

a a 

a 

a 

a 

a 
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Example 3 : Sketch the graph of ( ) ' f x  for the following functions: 

(a) ( )( )( ) 3 3f x x x= − + −     (b) ( ) ( )
2

( ) 1 1f x x x= − +     (c) ( ) ( )
3 2

( ) 2 1f x x x= − +  

(d) ( ) cosf x x=      (e) ( ) tanf x x=                (f) 
1

( ) 2
1

f x
x

= −
−

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 4: The diagram shows the graph of ( )'y f x= . 

Indicate, and label clearly, on the graph 

(a) the points where ( )y f x=  has minimum points; 

(b) the points where ( )y f x=  has maximum points; 

(c) the points where ( )y f x=  has points of inflexion; 

 

 

 

Example 5:The diagram shows a sketch of the graph of ( )'y f x=  for a x b  . 

On the grid below, which has the same scale on the x-axis, draw a sketch of the graph of ( )y f x=  for 

a x b  , given that ( )0 0f =  and ( ) 0f x   for all x. Indicate clearly on your graph the minimum 

points, maximum points and points of inflexion (if any). 
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics: Analysis and Approaches HL 

 

Topic 5: Calculus  

WS 5.2: Applications of Differentiation 
 

Tangents and Normals 

1. Prove that the gradient of the curve 22 3 2xy x= −  is always greater than 
3

.
2

 Find the equation of 

 the normal to the curve at the point where 
1

.
2

x =   

 

2. Find the equation of the normal to the curve 2 22 2 25x xy y− + =  at the point ( )7,3 .  Find two 

 points on the curve such that the normal to the curve at these two points are parallel to the y -

 axis.   

 

3*. Given that 2 25 8 2,y xy x− + =  prove that 
5 16

.
2 5

dy y x

dx y x

−
=

−
 The distinct points P  and Q  on the 

 curve each have x-coordinate 1. Find the point where the normal to the curve at P and Q meet.  

 

4. Find the equations of the tangents to the curve 2 2 4y x x= + +  which pass through the origin. 

 

5*. The line 16 9y x= −  is a tangent to the curve 3 22 9y x ax bx= + + −  at the point ( )1,7 . Find the 

 values of a and b.   

 

6. The normal to the curve 
2ln

k
y x

x
= +  for 0, ,x k   at the point where 2,x =  has equation 

 3 2 ,x y b+ =  where .b  Find the exact value of .k   

 

Maxima and minima 

 

7. The sum of twice one number and five times a second number is 70. What number should be 

 selected so that the product of the numbers is as large as possible?  

 

8. A piece of wire 20 cm long is to be cut into two pieces, one forming a circle and the other a 

 square. For the sum of the two areas enclosed by the wires to be minimal, prove that the radius of 

 the circle is 
10

.
4 +

  

 

9. Consider an isosceles triangle with sides 5, 5 and 6. Find the dimensions of the rectangle of the 

 largest area that can be inscribed in the triangle such that one side is along the base of length 6.  
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10. Without using a GDC, find the x-coordinates of the points at which the graph of 
2

2 1

x
y

x
=

−
 has 

 either a local maximum or a local minimum and distinguish between them.  

 

11. Water exits an inverted conical tank (radius 3m and height 8m) at a constant rate of 

 30.2m / minute.  If the surface of the water has radius ,r   

 (a) Find ( )V r , the volume of the water remaining 

 (b) Find the exact rate at which the surface radius is changing at the instant when the height of 

  water is 5 m. 

 

12. Consider the curve with equation ( )
22xf x e−=  for 0.x   Find the coordinates of the point of 

 inflexion and justify that it is a point of inflexion.   

 

13. If ( ) 2 2100 4 ,V x x x= −  where 𝑥 ≥ 0, find the exact value of x  to give the maximum value of 

V  and state this maximum value of .V   

 

14*. The function f  is defined by ( )
2

,
2x

x
f x =  for 0.x    

 (a) (i) Show that ( )
22 ln 2

.
2x

x x
f x

−
 =   

  (ii) Obtain an expression for ( )f x , simplifying your answer as far as possible. 

 

 (b) (i) Find the exact value of x  satisfying the equation ( ) 0f x =   

  (ii) Show that this value gives a maximum value for ( ).f x   

 

 (c) Find the x-coordinates of the two points of inflexion on the graph of .f   

Answers : 

 

1. 44 8 51 0y x+ + =     2. ( ) ( )4 19; 5,5 , 5, 5y x+ = − −    

3. 
1 15

,
7 7

 
 
 

     4. 6 , 2y x y x= = −    

5.  4a = −  and 18b =     6. 
4

3
  

7.  17.5, 7    9.  3, 2     

 

10. x=0(max), x=1(min)   11(a) 38
( )

9
V r r= m3 (b)

375

8
−=

dt

dr
 m/minute. 

12. 
1

0.5,
e

 
− 
 

  13.  max

50 2 500
5 ,

3 3 3 3
x v


= = =             

14. (a)(ii)     (b) (i) x = , (c)  0.845, 4.93 

 

( )
x

xx

2

22ln4–2ln
22 +

2ln

2
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics: Analysis and Approaches HL 

 

Topic 5 : Calculus 

5.3 Integration 
 
1. Indefinite Integrals 

 

From differentiation, we know that ( )3 2 3 23 , 7 3 .
d d

x x x x
dx dx

= + =   

The reverse process of differentiation is called integration or anti-differentiation. 

Note from above, the integral of 
23x  can be either ( )3 7x +  or 

3x , or more.  

If the functions ( )F x  and ( )f x  are related by ( ) ( ),
d

F x f x
dx

=  we say that ( )f x  is the derivative 

of ( ).F x   

 

Notation : The indefinite integral of ( )f x  with respect to x, ( ) ( )f x dx F x C= + , where ( )f x  is 

the integrand and C  is the constant of integration. 

 

 

Properties of indefinite integrals 

(A) ( ) ( )kf x dx k f x dx=   where k is a constant. 

(B) If f and g are defined on the same interval, then 

 ( ) ( ) ( ) ( ) ,af x bg x dx a f x dx b g x dx   =      where a and b are constants.     

 

2. Standard Integrals 

 

Algebraic Functions 

Differentiation Integration 

( ) ( )1 1n nd
x n x

dx

+ = +   
1

,
1

n
n x

x dx C
n

+

= +
+  where 1.n  −   

( ) ( )( )
1

1
n nd

Ax B A n Ax B
dx

+
+ = + +   ( )

( )

( )

1

,
1

n

n Ax B
Ax B dx C

A n

+
+

+ = +
+  where 1.n  −   

( ) ( ) ( ) ( )
1

1
n nd

f x n f x f x
dx

+
  = +            ( ) ( )

( )
1

1

n

n f x
f x f x dx C

n

+

      = +    + , where 1.n  −    

 

Example 1: Find (a) 
5

2

1
4 1 2

2
x x dx

x
+ − − −    (b) ( )

3
3x x dx−   

[(a) 
( )

3
621 2 1

4
3 6 2

x x
x C

x

−
− − + +   (b) 

5 4 2
39 27

9
5 4 2

x x x
x C− + − +  ] 
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Trigonometric Functions  

Differentiation Integration 

( ) ( )sin cos
d

Ax B A Ax B
dx

+ = +   ( ) ( )
1

cos sinAx B dx Ax B C
A

+ = + +  

( ) ( )cos sin
d

Ax B A Ax B
dx

+ = − +   ( ) ( )
1

sin cosAx B dx Ax B C
A

+ = − + +  

( ) ( )2tan sec
d

Ax B A Ax B
dx

+ = +   ( ) ( )2 1
sec tanAx B dx Ax B C

A
+ = + +  

( ) ( ) ( )sec sec tan
d

Ax B A Ax B Ax B
dx

+ = + +   ( ) ( ) ( )
1

sec tan secAx B Ax B dx Ax B C
A

+ + = + +   

( )

( ) ( )

cosec

cosec cot

d
Ax B

dx

A Ax B Ax B

+

= − + +

 
( ) ( )

( )

cosec cot

1
cosec

Ax B Ax B dx

Ax B C
A

+ +

= − + +


  

( ) ( )2cot cosec
d

Ax B A Ax B
dx

+ = − +   ( ) ( )2 1
cosec cotAx B dx Ax B C

A
+ = − + +   

 

 

Example 2: Integrate the following with respect to x:  

(a) sin 2
2

x
 

+ 
 

  (b) 
26sec 3x   (c) cosec 3 cot 3

4 4
x x

    
− −   

   
  

 [(a) 
1

cos 2
2 2

x C
 

− + + 
 

 (b) 2 tan3x C+  (c) 
1

cosec 3
3 4

x C
 
− + 

 
] 

Solution:  

 

 

 

Example 3: Find (a) 
2cos 3x dx   (b) 

2tan
2

x
dx   

[(a) 
1 1

sin6
12 2

x x C+ +    (b) 2tan
2

x
x C− +  ] 

Solution:  
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Special Forms For Integration 

 

Differentiation Integration 

( )
( ) ( )

1

1

n

nf xd
f x f x

dx n

+     =    +
 

  ( ) ( )
( )

( )

1

1
1

n

n f x
f x f x dx C n

n

+

    = +  −  +   

( )( )
( )

( )
ln

f xd
f x

dx f x


=   

( )

( )
( )ln

f x
dx f x C

f x


= +   

( )( ) ( ) ( )f x f xd
e e f x

dx
=   

( ) ( ) ( )f x f x
e f x dx e C = +   

 

Example 4: Find (a) 
2xxe dx   (b) 

cossin xxe dx   (c) 
2

3

1

x
dx

x +   (d) tan x dx   

[(a) 
21

2

xe C+     (b) 
cos xe C− +     (c) 

23
ln 1

2
x C+ +     (d) ln cos x C− +  ] 

Solution:  

 

 

 

 

 

Integration Using Partial Fractions 

Note that we can use partial fractions to decompose complicated rational functions into simpler 

expressions.  

 

Example 5: Find (a) 
( )( )

3

1 1
dx

x x+ −   (b) 
( )

3

1

x
dx

x x

+

+   

 [(a) 
3 1

ln
2 1

x
c

x

−
+

+
    (b) 

( )

3

2
ln

1

x
c

x
+

+
 ] 

 

Solution:  
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Inverse Trigonometric Functions 

Differentiation Integration 

( )
22

1 1
arcsin

d Ax

dx a A a Ax
=

−

  
2 2

1
arcsin

x
dx C

aa x
= +

−
   

2 2
arctan

d x a

dx a a x
=

+
  

2 2

1 1
arctan

x
dx C

a x a a
= +

+   

 

Note that the derivative of arccos x  is 
2

1

1 x
−

−
 which is very similar to the derivative of arcsin .x   

Example 6: Find (a) 
2

1

4 9
dx

x+   (b) 
2

7

1 4
dx

x−
   (c) 

2

2

2 5
dx

x x+ +   

[(a) 
1 3

arctan
6 2

x
C+     (b) 

7
arcsin 2

2
x C+     (c) 

1
arctan

2

x
C

+
+ ] 

Solution:  
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3. Integration by Substitution 

 

This method is used in cases of non-standard integrals. It introduces a suitable substitution to 

simplify a ‘difficult term’ in the integrand. Here are some suggestions of possible substitutions to 

integrate the non-standard integrals : 

 

When a function contains Try substituting 

( )f x   ( )u f x=   

ln x   lnu x=   
xe   

x
u e=   

2 2a x−   sinx a =  or cosx a =  

2 2
a x+  or 2 2a x+   

tanx a =   

2 2x a−   secx a =   

 

Example 7: By using a suitable substitution, integrate the following functions with respect to x: 

(a) 2x x +   (b) 

2 9x

x

−
  (c) 

2

1

9 4x−
  (d) 

( )
3

ln 1x

x

+
  (e) 24 x−   

[(a) 
( ) ( )

5 3

2 22 2 4 2

5 3

x x
C

+ +
− +    (b) 

2 3
9 3arccosx C

x
− − +    

 (c) 
1 2

arcsin
2 3

x
C

 
+ 

 
   (d) 

( )
4

ln
ln

4

x
x C+ +     (e) 

24
2arcsin

2 2

x x x
C

−
+ +  ] 

 

Solution:  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Note : don’t forget to do re-substitution! 
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4. Integration by Parts 

 

Let u and v be two functions of x.  

Then the derivative of uv with respect to x gives  .
d dv du

uv u v
dx dx dx

= +   

Now integrating both sides with respect to x gives  
dv du

uv u dx v dx
dx dx

= +    

Rearranging the terms, we have  
dv du

u dx uv v dx
dx dx

= −    

 

Integrating using this formula is called integration by parts.  

 

A way to choose “u” is by  

 

Decreasing priority to be chosen as u
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯→   

L I A T E 
Logarithmic Inverse trig Algebraic Trigonometric Exponential  

e.g. ln, lg e.g. 

arcsin ,arctanx x   

e.g. 2 ,x x   e.g. sin , tanx x   e.g. 
xe   

 

Notes 

1. Integrating a Single Function: If a single function ( )f x  cannot be integrated directly, take 

 ( )u f x=  and 1.
dv

dx
=   

2. LIATE rule provides one of the ways to solve the integration, but it may not be the only way 

3. LIATE rule works for most of the integrations in the IB exam, but there are some 

 counterexamples. For example, ( )3 2 2sinx x dx u x=  and ( )1sin sinn nx dx u x−= .0F

1  

 

Example 8 (Integrating a single function and reduction of powers): Find 

(a) ln x dx   (b) arcsin x dx   (c) 
2 sinx x dx   

[(a) lnx x x C− +    (b) 2arcsin 1x x x C+ − +    (c) 
22 sin 2cos cosx x x x x C+ − +  ] 

Solution:  

 

 

 

 

 

 

 

 

 

 

 
1 Taken from Oxford textbook for IB Maths HL (2012)  
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Example 9 (Integrating Cyclical Functions): Find (a) cosxe x dx  (b) sin 2xe x dx  

[(a)   ( )
1

sin cos
2

xe x x C+ + (b)  ( )sin 2 2cos2
5

xe
x x C− + ] 

Solution:  

 

 

 

 

 

 

 

 

 

 

 

 

5. Definite Integrals 

 

Definition : The definite integral from a to b of ( )f x  is defined as : 

( ) ( ) ( ) ( )
b b

aa
f x dx F x F b F a=   = −   

where ( ) ( )F x f x dx=   and a and b are the limits of the integration. 

 

Notes: 

• In definite integration, the constant of integration is ignored. 

• The definite integral can be found this way only if the function ( )f x  to be integrated is defined 

for every value of x from a to b. i.e. the function ( )f x  must be continuous  over the interval 

from x a=  to x b= .  

e.g. 
1

1

1
dx

x−  does not make sense. 

• The GDC can be very helpful to find definite integrals, especially if it is not easy to find the anti-

derivative by hand. Ensure that your GDC is in radian if the function involved trigonometric 

functions. 

Example 10: Find (a) 
( )

4

31

1

3
dx

x +
   (b) 24

0
cos 3x dx



   [(a) 0.0210, (b) 0.309] 

Solution:  
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5.1 Definite integrals with Substitution 

We need to change the limits when we do a substitution. 

Example 11: Using the substitution 
1

x
u

= , find 
1

1
2

2

.
4 1

dx

x x −
 Leave your answer in exact form.  [

3


] 

Solution:  

 

 

 

 

 

 

 

Example 12: Find 

( )

1

20 2
.

1

dx

x+
  Leave your answer in exact form. [

1

4 8


+ ] 

Solution:  
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5.2 Definite integrals with Integration by Parts 

Apply the limits throughout the integral:  
b bb

aa a

dv du
u dx uv v dx

dx dx
= −    

Example 13: Find (a) 
1

0

xxe dx   (b) 2

0
cosx x dx



   [(a) 1   (b) 1
2


− ] 

Solution:  

 

 

 

 

 

 

 

 

5.3 Simple Applications of Definite Integration 

Example 14: Find the curve which passes through the point ( )0, 1−  and whose gradient at ( ),x y  is 

2cos .x       [ ( )
1

sin cos 1
2

y x x x= + −  ] 

Solution:  

 

Example 15 The gradient of a curve is tan 2x  and the curve passes through the point ,0 .
6

 
 
 

 Find 

the equation of the curve.     [ ( )
1

ln cos2 ln 2
2

y x= − +  ] 

Solution:  

 

 

Example 16 : The rate of change of the area, 
2cm ,A of a circle is 2 cos .te t−

 Find A  in terms of t  if 

the area of the circle is 
211 cm  when 0.t =     [ ( )sin cos 12tA e t t−= − +  ] 

Solution:  
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics: Analysis and Approaches HL 

 

Topic 5: Calculus  

WS 5.3 (a): Basic Integration Techniques 1 
 

Find :  

1. 6 x dx   2. 
5

dx
x

   3. ( )1x x dx−    

*4. ( )
6

22 8x x dx+   *5. 
2 1

x
dx

x +
   6. 

xe dx   

7. 
5 34 xe dx−

   8. ( )
2

23 4x xe e dx− −   9. 

7 11

155 92 3 16x x x dx
−

− +   

10. 
( )

3

1x
dx

x

+

   11. 
3 2

2

5 2x x
dx

x

+ −
   12. ( )

10
2 1x dx−   

13. 
4

1 3
dx

x+
  14. 

1

1 2
dx

x
−

−   15. 
5

6 7
dx

x−   

16. 
( )

3

1

11 3
dx

x−
   17. 

1 4

1
dx

x x
+

−   18. 1x dx+   

*19. 
3

1

x
dx

x −   *20. 
2 2 1

2

x x
dx

x

− −

+   

 

 

Answers: 

1. 34 x c+   2. 10 x c+   3. 
3 52 2

3 5
x x c− +    

4. 
( )

7
2 8

7

x
c

+
+   5. 2 1x c+ +   6. 2 xe c+   

7. 
5 34

3

xe c−− +   8. 
316

9 24
3

x
x x e

e e c−− − + +   9. 

12

165
2

9

5 27

6
2

x x c

x

+ + +   

10. 

( )

2
3

4

2 3 2
2

1
or 1

2

x
x x x c

x c

+ + + +

 
+ + 

 

  11. 
21 2

5
2

x x c
x

+ + +   12. ( )
111

2 1
22

x c− +   

13. 
4

ln 1 3
3

x c+ +   14. 
1

ln 1 2
2

x c− +   15. 
5

ln 6 7
7

x c− − +   

16. 
( )

2

1

6 11 3
c

x
+

−
  17. ln 4ln 1x x c− − +   18. ( )

32
1

3
x c+ +   

19. 
3 2

ln 1
3 2

x x
x x c+ + + − +   20. 

2

4 7ln 2
2

x
x x c− + + +   
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics: Analysis and Approaches HL 

 

Topic 5: Calculus  

WS 5.3 (b): Basic Integration Techniques 2 
 
Find:  

1. cos 1 2sinx x dx−   2. 
3sec tanx x dx   3. 

2tan x dx    

4. 
2cos 2x dx    5. sin cos

2 2

x x
dx   6. 

2

3

1 sin
dx

x−
  

7. ( )sec sec tanx x x dx−   8. ( )2tan 2 3x dx−   9. 
2

1

cos 3
dx

x   

10. 5sec tan
4 4

x x dx
    
− −   

   
   11. 2cosec3 cot3x x dx   12. 5cos 5

2

x
dx

 
− 

 
   

13. cos3 3sin 4x x dx+   14. 
22sin

2
x dx


   15. 

( )( )

35sin

1 cos 1 cos

x
dx

x x+ −   

16. 
2 7 cosx x

dx
x

−
   17. 

2

1

1 9
dx

x+
  18. 

2

3

5 4
dx

x−
   

19. 

( )
2

3

16 3 1

dt
t− −

   20.* 
2

1

25 10 10
dx

x x− +   21.* 
( )( )

3

1 3

x
dx

x x+ −   

 

Answers: 

1. ( )
3

2
1

1 2sin
3

x c− − +   2. 
3sec

3

x
c+   3. tan x x c− +    

4. 
1

sin 4
8 2

x
x c+ +    5. 

1
cos

2
x c− +   6. 3tan x c+   

7. tan secx x c− +   8. ( )
1

tan 2 3
2

x x c− − +   9. 
1

tan3
3

x c+   

10. 5sec
4

x c
 

− − + 
 

  11. 
2

cosec3
3

x c− +   12. 10sin 5
2

x
c

 
− − + 

 
  

13. 
1 3

sin3 cos4
3 4

x x c− +   14. 
1

sinx x c


− +   15. 5cos x c− +   

16. 2ln 7sinx x c− +   17. 
1

arctan3
3

x c+  18.  
3 2

arcsin
2 5

x
c

 
+ 

 
 

19. 
3 1

arcsin
4

t
c

− 
+ 

 
  20. 

1 5 1
arctan

15 3

x
c

− 
+ 

 
   

21. 
2 1 27

2 ln 1 ln 3
2 4 4

x
x x x c+ + + + − +   
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics: Analysis and Approaches HL 

 

Topic 5: Calculus  

WS 5.3 (c): Further Integration Techniques (by substitution, by parts) & 
Definite Integration   
 
1. Find the following integrals by making the substitution suggested : 

 (a) ( )
4

2 23 , 3x x dx u x− = −   (b) 
2 2

1
, 5sin

25
dx x

x x
=

−
   

 (c) 
1

, tan
sin 2

d t 


=   (d) 
2

1 1
,

4
dx x

tx x
=

−
   

2. By using a suitable substitution, show that the exact value of 
3

22

0
4 4y dy−  is 

3
.

4 3


+   

3. By using the substitution 
2sec ,x =  or otherwise, show that 

2

21

1 1
.

2 41
dx

x x


= +

−
   

4. (a) Find the values of A  and B  such that 
2

2
.

1 1 1

A B

u u u
= +

− − +
  

 (b)* Hence, by using a suitable substitution, show that 
( )

7

2

1 3
ln .

21 2
dx

x x
=

+ +
   

5. Integrate the following functions with respect to x. 

 (a) 
2 xx e   (b) 

2 cosx x   (c) lnnx x   (d) ( )
2

ln2x   

 (e) arccos x   (f) ( )
2

arcsin x   (g) 
3 cos4xe x   (h) 2 sin cosxe x x   

6. Find the curve which passes through the point ( )2,5  and whose gradient at ( ),x y  is 
3.x   

7. Find the curve which passes through the point ( )0,1  and whose gradient at ( ),x y  is

 sin cos .x x+   

8.* If 3 0
b

a
x dx =  and 

2 2
,

3

b

a
x dx =  find the values of a and of b.  

9. Without using a calculator, simplify 
2

20

1

4 1
dx

x −   

10. Given that 
2

2 2

1

1 1

x B
A

x x

−
 +

+ +
, find A and B. Hence, or otherwise, solve 

2
1

20

1
.

1

x
dx

x

−

+    

11.* Given that 
2 2

1
, 0,

A B
a

x a x a x a
 + 

− − +
 find A and B in terms of a. Hence, prove that 

 
2 2

1 1
ln

2

x a
dx c

x a a x a

−
= +

− + . 
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Answers: 
 

1. (a) ( )
5

21
3

10
x C− +   (b) 

225

25

x
C

x

− −
+   (c) 

1
ln tan

2
C +   (d) 

1 2
arcsin

2
C

x

 
− + 

 
  

4. (a) 1, 1A B= =−  
 5. (a) ( )2 2 2xe x x C− + +   (b) ( )2 2 sin 2 cosx x x x C− + +   

5. (c) 
( )

( )
1

2
1 ln 1

1

nx
n x C

n

+

 + −  + 
+

  (d) ( )
2

ln2 2 ln2 2x x x x x C− + +   (e) 2arccos 1x x x C− − +    

(f) ( )
2 2arcsin 2arcsin 1 2x x x x x C+ − − +   (g) ( )

3

4sin 4 3cos4
25

xe
x x C+ +    

(h) ( )
1

sin 2 2cos2
5

xe x x C− +  6. 
4

1
4

x
y = +  7. cos sin 2y x x= − + +  8. 1, 1a b= − =  

9. 
1 3

ln
4 5

  10. 1, 2; 1
2

A B


= = − −   11. 
1 1

,
2 2

A B
a a

= = −   
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics: Analysis and Approaches HL 

 

Topic 5 : Calculus 

5.4 Area and Volume of Revolution  
 
1. Areas 

1.1 Areas about the x-axis 

 

 

 

 

 

 

Referring to Fig 1: 

The area bounded by the curve ( ),y f x=  the x-axis and the lines x a=  and x b=  is given 

by 

    ( )
b

a
f x dx   or 

b

a
y dx   where ( )y f x= . 

 

If the curve is below the x-axis as in Fig 2, then 
b

a
y dx  is negative.  

 

If the curve ( )y f x=  cuts the x axis at x b=  as shown in Fig 3, 

 

The area under the curve between x a=  and x c=  is  

b c

a b
y dx y dx+    [ 

c

b
y dx  is negative] 

 

Alternatively, the total area between 𝑥 = 𝑎 and 𝑥 = 𝑐 is ( )
c

a
f x dx . 

This is especially useful if you are working out the area using a Graphic Display Calculator where 

working out the above integral is particularly easy.  

 

 

y 

x 
0 a b 

  y = f(x) 

  Fig 1 

y 

x 
0 

a b 

y = f(x) 

Fig 2 
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Toolkit : Areas under Graph 

 

1. Open the area under graph applet at https://www.desmos.com/calculator/x4f54hxohc 

 

2. On the sliders in the left hand pane, set 𝑛 = 1, 𝑎 = 0, 𝑏 = 3.  

 
 

 

3. On the sliders, set 𝑛 = 1, 𝑎 = −3, 𝑏 = 0.  

 
 

4. Keep the value of 𝑛 = 1, but adjust the values of 𝑛 to be any value.  

What do you observe about the value of 𝑐 vs the area measured? 

 

5. Repeat steps 1 to 4 but with three other different values of 𝑛.  

Write down your observations and learning points and share it with a classmate.  

 

6. Reflection & Debrief 

What is the difference between the area under graph and ∫ 𝑓(𝑥) 𝑑𝑥
𝑏

𝑎
? 

Why is it important to sketch the graph of 𝑦 = 𝑓(𝑥) before finding the area under a graph?  

 

 

Sketch the graph obtained and calculate the area of 

the shaded region by geometry. 

 

Write down the value of 𝑐 which is defined as 

∫ 𝑥𝑛 𝑑𝑥
𝑏

𝑎
 What can you say about the quantities? 

 

Test your conjecture by adjusting the slider to vary 

the values of 𝑎 and 𝑏. For this step, keep your 

values of 𝑎 and 𝑏 bigger than zero.  

Sketch the graph obtained in the space below and 

calculate the area of the shaded region by geometry. 

 

Write down the value of 𝑐 which is defined as 

∫ 𝑥𝑛 𝑑𝑥
𝑏

𝑎
 What can you say about the quantities? 

 

Test your conjecture by adjusting the slider to vary 

the values of 𝑎 and 𝑏. For this step, keep your 

values of 𝑎 and 𝑏 smaller than zero.  

 

https://www.desmos.com/calculator/x4f54hxohc
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Example 1: Find the area enclosed by the curve ( )( )1 2y x x x= − −  and the x -axis.  [0.5]  

Solution:  

 

 

 

 

 

Example 2: Find the area bounded by the x-axis, the y-axis, the curve 2xy e=  and the line 2.x =   

Solution:  [
4 1

2

e −
 ] 

 

 

 

 

1.2 Areas about the y-axis 

 

 

 

 

 

 

 

 

 

 

 

 

Similarly, if you are using a GDC, the area above is simply 
a

c
x dy  

Example 3: Sketch the graph of the curve ( )2 4 2 .y x= −  Find the area enclosed by the curve 

( )2 4 2 ,y x= −  the y-axis and the lines 1.y =    [
25

6
 ] 

Solution: 

 

 

 

 

0 

y 

x 

a 

b 

x = g(y) 

Similarly, area B1 has a positive value while area  

B2 has a negative value. 

 

Hence, area = 



b

c

yxd    + 



a

b

yxd      . 

 

 

The area bounded by the curve x = g(y), the y-axis and the 

lines y = a and y = b is given  by:   





b

a

yyg d )( or    



b

a

yx d    

where  x = g(y). 

 

y 

x 
0 

 a 

c x = g(y) 

B1 B2 b 
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1.3 Area between Two Curves 

 

        

 

       

 

 

 

Area bounded between 2 curves y = f(x) and y = g(x) from x = a to x = b is given by,  

( ) ( )
b

a
A f x g x dx=  −     

Note that we always subtract the equation of the bottom curve from the equation of the top curve. 

 

 

 

  

 

 

Example 4: Find the area bounded by the curve 22y x x= −  and the straight line .y x= −   [4.5] 

Solution:  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

TOK: Consider 𝑓(𝑥) =
1

𝑥
, 1 ≤ 𝑥 < ∞. An infinite area sweeps out a finite volume. Can this be 

reconciled with our intuition? Do emotion and intuition have a role in mathematics?  

y 

y = f(x) 

y = g(x) 

x 
a b 0 

y 
x = p(y) 

x = h(y) 

x 

a 

b 

0 

Similarly, the area bounded between 2 curves  x = 

p(y) and x  = h(y) is given by: 

                         yypyh

b

a

d )]()([ −


  
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2. Volumes 

 

2.1 Rotation about x-Axis 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

If the shaded area under the curve y = f(x) between x = a and x = b is rotated through 360o  or 2  

about the x-axis , a solid is generated as shown in Fig 4.   

Volume generated about x-axis:    

V =       or     

 

Example 5: The region R is bounded by the part of the curve ( )
3

22y x= −  for which 2 4,x   the x-

axis, and the lines 2x =  and 4.x =  Find, in terms of π, the volume of the solid obtained when R is 

rotated through four right angles about the x-axis.       [4π] 

Solution:  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

xy

b

a

d  2



xx

b

a

d )](f[ 2




FIG 4 

y 

x 
0 a b 

y = f(x) 
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2.2 Rotation about the y-Axis 

Similarly, if the shaded area under the curve x = f(y) between y=a and y=b is rotated through 360o  or 

2  about the y-axis,   

Volume of solid generated about y-axis : 

V =       or     

 

Example 6: Calculate the volume of the solid generated when the region bounded by 2y x=  and 

22y x= −  is rotated through π radians about the y-axis.       [π] 

Solution: 

 

 

 

 

 

 

 

 

 

2.3 Volume between Two Curves 

 

Let f and g be two functions defined on [a, b] with  for each x in [a, b] . 

Let R be the region bounded by ,  and the lines x a=  and x b= . 

 

 

 

 

 

 

 

 

 

 

Volume of solid obtained by rotating the region R about the x -axis through  

=    −       =     

 

 

NOTE:  

1. Volume obtained is NOT   ( ) ( )( )
2b

a
f x g x dx −   

2. Similarly, volume of solid obtained by rotating the region bounded by ,   and the 

lines  and  about the y − axis through  is  . 

  

yx

b

a

d  2



yyf

b

a

d)]([ 2




0)(g)(f  xx

)(f xy = )(g xy =

360

xx

b

a

d)](f[ 2



xx

b

a

d)](g[ 2



xxx

b

a

d  )](g[)](f[ 22








−






)(f yx = )(g yx =

cy = dy = 360 yyy

d

c

d  )](g[)](f[ 22








−






b 

y = f(x) 

 x 

 y 

a 

y = g(x) 
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Example 7: The diagram shows the region R in the first quadrant  

enclosed by the curves ( ) ( )2 21 1
4 , 4

4 2
y x y x= − = −  and the y -axis.  

Calculate the volume of revolution formed when R is rotated through  

360  about the y-axis.       [2π] 

Solution:  

   

y 

x 
2 

R 2 

1 
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics: Analysis and Approaches HL 

 

Topic 5: Calculus  

WS 5.4: Area and Volume of Revolution  
 

1. Find the area bounded by 3 4y x x= − , the x-axis, 1x = and 2x = .   

 

2. Find the area of the region bounded by 
3

, ,y y x
x

= =  the y-axis and 3.y =   

 

3. Find the exact area of the region enclosed by the curves 4y x= −  and 
2

.
1

y
x

=
−

  

 

4. Find the area of the region bounded by 

 (i) ( ) x xf x e e−= −  the x-axis, the line 1x = −  and the line 1x = . 

 (ii) ( )
1

1,
1

f x
x

= +
−

 the x-axis, the line 1x = −  and the line 0.5x = . 

 (iii) cos2 1y x= + , the x-axis, the line 0x =  and the line .
2

x


=   

 (iv) ( )( )1 2y x x x= + −  and the x-axis. 

 (v) 2 1y x= − , the x-axis, the line 1x = −  and the line 2x = . 

 (vi) 2 1y x= − , the x-axis, the line 1x = −  and the line 2x = .   

 

5. The area of the region enclosed by the curve 2 4y ax=  and the line x a=  is 2ka  square units, 

 where 0.a   Find the value of .k   

 

6. Find the volume of the solid formed by revolving the following curves about the x-axis by 2 . 

 (i) 
3

2y x= , 1 4x    (ii) 
225y x= − , 0 5x    

 (iii) cos2 ,  0
4

y x x


=     (iv) sec ,  0
3

y x x


=     

 

7.* A hemispherical bowl of radius 8 cm contains water to a depth of 3 cm. Given that the equation 

 of a circle at centre ( ),a b  and radius r is ( ) ( )
2 2 2 ,x a y b r− + − =  what is the volume of water 

 in the bowl?  

 

8. Find the volume of the solid formed when 

 (i) y x=  between 1y =  and 4y =  is revolved about the y-axis by 2 ; 

 (ii) lny x=  between 0y =  and 2y =  is revolved about the y-axis by 2 . 
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9. Find the volume of the solid formed by revolving the region enclosed by the curve with equation 

 ( ) 225f x x= −  and the line ( ) 3g x =  about the x-axis.  

 

 

10.* The volume of the solid formed when the region bounded by the curve xy e k= − , the x-axis 

and  the line ln 3x =  is rotated about the x-axis is ln 3  cubic units. Given that 0 3,k   find 

the  value of k . 

 

 

 

Answers: 
 
1. 2.25 square units 

2. 3.20 square units 

3. 
3

2ln 2
2
−  square units 

4. (i) ( )12 2e e−+ −  square units  (ii) 0.5  square units 

 (iii) 
2


 square units   (iv) 

37

12
 square units 

 (v) 4.5  square units   (vi) 3 square units 

5. 
8

3
k =   

6. (i) 
255

4


  (ii) 

250

3


   (iii) 

2

8


   (iv) 3   

7. 63   

8. (i) 
1023

5


  (ii) ( )4 1

2
e


−   

9. 
256

3
   

10. 1k =   
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics: Analysis and Approaches HL 

 

Topic 5 : Calculus 

5.5 Kinematics 
 
1. Relationship between Acceleration, Velocity and Displacement 

 

Let a, v, s and t denote acceleration, velocity, displacement and time respectively. Then 

 

(a) Velocity is the rate of change of displacement, 
ds

v
dt

=   

 

(b) Velocity-time graph 

 

Figure 1 Velocity-Time Graph1 

 (i) The gradient of the velocity-time graph gives the acceleration 
2

2

dv d s
a

dt dt
= =   

 (ii) The area under the velocity-time graph gives the displacement ( ) ( )s t v t dt=    

 (iii) For the example above, the total displacement from t = 0 to t = 7 is given by ( )
7

0
v t dt   

 (iv) However, the total distance from t = 0 to t = 7 is given by ( )
7

0
v t dt   

   

 

 
1 Velocity-Time Graph taken from https://www.khanacademy.org/science/physics/one-dimensional-

motion/acceleration-tutorial/a/what-are-velocity-vs-time-graphs 
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 (v) At ( ) 0,v t =  the particle undergoes a change in direction when the graph crosses the time 

  axis, in the example above, the particle changes direction at t = 6s 

 (vi) At the maximum velocity (stationary point) of the velocity-time graph, the acceleration is 

  zero since ( ) 0
dv

a t
dt

= =   

 

In addition, using chain rule of differentiation, we have: 
dv

a v
ds

=   

Proof:  
dv ds dv dv

a v
dt dt ds ds

= = =   

 

 

2. Useful Relationship Between Velocity, Speed, and Distance 

 

 (a) Speed = v  

 (b) Distance = Speed  dt v dt=    

 (c) Average speed from 1T  to 
( )

2

1

2

2 1

Total Distance

Total Time

T

T
v t dt

T
T T

= =
−


  

 

 

 

 

 

Example 1: The velocity of a particle at t seconds is given by ( )
3

2 1 .v t= −  Given that the initial 

displacement is 2 cm, find 

(a) its displacement at t seconds      [
( )

4
2 1 15

8 8

t
x

−
= +  ] 

(b) the total distance travelled in the first 3 seconds.      [78.25] 

Solution: 
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Example 2: A particle is initially at the origin and moving to the right at 14cm s .−  It accelerates with 

time according to the equation ( ) 23 6 cm s .a t t −= −   

(a) Find the velocity function of the particle and sketch its graph for 0 4t  . 

(b) Find the total displacement and the total distance travelled in the first 4 seconds of motion.  

        [(a) ( ) 23 3 4v t t t= − +  (b) –24 cm, 36.4 cm] 

Solution:  

 

 

 

 

 

 

 

 

 

 

 

Example 3: A particle moves such its velocity v 1ms−  is related to its displacement s m by the 

equation ( )arcsin .v s=  Find the acceleration of the particle when 0.1m.s =   [0.536 2ms− ]  

Solution: 

 

 

 

 

 

 

 

 

 

 

 

 

Example 4 (try this after learning variables separable differential equations): 

A particle moves in a line with velocity v 1ms .−  Its acceleration is given by ( )2 24 ms ,a v −= − + for 

( )0 1t  . At time 0,t =  the particle has velocity 12ms .−  Show that the velocity v at time t is given 

by 
8

2tan .
4

t
v

 − 
=  

 
  

Solution:  
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics: Analysis and Approaches HL 

 

Topic 5: Calculus  

WS 5.5: Kinematics  
 
1. A particle moves along the x-axis so that at time t seconds its position is given by 

 3 26 36x t t t= − −  metres. 

 (a) Find the maximum speed and maximum velocity in the first seven seconds of motion 

 (b) Find the average speed in the first seven seconds of motion. 

 

2. A particle P has velocity 2 12 cm s .v t t −= − −  Find 

 (a) the time when P is at rest, 

 (b) the distance traveled by the particle in the first 3 seconds of the motion, 

 (c) the displacement of the particle at the end of 3 seconds.  

 

3. The velocity of a particle traveling in a straight line is given by 0.5 150 10 ms ,tv e− −= −  where t is 

 the time in seconds and 0.t    

 (a) State the initial velocity of the particle. 

 (b) Find the velocity of the particle after 3 seconds. 

 (c) How long would it take for the particle’s velocity to increase to 145 ms− ? 

 (d) What happens to v as t →? 

 (e) Show that the particle’s acceleration is always positive. 

 (f) Sketch the graph of v  against .t   

 (g) Find the total distance traveled by the particle in the first 3 seconds of motion.    

 

 

4. A body has an initial velocity of 20 m/s. It moves in a straight line with acceleration function 

 ( ) 204
t

a t e
−

=  ms–2, at time t seconds. 

 (a) Show that, as t increases, the body approaches a limiting velocity. 

 (b) Find the total distance travelled in the first 10 seconds of motion. 

 

 

5.* Two particles P and Q move in the positive direction on the x-axis, P with constant acceleration 

 22ms−  and Q with constant acceleration 1 2ms .−  At time 0,t =  P is projected from the origin O 

 with speed 1 m/s and at time 4,t =  Q is projected from O with speed 16 m/s.  

 (a) Find the times between which Q is ahead of P. 

 (b) Find the distance from O when Q overtakes P, and the distance from O when P overtakes Q.  
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6. A particle P moves along a straight line. The velocity v ms–1 of P after t seconds is given by 

 ( ) ( ) ( )cos
7cos 5

t
v t t t= − , for 0 7t  . The following diagram shows the graph of v. 

 

(a) Find the initial velocity of P. 

(b) Find the maximum speed of P. 

(c) Write down the number of times that the acceleration of P is 0 ms–2.  

(d) Find the acceleration of P when it changes direction. 

(e) Find the total distance travelled by P. [2018MayTZ2 SLP2] 
 

7. Xavier, the parachutist, jumps out of a plane at a height of ℎ metres above the ground. After free 

 falling for 10 seconds his parachute opens. His velocity, v ms–1, t seconds after jumping from the 

 plane, can be modelled by the function 

 ( )

( )
2

9.8 , 0 10

98
, 10

1 10

t t

v t t

t

 


=  
 + −

 

 His velocity when he reaches the ground is 2.8 ms–1.  

(a) Find his velocity when 15t = . 

(b) Calculate the vertical distance Xavier travelled in the first 10 seconds. 

(c) Determine the value of h.  [2017MayTZ1 HLP2] 
 

Answers: 

1(a) 48 m/s, 27 m/s (b) 
229

7
m/s  2(a) 2  (b) 

31
cm

6
  (c) 1.5 cm−   

3(a) 40 m/s   (b) 47.8 m/s (c)  1.39 seconds (d) 50v →   (g) 134 m 

4. 370 m  5(a) 8 14t    (b) 72 m, 210 m 

6(a) 7   (b) 24.7  (c) 3   (d) –9.25    (e) 63.9 

7(a) 19.2 m/s (b) 490 m (c) 906 m  
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics: Analysis and Approaches HL 

 

Topic 5: Calculus 

5.6 Differential Equations 
 
1. Introduction to Differential Equations 

 

A differential equation is one that relates the derivative of an unknown function to an independent 

variable x and the dependent variable y.  

 

Examples of differential equations are:  

(i) cos
dy

x
dx

=     (ii) 2 2 2
dy

x y
dx

= +    (iii) 
2

2
6 2

d y
x

dx
= −   

 

A first order differential equation has only one derivative and it is a first derivative. 

Examples (i) and (ii) above are examples of first order differential equation.  

 

A solution of a differential equation is a function ( )y x  which satisfies the differential equation for 

all values of x in the domain.  

 

In this topic, we will be exploring different methods of solving first order differential equations.  

 

2. Direct Integration 

 

Differential equations of the form ( )
dy

f x
dx

=  can be solved by direct integration.  

Here, ( )y f x dx c= +  is the general solution for y . 

A particular solution can be found by substituting a given value of x and y in order to find the 

unknown c.  

 

Example 1: Find the general solution of the following differential equations. 

(a) 23 4
dy

x
dx

= −      (b) 
2

1 1
.

1

dy

x dx x
=

+
  

[(a) 
3 4y x x c= − +     (b) ( )21

ln 1
2

y x c= + +  ] 

Solution: 
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3. Variable Separable Differential Equations 

 

Variable separable differential equations are of the form ( ) ( )
dy

f x g y
dx

= .  

If the differential equation is of this form, then we can rearrange: 

( )
( )

( )
( )

( )
( ) ( )

1

1

1
by chain rule

dy
f x

g y dx

dy
dx f x dx

g y dx

dy f x dx
g y

=

 =

 =

 

 

 

 

Example 2: Find the general solution of the following differential equations. 

(a) 23 5
dy

y
dx

=   (b) ( )2 21 1
dy

x y
dx

+ = +  (c) ( )21 0
dy

y y
dx

− + =   

[(a) ( )
1 5

3
x c

y
= − +    (b) ( )tan arctany x c= +     (c) 

2
2

21

xy
Ae

y
=

+
 ] 

Solution:  

 

 

 

 

 

 

 

 

 

 

 

Example 3: Solve the differential equation 
dy

y
dx

=  for y  which satisfies the condition ( )1 2y e= − . 

   

Solution:       2 xy e = −   
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4. Homogenous Differential Equations 

 

A homogeneous differential equation is of the form 
dy y

f
dx x

 
=  

 
.  

The total power of x  and y   are equal for every term in the equation.  

  

These are examples of homogeneous differential equations:  

(i) 3dy x y

dx x y

+
=

−
 (ii) 

2 2

2

dy x y

dx xy

+
=  (iii)  

3 3

2 2

dy x y

dx xy yx

+
=

+
 

 

We can convert homogeneous differential equations into variable separable differential equations, 

( )
dy y

f f v
dx x

 
= = 

 
, by using the substitution y vx= , where v is a function of x. 

Differentiating y vx=  with respect to x, we get 
dy dv

v x
dx dx

= + . Combining both equations, we get 

( )
dv

v x g v
dx

+ =  which is a variable separable differential equation.  

  

Example 4:  

(a) Using the substitution ,y vx=  where v is a function of x, solve 
2

.
dy x y

dx x

+
=   

(b) Find the particular solution if 
2

3
y =  when 3.x =   

[(a) 
2y Ax x= −    (b) 211

27
y x x= − ]  

Solution:  

 

 

 

 

 

 

 

 

 

Example 5:  

Using the substitution y vx= , where v is a function of x, solve 2 2dy
x y x y

dx
− = − .  

[𝑦 = 𝑥 sin(ln|𝑥| + 𝑐)] 
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5. Linear First Order Differential Equations 

 

The standard form of a linear first order differential equation is ( ) ( )
dy

P x y Q x
dx

+ = . The equation 

contains the variable y and its first derivative. P(x) and Q(x) are either numeric constants or function 

of x. It is generally not variable separable.  

 

To solve for y, we first let ( )I x  be the integrating factor that will help us solve the equation.  

Multiply throughout by ( )I x  and we get  

( ) ( ) ( ) ( ) ( )
dy

I x I x P x y I x Q x
dx

+ =   

Now, if we choose ( )I x  such that ( ) ( ) ( )'I x I x P x= , note that the equation can be re-written as 

( ) ( ) ( ) ( )

( )( ) ( ) ( )

( ) ( ) ( )

dy
I x I x y I x Q x

dx

d
I x y I x Q x

dx

I x y I x Q x dx

+ =

  =

 = 

 by using Product Rule of Differentiation in reverse order 

And hence 
( )

( ) ( )
1

y I x Q x dx
I x

=  .  

This is of course provided we know what the integrating factor ( )I x  is. To find ( ),I x  consider 

( ) ( ) ( ) ( )

( )

( )
( )

( )

( )
( )

( ) ( )

( )
( ) ( )

by construction

ln

or
P x dx P x dx

I x I x P x

I x
P x

I x

I x
dx P x dx

I x

I x P x dx

I x e e

 =


 =


 =

 =

  = −

 



  

 However we can just take ( )
( )P x dx

I x e=  without loss of generality (because of symmetry).  

 

Summary 

To solve a first order linear differential equation of the form ( ) ( ),
dy

P x y Q x
dx

+ =   

1. Find the integrating factor ( )I x  using the formula ( )
( )P x dx

I x e=   

2. Multiply throughout by the integrating factor and observe that the LHS can be re-written as the 

derivative of the product ( )I x y   

3. Integrate both sides directly.  
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Example 6: Solve the differential equation 2 23 6 .
dy

x y x
dx

+ =     [
3

2 xy ce−= +  ] 

Solution: 

   

 

 

 

 

 

 

 

 

 

Example 7: Solve the differential equation cos 2 sin 3
dy

x y x
dx

− =  for ,
2 2

x
  

 − 
 

 where 1y =  when 

0.x =      [ ( )2sec 3sin 1y x x= + ] 

 

Solution:  
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6. Word Problems Involving Differential Equations 

 

Example 8: The gradient of a curve at the point ( ),x y  is proportional to 2 .y  The curve passes 

through the points ( )0, 2−  and 2
1, .

3

 
 
 

 Find the equation of the curve.   [
2

4 1
y

x
=

−
 ] 

Solution:  

 

 

 

 

 

 

 

 

 

 

 

 

Example 9: Newton’s law of cooling states that the rate of loss of temperature of a cooling body is 

proportional to the difference in temperature between the body ( ) and its surroundings ( )s  .  

(a) Express this law in the form of a differential equation, using the symbols t for time and θ for the 

 temperature of the body.  

(b) Solve this equation for θ in terms of t, given that the room temperature is 20 C  and that it takes 

 a particular body 12 minutes to cool from 100 C  to 50 C .  

(c) Hence find the time taken by the body to cool from 50 C  to 25 C . 

[(a) ( )s

d
k

dt


 = − −  (b) 

1 8
ln

12 320 80
t

e
−

= +   

(c) 21.9 mins] 

Solution:  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

TOK : Does personal experience play a role in the formation of knowledge claims in mathematics? 

Does it play a different role in mathematics compared to other areas of knowledge? 
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7. Approximating Solutions of Differential Equations 

 

To find approximations to the solutions of differential equations, especially when the equation cannot 

be solved explicitly, we can make use of Euler’s Method, or Maclaurin’s series.  

 

7.1 Euler’s Method of Approximation 

This method is an iterative method that is used to approximate the coordinates of another point on the 

curve. It assumes that the curve is approximately linear for small increments of x. We will begin at 

an initial value ( )0 0,x y  and progressively “move closer” to our intended value ( ),n nx y , by adding 

increments of h to 
0x  and evaluating what the corresponding values of y are. This is a numerical 

approximation to the solution for y.  

 

Euler’s Method of Approximation:  

Given a differential equation ( ),
dy

f x y
dx

=  with initial condition ( )0 0,x y , and a constant step 

length h: 

1. Find the gradient ( )0 0 0,m f x y= . 

2. Calculate 
1 0x x h= + . To calculate 

1,y  we find the corresponding increment of y, 
0k  

using the formula 
0 0k m h= .  

3. Repeat Step 1 to find ( )1 1 1,m f x y=  and Step 2 to find ( ) ( )2 2 1 1 1, ,x y x h y k= + + , where 

1 1k m h= . 

4. Repeat Step 3 as many times as necessary to reach the target point ( ),n nx y . 

For clarity, we normally present the above in the form of a table consisting the columns for 

nx , 
ny  and 

nm .  

 

Example 10: Use Euler’s Method with a step length of 0.25 to estimate the value of ( )1y  for the 

differential equation ( )2 2, 0 1
dy

x y y
dx

= − + = , to 3 significant figures.              [1.63] 

Solution: 

 

 

 

 

 

 

 

 

 

Activity 

Explore the simple Programming Features in TiNSpire to code the Euler’s Method of 

Approximation for Example 9 initially with a step length of 0.25. Explore the result when you vary 

the step length from 0.05 to 0.25. What can you conclude? 

Apply the programming ideas with TiNspire on some of your assignment questions. 
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Euler’s Method on GDC (Sample Solution) 

e.g. It is given that 2 2
dy

x y
dx

= − + , where ( )0 0y = . Use Euler’s Method with step length 0.2h =  to 

find ( )1y .  

Step Screenshot 

Open the “Lists and 

Spreadsheets” option 

 

 

In column A, key in the 

initial value of x  and the 

next value after 1 step  

In column B, key in the 

initial value of .y  

Here in this example, 

• 0 0x =   

• 0 0y =  

• 0.2h =   

so the next value of x  is 

1 0 0.2 0.2x = + = . 

 

At cell A1, hold down the 

shift g key and select 

cell A2 by pressing the 

down key.  
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Step Screenshot 

Move your cursor to the 

bottom right hand corner 

of the blue box generated 

(selection of both cells)  

Press/ + b and select 

“Fill”  

 

 

 

Drag the cursor 

downward until the 

appropriate number of 

cells are filled. 

 

Press · 
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Step Screenshot 

In column C, compute the 

initial value of 
dy

dx
 ( )0m  

by referencing the 

formula for 
dy

dx
 and 

making use of cells A1 

and B1 to compute it with 

the appropriate formula.  

(here the formula for 

2 2
dy

x y
dx

= − +  as given) 

2

0 0 0 2m x y = + +  
 

Press · 

 

By using a similar method 

to generate the sequence 

of x  values, generate the 

sequence of 
dy

dx
 values 

 



ACS (Independent) Mathematics Department  62 

Step Screenshot 

In cell B2, compute the 

value of 
1y  by making 

use of cell B1 and C1 and 

using the formula 

1 0 0y y m h= +  (note: 

must use the same 

sequence if not you will 

encounter an error). 

 

( 0.2h =  here) 

 
Press · 

 
Similarly, generate the 

sequence of y  values 

 

 The answer for ( )1 1.57y =   

For a video tutorial, please scan this QR code:  
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics: Analysis and Approaches HL 

 

Topic 5: Calculus  

WS 5.6: First Order Differential Equations  
 

Variable-Separable Differential Questions 

 
1. Solve the following differential equations 

 (a) sin
dy

y x
dx

=  (b) 
2

1 1

1

dy

x dx x
=

+
 (c) 

2

3
ln

y dy
x

x dx
=    

        (d) x dy x
e

dx y
=   (e) ( )

32 2
dv

v t
dt

= +  (f) 2 2tan 2 sec
dy

x y x
dx

=  

   

2. Find the particular solution of the following differential equations: 

 (a) 
2

2

1
; 0

1

y dy y
y

x dx x

+
= =

+
 when 1x =   

 (b) ; 4t ds
e s s

dt
= =  when 0t =   

 (c) 2 21 0
dy

x y
dx

+ + =  ; 1y =  when 
4

x


=   

 (d) ( )1 cos2 sin 2
dy

x y x
dx

+ =  ; 2y =  when .
4

x


=   

 

3. A curve passing through the points ( )1,2  and 1
, 10

4

 
− 

 
 has a gradient which is inversely 

 proportional to 2.x  Find the equation of the curve.  

 

 

4.* A tank contains 500 litres of brine in which 75 kg of salt is dissolved. Brine containing 3 kg of 

 salt per 10 litres of water flows in at a rate of 20 litres per minute, and the mixture flows out at 

 the same rate.  

 (i) Show that, for 
150

0, ,
25

dx x
t

dt

−
 =  where x is the amount of dissolved salt in the tank at time 

  0.t    

 (ii) When will there be 125 kg of dissolved salt in the tank?  

 (iii) How much dissolved salt is in the tank after a long time? 

 (iv) State an assumption used in the model.  

 

5. The current I in an electric circuit at time t satisfies the differential equation 4 2 3
dI

I
dt

= − .  

 (a) Find I in terms of t, given that 2I =  when 0.t =   

 (b) State what happens to the current in this circuit for large values of t 
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6.* At time t, the radius of a spherical balloon is r cm. The balloon is being inflated so that the rate of 

 increase of its radius is inversely proportional to the square root of its radius. When 1, 4,t r= =  

 and at this instant, the radius is increasing at 11.5cm s .−   

 (a) Form a differential equation and solve for r in terms of t. 

 (b) Determine how much air was in the balloon initially?   

 

 

Homogenous Equations 

 

7. (a) Given that 
2 2

2
,

dy xy

dx x y

−
=

+
use the substitution y vx= , where v  is a function of x  to show 

 that 
3

2

3
.

1

dv v v
x

dx v

+
= −

+
   

 (b) Hence, show that the solution for the given differential equation is 2 33x y y c+ =  where c is 

 an arbitrary constant.  

 

8.  Find the solution of the differential equation   

         (a) 

2 2dy x y

dx xy

+
=  

         (b) ( )
dy

x y x y
dx

+ = −   

         (c)  ( ) ( )3 0
dy

x x y y x y
dx

+ + + =  

 

 

Integrating Factor Method 

 

9. Solve the following differential equations using the Product Rule of Differentiation

( )( ) ( ) ( ) ( ) ( )( ) ' '
d dy

f y g x g x f y f y g x
dx dx

= +   

 

     (a) xdy
x y e

dx
+ =  

     (b) 2cos sin
dy

x y x x
dx

− =  

     (c) 
2

1
sin

dy y
x

x dx x
− =  
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10. Solve the following differential equations by using an Integrating Factor  

 (a) 2 1
dy

x y x
dx

+ = +   

 (b) xdy y
xe

dx x

−− = −   

 (c) 2 2 cos
dy

x xy x
dx

+ =   

        (d) 
sin

2
dy x

x y
dx x

+ =  

        (e) 2 xdy
x y x e

dx

−= −   

 

11.* The velocity of a car at time t (in seconds) and at displacement x (in m) is given by 4v x t= + , 

 for 0 3.t   Given that 0x =  when 0t = , find: 

 (a) The displacement x in terms of t only 

 (b) The acceleration of the car at time t = 2 s 

 

12.* (a)    Differentiate the expression 
2 tanx y  with respect to x , where y  is a function of x . 

       (b)    Hence solve the differential equation 2 3 2sin 2 cos
dy

x x y x y
dx

+ =  given that (1) 0y = .     

                Give your answer in the form of ( )y f x=  . 

 

Numerical Solution Using Euler Method 

 

13. For the following questions, use Euler’s method to find the approximate value of ,y  using the 

given step size and initial conditions. 

 (a) 2 2dy
x y

dx
= +     at 0.4x =   with step size 0.1, given ( )0 1.y =   

 (b) 2
dy

xy
dx

=     at 3,x =   with step size 0.4, given ( )1 2.y =   

 (c) 22xdy
e y

dx
= +    at 0.3,x =   with step size 0.1, given ( )0 1.y =   

 (d) ( )sin xdy
x y e

dx
= + −    at 0.5,x =   with step size 0.1, given ( )0 4.y =   

 

 

14.  Consider the differential equation 2 1
dy

x y
dx

= + −  with (0) 1y =  . 

 (a) Using Euler’s Method with increments of 0.2, find an approximate value for y  when 

1x = . 

 (b) Explain how Euler’s method could be improved to provide better approximation. 

 (c) Solve the differential equation to find an exact value for y  when 1x = . 
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Answers: 

1. (a) 21
cos

2
y x c= − +  (b) ( )21

ln 1
2

y x c= + +  (c) 3 4 41 1 1
ln

3 4 16
y x x x c= − +   

(d) 21

2

x xy xe e c− −= − − +   (e) ( )
431 1

2
3 4

v t c= + +    (f) 1
ln tan

2
x c

y
− = +    

2. (a) 2 22 1y x= −   (b)
1

2 5
t

s
e

= − +        (c) 
1

tany
x

=   (d) 
2

1 cos 2
y

x
=

+
 

 

3. 
4

6y
x

= − +  4. (ii) 27.5 minutes (iii) 150 kg (iv) The salt entering and flowing out 

  of the tank are uniformly dissolved.  

 

5. (a) 

3

4
2

1 2
3

t

I e
− 

= + 
 

 (b) 
2

3
I →  as t →   6. (a) ( )

2

34.5 3.5r t= +   (b) 51.3  

8. (a) ( )2 2 2lny x x A= +  (b) 2 22x xy y A− − =  (c) 2 2 32 4x y x y A+ =  

 

9. (a) ( )
1 xy e c
x

= +   (b) 
31

sec
3

y x x c
 

= + 
 

 (c) cosy cx x x= −   

10. (a) 21
1

3

c
y x

x
= + +  (b) ( )xy x e c−= +   (c) 

2 2

sin x c
y

x x
= +   

(d) 
2 cosx y c x= −  (e) ( )xy x e c−= +   

11. (a) 𝑥 = 4(𝑒𝑡 − 𝑡 − 1)       (b) 24e    

12. (a) 2 22 tan sec
dy

x y x y
dx

+  (b) 
2

2

1
arctan

4 4

x
y

x

 
= − 

 
  

13. (a) 1.57     (b) 158       (c) 2.48      (d) 3.06  

14. (a) 1.98 (b) By reducing the step length (c) ( )2 1xy e x= − −  , 2.44 



ACS (Independent) Mathematics Department  67 

Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics: Analysis and Approaches HL 

 

Topic 5: Calculus 

5.7 Maclaurin Series 
 

Consider the convergent geometric series 
0

  where 1
1

n

n

a
ar r

r



=

= 
−

 . 

If we let a = 1 and r = x, then we have  
0

1
  where 1

1

n

n

x x
x



=

= 
−

 . 

We can represent the function  
1

( )  where 1
1

f x x
x

= 
−

 with the power series
0

  where 1n

n

x x


=

  

  

Definition: The Maclaurin series expansion of ( )f x is a series of ascending powers of x of the 

form 

( ) 2

0 1 2

0

.... ,n

n

n

f x c x c c x c x x R


=

= = + + + +  ,  

where R is the radius of convergence and it is half the interval of x. 

 

A power series can be added, differentiated and integrated just like any polynomial. 

 

To determine the coefficients nc , follow the steps below:  

i) First evaluate the series at 0x = .  We have 0(0)f c=   

ii) Then differentiate ( )f x  with respect to x :  

( ) 2

1 2 32 3f x c c x c x = + + +   

 Therefore, when 0,x =  ( )1 0c f =   

iii) Differentiating again,  ( ) ( )2 32 3 2f x c c x = + +   

            
( )

2 2

0
''(0) 2

2

f
f c c


 =  =   

iv) Continuing in this manner, we find that ( ) (0) !n

nf n c=          

                 
( ) (0)

!

n

n

f
c

n
 =     where 0!=1 and (0) ( ) ( )f x f x=   

v) So if 
0

( ) ,     n

n

f x c x x r


=

=    

            Then ( )
( ) ( ) ( ) ( )2
0 0 0

( ) 0
1! 2! !

n

n
f f f

f x f x x x
n

 
= + + + + +  

 

 

An example of a Maclaurin series is the Binomial theorem for negative / fractional indices: 

(1 + 𝑥)𝑛 = 1 + 𝑛𝑥 +
𝑛(𝑛−1)

2!
𝑥2 +

𝑛(𝑛−1)(𝑛−2)

3!
𝑥3 +⋯ for |𝑥| < 1 
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Example 1: Find the first four terms of the Maclaurin series for ( ) xf x e= .    

   

Solution:  

 

 

 

 

 

 

 

 

 

 

 

Example 2: Find the first three terms of the Maclaurin series for ( ) cosf x x= .    

Solution: 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

Example 3: Find the first three terms of the Maclaurin series ( ) ln(1 )f x x= + . 

            

Solution: 
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The formula booklet gives the Maclaurin series of these special functions: 

• 
2

1
2!

x x
e x= + + +   

• ( )
2 3

ln 1
2 3

x x
x x+ = − + −  

• 
3 5

sin
3! 5!

x x
x x= − + −   

• 
2 4

cos 1
2! 4!

x x
x = − + −   

• 
3 5

arctan
3 5

x x
x x= − + +   

 

Example 4: Find the first four terms of the Maclaurin series for ( )
24 3xf x x e−= .      

Solution:         4 6 8 109 9
3 ...

2 2
x x x x
 

− + − + 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 5:  

(a) Find the first three terms of the Maclaurin series for ( )ln 1 xe+ . 

(b) Hence, determine the value of 
( )

20

2ln 1 ln 4
lim

x

x

e x

x→

+ − −
. 

Solution:        21 1 1
(a) ln 2 ... (b) 

2 8 4
x x

 
+ + + 

 
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Binomial Theorem for Negative and Fractional Indices (An Extension of Binomial Theorem) 

 

Suppose 𝑛 ∈ ℚ. The Binomial Theorem can be generalized to the following: 

 

( )
( ) 2

1
1 ...

2!

n n
n nb b

a b a n
a a

 −   
+ = + + +         

 

  

Notes: 

(a) This is an infinite series. 

(b) This is only valid for 1.
b

a
   

(c) The derivation makes use of the Maclaurin series expansion  

 

Example 6: Write down and simplify the first three terms, in ascending power of x, in the Extended 

Binomial expansion of 1 x+ . State the values of x for which the expansion is valid.  

Solution:         [ 21 1
1

2 8
x x+ − + , 1x  ] 

 

 

 

 

 

 

Example 7: Write down the first three terms of the binomial expansion of 
1

,
2 x+

 in ascending 

powers of .x  State the values of x  for which the expansion is valid.  [
21

, 2
2 4 8

x x
x− + +  ] 

Solution:  

 

 

 

 

 

 

Example 8: Write down the first three terms of the binomial expansion of 
( )

2

1

1 x−
 in descending 

powers of .x  State the values of x  for which the expansion is valid.  [
2 3 4

1 2 3
, 1x

x x x
+ + +  ] 

Solution:  
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Example 9: Write down and simplify the first four terms, in ascending power of x, in the expansion of

( )
1

38 9x− . Hence, by finding a suitable value of x, find a rational approximation to 3 10− . Why is this 

not a good approximation?

    

Solution:           
65

32

 
− 
 

  

 

 

 

 

 

 

 

 

 

 

 

Some Useful Results 

• ( )
1 21 1 rx x x x
−

− = + + + + +  for 1.x    

• ( ) ( )
1 21 1 1

r rx x x x
−

+ = − + − + − +  for 1.x    

These are derived from the sum to infinity of a GP.  

Evaluation of Limits using Maclaurin Series 

 

Maclaurin series may be used as another method to evaluate limits where 0x → .  

  

Example 10: Use Maclaurin series to evaluate 
0

arctan
lim
x

x

x→
.     [1] 

Solution:  
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Solving Differential Equations using Maclaurin Series 

 

Another method to approximate the solution to differential equations is to assume that there is a solution 

in the form of a Maclaurin series 
2 3

0 1 2 3

0

n
n

n

a x a a x a x a x


=

= + + + +  and differentiate repeatedly to 

find each term.  

 

Example 11: Use Maclaurin series to solve the differential equation 2 2
dy

x y
dx

= − + , where ( )0 1,y =  

giving your answer up to and including the term in 3.x      [ 2 31
1 0

2
y x x x= + − + +  ] 

Solution:  
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics: Analysis and Approaches HL 

 

Topic 5: Calculus  

WS 5.7: Maclaurin Series 
 

1. Find the Maclaurin series for tan x , up to and including the term in 3.x  Hence, find the 

 approximate value of tan 0.2.    

 

2. Prove that 21 1 1
sin 3

6 2 2 4
x x x

 
+  + − + 

 
  

 

3. Find the Maclaurin series of 
2

7

2

x

x x

−

− −
, up to and including the term in 2.x      

 

4. Given that ( ) arctan ,f x x=  find 

 (i) ( )f x ; 

 (ii) the first three terms, in ascending power of x, of the Maclaurin series for ( )f x . 

 (iii) Hence, find the Maclaurin series of ( ).f x   

 

5. Use the fact that ( ) 2

3
arctan3

1 9

d
x

dx x
=

+
 to find the coefficient of the third non-zero term of the 

 Maclaurin series representation of arctan 3 .x   

 

6.* (i) By successively differentiating ( )1 ,
n

x+  find the Maclaurin series for ( )1
n

x+  up to and 

  including the term in 3.x   

 (ii) Obtain the expansion of ( ) ( )
33

2 224 1 2 ,x x− +  up to and including the term in 3.x   

 (iii) Find the set of values of x  for which the expansion in (ii) is valid.  

 

7. Use the Maclaurin series of ( )ln 1 x+  to show that 
3 51 2 2

ln 2
1 3 5

x
x x x

x

+ 
 + + + 

− 
 and  

 state the range of x  for which the expansion is valid.  

 

8. Evaluate the following limits using Maclaurin series.  

 (a) 
20

cos 1
lim
x

x

x→

−
    (b)   

( )0
lim

ln 1

x

x

xe

x→ +
   (c) ( )

0
lim 1 cotx

x
e x

→
−   
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9. For the following questions, use a Maclaurin series (to the term in 3x ) to approximate the 

 solution of the differential equations, using the initial conditions 

 (a) 2dy
y x

dx
= −     given ( )0 1y =   

 (b) 2dy
y xy

dx
= +     given ( )0 2y =   

 (c) 
2

2

d y
xy

dx
=     given ( ) ( )0 ' 0 1y y= =   

10.*  Consider the differential equation 
4tan 2cos

dy
y x x

dx
+ =  given that 1y =  when 0x = . 

 (a) Solve the differential equation, giving your answer in the form ( )y f x= . 

 (b) Using differentiation, show that 

2
3

2
10sin cos

d y
y x x

dx
+ = − .  

 (c) Hence find the first four terms of the Maclaurin series for y. 

 

11. Obtain the first three non-zero terms of the expansion of  

 (a) ( )
1

1 2x
−

+   (b) 
1 2

x

x+
  

 in (i) ascending powers of x  and (ii) descending powers of .x   

 

 In each case, find the range of x  for which the expansion is valid. 

 

12. Use the binomial theorem to evaluate 25.1  to five decimal places. 

 

13. Expand 
2

1 4

x

x

+

−
 as a series in ascending powers of x  up to and including the term in 2.x  

 State the range of x  for which the expansion is valid.  

 

14.* (a) Given that 
1

1 2 1
y

x x
=

+ + +
 where 

1

2
x  , show that, provided 0,x     

   
1

1 2 1 .y x x
x
 = + − +
 

   

 (b) Using this second form of ,y  express y  as a series of ascending powers of x  up to and  

  including the term in 2.x   

 (c) Hence, show that by putting 
1

100
x = , 

10 79407
.

160000102 101
=

+
  

15.* Expand ( ) ( )
1 1

3 48 4 1x x+ −  in ascending powers of x  up to and including the term in 2x  inclusive. 

 Give the range of values of x  for which the expansion is valid.   
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Answers: 
 

1. 
31

tan ...
3

x x x + +  , 0.203 

3. 27 9 23

2 4 8
x x− + +   

4. (i) 
2

1

1 x+
  (ii)   ( ) 2

0

1
k k

k

x


=

−  , ( )
2 1

0

1
2 1

k
k

k

x
c

k

+

=

− +
+

   

5. 
243

5
  

 

6. (i) 
( ) ( )( )2 3

1 1 2
1

2 6

n n n n n
nx x x

− − −
+ + + +   

 (ii) 2 3387 1151
8 3

16 128
x x x− + − +   

 (iii) 
1 1

2 2
x−     

7. 1x       

8. (a) 
1

2
−      (b) 1    (c) 1  

9.     (a) 

2 32
1

2 3

x x
y x= + + +    (b) 

2 311
2 2 3

3
y x x x= + + +  (c) 

31
1

6
x x+ +   

10. (a) 
32

sin 2 cos sin cos
3

y x x x x= − +  (c) 
2 31

1 2 2
2

y x x x= + − −   

11a. (i) 2 1
1 2 4 ,

2
x x x− +     (ii) 1 2 31 1 1 1

, .
2 4 8 2

x x x x− − −− + +    

11b. (i) 2 33 1
,

2 2
x x x x− +     (ii) 

1

1 22
1 1 3 1

1 , .
4 32 22

x x x x− − 
− +  

 
 

12. 5.00999      13. 29 207 1
2 ,

42 2 16 2
x x x+ +    

14. (b) 21 3 7

2 8 16
x x− +     15. 21 47

2
6 144

x x− −  ; 1x    
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics : Analysis and Approaches HL 

 

Topic 1: Number and Algebra 

1.3 Permutations and combinations 
 
1. Introduction 

 

In our daily lives, we may encounter problems of the following types: 

(a) How many ways are there to arrange 3 different books A, B and C on a shelf? 

(b) How many ways are there to seat 7 people in a row? 

 

For problem (a), we may list out all the possible cases : 

 

ABC   ,   ACB   ,   BAC   ,   BCA   ,   CAB   ,   CBA 

 

Therefore, there are 6 different ways to arrange 3 different books on a shelf. 

 

Note that this method is neither clever nor efficient because if there are more books, say, 10, it will be 

very tedious to list all the possible cases. 

 

Hence we shall now formulate a general method to tackle problems of this nature. 

 

 

2. Basic Counting Principles 

 

Multiplication Principle  

Suppose a process consists of m  steps, such that the first step can be performed in 1n  ways, the 

second step can be performed in 2n  ways, … , the thm  step can be performed in mn  ways. Then the 

number of ways of performing the process is 1 2 3 .mn n n n      

 

Example 1: There are four roads from town A to town B, three roads from town B to town C. How 

many ways are there if one is to travel from A to C through B?  [12] 

 

 

Addition Principle  

Suppose a process consists of m  different mutually exclusive cases, such that the first case can be 

performed in 1n  ways, the second case can be performed in 2n  ways, … , the thm  case can be 

performed in mn  ways. Then the number of ways of performing the process is 1 2 3 .mn n n n+ + + +   

 

Example 2: How many whole numbers greater than 6000 can be formed with the digits 3, 4, 6, 8 and 

9 if a digit cannot occur more than once in a number?  [192] 
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3. Permutations (Arrangements) 

 

A permutation is an ordered arrangement of a number of objects. It is a selection and arrangement of 

objects with order taken into account.  

 

The number of ways of arranging n  different objects in a straight line is !n   

 

Example 3: How many ways are there to arrange 4 letters A, B, C and D in a straight line?  [24] 

 

 

4. Permutation of r objects from n unlike objects 

 

The number of permutations of r  objects from n  unlike objects is given by  

( )( ) ( )
( )

!
1 2 1

!

n

r

n
P n n n n r

n r
= − − − + =

−
  

 

Example 4: How many 3-letter code words can be formed from the letters of the word SCOTLAND? 

How many of these 3-letter code words do not contain any vowel at all? [336; 120]  

 

 

Example 5: 12 horses run in a race. The published results list the horses finishing first, second and 

third. Assuming that there are no dead heats, find the number of different published results.  [1320] 

 

 

5. Permutations with restrictions 

 

Example 6: How many 3-digit numbers (first digit not 0) can be formed from the digits 0 to 9,  

(i) if repetition is allowed, 

(ii) if repetition is not allowed? [900; 648]  

 

 

Example 7: How many even numbers greater than 30000 can be formed with digits 2, 3, 4, 8, 9 if no 

figure is repeated? 

 

Solution: 

 

Case 1: Last digit is ‘2’ 

4 3 2 1 1 

Number of arrangements = 24 

 

Case 2: Last digit is ‘4’ or ‘8’ 

3 3 2 1 2 

Number of arrangements = 36 

 

Therefore, total number of even numbers greater than 30000 = 24 + 36 = 60 
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Example 8: How many ways can 6 men and 2 boys be arranged in a queue if 

(i)  there are no restrictions, 

(ii) the boys are standing next to each other, 

(iii) the boys are to be separated? [40320; 10080; 30240]  

 

 

Example 9: 4 different consonants and 3 different vowels are to be arranged in a row. Find the 

number of arrangements if 

(i) the 3 vowels are to be placed together, 

(ii) the first and last places are to be consonants. [720; 1440]  

 

 

 

6. Combinations (Selections) 

 

A combination is an unordered selection of a number of objects from a given set. 

The order of selection is not important and we are concerned only with the number of objects in each 

group. 

 

The number of combinations of r  objects from n  unlike objects is 

( )
!

! !

n

r

n
C

r n r
=

−
  

 

Note that !n n

r rP C r=    

 

Example 10: In how many ways can a set of 3 boys be selected from 9, 

(i) if there are no restrictions, 

(ii) if the eldest is included, 

(iii) if the eldest is excluded? [84; 28; 56] 

 

 

Example 11: Out of a group of 5 boys and 4 girls, in how many ways can a party of 4 be selected to 

include at least 2 boys? [105] 

 

 

Example 12: A box contains 7 balls: 3 red, 2 black, 1 white and 1 green. In how many ways can 3 

balls be chosen? [11] 

 

 

Example 13: A boy drew 2 parallel lines on a piece of paper. He then marked 5 points on the first line 

and 7 points on the other. How many different triangles can be formed by joining these points as their 

vertices?  [175] 
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Example 14: How many selections can be made from 4 different books when any number of books 

(except 0) can be taken at a time? [15] 

 

Solution 

Method 1 

Since all the 4 books are different, each book can either be selected or not selected. 

Therefore, number of ways for each book = 2. Number of ways for 4 different books 

= 1624 = .But the above includes the case where none of the books are selected. 

Hence total number of ways = 15116 =−  

Method 2 

Either 1, 2, 3 or 4 books may be selected. 

Therefore, total number of ways = 154

4

3

4

2

4

1

4 =+++ CCCC  

 

7. Complementary Counting 

 

Complementary counting is counting the complement of the set we want to count, and subtracting that 

from the total number of possibilities, or the universal set for that particular problem. A useful hint 

that complementary counting may lead to a quick solution is the phrase “at least”.  

 

Example 15: In how many ways can six different coins be divided between two students such that 

each student receives at least one coin? 

 

Solution 

We need to divide the coins between the two students, so first we 

draw a line to separate the coins.  

Each coin has two possibilities and belongs to one of the students, 

so six coins have in total 26 = 64 possibilities, including two cases 

where all six coins belong to one student only.  

Therefore, the required answer is given by 64 – 2 = 62. 
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics HL 

 

Topic 1: Number and Algebra 

WS 1.3 – Permutations and combinations  
 
1. Calculate the number of ways each of the following choices can be made. 

 (a) 4 books are to be chosen from a list of 9 titles. 

 (b) 15 people have sent in winning entries for a magazine competition, and 3 are to be  

  chosen and placed in order of merit so as to receive the 1st, 2nd and 3rd prizes. 

 (c) A committee of 3 people comprising the president, secretary and treasurer are to be  

  chosen from 8 possible candidates.  

 

2. How many different numbers of 4 digits can be formed from the digits 0, 1, 2, …, 9 if repetition 

 is  (a) allowed,    (b) not allowed? 

 

3. A team of 6 people is to be chosen from a list of 10 candidates. Find in how many ways this  can 

 be done,  

 (a) if the order of the people in the team does not matter, 

 (b) if the team consists of 6 people in a definite order. 

 

4. Find the number of ways in which 6 boys and 6 girls can be seated in a row such that 

 (a) no two girls may sit together, 

 (b) boys and girls sit alternately, 

 (c) all the girls sit together and all the boys sit together, 

 (d) all the girls are never together. 

 

5. Three girls and three boys enter a railway compartment in which there are six seats altogether, 

 three on each side.  

 (a) In how many different ways can the seats be occupied? 

 (b) If the girls all sit on one side and the boys sit opposite, in how many different ways can the 

  seats be occupied? 

 (c) If the girls enter the compartment first and occupy three of the four corner seats and the  

  boys then follow them and occupy the remaining seats, in how many different ways can  

  the seats be occupied?  

 

6. A car can hold 3 people in the front seat and 4 in the back seat. In how many ways can 7 

 people be seated in the car if John and Samantha must sit in the back seat and there is only one 

 driver?  

 

7. A cultural event is to showcase 2 song items, 2 plays and 4 dance items. 

 (a) Find the number of possible arrangements. 

 (b) Find the number of arrangements 

  (i) which begin with a song item 

  (ii) in which the 2 plays are not consecutive, 

  (iii) in which the 4 dance items are separated. 
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8. (a) Calculate the number of ways of selecting 2 points from 6 distinct points. 

 (b) Six distinct points are marked on each of two parallel lines. Calculate the number of  

  (i) distinct quadrilaterals which may be formed using 4 of the 12 points as vertices, 

  (ii) distinct triangles which may be formed using 3 of the 12 points as vertices. 

 

9. 
1 2,n n  and 

3n  points are given on the sides [BC], [CA] and [AB] respectively of the triangle 

 ABC . Find the number of triangles formed by taking these given points as vertices of a 

 triangle. 

 

10. A squad consists of 8 batsmen, 6 bowlers and 2 wicket keepers. 

 (a) Find the number of ways in which a team of 6 batsmen, 4 bowlers and a wicket keeper  

  may be selected. 

 (b) Find the number of ways in which 

  (i) the team may be selected if it is to include 4 specified batsmen and 2 specified  

   bowlers.   

  (ii) the 6 batsmen may be selected from the 8 available, given that 2 particular batsmen 

   may not be selected together.  

 

11. A committee of 5 members is to be formed from 5 couples. Find the number of committees if 

 (a) the selection is random (i.e. there are no restrictions) 

 (b) a particular couple is in the committee, 

 (c) there are more men than women. 

 

12. A committee of four children is chosen from eight children. The two oldest children cannot be 

 both chosen. Find the number of ways the committee may be chosen. 

 

13. In how many ways can a jury of 12 be selected from 9 men and 6 women such that there are  at 

 least 6 men and no more than 4 women on the jury.  

 

14. John and Mary are members of a group of eight boys and two girls. 

 (a) In how many ways can they all be seated in a row if John and Mary always sit together? 

  (Leave your answer in factorial form) 

 (b) In how many ways can the EXCO committee of five be chosen from the same group if: 

  (i) both John and Mary are on it, 

  (ii) either John or Mary is on it but not both, 

  (iii) at least one girl is on it? 

 

15. A cricket training squad consists of 4 bowlers, 8 batsmen, 2 wicket keepers and 4 fielders.  

 From this squad a team of 11 players is to be selected. In how many ways can this be done if  the 

 team must consist of 3 bowlers, 5 batsmen, 1 wicket keeper and 2 fielders?  

 

16. A girl wishes to phone a friend but cannot remember the exact number. She knows it is a five-

 digit number, which is even, and that it consists of the digits 2, 3, 4, 5 and 6 in some order. 

 Using this information, find the largest number of different wrong telephone numbers she could 

 try.  
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17. The number 105840 can be expressed in prime factors 4 3 1 22 3 5 7 .    Excluding 1 and 

 105840, how many positive integers are factors of 105840? 

 [Hint: one factor of 105840 is 90, which can be expressed as 1 2 1 02 3 5 7 .   ] 

18. Show that ( )
21 1

3 3 1 .n nC C n+ −− = −  Hence find n  if 1 1

3 3 16.n nC C+ −− =   

19. Find n  and r  if 
1 2: : 1:2:3.n n n

r r rC C C+ + =   

20. If 
1 2,n nC C  and 

3

nC  are in AP, find the value of .n   

Answers: 

 

1. (a) 126 (b) 2730 (c) 336 

2. (a)  9000 (b) 4536 

3. (a) 210    (b)151200. 

4. (a) 3628800  (b) 1036800  

(c) 1036800  (d) 475372800 

5. (a) 720 (b) 72 (c) 144 

6. 288 

7. 40320  (a) 10080  

(b) 30240  (c) 2880 

8. 15 (a) 225     (b) 180 

9. ( )3333
321321 CCCC

nnnnnn
++−

++
 

10. 840   (a) 72  (b) 13 

11. (a) 252 (b) 56   (c) 126 

12. 55 

13. 155  

14. (a) 2x9!  

(b) (i) 56 (ii) 140  (iii) 196 

15. 2688 

16. 71 

17. 118  

(Hint: ( ) ( ) ( ) ( )4 1 3 1 1 1 2 1 2+  +  +  + − ) 

18. 5 

19. 𝑛=14, 𝑟=4. 

20. 7 
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics : Analysis and Approaches HL 

 

Topic 4: Statistics and probability 

4.1 Descriptive Statistics 
 

Concepts of Population and Sample 

 

 

 

 

 

 

 

A population consists of the totality of the observations with which we are concerned. The size of the 

population is the number of observations in the population.  

As it is often impossible or impractical to observe the entire set observations that make up the 

population, for example, due to high costs or time constraint, we must depend on a subset of 

observations from the population to help us make inferences concerning that population. This subset 

of observations from the population is called a sample. 

The sampling frame is a list of the items or people (within the target population) where you take your 

sample. A sampling unit is a single item from the sampling frame that is chosen to be sampled. A 

sampling variable is the variable that is being investigated, which you measure from each sampling 

unit, it can be height, weight, age or whether the person smokes. Each sampling variable can take a 

range of possible sampling values.  

A biased sample is any sampling procedure that produces inferences that consistently overestimate or 

underestimate some characteristic of the population. To eliminate possibility of bias in the sampling 

procedure, we choose a random sample such that the observations are made independently and at 

random.  

Sampling Techniques 

  

Sampling 
Techniques Probability 

Sampling

Simple Random Sampling

Stratified Random Sampling

Cluster Sampling* 

Systematic Sampling

Multi-stage Sampling*

Non-Probability 
Sampling

Quota Sampling 

Snowball Sampling*

Judgement Sampling *

Convenience Sampling

 

 

Population 

parameters 

2, ,    

Sample 

Statistics

2

, ,x s r   

 

Sampling (Sampling Techniques) 

Inference 

Methods marked by * are not 

required in the syllabus. 
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Probability sampling means that every item/member in the population has an equal chance of being 

included in the sample. Probability sampling has the greatest freedom from bias but may be the 

costliest and/or time consuming.  

Non-Probability Sampling is normally used in case study research design and qualitative research. 

These tend to focus on small samples and are intended to examine a real-life phenomenon. It is not 

used to make statistical inference to the wider population. Normally a clear rationale is needed for 

inclusion of some individuals rather than others. 

A Biased or Fair Sample 

In many scenarios, a population will encompass subgroups, each requiring proportional representation 

within the sample. For instance, consider a survey conducted in a school where half the population 

comprises females, and gender significantly influences the survey findings. If the sample includes a 

higher proportion of males compared to females, then the sample does not accurately represent the 

population. In this case, the sample is considered biased rather than fair.  

Bias in a sample signifies that certain characteristics of the population are either excessively 

emphasized or underrepresented. Employing some form of randomization in the sampling method is 

one approach to mitigate bias and ensure a fair representation. 

Types of Sampling 

We will be exploring 5 types of sampling for the syllabus. Each method has it owns advantages and 

disadvantages. The decision on which sampling to be used should depend on the situations. 

1. Simple Random sampling: each member of the population has an equal chance of being chosen 

as a sampling unit. For example, to find the average height of n Y5 students in ACS, we assign 

serial numbers (1 to n) to each student to make a sampling frame and use computer to randomly 

draw 100 numbers (100 students in the sample). The disadvantage is often that the list of the 

entire population (also called the central list) is not available or subject to constant change.  

 

Example: Joshua wants to create a sample by randomly selecting six students from his class of 27. To 

do this, he assigns each student in his class a number from 1 to 27. Afterward, he utilizes the random 

number generator on his calculator, which produces six random numbers ranging from 0 to 1: 

0.551, 0.713, 0.243, 0.299, 0.841, 0.458 

Can you assist Joshua in converting these values into numbers between 1 and 27, allowing him to 

effectively pick individuals for his sample? 

Solution: 
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2. Systematic sampling: It is the sampling method where every nth case after a random start point is 

selected. This is normally used as an alternative to simple random sampling for its simplicity in 

application. 

For example, to find the average height of a Y5 student in ACS, the students are arranged by date 

of birth and every 10th student is chosen after selecting a random start point. If the sample frame 

has been ordered according to some relevant characteristics such as age, years of services, this 

procedure produces a spread of values for the characteristics- essentially a kind of informal 

stratification. 

 

Example: There are 500 Y5 students in ACS. The Year Director wants to obtain a systematic sample 

of 50 students to do a survey on the effectiveness of PC lesson? Describe an effective way how this 

can be achieved. 

Solution: 

 

 

 

 

3. Convenience sampling is selecting participants because they are often readily and easily 

available to the interviewer (thus the name “convenience”).  

For example, you interview students from your own class since it is easier to meet up and they are 

more likely to help you. Another example is to interview the parents from your close friends. This 

is normally viewed as a bias and it is not a true representation of the wider population. 

 

4. Stratified sampling: In this approach, a sample is created by choosing equivalent percentages 

from every subgroup (or stratum) present in a population. This method is especially fitting when 

distinct subgroups are well-defined, each demanding sufficient inclusion. 

For example, if the sampling frame consists of 3 strata, children, youth and adults, and 15% are 

youth. Then the sample will be designed such that 15% of the sample are youth. So, if 100 

samples are drawn, 15 should be drawn from the youth. 

Stratified sampling is often used when there is a lot of variation within a population, and one 

needs to ensure that each stratum is adequately represented. Although stratified sampling might 

entail higher costs and a lengthier process compared to alternative methods, it can yield the most 

accurate depiction of the broader population. 
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Example: ACS wants to create a stratified sample of 100 students to do a survey regarding the food 

variety in the SAC. The targeted students for this survey are the Y1 to Y4 students. There are 560 Y1 

students, 525 Y2 students, 630 Y3 students and 620 Y4 students. How many students from each level 

should be selected to form the sample? 

Solution: 

 

 

 

5. Quota sampling: Quota sampling is a non-random sampling technique akin to stratified 

sampling. In this approach, researchers establish the specific number of participants needed from 

each subgroup, or stratum, to make the sample. This predetermined "quota" is often fulfilled 

through convenience sampling. Once the required number of respondents from a particular 

stratum is reached, any additional participants from that same stratum are excluded from 

consideration. For example, in market research at a shopping centre, the interviewers may have a 

target to interview 3 groups, children, youth and adult. If 15% are youth, similar to stratified 

sampling, 15% of the total sample should be drawn from the youth group. The main difference 

then, is that quota sampling uses non-probability sampling within each group to choose the 

samples (usually convenience sampling) and stratified sampling uses probability method within 

each stratum (can be simple random sampling or systematics sampling). This sampling method 

is used frequently in street interviews, where the interviewer has a counter to track the number of 

samples in each group but interview the people, he/she encounters. 

 

Class activity: discuss the relative advantages and disadvantages of the different sampling techniques.  

We normally try to minimise sources of bias in designing a survey. Sources of bias in sampling 

include: 

• some members of the population may be excluded from the sampling frame. 

e.g. a survey will be conducted by visiting the homes of the members of the population as 

registered on their NRIC. However, this will exclude people who are homeless. 

• Non-response 

e.g. a survey form may be sent out on Google Forms, and left to the students to do. However, not 

everyone will respond and those who did not reply were not represented in the results. 

• Bad design 

Questions may be unclear and may lead respondents to give wrong information.  

• Bias by the respondent  

This is the hardest bias to eliminate. Respondents may not want to tell the truth in response to 

your questions.  

• Unrepresentative data 

If the sampling method is chosen wrongly, the results will be skewed. For example, if one is to 

study the average height of students in ACS, but the sample consists of students in the basketball 

team (sample by convenience or vicinity), it is likely that the average height found will be higher 

than the actual value. 
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Continuous and Discrete Random Variables 

Quantitative variables 

(a) are those that can be given a numerical basis (as opposed to qualitative variables such as taste, 

smoking or non-smoking) 

(b) can be measured or counted 

(c) can be sub-divided into discrete variables and continuous variables 

Discrete Variables  

(a) can only take on fixed values (there are “gaps” between values)   

e.g. number of apples in a box (0, 1, 2, 3, …), daily attendance at a cinema, number of eggs laid per 

month by 1000 hens, shoe sizes (6, 
1

6
2

, 7, …) 

(b) are restricted to the fixed values, e.g. cannot have 123.4 people attending a cinema show, or have 

43.19 apples in a box, shoe size 
1

6
4

 etc. 

Continuous Variables 

(a) can take any value (no “gap”, but maybe within a certain range) 

(b) not restricted (to whole numbers or integer values) e.g. heights, weights, temperatures 

 

Frequency Distributions 

We often display data in terms of frequency distributions.  Some examples are as follows: 

(a) Frequency distribution for discrete data:  

 

Mark 0 1 2 3 4 5 6 7 8 9 10 Total 

Frequency 2 3 1 5 0 4 3 6 1 2 3 30 

Note: Discrete data can be grouped into ‘classes’, but then the original information is lost, as seen 

below: 

Mark 0 – 1 2 – 3 4 – 5 6 – 7 8 or more  Total 

Frequency 5 6 4 9 6 30 

 

(b) Frequency distribution for continuous data  

Note: Continuous data cannot assume exact values, but can be within a certain range or measured to a 

certain degree of accuracy, such as time taken by each student in a class of 30 to complete a 

task. 

Time Taken 

(min) 
1-10 11-20 21-30 31-40 41-50 51-60 Total 

Frequency 3 2 4 10 6 5 30 

 

  



ACS (Independent) Mathematics Department  88 

Grouped Frequency Distribution 

Raw data gathered can be confusing without a clear pattern, so we arrange the data in an orderly way. 

One way is to group the data into a number of class intervals of equal size if possible. Steps for 

grouping a set of data into class intervals are: 

(1) Identify largest & smallest observations. 

(2) Find difference between largest and smallest observations. 

(3) Decide on no. of class intervals (dep. on amt. of data). Choose 5 to 20 class intervals. 

(4) Choose 1st class interval to include smallest observation, the last include largest. 

 

Interval Limits and Boundaries  

 

Age (Years) 10-14 15-19 20-24 25-29 30-34 35-39 Total 

Frequency 2 5 7 11 1 4 30 

For a class interval 25 – 29, the lower interval limit is 25, upper interval limit is 29.  

For measurements recorded to the nearest whole number, the interval 25 – 29 will have original 

measurement x where 24.5  x  < 29.5, and the interval 30 – 34 will have 29.5  x < 34.5.  

24.5  x < 29.5 and 29.5  x < 34.5 are called the interval boundaries.  

 

Interval Width Boundaries  

The interval length or interval width of a class interval is the difference between its upper and lower 

class boundaries. For example, the width of the class 25 – 29 is 29.5 – 24.5 = 5 units. 

Mid-interval Values 

For a class interval 25 – 29, the mid-interval value is the average of the upper and lower limit of the 

interval which is 
25 29

27
2

+
=  

Measures of Central Tendency 

Central tendency is a descriptive measure of a set of data that shows where the central point in the 

distribution is located. The central point is called an average which is a single number that represents 

the entire set of data. 

(a) Mode = a score or value that occurs most frequently in a set of data 

 e.g. For the set of numbers 11, 8, 6, 5, 5, 3, 3, 3, 2 and 1, the mode is 3 

Modal Class 

From the grouped frequency distribution, we can identify the class with the highest frequency, 

called the modal class.  

  

 

 
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Example: The annual salaries of the employees of a factory are summarized in the table given below.  

 

Salary 

(in thousand dollars) 
Frequency 

10 20x   35 

20 30x   42 

30 40x   58 

40 50x   14 

50 60x   3 

 State the modal class and its interval width. 

Solution: 

 

(b) Median = a score or value that occupies the middle position in a distribution of scores          

  (i) the middle observation if the no. of observations is odd 

(ii) the mean of the 2 middle observations if the no. of observations is even 

Note: A set of ungrouped data must first be ranked in order (e.g. from the largest to the 

smallest) 

e.g. For the set of numbers 3, 9, 15, 19, 21, 24 and 27, the median is 19 

e.g. For the set of numbers 8, 6, 5, 4, 3 and 3, the median is (5+4)/2 = 4.5 

 

(c) Mean  

In a population, the mean  is the one single parameter which describes the measure of 

central location of the data.  The formula is given by  

1

k

i i

i

f x

n
 ==


 or  

where if describes the frequency of ix , n is the total size of the population 
1

k

i

i

n f
=

= , and k

 is the total number of different types of observations.  

Note:  Mean   

(i) takes every score in a distribution into account  

(ii) is the most stable measure of central tendency from sample to sample. 

(iii) provides basis for many statistical comparisons (unlike the mode and median which, 

once computed, very little can be done) 

e.g. For the set of numbers 9, 7, 5, 4, 3 and 2,  the mean is (9+7+5+4+3+2)/6 = 5 




=
f

fx
x
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Example: Discrete Data in a frequency table  

An editor reads through a 250-page manuscript. The number of typographical errors found on each 

page are summarized in the table below.  

No. of errors 0 1 2 3 4 

No. of pages 61 109 53 23 4 

Calculate the mean number of errors found per page.                 [1.2] 

 

fx
x

f
= =



                       

 

Calculating Mean of Grouped Data 

To estimate the mean of grouped data (since we do not know the exact value of data), we represent 

all values in a class interval by the mid-value of the interval. Generally, the mean of a set of  n  

numbers grouped into class intervals is  , where  x  represents the mid-value of the class 

interval,  f  is the frequency of the interval.  

 

 

 

Example: Grouped Data (introduce use GDC) 

The table shows results of a survey on the prices of an article sold in different shops. 

Price (cents) 90-94 95-99 100-104 105-109 110-114 115-119 120-124 

Frequency 4 11 15 24 18 9 3 

 Estimate the mean of the distribution.  

Solution: 

 

Class interval Mid-value ( x ) Frequency ( f ) fx  

90-94    

95-99    

100-104    

105-109    

110-114    

115-119    

120-124    

    

 The mean cost is =  

 




=
f

fx
x

 =f  =fx




=
f

fx
x
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Measuring Degree of Dispersion  

However, knowledge of the central tendency alone does not by itself give an adequate description of 

the data. We need to know how the observation spread out from the average. It is possible to have 2 

sets of observations with the same central tendency that differ considerably in the variability of their 

measurements about the average. 

Range  

The range of a set of data is the difference between the maximum and minimum value.  

Interquartile Range  

The median divides the ordered data into two halves. It is possible to divide the data into quarters 

(quantiles), tenths (deciles) and hundredth (percentiles). 

There are three quartiles: the lower quartile ( )1Q , median ( )2Q  and the upper quartile ( )3Q . 

Interquartile range (IQR) = 3 1Q Q−  

Example: The following data are the numbers of students who go on to pursue degree programs 

related to Mathematics from School A from 2008 to 2018.  

3, 4, 5, 5, 6, 6, 7, 8, 9, 9, 10 

Find the range and interquartile range. Illustrate the data using a box-and-whisker plot.  

 

Outliers 

In your data, you may have outliers, which are extreme data values that skewed the data. To decide 

whether a given data is an outlier, we use 1.5 times of IQR as a gauge.  

A data is an outlier if it is more than 3 1.5Q IQR+   or less than 1 1.5Q IQR−  . 

The outliers are often indicated individually using crosses and the GDC will automatically 

recognize any outliers in the box-and-whiskers plot.  

Min= Max = Q1= Q3= Median= 
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Example: 

(a) The numbers of words in the first 18 sentences of Chapter 1 of A Tale of Two Cities by 

Charles Dickens are as follows: 

118, 39, 27, 13, 49, 35, 51, 29, 68, 54, 58, 42, 16, 221, 80, 25, 41, 33 

Illustrate the data using a box-and-whiskers plot and calculate the range and interquartile range of the 

data.     [Ans: IQR=29; range = 67] 

 

 

 

 

 

 

(b) The numbers of words in the first 18 sentences of Chapter 1 of War and Peace by Leo 

Tolstoy are counted and presented as a box-and-whiskers plot below.  

14, 58, 5, 14, 24, 24, 9, 23, 60, 16, 27, 35, 24, 37, 23, 8, 20, 10 

 

(c) Comment on the differences between the two books for the number of words in the first 18 

sentences. 
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Variance 

This is where the concept of the population variance comes in.  The variance of a population is a 

measure of the spread of the data, thus reflecting the variability of the data. The variance gives an idea 

of how much variability from the mean there is in the data by measuring the average of the squares of 

the deviations of each data point from the population mean.   

The larger the population variance, the more spread out the data is. The smaller the population 

variance, the more tightly clustered the data points are about the mean.     

The formula for population variance (denoted by notation 
2  this is sigma-squared) is 

( )
2 2

2 21 1

k k

i i i i

i i

f x f x

n n



 = =

−

= = −
 

 or 

2

2 2ix

n
 = −


 

where if describes the frequency of ix , 
1

k

i

i

n f
=

=  is the total size of the population, and k is the total 

number of different types of observations.  

Standard Deviation 

The standard deviation, denoted by   is the positive square root of the variance.   

[ i.e. standard deviation = variance  ]      

Standard deviation can be calculated using the Graphic calculator. 

Note:  When calculating mean/variance, if class intervals are given in the question, the mid-point of 

an interval is taken to represent the interval. 

Example 1: Consider the data set }5,3,,1,4{ ++−− kkkkk  where k . 

(a) Find the mean of this data set. 

(b) If an error was spotted and each value in the data above increases by 2, find the mean of the 

new data set in terms of k. [Ans: 
5

3
+k ; 

5

13
+k ] 

 

 

Example 2: Each day, the number of diners, x , in a restaurant was recorded and the following 

grouped frequency distribution table was obtained for a period of 300 days in the year.  

No. of diners in 

restaurant, ix  
16 – 20 21 – 25 26 – 30 31 – 35 36 – 40 41 – 45 46 – 50 

No. of days, if  67 74 38 39 42 22 18 

 

Calculate  

(i) the mean number of diners per day 

(ii) the variance of the population and the standard deviation of the data set. 

[Ans: 28.9; 85.8; 9.24] 
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics HL 

 

Topic 4: Statistics and probability  

WS 4.1 – Descriptive Statistics 

1. The length of life (to nearest hour) of each of 50 electric bulbs is recorded in the table below. 

Calculate the median length of life. 

Length of life (h) 660-670 670-680 680-690 690-700 700-710 

Frequency 3 7 20 17 3 

Calculate 

(a) Mean 

(b) Variance 

(c) Standard Deviation using the data above.  

2. (a) For a set of 10 numbers, x  = 290 and  
2

 x  = 8469. Find the mean  

and the variance. 

(b) The numbers a, b, 8, 5, 7 have a mean of 6 and a variance of 2. Find  

the values of a and b, if a > b. 

(c) Find the mean and standard deviation of the set of integers 1, 2, 3, …, 20. 

 

3. For a set of 20 numbers  = 300x  and .55002 =x  For a second set of 30 numbers, 

 = 480x  and .96002 =x  Find the mean and the standard deviation of the combined 

set of 50 numbers. 

 

4. The score for a round of golf for each of 50 club members was noted. Find the mean score for 

a round and the standard deviation. 

Score, x  66      67      68      69      70      71      72      73 

Frequency, f  2        5       10      12       9        6        4        2 

 

5. For a set of observations,   = 20f ,  =161432fx , .563 =fx  Find the values of the 

mean and the standard deviation. 

 

6. The table shows the times taken on 30 consecutive days for a coach to complete one journey 

on a particular route. Tines have been given to the nearest minute. Find the mean time for the 

journey and the standard deviation. 

Time (min) 60-63   64-67   68-71   72-75   76-79 

Frequency 1           3         12        10         4 
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7. (a) Find the median, mean and standard deviation of the set of numbers 3, 5,      

                      12, 1, 6, 3 and 12. 

 (b) A set of digits consists of m zeros and n ones. 

(i) Find M, the mean of this set, and show that the standard deviation, S, is given 

by  
)(

)(

nm

mn

+
. 

(ii) If M = S, find the value of the median. 

 

8. Clare wants to open an online shop selling accessories. She decides to conduct an 

 online survey, and gets five of her friends to help her. Each of them is asked to question 20 

 people between the ages of 20 to 25 and 20 people between the ages of 26 to 40.  

 (a) What kind of sampling is Clare using? 

 (b)  Is the sample obtained through this method a random sample? Why? 

 (c) Comment on the appropriateness of the sample obtained.  

 

9. A school is required to obtain the views of students about a school policy. It is decided to do 

 this by means of selecting students to join a focus group discussion. Describe briefly how you 

 would select the students for this using 

 (a) simple random sampling and (b) stratified sampling. 

 State, with a reason, which of these two sampling methods you consider to be more 

 appropriate for this situation.  

Answers 

1. (a) 687  (b) 92  (c) 9.59  2. (a) 29, 5.9  (b) 6, 4  (c) 10.5, 5.77   

3. 15.6, 7.66   4. 69.3, 1.7  5. 28.15, 3.84  

6. 71.2, 3.82   7. (a) 5, 6, 4.07  (b) (i)
nm

n

+
 (b) (ii) 

2

1
 

8. (a) Quota sampling   

 (b) Not exactly, as even though the survey is online, it is also restricted to those 

 within the circle of friends of the five interviewers.  

 (c) Not appropriate. The sample obtained may not be representative of preferences of 

 people from all types of age groups. It also does not take gender into account.   

9. (a)  In simple random sampling, we will select the sample at random. 

 (b) In stratified sampling, the students in the school will be categorized according to 

 different groups, say level and stream of study (Y1 Exp, Y1 IP etc), to form strata. 

 The required sample size for each stratum will then be calculated. Finally, the pupils 

 in each stratum are selected using simple random sampling.  

  Stratified sampling is more appropriate as it will provide a good mix of the students 

 across the whole school.  
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics : Analysis and Approaches HL 

 

Topic 4: Statistics and probability 

4.2 Correlation and regression 
 
1. Correlation 

 

We now introduce a measure of association called the Pearson’s product-moment correlation 

coefficient r. It will help us to measure the correlation between two variables from a sample. The 

population correlation coefficient is called rho and it represented by the Greek letter  . 

 

The correlation between two random variables X and Y is the measure of the degree of linear 

association between the two variables. 

 

The following section demonstrates scatter diagrams of examples of different types of data: 

 

Type Example Comments 

Positive 

Correlation 
0r    

 

In a scatter plot, when an increase in one variable is 

generally associated with an increase on the average 

in the second variable, we say that the two variables 

are ‘positively related’ or ‘positively correlated’.  

Negative 

Correlation 
0r    

 

If an increase in one variable causes a decrease on 

the average in the second variable, we then say that 

the two variables are ‘negatively correlated’. 

Zero 

Correlation 
0r    

 

Note that if 0 = , it does not necessarily imply that 

there is no relation between the variables.  

All we can say is that there is no linear correlation 

between the two variables. 
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Estimating the line of Best Fit by eye 

Consider the following data from a sample of 10 students regarding the number of hours studied and 

their examination score. 

Hours Studied (x) Exam Score (y) 

2 65 

3 75 

4 70 

5 85 

6 90 

7 95 

8 80 

9 88 

10 92 

11 91 

 

The scatter plot is shown below: 

 
 

To draw the line of best fit, we try to draw the line through as many data points as possible but in 

reality, we may not even get the line to pass through two of these points. However, there is a mean 

point, ( ),x y , which all line of best fit MUST pass through. Try and draw the line of best fit in the 

diagram above bearing in mind we should try to minimise the square of the vertical distance between 

the line and the data points. 

The regression line for the above is 2.62 66.0y x= + . Now, you can try and draw the regression line 

using the given equation. To draw a straight line, we only require two points. Since we already have 

the mean point, we can use the vertical-intercept (y-intercept) as the second point. Did the line you 

draw earlier matches the second line? It is not easy to get the line of best fit without the equation. 
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1.2 Pearson’s Product-Moment Correlation Coefficient, r 

 (Also known as Sample Product-Moment Correlation Coefficient) 

 

To calculate the Pearson’s Product-Moment Correlation Coefficient  ̧r, we can use the GDC (refer to 

page 124) 

 

Once you have the value of r, you can describe the correlation between the two variables. Refer to the 

table below. Do note that this only shows the correlation between the two variables and correlation 

does not necessarily mean causation. For example, you may observe that there is a correlation 

between drinking coffee and high blood pressure. However, does it mean that drinking coffee is the 

cause of blood pressure in the respondents? 

 

 
 

©Haese & Harris 2013 
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Example 1: Find the correlation coefficient for the pairs of data given below and comment on the 

relationship between the two variables. 

x 1 3 4 6 8 9 11 14 

y 1 2 4 4 5 7 8 9 

[0.977] 

 

 

 

Example 2: The rate of growth y of a particular organism is thought to depend in some way on the 

temperature t. The table below shows the results of 10 experiments. 

Temp t 6 9 11 14 17 22 26 29 32 34 

Rate y 5 13 15 21 20 24 19 16 10 7 

 

Calculate the sample product moment correlation coefficient and comment on the two variables. 

            [–0.0117] 

 

 

 

 

 

Example 3: A group of 12 children participated in a psychological study designed to access the 

relationship, if any, between the age x years, and the average total sleep time (ATST), y minutes. To 

obtain a measure for ATST, recordings were taken for each child on five consecutive nights and then 

averaged. The results obtained are shown below. 

 

Child A B C D E F G H I J K L 

Age (x) 4.4 6.7 10.5 9.6 12.4 5.5 11.1 8.6 14.0 10.1 7.2 7.9 

ATST (y) 586 565 515 532 478 560 493 533 575 490 530 515 

 

(i) Find the sample product-moment correlation coefficient between x and y. 

(ii) Plot the data on a scatter diagram. Discuss, briefly, whether or not your conclusion in (i) should 

 be amended.       [–0.481, weak negative correlation]  
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1.3 Using GDC to obtain the value of r 

 

You may run Linear Regression from the spreadsheet page instead to obtain the r value, along with 

the coefficients of the best-fit line. 

 

GDC display Main GDC keys Remarks 

 

c 
Use the spreadsheet, 4th icon at 

the bottom of the screen 

 

 

 
b413 

Enter values of x into Column 

A and values of y into Column 

B. 

Name the columns “age” and 

“atst” (in the top row) 

*you can also use “x” and “y” 

but it sometimes can be 

confusing if further operations 

such as regression is done.   

 

b 
4: Statistics 

1: Stat Calculations 

3: Linear Regression 

 

You can choose either (mx+b) 

or (a+bx), just be careful which 

value is the gradient and which 

is the y-intercept for your 

answer.  

 

 

Fill up the dialogue window by 

selecting appropriate x and y 

variable.  

Make sure that the answer is 

shown on column c[] onwards.  

Take note of the function name 

“f1”, where the regression 

equation is stored. You can call 

up the function to do 

substitution, when you are 

doing prediction. 
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GDC display Main GDC keys Remarks 

 

 
Read off answers by scrolling 

down to the r row.  

 

 

 
A more accurate value of r can 

be read off from the row at the 

bottom of the window. 

 

1.4 Using GDC to obtain a scatter diagram 

 

GDC display Main GDC keys Remarks 

 

/ + ~ 
(to add a new page) 

 

Select “Add Data & 

Statistics”  

 

 

 
If you named your columns, the 

data should be shown as random 

scattered points already.  

Go the axes and click to add the 

appropriate variables for the x- and 

y- axis. 
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You can now sketch the scatter 

plot based on the GDC graph. 

 

b461 
 

You can also display the linear 

regression line on the scatter plot 

by selecting linear regression 

mx+b or a+bx (discussed in the 

next part) 
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2. Regression 

 

When we first meet Statistics, we encountered random quantities (random variables) one at a time. 

Soon however we need to handle more than one random quantity at a time. Already we have to think 

about how they are related to each other. 

 

There are linear and non-linear regressions, but for the IB syllabus, we will only focus on linear 

regression, where we model the relationship between two variables in a straight line.  

 

Some Definitions 

• y is called the response variable and x the explanatory variable. 

 

We know more about y knowing x than not knowing x. Thus, knowledge of x explains, or 

accounts for, part but not all of the variability we see in y. 

• Another name for x is the predictor variable. We may wish to use x to predict y (the prediction 

will be an uncertain one, to be sure, but better than nothing. There is information content in x 

about y, and we want to use this information).  

• A third name for x is the regressor, or regressor variable. We will turn to the reason for this 

name in a later part of the notes. 

We have studied the correlation coefficient, r, a numerical measure of the degree of linear 

relationship between two variables. Now, we will study a different problem where it is known that 

the relationship between two variables is linear, and we wish to determine that relationship by 

calculation. There are several ways of fitting the straight line. We have already discussed this at the 

beginning of this topic. 

 

2.1 Regression line of y on x 

 

2.2 Regression line of x on y 

 

When y is the controlled (independent) variable and x is the dependent variable, the line of closest fit 

is called the regression line of x on y. 

 

Similarly, we use the least squares method to find the regression line of x on y, given by .x c dy= +   

When x is the controlled (independent) variable and y 

is the dependent variable, the line of closest fit is called 

the regression line of y on x.  

 

We make use of the least squares method (proof not 

required) to find the regression line of y on x, given by 

y a bx= +  .  
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Notes 

 

 [1] In general, the two regression lines will be different. You can use the GDC to find the  

  regression lines of y-on-x and x-on-y. Refer to page 125-126. 

 

 [2] Both regression lines pass through the point ( ),x y . In another word, their intersection point 

  is ( ),x y . 

 

 [3] Using the regression line of y-on-x, we can predict y values given the x values. Similarly, 

  using the regression line of x-on-y, we can predict x values given the y values.  

 

 

2.3 Reliability of Regression Equation for Prediction 

 

• Strength of correlation 

• Interpolation vs extrapolation  

© Haese & Harris 

• Outliers 

©Haese & Harris 
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Example 4: The score for Paper I and Paper II of the Mathematics HL Preliminary examination of 13 

students are given in the following table: 

Student A B C D E F G H I J K L M 

Paper I (x) 76 86 46 104 76 49 62 82 54 86 70 70 92 

Paper II (y) 70 71 34 102 80 58 54 77 64 94 61 78 73 

 

(i) Plot the scatter diagram for the data. 

(ii) Find the equation of the regression line of y on x and the equation of the regression line of x on y. 

(iii) Student N did Paper I and scored 62 but was absent for Paper II. Estimate the score that student N 

 would have obtained if he sat for Paper II. 

(iv) Unlike student N, student O was absent for Paper I instead of Paper II in which he scored 89. 

 Estimate the score that student O would have obtained if he sat for Paper I. 

(v) Student P did Paper I and scored 105 but was absent for Paper II. Estimate the score that student 

 N would have obtained if he sat for Paper II. Is this estimate accurate?  

[(ii) 8.36 0.847 , 14.8 0.831y x x y= + = +   

(iii) 60.9 (iv) 88.7; (v) 97.2. No, we have extrapolated from the range of the given data] 
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics HL 

 

Topic 4: Statistics and probability  

WS 4.2: Correlation and regression 
 
1. An anemometer is used to estimate wind speeds by observing the rotational speed of its vanes. 

 This speed is converted to wind speed by means of an equation obtained from calibrating the 

 instrument in a wind tunnel. In this calibration process, the wind speed is fixed precisely and the 

 resulting anemometer speed is noted. For a particular anemometer, this process produced the 

 following set of data. 

Actual wind speed (m/s), s 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 

Anemometer (revs/min), r 30 38 48 58 68 80 92 106 120 134 

 

 (i) Obtain the equation of the estimated least squares regression line of r on s. 

 (ii) If the actual wind speed is 1.65 m/s, use the equation of the regression line found in (i) to 

  estimate the rotational speed of the anemometer. 

 (iii) Demonstrate, using the above regression line as an example, that it is unwise to extrapolate 

  beyond the range of data.  

 

2. The age of many types of trees can be determined by counting the growth rings in a cross-section 

 of the trunk once it has been felled. A random sample of ten oak trees in a timber yard was taken 

 and the age of each tree determined. The average girth of each trunk was also measured and the 

 data concerning ages and girth is shown below.  

Age (x years) 20 23 30 38 39 45 45 48 55 71 

Girth (y units) 26 30 45 48 46 60 64 68 70 92 

 

 (i) Obtain the equation of the estimated regression line of girth on age. 

 (ii) Estimate the average girth of the trunk from a 35-year-old oak tree. 

 

3. The table below shows the engine capacity and price of new cars in a certain country in January 

 2014.  

Car model A B C D E F G H I J 

Engine capacity, 

 x (thousand cc) 
1.0 1.3 1.8 2.2 2.0 0.6 0.7 1.5 1.5 1.7 

Price,  

y (hundred dollars) 
4.0 4.2 5.2 7.0 7.0 2.2 2.2 4.2 3.0 6.2 

 

 (i) Calculate the linear product-moment correlation coefficient, r.  

 (ii) Find the least squares regression line of price on engine capacity.  
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4. The yield (per square metre) of a crop, c, is believed to depend on the May rainfall, m. For 9 

 regions, records are kept of the average values of c and m, and these are recorded below: 

c 8.3 10.1 15.2 6.4 11.8 12.2 13.4 11.9 9.9 

m 14.7 10.4 18.8 13.1 14.9 13.8 16.8 11.8 12.2 

 

 (i) Find the equation of the appropriate regression line. 

 (ii) Find r, the linear product-moment correlation coefficient between c and m. 

 (iii) In a tenth region, the average May rainfall was 14.6. Estimate the average yield of the crop 

  for that region, giving your answer correct to one decimal place.  

 

5. The following table below shows the marks scored by seven students on two different 

 mathematics tests. 

  

Test 1 (x) 15 23 25 30 34 34 40 

Test 2 (y) 20 26 27 32 35 37 35 

  

 Let 1L  be the regression line of x on y. The equation of the line 1L  can be written in the form 

 x ay b= + . 

(a) Find the value of a and the value of b. 

(b) Let 2L  be the regression line of y on x. The line 1L  and 2L  pass through the same point with 

coordinates ( ),p q . Find the value of p and the value of q. 

(c) Jennifer was absent for the first test but scored 29 marks on the second test. Use an 

appropriate regression equation to estimate Jennifer’s marks on the first test. Comment on 

the reliability of this estimation. 

 

Answers: 
 

1. (i) r = 116 s – 90.8;   (ii)   101 rev / min 

2. 1.29 1.51, 46.7y x y= + =   

3. (i) r = 0.901,  

(ii) 3.04 0.174y x= +   

4. (i)𝑐 = 2.48 + 0.607𝑚   (ii)   0.593    (iii) 11.4 

5. (a) 1.29, 10.4a b= =−  (b) 28.7, 30.3p q= =  (c) 27.1 
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics : Analysis and Approaches HL 

 

Topic 4: Statistics and probability 

4.3 Probability 
 
1. Probability 

 

Probability is a measure of the likelihood of an event occurring. 

An event that is more likely to occur has a higher probability than one that is less likely to occur.  

Consider the following situations. Try to guess which situation will give you the best chance: 

(a) Getting a number “6” when you roll a fair standard six-sided die; 

(b) The pointer in the diagram being in the shaded region when the  

pointer pivoted at the centre is able to rotate freely on a disc as  

shown.    

From the above situations, the most likely notion that you have used to evaluate your chance is by 

looking at all the possible situations and weighing it against your case.   This will form the basis of an 

understanding of probability.    

 

Related Concepts and Definitions 

1. Experiment or trial: Used to describe any process that generates raw data.  Some common 

examples include throwing a die, tossing a coin etc. 

2. Outcome: Possible results in an experiment.  Example: {1} is one outcome of tossing a die and 

{Heads} is one outcome of tossing a coin. 

3. Sample Space ( , pronounced as “epsilon”): The set of all possible outcomes of an experiment. 

Example:  = {1, 2, 3, 4, 5, 6} is the sample space when you toss a fair 6-sided die. 

4. Fair / unbiased / random:  Each outcome is equally likely to occur.  When you toss a fair 6-sided 

die, the chance of obtaining any of the numbers {1, 2, 3, 4, 5, 6} is the same, i.e. the outcomes 

are equally likely. 

5.  ( )n  : Denotes the number of elements in set   if  is finite. 

 

Examples:    

Throwing a die,   = {1, 2, 3, 4, 5, 6};            

Tossing 2 coins,   = {(H, H), (H, T), (T, H), (T, T)} 

Each outcome is called a sample point. 
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An event A  is a subset of the sample space   such that 

  

           

  

When the experiment is fair, 

 

 

 

 

Notes: 

 

1. The calculation of ( )n A  and ( )n   can be done by using Permutation and Combination 

(P&C).  

 

2. Listing / counting of ALL possible cases is important as ( )n A  is divided by ( )n  . 

 For questions involving permutations/combinations, ( )n  = Number of 

 permutations/combinations without restrictions. 

 

3. 0  P(A)  1 for any event A. 

 

4. When P(A) = 0, A is an impossible event.   In particular A =  

When P(A) = 1, which is a sure (absolutely certain) event.   In particular A =  , which 

implies that total probability is 1. 

 

5. If  A’ denotes the Complement of event A, then  P(A’) = 1 − P(A)   

 

6. The Venn Diagram is useful visually in illustrating the relation between events.  

                  

     

 

 

No. of sample points in  No. of sample points in  

 n( )  n() 

Probability of the event A, ( )
( )

( )

n A
P A

n 
=   

A’ 

A 

 
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Example 1: Two dice are thrown. What is the probability that the sum of the numbers on the 2 dice is 

10? [
1

12
]  

Solution:    

A table of outcomes is usually useful in solving such problems. 

    

  Die 1 

 Sum 

(+) 
1 2 3 4 5 6 

D
ie 2

  

1 2 3 4 5 6 7 

2  4 5 6 7 8 

3   6 7 8 9 

4    8 9 10 

5     10 11 

6      12 

 

Example 2: An experiment involving tossing a coin and rolling a fair die was conducted. Find the 

probabilities of: (a) tossing a head,   (b) getting a tail and a 5,       (c) getting a tail or a 5.                                                   

          [
1

2
; 

1

12
; 

7

12
] 

 

Example 3: What is the probability to draw three white marbles from a bag of 11 marbles with only 5 

white marbles without replacement?       

                                                                                [
2

33
] 

Solution   

 Total number of ways to draw three marbles =  

 

 Total number of cases with 3 white marbles =  

 

  Required probability = 
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A 
B 

 

A  B   

A  B 

A 

 

B 

A  B=  

Example 4: A committee of 5 is to be formed from a group of 9 people consisting of 3 boys, 4 girls 

and a brother-sister pair.   What is the probability that 

(i)   the committee will include the brother-sister pair; 

(ii)  a particular girl is not in the committee together with a particular boy?                       [
5

18
; 

13

18
] 

 

 

 

 

2. Laws of Probability 

2.1 Addition Law 

In a Venn Diagram, we can see that in general,  

 

 

 

 

 

 

If A and B are 2 events of the same experiment, then (  or ) ( ) ( ) (  and )P A B P A P B P A B= + −  

In set notation:  ( ) ( ) ( ) ( )P A B P A P B P A B = + −    

 

Intuitively, we may think of A B as the total area                       of the shaded region. 

A B is counted twice when you add up the areas A and B individually. That is why you need to 

subtract the area A B . 

 

2.2 Mutually Exclusive Events 

Events which cannot occur simultaneously are said to be mutually exclusive. (i.e. events with no 

points in common). In set notation, ( ) 0P A B = .     

 

 

In a Venn Diagram: 
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Examples 

(a) A coin is tossed. The event, tossing a head or a tail, are mutually exclusive (both events cannot 

occur in one throw) 

(b) A card is drawn from a pack. The events, drawing a heart and drawing an ace, are not mutually 

exclusive. (ie. You can draw the ace of heart.) 

Hence, if two events are mutually exclusive, then ( ) ( ) ( )P A B P A P B = +  

An extension: If events 1 2, ,... nA A A are mutually exclusive events, we will have 

   1 2 1 2( ... ) ( ) ( ) ... ( )n nP A A A P A P A P A   = + + +  

Note: We use this concept of mutually exclusive events when we consider cases and add up the total 

probability based on the probabilities of the individual cases.  

 

Example 5: A fair die is thrown. Find the probability of the following events: 

(i) 1 or 2  (ii) an even number (iii) an even number or a number less than 4.  

[ 
1

3
; 

1

2
; 

5

6
] 

 

Solution:     (i) P(1 or 2) =  

        

            

(ii) P(an even number) =  

   

             

(iii) P(“an even number” or “number less than 4”) 
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2.3 Exhaustive Events 

 

Two events, A and B, are said to be exhaustive if together they include all possible outcomes 

in the sample space, i.e. (( ) ') 0n A B =   

 

 

 

 

 

When A and B are exhaustive, ( ) 1P A B =  

Example 6: Given 
4

( )
5

P X = , 
1

( )
2

P Y =  and 
3

( )
10

P X Y = , show that the events X and Y 

are exhaustive. 

 

 

 

 

3. Conditional Probability 

 

  

 

 

 

 

 

 

 

 

 

Note: It is useful to understand how conditional probabilities can be represented on probability tree 

diagrams.  In fact, probability tree diagrams are often very helpful for solving of conditional probability 

problems.  

If A  and B  are two events and ( ) 0P A  and 

( ) 0P B  , then the conditional probability of A  , given 

that B  has already occurred is written as ( | )P A B . 

By definition,  
( )

( | )
( )

P A B
P A B

P B


=  

x 

x 

x 

x 
x 

x 

x 

A 
B 

Graphically, 

( | )P A B =   

  

b 

B 

b 

A 
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Example 7: A dice is thrown once. If A is the event ‘the number is less than 4’ and B  is the event 

‘the number is odd’. Find ( | )P A B .            [
2

3
] 

 

 

 

 

Example 8: A  and B  are events, and 'A  denotes the complementary event to A  . The following 

probabilities are given: ( ) 0.4P A = ,  ( | ) 0.7P B A = ,  ( ' ) 0.3P A B = .    

Find the probabilities:  

(i)     ( )P A B  (ii)  ( )P B     (iii)  ( )P A B   (iv)  ( | )P A B  

         [0.28; 0.58; 0.7; 
14

29
] 

 

 

 

 

3.1 Independent Events 

Let A and B be 2 events. If the probability of occurrence of one of them is not influenced by the 

occurrence of the other, then events A and B are independent; and  

 

( | ) ( ) ( | ')= =P A B P A P A B  and   ( | ) ( )P B A P B= . 

Recall  ( ) ( ) ( | ) ( ) ( | )P A B P A P B A P B P A B = =  

 Therefore    ( ) ( ) ( )P A B P A P B =                   Multiplication Law 

This is also the rule to check whether 2 events are independent. 

 

NOTE: 

1. If events A  and B  are independent, then   

     'A  and B      

  A  and 'B       are also independent. 

  'A  and 'B    

Independence and mutual exclusivity are two separate concepts – do not confuse them! 
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Example 9: If two fair dice are thrown, find the probability of  

(i) an even number with the first dice and a 3 or a 5 with the second dice; 

(ii) at least one even number appearing on the two dice. 

(iii) the difference between the two numbers is 2.                                                [ 
1

6
; 

3

4
; 

2

9
] 
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4. Bayes’ Theorem 

4.1 Introduction 

In conditional probability we tried to solve the following question: 

Given that event A has happened, what is the probability that event B will occur? 

( | )P B A   

For Bayes’ Theorem, we are effectively asking the “reverse” question:  

Given that event B is the outcome, what is the probability that event A happened before event B? 

( | )P A B   

The classic application of Bayes’ Theorem is in calculating the probabilities of “False Positive” and 

“False Negative” in the field of medical testing.  

4.2 Total Probability Theorem 

Theorem:  

Let A and B be two events. Then ( ) ( ) ( ) ( ) ( )| |P A P B P A B P B P A B = + . 

The total probability theorem states that the whole is the sum of its parts.   

A simple illustration of the general idea is shown below.  

 

 

 

 

 

Translating the diagram into probability statements that uses the fact A B  and A B' are mutually 

exclusive: 

( ) ( ) ( ')P A P A B P A B=  +   

                             ( ) ( | ) ( ') ( | ')P B P A B P B P A B=  +   

The result can be generalized easily to m  ‘slices’ as follows. Suppose that 
1 2 3,  , ,..., mB B B B  are m  

mutually exclusive and exhaustive events in the sample space .  Let A  be some other event. A 

formal statement of the total probability theorem is that for these events: 

1 1

( ) (  ) ( ) ( | )
m m

i i i

i i

P A P A B P B P A B
= =

=  =    

  

b 

B 

b 

A A 

= + 

( ')P A B   ( )P A B   
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Example 10: [Graham Upton et. al.] Of those students who do well in Physics, 80% also do well in 

Mathematics. Of those who do not do well in Physics, only 30% do well in Mathematics. If 40% do 

well in Physics, what proportion do well in Mathematics?     [0.5] 

Solution: 

Define the events 
1,  A B  and 

2B as follows:  

A: does well in Mathematics  

1B : does well in Physics  

2 :B  does not do well in Physics  

(a) Using Total Probability Theorem  

 

 

 

(b) Using tree diagram  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

  

  

  

  

  

  

Tree diagram is a very 

useful tool. Do take 

note for second layer 

onwards, the 

probabilities are 

conditional. 



ACS (Independent) Mathematics Department  118 

4.3 Bayes’ Theorem 

Bayes’ Theorem: Let A and B be events. Then ( )
( ) ( )

( ) ( ) ( ) ( )

|
|

| |

P B P A B
P B A

P B P A B P B P A B


=

  + 
. 

Proof:  

 

  

 

 

 

 

And to state formally, if there were m  alternative previous events that could have happened, namely 

1 2 3B ,  B ,B ,...,Bm
and they are independent and exhaustive, then  

1

( ) ( | ) ( ) ( | )
( |A)=

( )
(B ) (A|B )

i i i i
i m

i i

i

P B P A B P B P A B
P B

P A
P P

=

 
=


 

Example 11:1  It is given that 
1B  and 

2B  are mutually exclusive and exhaustive, and 

1( | ) 0.3,P A B =  
2 1( | ) 0.4, ( ) 0.4.P A B P B= =  Find  

(a) ( )1 |P B A   

(b) ( )2 |P B A   

(c) ( )1 |P B A   

(d) Can you write down the value of 
2( | ')P B A given what you have observed in the relationship 

between part (a) and (b).  [Ans: (a)1/3(b)2/3(c)0.4375 (d)0.5625] 

False Positive and False Negative: 

  Test Outcome 

  Positive Negative 

 Positive True Positive False Negative 

Negative False Positive True Negative 

 

 
1 Graham et. al. 1996, Understanding Statistics, Oxford University Press. 

  

B 

b 

A 

Since 

( ) ( ) ( | ) ( ) ( | )P A B P A P B A P B P A B =  =   

and 

( ) ( )
( | )

( ) ( )

P B A P A B
P B A

P A P A

 
= =  

Substitute ( )P A  using total probability theorem, 

( ) ( | )
( | )

( ) ( | ) ( ') ( | ')

P B P A B
P B A

P B P A B P B P A B


=

 + 
 

R
ea

li
ty
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Example 12:2 

A new blood test has been designed to detect a form of cancer. The probability that the test correctly 

identifies someone with the cancer is 0.97 and the probability that the test correctly identifies 

someone without the cancer is 0.93. Approximately 0.1% of the general population are known to 

contract this cancer.  

When a patient has a blood test, the test results are positive for the cancer. Find the probability that the 

patient has the cancer.         [Ans: 97/7090] 

(a) Using Bayes’ Theorem,   (b) Using tree diagram, 

 

 

 

 

Example 13: [Haese & Harris] 

12%  of the over-60 population of a country have lung cancer. Of those with lung cancer, 50%  were 

heavy smokers, 40%  were moderate smokers and 10%  were non-smokers. Of those without lung 

cancer, 5% were heavy smokers, 15% were moderate smokers and 80% were non-smokers. A 

member of the over-60 population of Agento is chosen at random. Find the probability that the person 

(a) was a heavy smoker; 

(b) has lung cancer given the person was a moderate smoker; 

(c) has lung cancer given the person was a non-smoker.    

        [Ans: (a) 0.104 (b) 4/15 (c) 3/179] 

  

 
2 Haese & Harris, Higher Level Mathematics for International Baccalaureate, 3rd Edition.  
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics : Analysis and Approaches HL 

 

Topic 4: Statistics and probability 

WS 4.3(a): Probability 
 

1. Two balls are taken at random from a box containing three black, three red and three yellow 

balls.  Find the probability that 

 (a) both are red, 

(b) neither of the balls removed are red, 

(c) at least one is red. 

2*. The probability of an archer hitting the bull’s eye with any one shot is 
1

5
.  Find the            

probability that 

(a) he hits the bull’s eye with his second shot,  

(b) he hit the bull’s eye exactly once in three shots, 

(c) he hit the bull’s eye at least once in four shots. 

      

3. Two coins are tossed.  One coin is fair and the other is biased so that throwing a head is three 

times as likely as throwing a tail.  Find the probability that 

(a) on one toss of both coins, they both land head up,  

(b) on two tosses of both coins, two tails are thrown both times. 

   

4*. A shelf has fifteen paperback and twelve hardback novels on it.  Three novels are selected at 

random, one by one, without replacement.  Find the probability that 

(a) all the novels selected are paperbacks,  

(b) the second hardback novel is removed on the third selection.  
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5. A sales company telephones a large number N of potential customers with a special offer.  The 

proportion of these customers who accept the offer is 10% and the proportion who decline the 

offer is 20%.  The rest make no response.  Those who decline the offer are telephoned again, 

and, of these, 5% accept the offer, 35% decline the offer and the rest make no response to this 

second call.  Those who make no response to the first call are telephoned again and, of these, 

2% accept the offer, 50% decline the offer, and the rest again make no response to this second 

call. 

The information is shown on the tree diagram below. 

 

 

 

 

 

 

 

 

 

 (a) Find the values of a, b and c.  

(b) Find the probability that a customer, randomly chosen from the N potential customers, 

(i) declines the offer in both calls,  

(ii) accepts the offer,  

(iii) declines the offer in the second call, given that the offer was not accepted in 

the first call.  

(c) Two customers are chosen at random from the N potential customers.  Find the 

probability that both of them are telephoned twice and both make no response to the 

second call. 

6. Let 𝐸 and 𝐹 be events with  and . Are the events 𝐸 and 

𝐹  independent events? 

 

7. For events 𝐴 and 𝐵, it is known that  and  and 

. Find . 

8. Given that ,  and , find . 

 

( ) ( )
3 3

,
5 10

P E P F= = ( )
1

5
P E F =

( ) ( )P A P B= ( ) 0.1P A B =

( ) 0.7P A B = ( )P A

( )
2

'
3

P A = ( )
1

2
P B = ( )

1

12
P A B = ( )P A B

Decline Decline 

Decline No response 

Accept 

Accept 

Accept 

No response 

No response 

0.1 

0.2 

a 

0.05 

0.35 

b 

0.02 

0.5 

c 
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9. If  and  are independent events with  and .Find 

(a)  

(b)  

(c)  

(d)  

10. 𝑋 and 𝑌 are events such that ( ) ( )
2 1

, |
5 2

P X P X Y= =  and ( )
2

|
3

P Y X = . Find 

(a)  

(b)  

(c)  

11. ( ) ( )
1 1

, |
3 4

P A P B A= =  and ( )
4

' | '
5

P B A = . By drawing a tree diagram, find 

(a) ( )' |P B A  

(b)  

(c)  

(d)  

12. If  and , find ( )|P A B . 

13. A couple has two children. What is the probability that both the children are boys given that at 

least one of them is a boy? 

14. Ten cards numbered 1 to 10 are placed in a box, mixed up thoroughly and then one card is 

drawn randomly. If it is known that the number on the card is more than 3 , what is the 

probability that it is an even number? 

15. In a school, there are 1000 students out of which 430 are girls. It is known that out of the 430 

girls, 10% study in year 6. What is the probability that a student selected randomly studies in 

year 6 given that the chosen student is a girl? 

16. A die is thrown three times. Events A and B are defined as follows: 

        A:  4 turns up in the third throw 

        B:  6 turns up in the first throw and 5 in the second throw. 

       Find the probability of A given that B has already occurred. 

A B ( ) 0.3P A = ( ) 0.4P B =

( )P A B

( )P A B

( )/P A B

( )/P B A

( )P X Y

( )P Y

( )P X Y

( )P A B

( )P B

( )P A B

( ) ( )
7 9

,
13 13

P A P B= = ( )
4

13
P A B =
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17. A die is thrown twice. What is the probability that the number 4 has appeared at least once 

given that the sum of the numbers appearing is a 6? 

18. Consider the following experiment. A coin is tossed once. If the coin shows a head, it is tossed 

again and the experiment stops. If it shows tail, then a die is thrown once and the experiment 

stops. Find the conditional probability of the event that “the die shows a number greater than 

4” given that “there is at least one tail”.  

19. Bag A contains 3 red and 4 black balls while another bag B contains 5 red and 6 black balls. 

One ball is drawn at random from one of the bags and it is found to be red. Find the probability 

that it was drawn from bag B. 

20. In a factory which manufactures bolts, machines A, B and C manufacture 25%, 35% and 40% 

of the bolts respectively of the bolts respectively. Of their outputs 5, 4 and 2 percent are 

respectively defective bolts. A bolt is drawn at random from the product and is found to be 

defective. What is the probability that it is manufactured by the machine B. 

21. Suppose that the reliability of a HIV test is specified as follows: 

Of the people having HIV, in 90% cases the test detects the disease but in 10% cases 

the disease goes undetected. Of the people free of HIV, 99% of the cases are judged 

HIV negative but 1% are diagnosed as showing HIV positive. From a large 

population of which only 0.1% have HIV, one person is selected at random, given 

the HIV test, and the pathologist reports him/her as HIV positive.  

What is the probability that the person actually has HIV? 

 

 
Answers: 
 

1. (a) 
1

12
 (b) 

5

12
 (c) 

7

12
 2. (a) 

1

5
 (b) 

48

125
 (c) 

369

625
  3. (a) 

3

8
 (b) 

1

64
   

4. (a) 
7

45
 (b) 

44

195
  5. (a) 0.7, 0.6, 0.48a b c= = =   (b) (i) 0.07 (ii) 0.124 (iii) 

7

15
   (c) 0.208 

6. Not independent events 7.  0.4  8. 0.75  9. (a) 0.12 (b) 0.58 (c) 0.3 (d) 0.4 

10. (a) 
4

15
 (b) 

8

15
 (c) 

2

3
   11. (a) 

3

4
 (b) 

1

12
 (c) 

13

60
 (d) 

7

15
 

12. 
4

9
   13. 

1

3
   14. 

4

7
   15. 0.1 

16. 
1

6
   17. 

2

5
   18. 

2

9
   19. 

35

68
 

20. 
28

69
  21. 

10

121
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Topic 4: Statistics and probability 

WS 4.3(b) : Bayes’ Theorem  

     1. Events 1 2 3, ,B B B  are exhaustive (
=

=
3

1

1)(
i

iBP ).  

Given that ( )1 0.35P B = ,  ( )2 0.4P B = , ( )1| 0.7P A B = , ( )2| 0.85P A B =  and 

( )3| 0.78P A B = ,   

                 (i) Draw a tree diagram to help you find the probability ( )P A  

                 (ii) Find the probability ( )2 |P B A  using Bayes’ theorem. 

2. A pair of fair dice is thrown. Given that at least one of them shows a 2, what is the 

probability of the total being 7? 

3.   Mr. Tan’s gardener is not dependable; the probability that he will forget to water the 

rosebush during Mr Tan’s absence is 3
2

. The rosebush is in questionable condition 

anyhow; if watered, the probability for its withering is 2
1

; if it is not watered, the 

probability for its withering is 4
3

. Upon returning Mr. Tan finds that the rosebush has 

withered. What is the probability that the gardener did not water the rosebush?  

4.   A department store employs four gift wrappers at Christmas time. Betty, who works long 

hours, wraps 36% of all packages and fails to remove the price tag 2% of the time and 

Susan who also works long hours, wraps 40% of all packages and fails to remove the 

price tag 3% of the time. The other two, Carol and Janet, work relatively shorter hours; 

Carol wraps 10% of all packages and fails to remove the price tag 6% of the time, and 

Janet wraps 14% of all packages and fails to remove the price tag 8% of the time. 

What is the probability that a gift bought at this store which did not have its price tag 

removed was wrapped by Betty?   

5.   Randy has enrolled as a freshman at a local Management University and that the 

probability that he will get a scholarship is 0.35. If he gets a scholarship the probability 

that he will graduate is 0.82 and if he does not get a scholarship the probability that he 

will graduate is only 0.44. 

i) What is the probability that he will graduate?  

ii) Suppose that years later we hear that Randy graduated from the given university. 

What is the probability that he did get the scholarship?  
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6.   In a T-maze, a rat is given food if it turns left and an electric shock if it turns right. On 

the first trial there is a fifty-fifty chance that a rat will turn either way; then, if it receives 

food on a given trial the probability that it will turn left on the next trial is 0.72 and if it 

receives electric shock on a given trial the probability that it will turn left on the next trial 

is 0.84. 

i) What is the probability that a rat will turn left on the second trial?  

ii) Assuming that the probability of a rat turning left on any given trial depends only 

on what it did in the preceding trial, find the probability that a rat will turn left 

on the third trial.  

iii) With reference to part (i), suppose that a rat turns left on the second trial. What 

is the probability that it had turned left on the first trial?   

7.   The odds are 3 to 2 that a famous Kenyan distance runner will enter the Army Marathon. 

If he does not enter, the probability that the European champion will win is 0.66, but if 

he enters, the probability that the European champion will win is only 0.18.  

i) What is the probability that the European champion will win the race?  

ii) If the European champion won the race, what odds should we give that the 

famous Kenyan runner did not enter?  

8.   The probability that a bus from Geylang to Toa Payoh will leave on time is 0.80, and the 

probability that it will leave on time and also arrive on time is 0.72. 

i) What is the conditional probability that a bus which leaves on time will also 

arrive on time? 

ii) If the probability that such a bus will arrive on time is 0.75, what is the 

conditional probability that a bus which arrives on time also left on time?  

iii) Suppose the probability that a bus which leaves Geylang late will arrive on time 

in Toa Payoh is 0.78. What is the probability that any one of these buses from 

Geylang to Toa Payoh will arrive on time?  

 

9. A new blood test has been shown to be effective in the early detection of a disease. The 

probability that the blood test correctly identifies someone with this disease is 0.99, and 

the probability that the blood test correctly identifies someone without that disease is 

0.95. The incidence of this disease in the general population is 0.0001. 

 A doctor administered the blood test to a patient and the test result indicated that this 

patient had the disease. What is the probability that the patient has the disease? 

10. A car is made in three versions: 2-door, 4-door and hatchback.  The proportions of the three 

types made are 25%, 40% and 35% respectively.  Each version of the car has either a 1400cc 

engine or a 1600cc engine.  Of the 2-door version, 70% have 1400cc engines.  The proportions 

of 1400cc engines for the 4-door and hatchback versions are 40% and 35% respectively. 

 

In a publicity stunt, the car makers choose an owner at random to receive a prize of free car 

servicing.  Given that the owner’s car has a 1600cc engine, find the probability that it is a 2-

door car.  
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Answers:  

1.(i) 0.78   (ii) 0.436 6.(i) 0.78   (ii) 0.746   (iii) 0.462 

2.
2

11
 

 

7.(i) 0.372  (ii) 0.710 or odds of roughly 7 to 3 

3.0.75 8.(i) 0.90  (ii) 0.96  (iii) 0.876   

 

4. 0.198 

 

9.0.00198 

 

5.(i) 0.573   (ii) 0.501 10.0.138 

 



ACS (Independent) Mathematics Department  127 

Anglo-Chinese School (Independent)  
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Topic 4: Statistics and probability 

4.4 Discrete Random Variables 
 
1. Discrete Random Variables 

When a random experiment is carried out, we are often interested in the numbers that are associated to 

the outcomes/events involving an element of chance or interested in the values of a random variable.  

By assigning a real number xr to each event Er in the sample space S, we then have a function X 

defined at all points of the sample space. ( i.e. X takes the value xr when the event Er occurs.)  

This function X is called a random variable. 

Generally, statisticians use a capital letter to represent a random variable and a lower-case letter, to 

represent one of its values.  

• X represents the random variable X and P(X) represents the probability distribution of X.  

• P(X = x) refers to the probability when the random variable X is equal to a particular value, 

denoted by x. For example, P(X = 1) refers to the probability when the random variable X is 

equal to 1. Generally, P(X = x) is a function which generates the probability at any valid value 

of X. 

• The sum of probabilities ( ) 1
all 

r

r

P X x= =  for all values of x in the event space. 

For example, when an unbiased coin is tossed twice in succession and we are interested in the number 

of heads obtained, then: 

Outcome Probability Number of heads 

TT 
1

4
 

 

TH 
1

4
 

 

HT 
1

4
 

 

HH 
1

4
 

 

Define X to be “the number of heads obtained”, then we note that X takes values  0,1,2  and 

1
( 0)

4
P X = = , 

1
( 1)

2
P X = = and 

1
( 2)

4
P X = = . 

We notice that  

(i) X takes exact values : 0 , 1 , 2.  (ii) Each value of X  has some probability between 0 & 1. 

(iii) ( ) ( ) ( )0 1 2 1P X P X P X= + = + = =  

In this case, we called X  a discrete random variable. 
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Discrete Random Variable 

A discrete random variable X has the following properties: 

(i) it can only assume values 1 2 3, , ,..., ,...nx x x x  

(ii) the probabilities associated are such that   

 ( )0 1iP X x =   for all 1,2,..., ,...i n=  

(iii) 
all 

( ) 1
x

P X x= =   

Example 1 : Let X be the number of 4’s obtained when 2 fair dice are thrown. Then 

Outcome Probability Number of 4’s 

(4 ', 4 ')  
25

36
 

0 

(4 ', 4)  
5

36
 

1 

(4,4 ')  
5

36
 

1 

(4,4)  
1

36
 

2 

So, X takes values 0, 1 and 2 and the probability distribution can be expressed in what is called a 

probability distribution table: 

x 0 1 2 

( )P X x=  
25

36
 

10

36
 

1

36
 

 

 

 
Check that:  

all 

( ) 1
x

P X x= =  

  X is a discrete random variable. 
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2. Probability Density Function 

The probability distribution of X  is a table listing all possible values X  can take on, together with 

the associated probabilities as in Example 1. 

The function which is responsible for allocating probabilities is known as the probability density 

function (p.d.f.) of X . Sometimes, the pdf can be expressed as a formula. 

The graph of the probability distribution of a discrete random variable is in the form of a histogram: 

From Example 1: 

 

 

 

 

 

 

 

 

Example 2: The p.d.f. of a discrete random variable Y is given by ( ) 2P Y y cy= = ,  for y = 1, 2, 3, 4 

and 5 and c is a constant. 

(i)  Tabulate the probability distribution of Y. 

(ii) Find the value of c.          [Ans: 
1

55
] 

(iii) Find the values of (a) P(Y  < 2) ,   (b) P(Y  2)  ,   (c) P( 1 < Y  3)  ,   (d)  P( Y  3) . 

       [Ans: (a) 
1

55
 (b) 

1

11
 (c) 

13

55
 (d) 

10

11
]  

Solution: 

(i)  The probability distribution of Y is: 
y  1 2 3 4 5 

( )P Y y=  c 4c 9c 16c 25c 

 

 

 

 

 

 

 

  

  0        1        2 

36

25
 

36

10

 

36

1
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3. Cumulative Distribution Function 

Given a frequency distribution, the corresponding cumulative frequencies can be obtained by 

summing up all the frequencies up to a certain value. Similarly, if X is a discrete random variable, 

then the corresponding cumulative probabilities are obtained by summing up all the probabilities up to 

a certain value. 

If X is a discrete random variable with pdf ( )P X x= for 
1 2 3, , ,..., nx x x x x= , then the cumulative 

distribution function (c.d.f) is given by 

1

( ) ( ) ( )
nx

x x

F x P X x P X x
=

=  = = . 

4. Expectation or E(X) 

Experimental Approach 

Suppose we throw an unbiased dice 120 times and record the results: 

Score, x 1 2 3 4 5 6  

Frequency, f 15 22 23 19 23 18 Total: 120 

Then the mean score obtained is   

fx
x

f
= =



 

In the long run, what would we expect the mean score to be?  

Theoretical Approach 

For the discrete random variable X where X is “the number on the die”, the probability distribution is  

Score, x 1 2 3 4 5 6 

𝑃(𝑋 = 𝑥)  1

6
 

1

6
 

1

6
 

1

6
 

1

6
 

1

6
 

Then the expected mean, ( )E X , is obtained by ( )
6

1

i i

i

x P X x
=

=  

 =  

 = 

 

Important Note: If we have a statistical experiment, an experimental approach will result in a 

frequency distribution and a mean value, a theoretical approach results in a probability distribution 

and an expected value. 
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Thus: 

Let X be a discrete random variable. The expectation (or expected value) of X, written as   or 

( )E X , is defined by    

                                           
all 

( ) ( )
x

E X xP X x = = =  

In general, 

Let X be a discrete random variable. If ( )g X  is any function of X , then in general                                           

                                                             ( ) ( ) ( )
all x

E g X g x P X x= =     

 

Examples: 2 2

all 

( ) ( )
x

E X x P X x= =  

  
all 

( ) ( )
x

E X xP X x= =  

  ( )
all 

( )
x

E X x P X x= =  

Example 3 

Find ( )E X  for the following probability distributions of X.  

 x −2 −1 0 1 2 

 ( )P X x=  0.3 0.1 0.2 0.1 0.3 

Solution: 

all 

( ) ( ) 0
x

E X xP X x= = =  

Note: In this case, we observe symmetry in the distribution, then ( )E X  can be obtained by 

symmetry 

i.e. ( ) 0E X =  (by symmetry). 
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5. Variance of X 

Consider the discrete random variable X and let ( )E X = .  The variance of X, written as 
2  or 

( )Var X , is given by: 

( ) ( ) ( ) ( )
2 22 2 2 2 ( )E X E X E X E X  = − = − = −  

The standard deviation of X is ( )Var X = . Do note that 0  . 

Example 4 

Find ( )Var X  for the following probability distribution: 

x −3 −2 0 2 3 

( )P X x=  0.3 0.3 0.2 0.1 0.1 

           [Ans: 4.2] 

 

Example 5 

The discrete random variable X has probability density function ( )P X x k x= = , where 

3, 2, 1,0,1,2 and 3x = − − − .  Find  

(i) the value of the constant k;  

(ii)  ( )E X ;   

(iii) ( )2E X ; 

(iv) the standard deviation of X; 

(v) P(X is within 1 standard deviation of the mean) 

       [Ans: (i) 
1

12
(ii) 0  (iii) 6 (iv) √6  (v) 

1

2
] 

Solution: 

 ( )P X x k x= = ,  3, 2, 1,0,1,2 and 3x = − − −  

i.e. x −3 −2 - 1 0 1 2 3 

 ( )P X x=  3 k  2 k  k  0 k  2 k  3 k  
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6. Linear Transformations on X 

Consider the random variable X and let a and b be non-zero constants. 

Then ( ) ( )E EaX b a X b+ = +  and ( ) ( )2Var VaraX b a X+ = .  

Proof : 

( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( )

all 

all 

all all 

E

E 1 E

x

x

x x

aX b ax b P aX b ax b

ax b P X x

a xP X x b P X x

a X b a X b

+ = + + = +

= + =

= = + =

= + = +





 
  

( ) ( )( ) ( )

( ) ( )( )

( ) ( ) ( ) ( )( )
( ) ( )

( )

22

22 2 2

22 2 2 2 2

22 2 2

2

Var E E

E 2 E

E 2 E E 2 E

E E

Var

aX b aX b aX b

a X abX b a X b

a X ab X b a X ab X b

a X a X

a X

+ = + −  +  

= + + − +

= + + −   + + 

= −   

=

  

 

This result applies to both discrete and continuous random variables.  
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Topic 4: Statistics and probability 

WS 4.4: Discrete Random Variables 
 

1. The probability density function of the discrete random variable X  is given by 

 ( )
3

4

x

P X x a
 

= =  
 

 for 0,1,2, .x =   

 (i) Find the value of the constant a. 

 (ii) Find the values of ( )3P X   and ( )2P X  . 

 

2. The probability distribution of a random variable X  is as shown in the table: 

  

x 1 2 3 4 5 

( )P X x=  
1

10
 

3

10
 y  

2

10
 

1

10
 

 

 (i) Find the value of y. 

 (ii) Find the value of ( )E X . 

 

3. An unbiased die is in the form of a regular tetrahedron and has its faces numbered 1, 2, 3, 4 and 

 when the die is thrown onto a horizontal table, the number of the face in contact with the table is 

 noted. Two such dice are thrown and the score X  is found by multiplying these numbers 

 together.  

 (i) Obtain the probability distribution of X 

 (ii) Derive the values of  (a) ( )8P X  ;   (b) ( )E X ;  (c) ( )Var X . 

 

4. A tetrahedral die with its faces numbered 1, 2, 3 and 4 is thrown and the number of the face on 

 which it lands is noted. 

 (a) The ‘score’ is double the number on which it lands. Find the expectation and variance of the 

  ‘score’.   

 (b) A new experiment is set up where the ‘score’ is the sum of the numbers obtained when the 

  die is thrown twice. Find the expectation and the variance of this new ‘score’.  

 

 

5. X and Y are independent random variables with probability density functions as shown: 

x   0 1 2  y   1 2 3 

( )P X x=   
0.2 0.6 0.2  ( )P Y y=   

0.3 0.4 0.3 

 

 Construct the probability distribution of X Y−  and find 

 (a) ( )E X Y−     (b)   ( )Var X Y−  
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6. A fair coin and a fair six-faced die are thrown simultaneously. The random variable X is 

 defined as follows: 

  If the coin shows a head, then x is the score on the die. 

  If the coin shows a tail, then x is twice the score on the dice. 

 (i) Find  , the expected value of X and show that ( )
7

.
12

P X  =   

 (ii) Show that ( )
497

48
Var X = .   

 

7*. The probability distribution of a discrete random variable X is given by ( )P X x kx= =  where 

 1,2,3, . .x n=   

 (a) Find k in terms of n. 

 (b) Find, in terms of x and n, an expression for ( )P X x , the cumulative distribution function 

  of X. 

 

8*. The probability distribution of a discrete random variable X is given by ( )
2

3

x

P X x k
 

= =  
 

 

 where 0,1,2,3, .x =     

 (a) Show that ( )
1

2
3 1 ,

3

x

P X x k

+  
 = −  

   

 where 0,1,2,3,x =   

 (b) Hence or otherwise, find the value of k. 

 

 

9*. The discrete random variable X has cumulative distribution function given by ( )P X x kx =  

 where 1,2,3, , .x n=   

 (a) Find the value of k in terms of n. 

 (b) Find the probability distribution of X, ( )P X x= , in terms of n.  
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Answers: 
 

1.  (i) 
1

4
 (ii) 

37

64
 , 

27

64
          

       

2. (i) 
3

10
 (ii) 

10

9
2  

 

3. (i)   

 

 

 

(ii) (a)
1

4
 (b) 

25

4
 (c) 

275

16
 

 

4. (a) 5, 5   (b) 5, 2.5 

 

5. 

 

 

5. (a) -1   (b) 1 

6. (i) 
1

( ) 5
4

E X = =  

7. (a) 
2

( 1)
k

n n
=

+
 (b) 

( 1)
( ) ,   1,2,3,...,

( 1)

x x
P X x x n

n n

+
 = =

+
 

8. (b) 
1

3
                   9. (a) 

1
k

n
=   (b) 

1
( ) ,   1,2,3,...,P X x x n

n
= = =  

 

x 1 2 3 4 6 8 9 12 16 

( )P X x=  1

16
 

1

8
 

1

8
 

3

16
 

1

8
 

1

8
 

1

16
 

1

8
 

1

16
 

r -3 -2 -1 0 1 

( )P X Y r− =  0.06 0.26 0.36 0.26 0.06 
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4.5 Binomial Distribution 
 
1. Probability Distribution of a Binomial Random Variable 

(a) The experiment consists of n repeated trials. 

(b) The repeated trials are independent.  

(c) Each trial has two possible outcomes: either a ‘success’ or a ‘failure’.  

(d) The probability of success is the same in each trial. 

We define a binomial experiment as which possesses the above four properties. 

Let X be the number of successes in n trials of a binomial experiment and let the probability of 

success be p. 

X  is then called a binomial random variable. 

Notation: ( )~ ,X B n p where n and p are called the parameters of the distribution. 

The probability distribution function (p.d.f.) of the binomial random variable X (which is the 

number of successes in n independent trials) is given by: 

( )( ) 1
n kn k n k n k

k kP X k C p q C p p
−−= = = − ,  0,1,2,...k n=  

As an illustration, let’s say we throw a die, and we are interested to find the probability of obtaining a 

six when the die is thrown 2 times.  

Let X be the number of sixes obtained when a die is thrown 2 times. 

In this experiment: 

(a) The experiment consists of 2 repeated trials. 

(b) The repeated trials are independent.  

(c) Each trial has two possible outcomes: either a ‘success’ (a six) or a ‘failure’ (non-six). 

(d) The probability of success is the same in each trial (probability of getting a six is always 
1

6
). 

 Hence, 
1

~ 2,
6

X B
 
 
 

. 

( )
1 1

2

1

1 5 1
getting one six ( 1) binompdf 2, ,1 0.278

6 6 6
P P X C

     
= = = =      

     
 

 

 

 

The use of this 

formula is not 

required for exams  

Not required to know. GDC syntax. No need to 

show in your working. 
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2. Mean of a Binomial Random Variable 

 

If the random variable X is such that ( )~ ,X B n p  then 

 ( )E X np=  and  ( ) ( )1Var X npq np p= = −  where q = 1 – p  

 

From the probability distribution table of the previous illustration, we note that  

2

2 1 1
( ) 1

6 6

k k

n k n k

k kP X k C p q C

−

−    
= = = −   

   
 which is the p.d.f. of a binomial variable. 

 

X  0 1 2 

( ) ( )f x P X x= =    +   

We can see that 
1

~ 2,
6

X B
 
 
 

. 

( )

all 

2 2

( ) ( )

5 1 5 1
0 1 2 2

6 6 6 6

1

3

1
2

6

x

E X xP X x

np

= =

       
= + +       

       

=

 
= = 

 



 

( )  
22( ) ( )Var X E X E X= −  ---------------proof of the formula for ( )Var X  is shown in 4.6 

( )

2 2
1 5 1 1

0 1 2 4
6 6 6 3

5

18

1 5
2

6 6
npq

         
= + + −        

         

=

  
= =  

  

 

In general, the calculation is done using Binomial Pdf and Binomial Cdf function in the GDC.  

 

2

6

5







 
















6

1

6

5

















6

5

6

1 2

6

1











ACS (Independent) Mathematics Department  139 

 

Mode of Binomial Distribution  

 

Figure from “ A Concise Course in Advance Level Statistics” By J. Crawshaw and J. Chambers 

The mode is the value of X that is most likely to occur (with highest probability).  

If 0.5p =  and n is even, there is only one mode at the median position 
2

n
. The exception is when 

0.5p =  and n is odd, then there are two modes which are at 
1

2

n −
 and 

1

2

n +
. 

 If 0.5p  , one needs to consider the probabilities of values of X close to E(X) and use the GDC table 

function to check the value of X that has the highest probability.  

Usually, the distribution has only one mode.  

GDC steps to list each x with its probability, for example, (7,0.35).X B   

1. Open List & Spreadsheet on a 

new page. Name first column “x” 

for the number of successes and 

second column “p” for probability 

associated with each x. 
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2. Populate the column of x with 

numbers running from 0 to 7 by 

keying in formula seq(n,n,0,7) 

into the second row of first 

column.  

 

 

 

 

3. Hit “enter” and the first column 

will filled up with all the X values 

for the binomial distribution.  

 

 

4. Key in the formula to calculate 

probability of each x value in the 

second row of second column by 

calling up Binompdf function 

under “menu” / “4: 

Statistics”/”2:Distributions”/”A: 

Binomial Pdf…” 

5. Fill in the value of n and p in the 

dialogue box, this p refers to the 

probability of success of the 

binomial distribution. For the X 

value, you want to use the x from 

the first column so click the 

triangle and select ‘x which 

represents the “x” column. 
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6. You can scroll down to see all the 

probabilities associated with each 

number of success in the binomial 

distribution (7,0.35).X B  

 

7. If your n is large and you would 

like to find the mode quickly, you 

can convert the table into a 

probability histogram by 

“menu”/3:Data/8: Summary Plot. 

 

 

 

 

 

 

8. For the dialogue box, choose “x” 

column as X List and Summary 

List as the “p” column. You may 

choose to display both table and 

graph together by using “Split 

Page”. I generally prefer separate 

page so I will be using “New 

Page”. 
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9. You can confirm that 2x =  has 

the highest probability and 

therefore the mode is 2.x =  Take 

note of the notation used by the 

GDC, which is [2.000,3.000) , 

that means the horizontal line is 

equal to 2 but not 3.  

 

 

Example 1: The probability that a pen drawn at random from a box of pens is defective is 0.5. If a 

sample of 7 pens is taken, find the probability that it will contain 

(a) no defective pens; 

(b) 5 or 6 defective pens; 

(c) less than 3 defective pens; 

(d) the most likely number of defective pens in the sample of 7 pens; 

(e) the expected number of defective pens in the sample and their standard deviation. 

    [Ans: (a)(i) 0.00781 (ii) 0.219 (iii) 0.227 (b) 3 and 4 (c) 3.5, 1.32] 

 

 

 

Example 2: The probability that a target is hit is 0.3. All shots are independent of each other. Find the 

least number of shots which should be fired if the probability that the target is hit at least once is 

greater than 0.95.         [Ans: 9] 

GDC Method:  

1. The GDC has a function called 

“Inverse Binomial N” where it 

returns the answer for total 

number of trials n, when the 

following are given: 

a. Probability of success: p  

b. Cumulative probability 
( )P X x   

In order to rewrite into the format that GDC can 

solve, we start out with  

( 1) 0.95P X     

And rewrite into  

( 0) 0.05P X     

*Note that the upper limit must be inclusive in the 

cumulative probability.  
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2. Open a new “Calculator” page and go 

to “menu”/ 6: Statistics/5: 

Distribution/D: Inverse Binomial 

N… 

 

3. Fill in the cumulative probability 

which is the maximum value of 

probability allowed, and probability 

of success p. The successes x is the 

upper limit of x for the cumulative 

probability. You may want to tick 

Matrix form, where they show you 

the two values of n before and after 

surpassing 0.05 the required value.  

 

 

4. As shown in the result, when 

8, ( 0) 0.0577n P X=  =  and when 

9, ( 0) 0.0404n P X=  =  so n = 9 

is the solution.  

 

 

Example 3: A crossword puzzle is published in ‘The Times’ each day of the week, except Sunday. A 

man can complete, on average, 8 out of 10 of the crossword puzzles. 

(a) Find the expected value and the standard deviation of the number of completed crosswords in 

a given week. 

(b) Find the probability that he will complete at least 5 in a given week. 

(c) Given that he completes the puzzle on Monday, find, the probability that he will complete at 

least 4 in the rest of the week. 

(d) Find the probability that, in a period of four weeks, he completes 4 or less in only one of the 

four weeks. 

       [Ans: (a) 4.8, 0.980 (b) 0.655 (c) 0.737 (d) 0.388] 
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics : Analysis and Approaches HL 

 

Topic 4: Statistics and probability  

WS 4.5: Binomial Distribution 
 
1. For each of the experiments described below, X denotes the random variable ‘the number of  

 black marbles that are being drawn out of 10 trials’. State, giving a reason, whether X follows a 

 binomial distribution. 

  

 Experiment 1: A bag contains 10 black and 20 white marbles which are selected at random, 

    one at a time with replacement.  

 

 Experiment 2: This experiment is a repeat of Experiment 1 except that the bag contains 10 

    black, 20 white and 30 red marbles. 

 

 Experiment 3: This experiment is a repeat of Experiment 1 except that marbles are not  

    replaced after selection. 

 

2. Assuming that a couple is equally likely to produce a girl or a boy, find the probability that in a 

 family of 5 children there will be more boys than girls. 

 

 

3. A coin is biased so that it is twice as likely to show heads as tails. Find the probability that in 5 

 tosses of the coin, 

 (a) exactly 3 heads are obtained, 

 (b) more than 3 heads are obtained. 

 

4. Given that ( )~ ,0.6X B n  and ( )1 0.0256,P X  =  find the value of n. 

 

5. The probability that a bullet will hit the target is 0.85. All shots are assumed to be independent of 

each other. Find the minimum number of bullets that would need to be shot to ensure that the 

probability of getting more than 8 bullets hitting the target is greater than 90%. 

 

6. Of the articles from a certain production line, 10% are defective. If a sample of 25 articles is 

 taken, find the expected number of defective articles and the standard deviation. 

 

7. The probability that an apple, picked at random from a sack, is bad is 0.05. Find the standard 

 deviation of the number of bad apples in a sample of 15 apples. 

 

8. X is a random variable such that ( )~ , .X B n p  Given that ( ) 2.4E X =  and 0.3,p =  find n  and 

 the standard deviation of .X   
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9. In a group of people, the expected number who wears glasses is 2 and the variance is 1.6. Find 

 the probability that 

 (a) a person chosen at random from the group wears glasses; 

 (b) 6 people in the group wear glasses. 

 

 

10. If the random variable X is such that ( )~ 10,X B p  where 0.5p   and ( )
15

,
8

Var X =  find 

 (a) p; 

 (b) E(X);  

 (c) P(X = 2).  

 

11. The random variable X is a Binomial random variable with mean 2 and variance 1.6. Find 

 (a) the most likely value of X, 

 (b) ( )6 .P X    

 

12. If ( )~ ,0.3X B n  and ( )1 0.8,P X    find the least possible value of .n   

 

Answers: 
 

2. 0.5 8. 1.30 

3. (a) 0.329 (b) 0.461 9. (a) 0.2 (b) 0.00551 

4. 4 10. (a) 0.25 (b) 2.5 (c) 0.282 

5. 12 11. (a) 2 (b) 0.994 

6. 2.5, 1.5 12. 5 

7. 0.844  
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y = f (x) 
 y 

x 
a b x1 x2 

Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics : Analysis and Approaches HL 

 

Topic 4: Statistics and probability 

4.6 Continuous Random Variables (HL only) 
 
1. Probability Density Function 

A continuous random variable is a theoretical representation of a continuous variable such as height, 

mass or time.  

A continuous random variable is specified by its probability density function (p.d.f.) written as 

( )f x . 

If X is a continuous random variable with probability density function ( )f x  valid over the range 

a x b  , then 

(i) ( ) 0f x   

(ii)       

       i.e.    

 

 

(iii) P(X  x1)  =  ,  where a  x1  x2  b . 

(iv) P(X  x2)  =  ,  where a  x1  x2  b . 

(v) P(x1  X  x2)  =    ,  where a  x1  x2  b . 

Note: 

= 0 +  P(x1 < X < x2)  + 0 

   =  

  

 

1)(
 all

=




x

dxxf

1)( =



b

a

dxxf




 1

)(

x

a

dxxf





b

x

dxxf

2

)(




 2

1

)(

x

x

dxxf

)()()()( 221121 xXPxXxPxXPxXxP =++==

)( 21 xXxP 

)()()( 212121 xXxPxXxPxXxP == )( 21 xXxP =

 

 

Area under the curve y = f(x) represents the 

probability. 

y = f (x)  y 

x 
a b 
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Example 1: The continuous random variable X has probability density function 
2( )f x kx= , where 

0 2x  . 

 (i) Find the value of the constant k . 

(ii) Sketch the graph of ( )y f x= . 

(iii) Find ( )1P X  . 

(iv) Find ( )0.5 1.5P X  .  

        [Ans: (i) 
3

8
 (iii) 0.875 (iv) 0.406] 

 

2. Expectation (Mean) of a Continuous Random Variable 

If X is a continuous random variable with probability density function ( )f x , then the expectation 

(mean) of X is   or ( )E X  given by  

all 

( ) ( ) 
x

E X xf x dx = =  . 

If ( )g x  is any function of X, then we have  

 
all 

( ) ( ) ( ) 
x

E g x g x f x dx=  . 

In particular, we have ( )2 2

all 

( ) 
x

E X x f x dx=  .  

 

Note: Recall that ( ) ( )
22( )Var X E X E X = −   . 

 

 

3. Variance of Continuous Random Variables 

Its variance, 2  or ( )Var X  is given by 

 

( )

( ) ( )

2

2

22

2

2

all all 

( )

( )

( ) ( ) 
x x

Var X

E X

E X E X

x f x dx xf x dx





=

= −

= −

 
= −  

 
 

   

Note:  The standard deviation of X is ( )Var X =  . 
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Example 2: The continuous random variable X has probability density function 

        ( )f x  =   where  k   is a constant.  

(a) Find the value of the constant k .  

(b) Find ( )E X . 

(c) Find ( )2E X .    

(d) Find ( )Var X  and the standard deviation of X.  

      [Ans:  (a) 
3

32
 (b) 2.04 (c) 4.86 (d) 0.695, 0.833] 

 

 

 

4. Mode of Continuous Random Variable 

The mode is the value of X for which ( )f x  is greatest, in the given range of X. We find it by either 

(a) sketching the graph of ( )y f x=   

or 

(b) finding the x-coordinate of the stationary point by putting ( )' 0f x =  and check that it gives 

maximum value of ( )f x . 

 

Example 3: The continuous random variable X has probability density function given by ( )f x  where   

  

 ( )
( )23
1 , 1 1

4

0, otherwise

x x
f x


− −  

= 



 . 

(a) Sketch ( )y f x=  and hence find the mode of X. 

(b) Find ( )0.5P X  . 

         [Ans: (a) 0  (b) 0.688] 

 

 

 

 

 

 

  













−

otherwise

42

2

,

,

,

0

)4(

4
3
2

x

x

xkx

k
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5. Cumulative Distribution Function 

 

If X is a continuous random variable with probability density function ( )f x  defined for a x b  , 

then the cumulative distribution function (C.D.F) is given by ( )F t  where the interval is taken over all 

values of x t . 

F(t) = P(X  t) =  . 

 

Note: 

(i)   F(b) =  = 1;  

 F(a) =  = 0. 

(ii) P(X  x1 ) = F(x1)  ,  P(X  x2 ) = F(x2)  and    

 P(x1   X  x2 ) = F(x2) − F(x1)   

 

6. The Median and Interquartile Range 

 

The median (or 50th percentile), usually denoted by m, is the value of X such that the line x m=  splits 

the area under the curve ( )y f x=  into two halves. 

 

  i.e. ( ) 0.5
m

a
f x dx =  or ( ) 0.5F m =  

 

The lower quartile (or 25th percentile), r, is the value of X such that ( ) 0.25
r

a
f x dx =  or 

( ) 0.25F r = . 

The upper quartile (or 75th percentile), s, is the value of X such that ( ) 0.75
s

a
f x dx =  or 

( ) 0.75F s = . 

In general, the kth percentile, t, is the value of X such that ( )
100

t

a

k
f x dx =  or ( )

100

k
F t = . 

The interquartile range = upper quartile – lower quartile. 

 

 

  





t

a

dxxf )(





b

a

dxxf )(





a

a

dxxf )(

 y 

x 

a b t 
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Example 4: If X  is a continuous random variable with probability density function 
1

( )
8

f x x= , 

where 0 4x  .  

(a) Find the cumulative distribution function ( )F x  and sketch ( )y F x= . 

(b) Find the median m, the upper quartile s and the lower quartile r. 

(c) Find ( )0.3 1.8P X      [Ans: (a) 

2

( ) ,0 4
16

x
F x x=    (b) 8, 12,2  (c) 0.197] 

 

Obtaining p.d.f from C.D.F 

  c.d.f.  ( )F t =  ,  a t b   

  p.d.f.  ( )f x   =   

 

 

Example 5: The continuous random variable X has cumulative distribution function ( )F x  where 

  ( )F x =          

  

(a) Find the value of the constant k. 

(b) Find the probability density function ( )f x  and sketch the graph of ( )y f x= . 

       [Ans: (a) 
1

27
 (b) 

2

( ) ,0 3
9

x
f x x=   ] 

 

 

 

 

 

 

 





t

a

dxxf )(

)()( xFxF
dx

d
=















3
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Linear Transformations on X 

Consider the continuous random variable X  and let ,a b  be non-zero constants. 

Then ( ) ( )E EaX b a X b+ = +  and ( ) ( )2Var VaraX b a X+ = .  

Proof: 

( ) ( ) ( )

( ) ( )

( )

all 

all 

E

E

x

x

aX b ax b f x dx

axf x bf x dx

a X b

+ = +

= +

= +



   

( ) ( )( ) ( )

( ) ( )( )

( ) ( ) ( ) ( )( )
( ) ( )

( )

22

22 2 2

22 2 2 2 2

22 2 2

2

Var E E

E 2 E

E 2 E E 2 E

E E

Var

aX b aX b aX b

a X abX b a X b

a X ab X b a X ab X b

a X a X

a X

+ = + −  +  

= + + − +

= + + −   + + 

= −   

=

  

This result applies to both discrete and continuous random variables.  
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Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics : Analysis and Approaches HL 

 

Topic 4: Statistics and probability 

WS 4.6: Continuous Random Variables 
 

1. The continuous random variable X has probability density function given by 

( )f x =  













−

otherwise

32

20

,

,

,

0

)32( x

x

xk

k

 

a. Find the value of the constant k. 

b. Sketch the graph of ( )y f x= . 

c. Find ( )1P X  . 

d. Find ( )2.5P X  . 

e. Find ( )1 2.3P X  . 

 

2. The continuous random variable X has probability density function given by  



 −

=
otherwise,0

20for ),2(
)(

xxk
xf

 , where k  is a constant. 

a. Find the value of k. 

b. Find the cumulative distribution function of X. 

c. The continuous random variable Y is given by 
1

1
2

Y X= − .  

i. Show that ( ) 2P Y y y = , where 0 1y  .  

ii. Deduce the probability density function of Y and hence, or otherwise, show that 

( )
2

3
E Y = . 

 

3. The continuous random variable X  has probability density function given by 

cos , for 0 10
( ) 20 20

0, otherwise

x
x

f x

   
   

=  



 

a. Find the cumulative distribution ( )F x  and sketch ( )y F x= . 

b. Find the median m.         
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4. The continuous random variable X  has a probability density function given by 

( )f x =  2

4 , 0 1

( 3) , 1 3

0 , otherwise

k x

k x x

 


−  



 

a. Find the value of k and hence show that the median of X is 
5

6
. 

b. Show that ( ) 0.9E X =  and deduce the value of c, given that ( ) ( )3E X c E X c+ = − .  

c. Given that 1x  and 2x  are two independent observations of X, find the probability that 

 

i. both are greater than 1,  

ii. one is less than 0.5 and the other is greater than 2. 

 

d. Find the cumulative distribution function of X.   

 

5. The continuous random variable X has cumulative distribution function given by 

( )F x =  3

0 , 1

( 1) , 1 3

1 , 3

x

k x x

x




−  
 

 

a. Find the value of k. 

b. Find in a form not involving k, the lower and upper quartile of X, giving your answers 

correct to 3 significant figures. 

c. Find the probability density function of X. 

d. Find ( )1E X − , and hence write down the value of ( )E X . 

 

 

6. The continuous random variable X is such that  

( )P X x =  3

1 , 0

(3 ) , 0 3

0 , 3

x

k x x

x




−  
 

 

Show that ( )
8

1
27

P X  = . 

Find the probability density function of X, and hence find ( )E X . 
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7. The continuous random variable X has cumulative distribution function given by 

( )F x =  

0 , 0

, 0 1

1 , 1

x

x x

x

 


 
 


 

a. Find the median of X.  

b. Find ( )f x , the probability density function of X. Hence: 

 

i. Show that ( )
1

3
E X = . 

ii. Find ( )Var X . 

 

c. Show that the median of X  and the mean of X  are equal.   

 

8. The continuous random variable T has probability density function given by 

( 2), for 2 4
( )

0, otherwise

k t t
f t

−  
= 


, 

Where k is a constant.  

a. Find, in terms of k, the cumulative distribution function of T.   

b. Hence or otherwise, find the value of k.  

c. Show that ( )3 0.75P T  = . 

d. The event 3T   is denoted by A, and the event 2 3T   is denoted by B.  Find 

( )P A B  and ( )P A B . 

 

 

 

 

9. The continuous random variable X has probability density function given by 

(2 ), for 0 2
( )

0, otherwise

k x x
f x

−  
= 


, where k is a constant.  

a. Find, in terms of k, the cumulative distribution function.   

b. Hence or otherwise, find the value of k.  
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Answers 

1. (a)
4

1
=k  (c) 

4

1
 (d) 0.3125

5

16
=    (e)  0.3475

139

400
=   

2. (a)  
1

2
k =  (b)  F(x) = 
















−

2

20

0

,

,

,

1
4

0
2

x

x

x
x

x   ; (c) (ii) g(y) = 


 

otherwise

10

,

,

0

2 yy
       

3. (a) ( ) sin ,0 10
20

x
F x x

 
=   

 
  (b) 

10

3
    

4. (a) 
3

20
k =  (b) 

9

20
c = , 

4

25
,

3

100
  (c) ( )F x =

( )
3

0.6 , 0 1

, 1 31 0.05 3

x x

xx

  


 + −

 

5. (a) 0.125  (b) 2.26, 2.82  (d) 1.5, 2.5        6. 
3

4
             7. 

1

4
, 

4

45
 

8. (a) ( )
2

( ) 2 ,2 4
2

k
F t t t= −     (b) 0.5k =   (d) 1, 0.75           9. (a) 

2

2
2

x
k x
 

− 
 

  (b) 
1

2
k =  
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Topic 4: Statistics and probability 

4.7 Normal Distribution 
 
1. The Normal Distribution 

Many measured quantities in the natural sciences follow a normal distribution, for example heights, 

masses, ages, random errors, I. Q. scores, examination results and the normal distribution is one of the 

most important continuous distributions. 

 

The curve that represents the normal distribution is the famous bell-shaped curve that is extensively 

used like in the representation of I.Q. scores. The average I.Q. score is 100. 

 

 

 

 

 

 

 

 

In general, the normal curve of a normal random variable X is characterised by the two parameters of 

X , namely the mean    and variance 
2 .   In symbol : ( )2~ ,X N   . Note that X  is a 

continuous random variable. 

The probability density function (pdf) for the normal distribution is given by

( )
( )

2

2
 

2
1

2

x

f x e







−
−

=  

The function cannot be integrated manually using other well-known functions, therefore, in most 

cases, the use of the GDC is required in order to calculate the required probabilities. 

 

 

 

 

 

 

 

 

x 
 100 115  130  145 55 70  85 
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Properties of the Normal Curve 

 

 

 

 

 

 

 

• Bell-shaped and symmetrical about x = . 

• Maximum value of the curve occurs when x = , therefore mode = median = mean = . 

• Points of inflexion (non-stationary) are at x  = −  and at x  = + . 

•  Probability that the normal random variable X is within 1 standard deviation of the mean, i.e. 

( ) 0.683P X  −  = or ( ) 0.683P X   −   + =  . 

• Also, we have ( )2 0.954P X  −  =  and ( )3 0.998P X  −  = . 

• The range of the distribution is therefore approximately 6 standard deviations. 

 

   

 

 

                                                  

• The area under the curve from a to b represents ( )P a X b  . 

 

2. Standard Normal Distribution 

 

If the normal distribution has 0 =  and 2 1 = , it is called a standard normal distribution and is 

denoted as ( )~ 0,1Z N . The probability density function (pdf) for the standard normal distribution is 

given by ( )
2

2
1

2

x

f x e


−

= . 

In general, any normal distribution ( )2~ ,X N    can be transformed into the standard normal 

( )~ 0,1Z N  by using the transformation 
X

Z




−
= . 

x 

    +   +2   +3   −3   −2   − 

a 
a b 
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For example, if ( )2~ ,X N    and we want to find ( )1 2P x X x  , then X must first be transformed 

to ~ (0,1)Z N . Then ( ) ( )1 2 1 2P x X x P z Z z  =    where 1
1

x
z





−
=  and 2

2

x
z





−
= . 

Why do we need to standardize?  

1. Standardizing allows us to have a more meaningful understanding of the data.  

2. When the mean,  ,  or/and variance, 2  is unknown, standardizing allows us to use the inverse 

standard normal function in GDC to calculate the unknown normal distribution parameters. 

 

Note:   Some advantages of using ~ (0,1)Z N : 

i. Symmetry about 0. 

ii. We can express Z  in terms of μ and σ  

iii. If ( ) ( )1 2P Z z P Z z =  , we know that 1 2 .z z= −  (try sketching the curve to see!) 

iv. If ( )1 0.5P Z z   we can conclude that 1 0z  . 

 

Example 1 (Calculating Probabilities using Ti Nspire NormalCdf function) 

If ~ (50,100)X N  use your GDC to find 

(a) ( )62P X    

(b) ( )45P X  −    

(c) ( )45 62P X−    

(d) ( )45P X     

(e) ( )30 5P X −   

[Ans: (a) 0.885 (b) 1.00 (c) 0.885 (d) 0.691 (e) 0.939] 
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Example 2 (Calculating unknown value of random variable given probability using Ti Nspire 

invNorm function) 

Given ~ (50,100)X N , find 

(i) a  if ( ) 0.925P X a =    

(ii) b  if ( ) 0.113P X b =  

(iii) the range of values of c  if ( ) 0.123P X c      

(iv) d  if ( )50 0.125P X d−  =   

[Ans: (i) 64.4 (ii) 62.1 (iii) c > 61.6 (iv) 15.3] 

 

 

 

 

 

 

 

 

Example 3 (Calculating unknown mean and variance by using Standard Normal Z~N(0,1) or Ti 

Nspire method) 

Given ( )2~ ,X N   , find   and 2  if ( )38.14 0.38P X  =  and ( )49.87 0.05P X  = . 

[Ans: 240.0, 36.1 = = ] 

 

 

 

 

 

 

Example 4 (Calculating unknown mean and variance by using Standard Normal Z~N(0,1) or Ti 

Nspire method) 

A certain product is put into cans by a canning machine. The mass of product in a can is normally 

distributed with mean m and standard deviation 0.5 g. The value m can be adjusted by the operation of 

the machine. The cans are labelled as containing at least 300g of product, and the operator wishes to 

set the mean so that not more than 2 can in 1000 on average will contain less than 300 g of product. 

Find the least value of m which will enable this to be achieved.    [Ans: 301g] 

 

  



ACS (Independent) Mathematics Department  160 

Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics : Analysis and Approaches HL 

 

Topic 4: Statistics and probability 

WS 4.7: Normal Distribution 
 
1. X is a normal variable with mean   and standard deviation .  It is given that 

 ( )128 0.15P X  =  and that ( )97 0.875.P X  =  Calculate   and .   

 

 

2. Circular metal tokens are used to operate a washing machine in a Laundromat. The diameters of 

 the tokens are known to be normally distributed. Only tokens with diameters between 1.94 and 

 2.06 cm and operate the machine. 

 (a) Find the mean and the standard deviation of the distribution given that 2% of the tokens are 

  too small and 3% are too large. 

 (b) Find the probability that less than two tokens out of 20 will not operate the machine.  

 

 

3. If ( )~ 84,12 ,X N find h if 

 (a) ( ) 0.9255P X h =   

 (b) ( )84 0.4028P X h−  =    

 

 

4. If ( )2~ , ,X N k k  find 

 (a) (i)   ( )0P X     (ii) 
2

k
P X
 

 
 

  

 (b) The constant a  such that ( ) 0.9.P X k ak−  =   

 

 

5. Let X denote a random variable giving a value with distribution ( )~ 5,9 .X N −  Find the 

 probability that 

 (a) an item chosen at random will have a positive value, 

 (b) out of 10 items chosen at random, just 4 will have a positive value. 

 

 

6. A random variable Y has a normal distribution.  

 (a) Calculate the mean and the standard deviation, given that ( )5.82 0.04P Y  =  and  

  ( )3.74 0.18.P Y  − =   

 (b) The random variable R, also normally distributed, has the same standard deviation as Y, but 

  its mean is unknown. Find the greatest possible value of ( )3.74 5.82 .P R−     
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7. The quality of articles manufactured in a certain process is classified as ‘poor’, ‘fair’ or ‘good’ on 

 the basis of a measured quantity Y which may be assumed to have a normal distribution with 

 mean 50 units and standard deviation 5 units. Articles are ‘poor’ if 44Y   and the proportion of 

 ‘fair’ and ‘good’ are equal. Calculate the boundary value of Y separating ‘fair’ from ‘good’.  

 

 

8. Before joining the Mensa Society, every candidate is given an intelligence test which, applied to 

 the general public, would give a normal distribution of IQs with mean 100 and standard deviation 

 20. The candidate is not admitted unless his IQ as given by the test is at least 130.  

 (a) Estimate the median IQ of the members of the Mensa Society, as that their IQ distribution is 

  representative of that of the part of the population having IQs greater than or equal to 130. 

 (b) What IQ would be expected to be exceeded by one member in ten of the society?  

 

 

9. If X follows a normal distribution such that ( )10 0.1P X  =  and ( )9 10 0.2P X  = , calculate 

its mean and standard deviation. 

 

 

 

 

Answers: 

1. 113.2, 14.2    

2. (a) 2.00, 0.0305  (b) 0.736 

3. (a) 79.0 (b) 1.83      

4. (a) (i) 0.841  (ii) 0.309  (b) 1.64   

5. (a)0.0478  (b) 0.000817 

6. (a)  -0.458, 3.59   (b) 0.818    

7. 50.7     

8. (a) 137  (b) 149.5 

9. 8.31, 1.32 
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Preparing for HL Paper 3 

This paper is for 1 hour 15 mins, worth 55 marks, representing 20% of the final mark. There will be 

two compulsory extended-response problem-solving questions, and the marks for each question will 

normally lie in the range 23 to 32.  

Questions require extended response involving sustained reasoning. Individual questions will develop 

from a single theme where the emphasis is on problem solving, leading to a generalization or the 

interpretation of a context. There is also an emphasis on the use of technology, and thus a GDC is 

required for this paper, but not every question part will necessarily require its use.  

The first part of each question will be on syllabus content leading to the problem-solving context. 

Therefore, knowledge of all syllabus topics is required for this paper. The questions will usually 

include either unfamiliar mathematics, or familiar mathematics used in unfamiliar settings. Hence, it 

is possible that the question may include topics outside of the syllabus. In these cases, sufficient 

support will be given in the question to ensure all parts are accessible. 

The emphasis of the paper is to discover general patterns, to verify them, and to informally justify or 

prove the results.  

Students will be required to 

• Recall, select and use their knowledge of mathematical skills, results and models in both abstract 

and real-world contexts to solve problems 

• Investigate unfamiliar situations 

• Organize and analyze information 

• Make conjectures 

• Draw conclusions and test their validity 

Inquiry approach to Problem Solving  

 

 

 

 

 

 

 

 

 

Explore the 

Content 

 

 

Make a 

conjecture 

Justify 

Extend 

Test 

Accept 

Reject 
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Advice for Students 

1. The IB guide says that “the questions will be structured so that failure to do an early part of the 

question will not normally prevent a student from accessing later parts. Often, the early parts will 

be “show that”, which enable students to carry the result of one part into subsequent parts.” If you 

encounter a difficulty while doing the question, you should look for points where you can “get 

back in”.  

2. Use the five minute reading time to carefully read through the whole question, as trickier parts 

may come earlier and later parts may be a simple application of the result derived. 

3. Keep an open-mind for the paper and read the question carefully. If something doesn’t work, try it 

again. Keep the problem-solving cycle in mind.  

4. When encountering unfamiliar definitions, substitute values into the definition or formulas given 

to get a better understanding of the concepts (if not already required by parts of the question).  

5. Remember that knowledge can come from all parts of the syllabus and thus students may need to 

make connections between different parts of the syllabus.  

6. Remember that the method to disprove a statement is to provide a counterexample.  

7. Review the main methods of proof before the examinations: 

a. Direct algebraic proof 

b. Proof by mathematical induction 

c. Proof by contradiction  

8. Always look out for patterns so you can make conjectures.  

9. In class, don’t be afraid to take risks and try different possibilities. Do more practice papers and 

persevere through the problems. 

Here are some shorter problems for class discussion. There are longer questions in the worksheets and 

in the practice papers.  

Example 1: IB Nov 2009 Maths HL P1 Qn 12 

A tangent to the graph of lny x=  passes through the origin. 

(a) Sketch the graphs of lny x=  and the tangent on the same set of axes, and hence find 

 the equation of the tangent.  

(b) Use your sketch to explain why ln
x

x
e

  for 0.x    

(c) Show that e xx e  for 0.x    

(d) Determine which is larger, e  or e . 

 

 

Example 2: IB May 2009 Maths HL P1 TZ1 Qn 13 Part A 

If z  is a non-zero complex number, we define ( )L z  by the equation  

( ) ( ) ( )ln arg ,0 arg 2 .L z z i z z = +    

(a) Show that when z  is a positive real number, ( ) ln .L z z=   

(b) Use the equation to calculate 

 (i) ( )1L −    (ii) ( )1L i−    (iii) ( )1L i− +   

(c) Hence show that the property ( ) ( ) ( )1 2 1 2L z z L z L z= +  does not hold for all values of 

 1z  and 2.z    
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Example 3: Consider the function ( ) 3 12 5nf n += +  where n +   

(a) Write down the values of ( ) ( ) ( ) ( )1 , 2 , 3 , 15f f f f  and ( )20f   

(b) By noting the common factor of all the numbers found in (a), make a conjecture for 

 the divisibility of ( )f n  for every 𝑛 ∈ ℤ+.  

(c) Verify the truth of your conjecture by considering ( )2022 .f   

(d) Prove your conjecture.   

 

 

Example 4:  

(a) Without using a calculator, determine which of the following numbers is bigger 

(i) 23 or 3! 

(ii) 59 or 9! (Hint: consider whether 
59

9!
 is greater than or less than 1)  

(iii) 5099 or 99! 

(b) Hence, make a conjecture for an inequality that describes the situation above.  

(c) Construct an example to verify that your conjecture is true.  

(d) Prove your conjecture.  

 

 

Example 5: Let 
1

1n

n

r

S
r=

=  where 𝑛 ∈ ℤ+.  

(a) Write down the value of 1 4, ,S S and 8S   

(b) Verify that 4 2

1

2
S S−   and 8 4

1

2
S S−    

(c) Hence prove that 8

3

2
S  .  

(d) Prove that 12 2

1

2
k kS S −−   for any 𝑘 ∈ ℤ+.  

(e) Hence verify that 
2

1
2

k

k
S  +  for any 𝑘 ∈ ℤ+.  

(f) Determine whether the harmonic series, 
1

1

r

S
r





=

= , is convergent or divergent. 
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Paper 3 Practice Questions 

Question Topics and concepts  

 

1 Polynomials and binomial theorem 

2 Telescoping Series and Method of difference 

3 Rational functions and partial fractions 

4 Integration and Reduction formula 

5 Riemann Sums 

6 Riemann Sums and Maclaurin Series 

7 Taylor Series 

8 Complex numbers and roots of unity 

9 Hyperbolic functions 

10 Monte Carlo method for estimating   

11 Probabilities and Fibonacci Sequence 

12 Rotations and parametric equations 

 

 

1. This question asks you to investigate the factors of a polynomial. 

 (a) Consider the expansion of 
( )1

1

n
x

E
x

+
=

−
 where .n +   

  Using the binomial theorem for ascending powers, show that the first four terms of 

  E  is 2 31 1 1 1 .
1 1 2 1 2 3

n n n n n n
x x x

                
+ + + + + + + + +                

                

  

 

 (b) Let the coefficient of rx  in the expansion of E be denoted by ( ).rP n   

  Show that ( )
( ) ( )( )

3

1 1 2
1

2! 3!

n n n n n
P n n

− − −
= + + +   

 

 (c) Now generalise and consider the expansion of E when 1.n = −  By using the Factor 

  Theorem, or otherwise, deduce that when r is odd, 1n+  is a factor of the polynomial 

  ( ).rP n   

 

 (d) When r is even, show that 1n+  is a factor of the polynomial ( ) 1.rP n −   

 

 (e) Use the results from part (c) and (d) to determine the first 6 terms of 
( )

1
1

.
1

x

x

−
+

−
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2. This question asks you to investigate telescoping series and method of difference. 

(a) Give that 
( 1) ,nx n x

nu e e += −   

(i) Find 1 2 3 .u u u+ +   

(ii) Find 
1

N

r

r

u
=

  in terms of N and x.  

(iii) Determine the set of values of x for which sum to infinity (
1

r

r

u


=

 ) exists 

(iv) Hence, find the value of the sum to infinity for cases where it exists. 

 

(b) Show that 
( )

( )

1 2 12 2
,

1 1

nn n n

n n n n

+ −
− =

+ +
 where n is a positive integer. Hence, or otherwise, 

show that 
( )

1

1 1

2 2 2
2.

1 1 1

n n NN N

n nn n n N

+

= =

− = −
+ + +

   

 

3.  This question asks you to investigate rational functions and partial fractions.  

 The indefinite integral 
3

( )
,

1

P x
I dx

x
=

+  where P(x) is a polynomial in x.  

 (a) Find I when 
2( ) .P x x=  

 

 (b) By writing ( )( )3 21 1 ,x x x Ax B+ = + + +  where A and B are constants, find I when  

  (i) 
2( ) 1P x x x= − +  

  (ii) ( ) 1P x x= +  

 

 (c) Using the results of part (i) and (ii), or otherwise, find I when P(x) = 1. 

 

 

4. This question asks you to investigate reduction formula and definite integrals. 

  (a) On the same set of axes, sketch and label 𝑦 = (1 + 𝑥2)−1, 𝑦 = (1 + 𝑥2)−2 and 

  𝑦 = (1 + 𝑥2)−3 for 0 < 𝑥 < 1. 
 

 (b) Find the exact values of ∫ (1 + 𝑥2)−1  𝑑𝑥
1

0
 

 

 (c) By substituting 𝑥 = tan 𝜃, or otherwise, find the exact value of ∫ (1 + 𝑥2)−21

0
 𝑑𝑥 

 Let 𝐼𝑛 = ∫ (1 + 𝑥2)−𝑛1

0
 𝑑𝑥. 

 (d) (i) By expressing (1 + 𝑥2)−𝑛 as (1 + 𝑥2)−𝑛(1), or otherwise, show that  

𝐼𝑛+1 = (1 −
1

2𝑛
) 𝐼𝑛 +

2−𝑛−1

𝑛
 for 𝑛 ≥ 1. 

  (ii) Find the exact value of ∫ (1 + 𝑥2)−31

0
  𝑑𝑥 
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(e) Find the exact value of ∫ (𝑥2 − 2𝑥 + 2)−3 𝑑𝑥
1

0
.  

    [adapted from IBO Training Resources by Daniel Hwang]  

5. This question asks you to investigate areas using Riemann sums. 

 

The diagram shows a sketch of the graph of 
1

.y
x

=  By considering the shaded rectangle and 

the area of the region between the graph and the x-axis for 1 ,n x n−    where 1,n   show 

that 

( )1
2 1 .n n

n
 − −  

(a) Deduce that 
1 1 1

1 ... 2 .
2 3

n
n

+ + + +    

 

(b) Show also that ( )1
2 1 .n n

n
 + −  

 

(c) Deduce that 
1 1 1

1 ... 2 1 2.
2 3

n
n

+ + + +  + −  

 

(d) Hence find a value of N for which 
1 1 1

1 ... 1000.
2 3 n

+ + + +   

  

6. This question asks you to investigate the series 
1

1
.

p
n n



=

   

 (a) By considering the graph below, or otherwise, show that 
1

1
.

n n



=

=    
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 (b) (i) By considering the Maclaurin’s series of 
sin 𝑥

𝑥
, or otherwise, find the values of 

   𝑥 that satisfy the equation 1 −
𝑥2

3!
+

𝑥4

5!
−

𝑥6

7!
+ ⋯ = 0 

 

  

 

 Given that 1 −
𝑥2

3!
+

𝑥4

5!
−

𝑥6

7!
+ ⋯ = (1 −

𝑥2

𝜋2
) (1 −

𝑥2

(2𝜋)2
) (1 −

𝑥3

(3𝜋)2
) … 

 

  (ii) By equating the coefficients of 𝑥2 or otherwise, find the exact value of 
2

1

1
.

n n



=

   

  (iii) Find the exact value of 
2

2

1
.

1n n



= −
   

 

(c) (i) By considering the graphs below, or otherwise, show that 
3

7

1 1 1
.

98 72n n



=

   

 

  (ii) Hence, approximate 
3

1

1

n n



=

  to three significant figures.  

[adapted from IBO Training Resources by Daniel Hwang]  

 

 

7. This question asks you to investigate solving differential equations and Taylor series 

  

The Taylor Series of f(x) that is infinitely differentiable about x = a, is of the form: 

 ( ) ( )( )
( )( ) ( )( )

2 3
'' '''

( ) ' ...
2! 3!

f a x a f a x a
f x f a f a x a

− −
= + − + + +  

 Note: when a = 0, we have the Maclaurin Series. 

 

 (a) Determine the first three derivatives of the function f(x) = x(ln x – 1). 

   

 (b) Find the first three non-zero terms of the Taylor series for f(x) about 1.x =  
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8. This question asks you to investigate complex numbers and roots of unity. 

 Answers obtained only by technology are not allowed.  

  

 (a) Let 𝑧1 = cos
2𝜋

7
+ 𝑖 sin

2𝜋

7
. 

  (i) Show that 𝑧1 is a root of 𝑧7 − 1 = 0. 

 

  (ii) Show that 𝑧1 is a root of 𝑧6 + 𝑧5 + 𝑧4 + 𝑧3 + 𝑧2 + 𝑧 + 1 = 0. 

 

  (iii) Simplify cos
2𝜋

7
+ cos

4𝜋

7
+ cos

6𝜋

7
. 

 

  (iv) Simplify cos
𝜋

7
+ cos

3𝜋

7
+ cos

5𝜋

7
+ cos

7𝜋

7
 

 

 (b) (i) Solve the equation sin 7𝜃 = 0. 

  (ii) Show that 
sin 7𝜃

sin 𝜃
= 64 cos6 𝜃 − 80 cos4 𝜃 + 24 cos2 𝜃 − 1 for sin 𝜃 ≠ 0. 

 

  (iii) Solve 64𝑥6 − 80𝑥4 + 24𝑥2 − 1 = 0. 

 

  (iv) Deduce that (cos
𝜋

7
) (cos

2𝜋

7
) (cos

3𝜋

7
) … (cos

7𝜋

7
). 

[adapted from IBO Training Resources by Daniel Hwang]  

 

 

9. This question asks you to investigate the hyperbolic functions cosh and sinh.  

 

 Draw line segments from (0,0) to (𝑝, 𝑞) and (𝑝, −𝑞) on  

the right side of the hyperbola 𝑥2 − 𝑦2 = 1. Call the area  

of the enclosed region 𝐴 if 𝑞 ≥ 0 or −𝐴 if 𝑞 < 0. 

 

 Given that cosh  and sinh .p A q A= =  

 (a) Show that 
2

2

0

1
2 1 .

q q
A y y dy

q

 +
 = + −
 
 

   

 

 (b) (i) Differentiate 𝑓(𝑦) = 𝑦√𝑦2 + 1 + ln(𝑦 + √𝑦2 + 1)  

   with respect to 𝑦 and simplify.  

  (ii) Hence, or otherwise, show that 𝐴 = ln(𝑞 + √𝑞2 + 1). 

  

 (c) Show that sinh 𝐴 =
𝑒𝐴−𝑒−𝐴

2
 and cosh 𝐴 =

𝑒𝐴+𝑒−𝐴

2
. 

 

 (d) (i) Show that cosh2 𝑥 − sinh2 𝑥 = 1. 

  (ii) Show that 
𝑑

𝑑𝑥
cosh 𝑥 = sinh 𝑥 and 

𝑑

𝑑𝑥
sinh 𝑥 = cosh 𝑥. 
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  (iii) Given that tanh 𝑥 =
sinh 𝑥

cosh 𝑥
, find 

𝑑

𝑑𝑥
tanh 𝑥 and simplify your answer. 

 

 The inverse of sinh, denoted by sinh−1 ⬚, is defined by sinh−1(sinh 𝑥) = 𝑥. 

  

 (e) Show that ∫
1

√1+𝑥2
 𝑑𝑥 = sinh−1 𝑥 + 𝑐. 

[adapted from IBO Training Resources by Daniel Hwang]  

 

10. This question asks you to investigate Monte Carlo method to estimate the value of π .  

 

Lee draws circles on pieces of paper. He drops grains of rice at random onto the pieces of 

 paper. He counts the number of grains of rice inside each circle. 

 

 (a) Lee draws a circle of radius 5 cm on a rectangular  

       piece of paper measuring 40 cm by 20 cm.  

 

The probability p that a grain of rice lands inside 

the circle is given by
area of circle

area of paper
p = .  

Show that 0.098p   for this piece of paper. 

 

 (b) Lee draws a circle of radius 12 cm on a different piece of paper.  

  The circle touches all four edges of the paper.  

 

Lee drops 50 grains of rice at random onto the piece of paper.  

He removes the 50 grains of rice and drops another 50 grains  

of rice at random onto the piece of paper. The combined  

number of grains of rice inside the circle is 78. Use the  

formula 
area of circle

area of paper
p =  to estimate the value of π .  

 

 (c) Lee draws a circle of radius r cm on a different piece of paper. 

The circle touches all four edges of the paper. Suggest, for any 

value of r, an equation to estimate the value of π in terms of p. 

 

    

 

 

 

 (d) Lee draws a circle on a piece of paper in the shape of a regular 

  hexagon of side length x cm. The circle touches all six edges  

  of the paper. Find an estimate for the value of π when x = 30  

  and p = 0.905.  
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 (e) Show that, for any value of r, an estimate for kp =  where  

  k a b= , 𝑎 and b  are integers.     

  [Adapted from IGCSE 0607_s18_qp_63] 

 

11. This question asks you to investigate the probabilities and Fibonacci sequences.  

 

Let 𝐷𝑛 be the number of sequences of 𝑛 tosses starting with a head without three 

consecutive heads or tails.   

 (a) Find 𝐷1 and 𝐷2 

 

 The three diagram shows sequences of four tosses starting with a head without three 

 consecutive heads or tails.  

 
 (b) Explain why 𝐷𝑛 = 𝐷𝑛−1 + 𝐷𝑛−2 for 𝑛 ≥ 3. (Hint: look into Fibonacci Sequence) 

  

 (c) Find the probability of getting at least three consecutive heads or tails in 10 tosses.  

 [adapted from IBO Training Resources by Daniel Hwang]  

 

12. This question asks you to investigate the rotations and parametric equations. 

 

 (a) The line 𝑦 = 0 is rotated 𝜃 radians anti-clockwise about the origin. Find the  

  equation of the new line in terms of 𝑦, 𝑥 and 𝜃. 

 

 If we have a coordinate point (𝑎, 𝑏) rotated 𝜃 radians anti-clockwise about the origin, we 

 can find the 𝑥, 𝑦 coordinates of the new point by using the following parametric 

 equations:    𝑥 = 𝑎 cos 𝜃 − 𝑏 sin 𝜃 

    𝑦 = 𝑎 sin 𝜃 + 𝑏 cos 𝜃 

 (b) Rotate the point (1,1) anti-clockwise around the origin by 
𝜋

6
,

𝜋

4
 and 

𝜋

2
 radians. Give 

  your answers as coordinates.  

 

 (c) By squaring the equations, obtain an equation in terms of 𝑥 and 𝑦 only. What is the 

  geometric significance of this equation?  

 We can rotate any curve by any angle 𝜃 by means of this method. Starting with a 

 function 𝑓(𝑡), draw a rectangle centred at the origin through the point  𝑃(𝑡, 𝑓(𝑡)). Rotate 

 the curve and the rectangle by 𝜃 radians anti-clockwise from the horizontal. Referring to 

 the diagram, we note that ∠𝐴𝐵𝐶 and ∠𝐶𝐷𝑃 are right angles.  
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 (d) Explain why ∠𝐶𝐴𝐵 = ∠𝑃𝐶𝐷 

 

 (e)  Show that 𝑃 has coordinates (𝑡 cos 𝜃 − 𝑓(𝑡) sin 𝜃 , 𝑡 sin 𝜃 + 𝑓(𝑡) cos 𝜃). 

 

 (f) Hence, show that 𝑦 cos 𝜃 − 𝑥 sin 𝜃 = 𝑓(𝑦 sin 𝜃 + 𝑥 cos 𝜃). 

 

 (g)  Hence, find the equation obtained when 𝑦 = 2𝑥 + 3 is rotated by 
𝜋

4
 radians anti- 

  clockwise around (0,0). 

[adapted from Paper 3 Exploration questions by Andrew Chambers]  

 

Answers 

 

1. (e)  2 4 6 8 101 .x x x x x+ + + + +   

2 (a)(i)  4x xe e−   (a)(ii) ( )1N xxe e
+

−  (iii)  x < 0  (iv) xe    

3 (a) 31
ln 1

3
x C+ +  (b)(i)  ln | 1|x C+ +  (ii) 

2 2 1
arctan

3 3

x
C

− 
+ 

 
 

 (c) 21 1 1 2 1
ln | 1| ln 1 arctan

3 6 3 3

x
x x x C

− 
+ + − + + + 

 
 

4.   (b) 
𝜋

4
    (c) 

𝜋

8
+

1

4
     (d)(ii) 

3𝜋

32
+

1

4
     (e) 

3𝜋

32
+

1

4
 

5 (d) N = 250730 and onwards 

6   (b) (i) 𝑥 = 𝑘𝜋   (ii) 
𝜋2

6
     (iii) 

3

4
      (c) (ii) 1.20  

7 (a) 
2

1 1
ln , ,x

x x
−  (b) 

( ) ( )
2 3

1 1
1

2 6

x x− −
− + −  

8. (a) (iii) −
1

2
   (iv) −

1

2
    (b) (i) 𝜃 =

𝑘𝜋

7
, 𝑘 ∈ ℤ  (iv) 

1

64
  

9. (b) (i) 2√𝑦2 + 1  (d)(iii) 
1

cosh2 𝑥
  

10.  (b) 3.12  (c) π = 4p  (d) 3.14  (e) π = 2√3𝑝  

11.  (g) if previous outcome is same, generate 1, if previous outcome is different, generate 2      

   (h) 
423

512
 

12.   (a) 𝑦 = 𝑥 tan 𝜃  (b) (
−1+√3

2
,

1+√3

2
) ; (0, √2); (−1,1)  

        (c) 𝑥2 + 𝑦2 = 𝑎2 + 𝑏2. Circle centred at (0,0), radius √𝑎2 + 𝑏2.   (g) 𝑦 = −3𝑥 − 3√2. 
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s 

Anglo-Chinese School (Independent)  

Year 6 IBDP Mathematics: Analysis and Approaches HL 

 

Paper 3 Specimen Questions (from IB)  

 

1. This question asks you to investigate compactness, a quantity that measures how compact an 

 enclosed region is. The compactness, C, of an enclosed region can be defined by 
2

4
,

A
C

d
=  

 where A is the area of the region and d is the maximum distance between any two points in the 

 region.  

 (a) Verify that 1C =  for a circular region.       [2] 

  

 Consider a rectangle whose side lengths are in the ratio :1.x   

 (b) Show that 
( )2

4
.

1

x
C

x
=

+
         [3] 

 (c) Show that 
( )

( )

2

2
2

4 1

1

xdC

dx x

−
=

+
         [2] 

 (d) (i) Hence find the value of x  which gives maximum compactness for a rectangle. 

  (ii) Identify the geometrical significance of this result.    [3] 

 

 Consider an equilateral triangle of side length x  units, 

 (e) Find an expression, in terms of x , for the area of this equilateral triangle.  [2] 

  

 (f) Hence find the exact value of C  for an equilateral triangle.    [3] 

 

 Consider a regular polygon of n  sides constructed such that its vertices lie on the 

 circumference of a circle of radius r  units. 

  

 (g) If 2n   and even, show that 
2

sin .
2

n
C

n




=        [4] 

 

 (h) Illustrate, with the aid of a diagram, that 2d r  when n  is odd.   [1] 

 

 If 1n   and odd, it can be shown that 

2
sin

1 cos

n
nC

n






=
 
+ 

 

, 

 (i) Find the regular polygon with the least number of sides for which the compactness is more 

  than 0.995.          [5]    

 

 (j) (i) For n  even, use l’Hopital’s rule, or otherwise, to show that lim 1.
n

C
→

=   

  (ii) Using your answer to part (i), show that lim 1,
n

C
→

=  for 1n   and odd. 

  (iii) Interpret geometrically the significance of parts (i) and (ii).   [6] 
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2. A Gaussian integer is a complex number, ,z  such that z a bi= +  where , .a b  In this 

 question, you are asked to investigate certain divisibility properties of Gaussian integers.  

 

 Consider two Gaussian integers 3 4i = +  and 1 2i = −  such that  =  for some Gaussian 

 integer    

 (a) Find  .           [2] 

 

 Now consider two Gaussian integers 3 4i = +  and 11 2i = + . 

 (b) Determine whether 



  is a Gaussian integer.      [3] 

 The norm of a complex number z , denoted by ( )N z , is defined by ( )
2
.N z z=  For example, if 

 2 3z i= +  then ( ) 2 22 3 2 3 13.N i+ = + =     

 (c) On an Argand diagram, plot and label all Gaussian integers that have a norm less than 3. [2] 

 (d) Given that a bi = +  where 𝑎, 𝑏 ∈ ℤ, show that ( ) 2 2N a b = +     [1] 

 

 A Gaussian prime is a Gaussian integer, z , that cannot be expressed in the form z =  where 

 ,   are Gaussian integers with ( ) ( ), 1.N N     

 (e) By expressing the positive integer 
2 2n c d= +  as the product of two Gaussian integers, each 

  of norm 2 2 ,c d+  show that n  is not a Gaussian prime.      [3] 

 

 The positive integer 2 is a prime number, however it is not a Gaussian prime.  

 (f) Verify that 2 is not a Gaussian prime.       [2] 

 

 (g) Write down another prime number of the form 
2 2c d+  that is not a Gaussian prime and 

  express it as a product of two Gaussian integers.      [2] 

 

 Let ,   be Gaussian integers. 

 

 (h) Show that ( ) ( ) ( ).N N N  =         [6] 

 

 The result from part (h) provides a way of determining whether a Gaussian integer is a Gaussian 

 prime. 

 

 (i) Hence show that 1 4i+  is a Gaussian prime.      [3] 

 

 (j) Use proof by contradiction to prove that a prime number, p , that is not of the form 
2 2a b+  

  is a Gaussian prime.           [6] 
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3. This question will investigate power series, as an extension to the Binomial Theorem for negative 

 and fractional indices. 

 

 A power series in x is defined as a function of the form ( ) 2 3
0 1 2 3f x a a x a x a x= + + + +  where 

 the 𝑎𝑖 ∈ ℝ. It can be considered as an infinite polynomial. 

 (a) Expand ( )
5

1 x+  using the Binomial Theorem.      [2] 

 This is an example of a power series, but is only a finite power series, since only a finite number 

 of the ia  are non-zero.  

 Consider the power series 2 3 41 x x x x− + − + − .  

 (b) By considering the ratio of consecutive terms,  explain why this series is equal to ( )
1

1 x
−

+  

  and state the values of x for which this equality is true.      [4] 

 

 (c) Differentiate the equation obtained for part (b) and hence, find the first four terms in a  

  power series for ( )
2

1 .x
−

+          [2] 

 

 (d) Repeat this process to find the first four terms in a power series for ( )
3

1 .x
−

+    [2] 

 

 (e) Hence, by recognizing the pattern, deduce the first four terms in a power series for  

  (1 + 𝑥)−𝑛, 𝑛 ∈ ℤ+.          [3] 

 

 We will now attempt to generalize further.  

 (f) Suppose (1 + 𝑥)𝑞 , 𝑞 ∈ ℚ can be written as the power series 
2 3

0 1 2 3a a x a x a x+ + + +  By 

  substituting 0,x =  find the value of 0.a        [1] 

 

 (g) By differentiating both sides of the expression and then substituting 0,x =  find the value of 

  1.a             [2] 

 

 (h) Repeat this procedure to find 2a  and 3.a        [4] 

 

 (i) Hence, write down the first four terms in what is called the Extended Binomial Theorem for 

  (1 + 𝑥)𝑞 , 𝑞 ∈ ℚ.          [1] 

 

 (j) Write down the power series for 
2

1
.

1 x+
       [2] 

 

 (k) Hence, using integration, find the power series for arctan ,x  giving the first four non-zero 

  terms.           [4] 
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4. This question will explore connections between complex numbers and regular polygons. 

 

 This diagram below shows a sector of a circle of radius 1, with the angle subtended at the centre 

 O being α, 0 .
2


   A perpendicular is drawn from point P to intersect the x-axis at Q. The 

 tangent to the circle at P intersects the x-axis at R.  

 
 (a) By considering the area of the two triangles and the area of the sector, show that  

  
sin

cos sin .
cos


  


           [5] 

 (b) Hence, show that 
0

lim 1.
sin



→
=         [2] 

 (c) Let 𝑧𝑛 = 1, 𝑧 ∈ ℂ, 𝑛 ∈ ℕ, 𝑛 ≥ 5. Working in modulus/argument form, find the n solutions to 

  this equation.           [8] 

 

 (d) Represent these n solutions on an Argand diagram. Let their positions be denoted by  

  0 1 2 1, , , , nP P P P −  placed in order in an anticlockwise direction round the circle, starting on 

  the positive x-axis. Show the positions of 0 1 2, ,P P P  and 1.nP −      [1] 

 

 (e) Show that the length of the line segment 0 1P P  is 2sin .
n


     [4] 

 (f) Hence, write down the total length of the perimeter of the regular n sided polygon  

  0 1 2 1 0.nP PP P P−           [1] 

 

 (g) Use part (b) to find the limit of this perimeter as .n→      [2] 

  

 (h) Find the total area of this n sided polygon.      [3] 

 

 (i) Using part (b), find the limit of this area as .n→       [2] 
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5. This question will investigate methods for finding definite integrals of powers of trigonometrical 

 functions.   

 

 Let 𝐼𝑛 = ∫ 𝑠𝑖𝑛𝑛 𝑥
𝜋

2
0

𝑑𝑥, 𝑛 ∈ ℕ.  

 (a) Find the exact values of 0 1,I I  and 2 .I         [6] 

 (b) Use integration by parts to show that 2

1
, 2.n n

n
I I n

n
−

−
=       [5] 

 (c) Explain where the condition 2n   was used in your proof.    [1] 

 (d) Hence, find the exact values of 3I  and 4 .I        [2] 

 

 Let 𝐽𝑛 = ∫ 𝑐𝑜𝑠𝑛 𝑥
𝜋

2
0

𝑑𝑥, 𝑛 ∈ ℕ. 

 (e)  Use the substitution 
2

x u


= −  to show that .n nJ I=       [4] 

 (f) Hence, find the exact values of 5J  and 6.J        [2] 

  

 Let 𝑇𝑛 = ∫ 𝑡𝑎𝑛𝑛 𝑥
𝜋

4
0

𝑑𝑥, 𝑛 ∈ ℕ.  

 (g) Find the exact values of 0T  and 1.T         [3] 

 (h) Use the fact that 2 2tan sec 1x x= −  to show that 2

1
, 2.

1
n nT T n

n
−= − 

−
   [3] 

 (i) Explain where the condition 2n   was used in your proof.    [1] 

 (j) Hence, find the exact values of 2T  and 3.T        [2] 

 

6. This question investigates the sum of sine and cosine functions. 

  

 (a) Sketch the graph of 3sin 4cos ,y x x= +  for 2 2 .x −        [1] 

 (b) Write down the amplitude of this graph.      [1] 

 (c) Write down the period of this graph.       [1] 

  

 The expression 3sin 4cosx x+  can be written in the form ( )cos ,A Bx C D+ +  where 𝐴, 𝐵 ∈ ℝ+ 

 and 𝐶, 𝐷 ∈ ℝ and .C −     

 (d) Use your answers from part (a) to write down the value of A, B and D.   [1] 

 (e) Find the value of C.         [2] 

 (f) Find 
3

arctan ,
4

 giving the answer to 3 significant figures.    [1] 

 (g) Comment on your answer to part (c)(i).       [1] 

  

 The expression 5sin 12cosx x+  can be written in the form ( )cos ,A Bx C D+ +  where 𝐴, 𝐵 ∈ ℝ+ 

 and 𝐶, 𝐷 ∈ ℝ and C −   . 

 (h) By considering the graph of 5sin 12cos ,y x x= +  find the value of A, B, C and D. [5] 

 In general, the expression sin cosa x b x+  can be written in the form ( )cos ,A Bx C D+ +  

 where 𝑎, 𝑏, 𝐴, 𝐵 ∈ ℝ+ and 𝐶, 𝐷 ∈ ℝ and .C −      
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 (i) Conjecture an expression, in terms of a and b, for  

  (a) A 

  (b) B 

  (c) C 

  (d) D          [4] 

  

  

 The expression sin cosa x b x+  can also be written in the form    

2 2

2 2 2 2
sin cos .

a b
a b x x

a b a b

 
+ +  

+ + 
 

 Let 
2 2

sin .
a

a b
=

+
 

 (j) Show that 
2 2

cos .
b

a b
=

+
         [2] 

 (k) Show that tan .
a

b
=           [1] 

 (l) Hence, prove your conjecture in part (i).      [6]  

 

 

7. This question investigates some applications of differential equations to modelling population 

 growth. 

 

 One model for population growth is to assume that the rate of change of the population is 

 proportional to the population, i.e. ,
dP

kP
dt

=  where 𝑘 ∈ ℝ, t is the time (in years) and P is the 

 population.  

 (a) Show that the general solution of this differential equation is ,ktP Ae=  where 𝐴 ∈ ℝ.  [5] 

  

 The initial population is 1000. Given that 0.003,k =  use your answer from part (a) to find  

 (b) the population after 10 years.        [2] 

 (c) the number of years it will take for the population to triple.    [2] 

 (d) lim .
t

P
→

           [1] 

  

 Consider now the situation where k is not a constant, but a function of time. Given that 

 0.003 0.002 ,k t= +  find 

 (e) the solution of the differential equation, giving your answer in the form ( ).P f t=   [5] 

 (f) the number of years it will take for the population to triple.    [4] 

 

 

 Another model for population growth assumes 

• there is a maximum value for the population, L. 

• that k is not a constant, but is proportional to 1 .
P

L

 
− 

 
  

 (g) Show that ( )
dP m

P L P
dt L

= −  where 𝑚 ∈ ℝ.       [2] 
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 (h) Solve the differential equation ( ),
dP m

P L P
dt L

= −  giving your answer in the form ( ).P g t=   

             [10] 

 (i) Given that the initial population is 1000, L = 10000 and m = 0.003, find the number of years 

  it will take for the population to triple.       [4] 

 

Answers: 
 

1. (d) (i) x = 1    (ii) The most compact rectangle is a square.  (e) 
23

4

x
A =     (f) 

3
C


=    (i) 29 

(j) (iii) As n→ , the polygon becomes a circle with compactness = 1.   

 

2. (a) 11 2i−   (b) not a Gaussian integer.   

3. (a) 1 + 5𝑥 + 10𝑥2 + 10𝑥3 + 5𝑥4 + 𝑥5 (b) It is an Infinite GP with 𝑎 = 1, 𝑟 = −𝑥. |𝑥| < 1 

(c) 1 − 2𝑥 + 3𝑥2 − 4𝑥3 (d) 1 − 3𝑥 + 6𝑥2 − 10𝑥3  

(e) (1 + 𝑥)−𝑛 = 1 − 𝑛𝑥 +
𝑛(𝑛+1)

2!
𝑥2 −

𝑛(𝑛+1)(𝑛+2)

3!
𝑥3  

(f) 1  (g) q  (h) 𝑎2 =
𝑞(𝑞−1)

2!
, 𝑎3 =

𝑞(𝑞−1)(𝑞−2)

3!
  

(i) (1 + 𝑥)𝑞 = 1 + 𝑞𝑥 +
𝑞(𝑞−1)

2!
𝑥2 +

𝑞(𝑞−1)(𝑞−2)

3!
𝑥3 (j) 1 − 𝑥2 + 𝑥4 − 𝑥6 + ⋯ 

(i) 𝑥 −
𝑥3

3
+

𝑥5

5
−

𝑥7

7
+ ⋯ 

4. (c) 𝑧 =
𝑐𝑖𝑠2𝑘𝜋

𝑛
, 0 ≤ 𝑘 ≤ 𝑛 − 1 (f) 2𝑛 sin

𝜋

𝑛
 (g) 2𝜋   (h) 

𝑛

2
sin

2𝜋

𝑛
 (i) π  

5. (a) 𝐼0 =
𝜋

2
, 𝐼1 = 1, 𝐼2 =

𝜋

4
  (d) 𝐼3 =

2

3
, 𝐼4 =

3𝜋

16
  (f) 𝐽5 =

8

15
,   𝐽6 =

5𝜋

32
 

(g) 𝑇0 =
𝜋

4
, 𝑇1 = ln √2  (j) 𝑇2 = 1 −

𝜋

4
, 𝑇3 =

1

2
− ln √2 

6. (b) 5, (c) 2π (d) 𝐴 = 5, 𝐵 = 1, 𝐷 = 0   (e) 𝐶 = −0.644   (f) 0.644  

(h) 𝐴 = 13, 𝐵 = 1, 𝐶 = −0.395, 𝐷 = 0  (i) 𝐴 = √𝑎2 + 𝑏2; 𝐵 = 1, 𝐶 = − arctan
𝑎

𝑏
  𝐷 = 0 

7. (b) 1030   (c) 366  (d) ∞   (e) 𝑃 = 1000𝑒0.003𝑡+0.001𝑡2
  (f) 31.7   (i) 450 years   
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te

 th
e 

ap
pr

ox
im

at
e 

po
si

tio
n 

of
 

(i)
 

ea
ch

 z
er

o;
 

(ii
) 

ea
ch

 m
ax

im
um

 p
oi

nt
; 

(ii
i) 

ea
ch

 m
in

im
um

 p
oi

nt
. 

(4
) 

  (b
) 

(i)
 

Fi
nd

 f
 (x

), 
cl

ea
rly

 st
at

in
g 

its
 d

om
ai

n.
 

(ii
) 

Fi
nd

 th
e 

x-
co

or
di

na
te

s o
f t

he
 m

ax
im

um
 a

nd
 m

in
im

um
 p

oi
nt

s o
f f

 (x
), 

fo
r 

–1
 <

 x
 <

 1
. 

(7
) 

  (c
) 

Fi
nd

 th
e 

x-
co

or
di

na
te

 o
f t

he
 p

oi
nt

 o
f i

nf
le

xi
on

 o
f f

 (x
), 

w
he

re
 x

 >
 0

, g
iv

in
g 

yo
ur

 a
ns

w
er

 
co

rr
ec

t t
o 

fo
ur

 d
ec

im
al

 p
la

ce
s. 

(2
) 

(T
ot

al
 1

3 
m

ar
ks

) 

  1
7.

 
Th

e 
lin

e 
y 

= 
16

x 
– 

9 
is

 a
 ta

ng
en

t t
o 

th
e 

cu
rv

e 
y 

= 
2x

3  +
 a

x2  +
 b

x 
– 

9 
at

 th
e 

po
in

t (
1,

7)
. F

in
d 

th
e 

va
lu

es
 o

f a
 a

nd
 b

. 

(T
ot

al
 3

 m
ar

ks
) 
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 18
. 

C
on

si
de

r t
he

 fu
nc

tio
n 

y 
= 

ta
n 

x 
– 

8 
si

n 
x.

 

(a
) 

Fi
nd

 
.

dd xy
 

(b
) 

Fi
nd

 th
e 

va
lu

e 
of

 c
os

 x
 fo

r w
hi

ch
 

.0
dd


xy

 

(T
ot

al
 3

 m
ar

ks
) 

  1
9.

 
C

on
si

de
r t

he
 ta

ng
en

t t
o 

th
e 

cu
rv

e 
y 

= 
x3  +

 4
x2  +

 x
 –

 6
. 

(a
) 

Fi
nd

 th
e 

eq
ua

tio
n 

of
 th

is
 ta

ng
en

t a
t t

he
 p

oi
nt

 w
he

re
 x

 =
 –

1.
 

(b
) 

Fi
nd

 th
e 

co
or

di
na

te
s o

f t
he

 p
oi

nt
 w

he
re

 th
is

 ta
ng

en
t m

ee
ts

 th
e 

cu
rv

e 
ag

ai
n.

 

(T
ot

al
 3

 m
ar

ks
) 

20
. 

Le
t y

 =
 si

n 
(k

x)
 –

 k
x 

co
s (

kx
), 

w
he

re
 k

 is
 a

 c
on

st
an

t. 

 
Sh

ow
 th

at
 

).
(

si
n

dd
2

kx
x

k
xy


 

(T
ot

al
 3

 m
ar

ks
) 

21
. 

A
 c

ur
ve

 h
as

 e
qu

at
io

n 
xy

3  +
 2

x2 y 
= 

3.
 F

in
d 

th
e 

eq
ua

tio
n 

of
 th

e 
ta

ng
en

t t
o 

th
is

 c
ur

ve
 a

t t
he

 p
oi

nt
 

(1
, 1

). 

(T
ot

al
 6

 m
ar

ks
) 

22
. 

Th
e 

fu
nc

tio
n 

f i
s d

ef
in

ed
 b

y 

f (
x)

 =
 

11
–

22





x

x
x

x
 

(a
) 

(i)
 

Fi
nd

 a
n 

ex
pr

es
si

on
 fo

r f
 (

x)
, s

im
pl

ify
in

g 
yo

ur
 a

ns
w

er
. 

(ii
) 

Th
e 

ta
ng

en
ts

 to
 th

e 
cu

rv
e 

of
 f 

(x
) a

t p
oi

nt
s A

 a
nd

 B
 a

re
 p

ar
al

le
l t

o 
th

e 
x-

ax
is

. F
in

d 
th

e 
co

or
di

na
te

s o
f A

 a
nd

 o
f B

. 
(5

) 

(b
) 

(i)
 

Sk
et

ch
 th

e 
gr

ap
h 

of
 y

 =
 f

 (x
). 

(ii
) 

Fi
nd

 th
e 

x-
co

or
di

na
te

s o
f t

he
 th

re
e 

po
in

ts
 o

f i
nf

le
xi

on
 o

n 
th

e 
gr

ap
h 

of
 f.

 
(5

) 

(c
) 

Fi
nd

 th
e 

ra
ng

e 
of

 

(i)
 

f; 

(ii
) 

th
e 

co
m

po
si

te
 fu

nc
tio

n 
f °

 f.
 

(5
) 

(T
ot

al
 1

5 
m

ar
ks

) 

 

 23
. 

A
ir 

is
 p

um
pe

d 
in

to
 a

 sp
he

ric
al

 b
al

l w
hi

ch
 e

xp
an

ds
 a

t a
 ra

te
 o

f 8
 c

m
3  p

er
 se

co
nd

 (8
 c

m
3  s–1

). 
Fi

nd
 

th
e 

ex
ac

t r
at

e 
of

 in
cr

ea
se

 o
f t

he
 ra

di
us

 o
f t

he
 b

al
l w

he
n 

th
e 

ra
di

us
 is

 2
 c

m
. 

(T
ot

al
 6

 m
ar

ks
) 

24
. 

A
 c

ur
ve

 h
as

 e
qu

at
io

n 
x3  y

2  =
 8

. F
in

d 
th

e 
eq

ua
tio

n 
of

 th
e 

no
rm

al
 to

 th
e 

cu
rv

e 
at

 th
e 

po
in

t (
2,

 1
). 

(T
ot

al
 6

 m
ar

ks
) 

 25
. 

Th
e 

fu
nc

tio
n 

f i
s d

ef
in

ed
 b

y 
f (

x)
 =

 
xx 22

, f
or

 x
 >

 0
. 

(a
) 

(i)
 

Sh
ow

 th
at

 

 
f 

(x
) =

 
xx

x
2

2
ln

–
2

2

 

(ii
) 

O
bt

ai
n 

an
 e

xp
re

ss
io

n 
fo

r f
 

(x
), 

si
m

pl
ify

in
g 

yo
ur

 a
ns

w
er

 a
s f

ar
 a

s p
os

si
bl

e.
 

(5
) 

(b
) 

(i)
 

Fi
nd

 th
e 

ex
ac

t v
al

ue
 o

f x
 sa

tis
fy

in
g 

th
e 

eq
ua

tio
n 

f 
(x

) =
 0

 

(ii
) 

Sh
ow

 th
at

 th
is

 v
al

ue
 g

iv
es

 a
 m

ax
im

um
 v

al
ue

 fo
r f

 (x
). 

(4
) 

(c
) 

Fi
nd

 th
e 

x-
co

or
di

na
te

s o
f t

he
 tw

o 
po

in
ts

 o
f i

nf
le

xi
on

 o
n 

th
e 

gr
ap

h 
of

 f.
 

(3
) 

(T
ot

al
 1

2 
m

ar
ks

) 

26
. 

C
on

si
de

r t
he

 fu
nc

tio
n 

f (
t) 

= 
3 

se
c2 t +

 5
t. 

(a
) 

Fi
nd

 f
 (t

). 

(b
) 

Fi
nd

 th
e 

ex
ac

t v
al

ue
s o

f 

(i)
 

f (
)

; 

(ii
) 

f  
(

); 

(T
ot

al
 6

 m
ar

ks
) 

27
. 

C
on

si
de

r t
he

 e
qu

at
io

n 
2x

y2  =
 x

2 y 
+

 3
. 

(a
) 

Fi
nd

 y
 w

he
n 

x 
= 

1 
an

d 
y 

< 
0.

 

(b
) 

Fi
nd

 
xy dd

 w
he

n 
x 

= 
1 

an
d 

y 
< 

0.
 

(T
ot

al
 6

 m
ar

ks
) 
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 28
. 

Le
t y

 =
 e

3x
 si

n 
(

x)
. 

(a
) 

Fi
nd

 
xy dd

. 

(b
) 

Fi
nd

 th
e 

sm
al

le
st

 p
os

iti
ve

 v
al

ue
 o

f x
 fo

r w
hi

ch
 

xy dd
 =

 0
. 

(T
ot

al
 6

 m
ar

ks
) 

 29
.  

A
n 

ai
rp

la
ne

 is
 fl

yi
ng

 a
t a

 c
on

st
an

t s
pe

ed
 a

t a
 c

on
st

an
t a

lti
tu

de
 o

f 3
 k

m
 in

 a
 st

ra
ig

ht
 li

ne
 th

at
 w

ill
 

ta
ke

 it
 d

ire
ct

ly
 o

ve
r a

n 
ob

se
rv

er
 a

t g
ro

un
d 

le
ve

l. 
A

t a
 g

iv
en

 in
st

an
t t

he
 o

bs
er

ve
r n

ot
es

 th
at

 th
e 

an
gl

e 
 

is
 

31
 

ra
di

an
s a

nd
 is

 in
cr

ea
si

ng
 a

t 
601

 r
ad

ia
ns

 p
er

 se
co

nd
. F

in
d 

th
e 

sp
ee

d,
 in

 

ki
lo

m
et

re
s p

er
 h

ou
r, 

at
 w

hi
ch

 th
e 

ai
rp

la
ne

 is
 m

ov
in

g 
to

w
ar

ds
 th

e 
ob

se
rv

er
. 

x

3 
km

A
irp

la
ne

O
bs

er
ve

r
 

 
(T

ot
al

 6
 m

ar
ks

) 

  30
. 

A
 c

ur
ve

 h
as

 e
qu

at
io

n 
f (

x)
 =

 
cx

b
a

– e


, a
 

 0
, b

 >
 0

, c
 >

 0
. 

(a
) 

Sh
ow

 th
at

 f 
 (x

) =
 





3

––
–

2

e

–
e

e
cxcx

cx

b

b
ac


. 

(4
) 

(b
) 

Fi
nd

 th
e 

co
or

di
na

te
s o

f t
he

 p
oi

nt
 o

n 
th

e 
cu

rv
e 

w
he

re
 f

 (x
) =

 0
. 

(2
) 

(c
) 

Sh
ow

 th
at

 th
is

 is
 a

 p
oi

nt
 o

f i
nf

le
xi

on
. 

(2
) 

(T
ot

al
 8

 m
ar

ks
) 

31
. 

Th
e 

po
in

t P
(1

, p
), 

w
he

re
 p

 >
 0

, l
ie

s o
n 

th
e 

cu
rv

e 
2x

2 y 
+ 

3y
2  =

 1
6.

 

(a
) 

C
al

cu
la

te
 th

e 
va

lu
e 

of
 p

. 

  (b
) 

C
al

cu
la

te
 th

e 
gr

ad
ie

nt
 o

f t
he

 ta
ng

en
t t

o 
th

e 
cu

rv
e 

at
 P

. 

(T
ot

al
 6

 m
ar

ks
) 

 32
. 

Th
e 

fu
nc

tio
n 

f i
s d

ef
in

ed
 b

y 
f :

 x
 


 3
x . 

 
Fi

nd
 th

e 
so

lu
tio

n 
of

 th
e 

eq
ua

tio
n 

f 
(x

) =
 2

. 

(T
ot

al
 6

 m
ar

ks
) 

 33
.  

Th
e 

fo
llo

w
in

g 
di

ag
ra

m
 sh

ow
s a

n 
is

os
ce

le
s t

ria
ng

le
 A

B
C

 w
ith

 A
B

 =
 1

0 
cm

 a
nd

 A
C

 =
 B

C
. T

he
 

ve
rte

x 
C

 is
 m

ov
in

g 
in

 a
 d

ire
ct

io
n 

pe
rp

en
di

cu
la

r t
o 

(A
B

) w
ith

 sp
ee

d 
2 

cm
 p

er
 se

co
nd

. 

A
B

C

 

 
C

al
cu

la
te

 th
e 

ra
te

 o
f i

nc
re

as
e 

of
 th

e 
an

gl
e 

B
Â

C
 a

t t
he

 m
om

en
t t

he
 tr

ia
ng

le
 is

 e
qu

ila
te

ra
l. (T

ot
al

 6
 m

ar
ks

) 
 

34
. 

If
 y

 =
 ln

 (2
x 

– 
1)

, f
in

d 
2

2 dd xy
. 

(T
ot

al
 6

 m
ar

ks
) 

35
. 

Fi
nd

 th
e 

eq
ua

tio
n 

of
 th

e 
no

rm
al

 to
 th

e 
cu

rv
e 

x3  +
 y

3  –
 9

xy
 =

 0
 a

t t
he

 p
oi

nt
 (2

, 4
). 

(T
ot

al
 6

 m
ar

ks
) 

36
. 

Th
e 

fu
nc

tio
n 

f ′
 is

 g
iv

en
 b

y 
f ′

(x
) =

 2
si

n 
 

 


2
5

π
x

. 

(a
) 

W
rit

e 
do

w
n 

f ″
(x

). 

(b
) 

G
iv

en
 th

at
 f 

 
 

2π
 =

 1
, f

in
d 

f (
x)

. 

 (
T

ot
al

 6
 m

ar
ks

) 

 37
. 

Fi
nd

 th
e 

gr
ad

ie
nt

 o
f t

he
 n

or
m

al
 to

 th
e 

cu
rv

e 
3x

2 y 
+ 

2x
y2  =

 2
 a

t t
he

 p
oi

nt
 (1

, –
2)

. 
 (

T
ot

al
 6

 m
ar

ks
) 

   38
. 

Th
e 

fu
nc

tio
n 

f i
s g

iv
en

 b
y 

f (
x)

 =
 

x
x

2
5


, x
 

 0
. T

he
re

 is
 a

 p
oi

nt
 o

f i
nf

le
xi

on
 o

n 
th

e 
gr

ap
h 

of
 f 

at
 

th
e 

po
in

t P
. F

in
d 

th
e 

co
or

di
na

te
s o

f P
. 

 (
T

ot
al

 6
 m

ar
ks

) 
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 39
. 

A
n 

ex
pe

rim
en

t i
s c

ar
rie

d 
ou

t i
n 

w
hi

ch
 th

e 
nu

m
be

r n
 o

f b
ac

te
ria

 in
 a

 li
qu

id
, i

s g
iv

en
 b

y 
th

e 
fo

rm
ul

a 
n 

= 
65

0 
ekt

, w
he

re
 t 

is
 th

e 
tim

e 
in

 m
in

ut
es

 a
fte

r t
he

 b
eg

in
ni

ng
 o

f t
he

 e
xp

er
im

en
t a

nd
 k

 is
 

a 
co

ns
ta

nt
. T

he
 n

um
be

r o
f b

ac
te

ria
 d

ou
bl

es
 e

ve
ry

 2
0 

m
in

ut
es

. F
in

d 

(a
) 

th
e 

ex
ac

t v
al

ue
 o

f k
; 

(b
) 

th
e 

ra
te

 a
t w

hi
ch

 th
e 

nu
m

be
r o

f b
ac

te
ria

 is
 in

cr
ea

si
ng

 w
he

n 
t =

 9
0.

 

 (
T

ot
al

 6
 m

ar
ks

) 

40
. 

Le
t f

 (x
) =

 
2

5
5

2




 x
x

x
, x

 
 –

2.
 

(a
) 

Fi
nd

 f 
(x

). 

(b
) 

So
lv

e 
f 

(x
) >

 2
. 

 (
T

ot
al

 6
 m

ar
ks

) 

 41
. 

Th
e 

fu
nc

tio
n 

f i
s d

ef
in

ed
 b

y 
f (

x)
 =

 e
px

(x
 +

 1
), 

he
re

 p
 

 
. 

(a
) 

(i)
 

Sh
ow

 th
at

 f 
(x

) =
 e

px
(p

(x
 +

 1
) +

 1
). 

(ii
) 

Le
t f

 (n
) (x

) d
en

ot
e 

th
e 

re
su

lt 
of

 d
iff

er
en

tia
tin

g 
f (

x)
 w

ith
 re

sp
ec

t t
o 

x,
 n

 ti
m

es
. 

U
se

 m
at

he
m

at
ic

al
 in

du
ct

io
n 

to
 p

ro
ve

 th
at

  

f (n
) (x

) =
 p

n–
1 epx

 (p
(x

 +
 1

) +
 n

), 
n 


 
+ . 

(7
) 

(b
) 

W
he

n 
p 

= 
3

, t
he

re
 is

 a
 m

in
im

um
 p

oi
nt

 a
nd

 a
 p

oi
nt

 o
f i

nf
le

xi
on

 o
n 

th
e 

gr
ap

h 
of

 f.
 F

in
d 

th
e 

ex
ac

t v
al

ue
 o

f t
he

 x
-c

oo
rd

in
at

e 
of

 

(i)
 

th
e 

m
in

im
um

 p
oi

nt
; 

 

(ii
) 

th
e 

po
in

t o
f i

nf
le

xi
on

. 
(4

) 

(c
) 

Le
t p

 =
 

21
. L

et
 R

 b
e 

th
e 

re
gi

on
 e

nc
lo

se
d 

by
 th

e 
cu

rv
e,

 th
e 

x-
ax

is
 a

nd
 th

e 
lin

es
 x

 =
 –

2 
an

d 

x 
= 

2.
 F

in
d 

th
e 

ar
ea

 o
f R

. 
(2

) 
(T

ot
al

 1
3 

m
ar

ks
) 

 

 42
. 

Th
e 

di
ag

ra
m

 sh
ow

s a
 tr

ap
ez

iu
m

 O
A

B
C

 in
 w

hi
ch

 O
A

 is
 p

ar
al

le
l t

o 
C

B
. O

 is
 th

e 
ce

nt
re

 o
f a

 c
irc

le
 

ra
di

us
 r 

cm
. A

, B
 a

nd
 C

 a
re

 o
n 

its
 c

irc
um

fe
re

nc
e.

 A
ng

le
 

B
Ĉ

O
 =

 θ
. 

C
B

A
O

r

 

 
Le

t T
 d

en
ot

e 
th

e 
ar

ea
 o

f t
he

 tr
ap

ez
iu

m
 O

A
B

C
. 

(a
) 

Sh
ow

 th
at

 T
 =

 
22 r

 (
si

n 
θ 

+ 
si

n 
2θ

). 

(4
) 

 
Fo

r a
 fi

xe
d 

va
lu

e 
of

 r,
 th

e 
va

lu
e 

of
 T

 v
ar

ie
s a

s t
he

 v
al

ue
 o

f θ
 v

ar
ie

s. 

(b
) 

Sh
ow

 th
at

 T
 ta

ke
s i

ts
 m

ax
im

um
 v

al
ue

 w
he

n 
θ 

sa
tis

fie
s t

he
 e

qu
at

io
n 

4 
co

s2 
θ 

+ 
co

s θ
 –

 2
 =

 0
, a

nd
 v

er
ify

 th
at

 th
is

 v
al

ue
 o

f T
 is

 a
 m

ax
im

um
. 

(5
) 

(c
) 

G
iv

en
 th

at
 th

e 
pe

rim
et

er
 o

f t
he

 tr
ap

ez
iu

m
 is

 7
5 

cm
, f

in
d 

th
e 

m
ax

im
um

 v
al

ue
 o

f T
. 

(6
) 

(T
ot

al
 1

5 
m

ar
ks

) 

 43
. 

Le
t f

  
be

 a
 c

ub
ic

 p
ol

yn
om

ia
l f

un
ct

io
n.

 G
iv

en
 th

at
 f 

(0
) =

 2
, f

 ′ 
(0

) =
 –

3,
 f 

(1
) =

 f 
′ (

1)
 a

nd
 f 

′′ 
(–

1)
 

= 
6,

 fi
nd

 f 
(x

). 
 (

T
ot

al
 6

 m
ar

ks
) 

  4
4.

 
(a

) 
W

rit
e 

do
w

n 
th

e 
te

rm
 in

 x
r  in

 th
e 

ex
pa

ns
io

n 
of

 (x
 +

 h
)n , w

he
re

 0
 

 r 
 

n,
 n


 
+ . 

(1
) 

(b
) 

H
en

ce
 d

iff
er

en
tia

te
 x

n , n


 
+ , f

ro
m

 fi
rs

t p
rin

ci
pl

es
. 

(5
) 

(c
) 

St
ar

tin
g 

fr
om

 th
e 

re
su

lt 
xn  

 x
–n

 =
 1

, d
ed

uc
e 

th
e 

de
riv

at
iv

e 
of

 x
–n

, n


 
+ . 

(4
) 

(T
ot

al
 1

0 
m

ar
ks

) 
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. 

Le
t f

 (x
) =

 c
os

3  (4
x 

+ 
1)

, 0
 

 x
 

 1
. 

(a
) 

Fi
nd

 f 
′ (

x)
. 

(b
) 

Fi
nd

 th
e 

ex
ac

t v
al

ue
s o

f t
he

 th
re

e 
ro

ot
s o

f f
 ′ 

(x
) =

 0
. 

 (
T

ot
al

 6
 m

ar
ks

) 

 46
. 

G
iv

en
 th

at
 3

x+
y  =

 x
3  +

 3
y,

 fi
nd

 
xy dd

. 

 (
T

ot
al

 6
 m

ar
ks

) 

 47
. 

Le
t f

 b
e 

th
e 

fu
nc

tio
n 

de
fin

ed
 fo

r x
 >

 
31


 b

y 
f (

x)
 =

 ln
 (3

x 
+ 

1)
. 

(a
) 

Fi
nd

 f 
′(x

). 

(b
) 

Fi
nd

 th
e 

eq
ua

tio
n 

of
 th

e 
no

rm
al

 to
 th

e 
cu

rv
e 

y 
= 

f (
x)

 a
t t

he
 p

oi
nt

 w
he

re
 x

 =
 2

. 
G

iv
e 

yo
ur

 a
ns

w
er

 in
 th

e 
fo

rm
 y

 =
 a

x 
+ 

b 
w

he
re

 a
, b


 
. 

 (
T

ot
al

 6
 m

ar
ks

) 

 48
. 

Le
t y

 =
 c

os
 

+ 
i s

in
.

 

(a
) 

Sh
ow

 th
at

 
θy dd

 =
 iy

. 

 
[Y

ou
 m

ay
 a

ss
um

e 
th

at
 fo

r t
he

 p
ur

po
se

s o
f d

iff
er

en
tia

tio
n 

an
d 

in
te

gr
at

io
n,

 i 
m

ay
 b

e 
tre

at
ed

 
in

 th
e 

sa
m

e 
w

ay
 a

s a
 re

al
 c

on
st

an
t.]

 
(3

) 

(b
) 

H
en

ce
 sh

ow
, u

si
ng

 in
te

gr
at

io
n,

 th
at

 y
 =

 e
i

. 
(5

) 

(c
) 

U
se

 th
is

 re
su

lt 
to

 d
ed

uc
e 

de
 M

oi
vr

e’
s t

he
or

em
. 

(2
) 

(d
) 

(i)
 

G
iv

en
 th

at
 

θθ
si

n6
si

n
 =

 a
 c

os
5 

 +
 b

 c
os

3 
 +

 c
 c

os
,

 w
he

re
 si

n
 

 0
, u

se
 d

e 

M
oi

vr
e’

s t
he

or
em

 w
ith

 n
 =

 6
 to

 fi
nd

 th
e 

va
lu

es
 o

f t
he

 c
on

st
an

ts
 a

, b
 a

nd
 c

. 

(ii
) 

H
en

ce
 d

ed
uc

e 
th

e 
va

lu
e 

of
 

θθ
si

n6
si

n
lim

0


. 

(1
0)

 
(T

ot
al

 2
0 

m
ar

ks
) 

 

 49
. 

Le
t f

 (x
) =

 x
 ln

 x
 −

 x
, x

 
 0

. 

(a
) 

Fi
nd

 f 
′ (

x)
. 

(b
) 

U
si

ng
 in

te
gr

at
io

n 
by

 p
ar

ts
 fi

nd
 

.x
x

d
)

(ln
2


 

 (
T

ot
al

 6
 m

ar
ks

) 

 50
. 

Le
t y

 =
 x

 a
rc

si
n 

x,
 x


 ] 
−1

, 1
[. 

Sh
ow

 th
at

 
2

2 dd xy
 =

 



.

xx

23
2

2

12 
 

 (
T

ot
al

 6
 m

ar
ks

) 

51
. 

G
iv

en
 th

at
 e

xy
 −

 y
2  ln

 x
 =

 e
 fo

r x
 

 1
, f

in
d 

xy dd
 a

t t
he

 p
oi

nt
 (1

, 1
). 

 (
T

ot
al

 6
 m

ar
ks

) 

52
. 

Th
e 

fo
llo

w
in

g 
ta

bl
e 

sh
ow

s t
he

 v
al

ue
s o

f t
w

o 
fu

nc
tio

ns
 f 

an
d 

g 
an

d 
th

ei
r f

irs
t d

er
iv

at
iv

es
 w

he
n 

x 
=1

 a
nd

 x
 =

 0
. 

x 
f (

x)
 

f ′
 (x

) 
g 

(x
) 

g′
 (x

) 

0 
4 

1 
–4

 
5 

1 
–2

 
3 

–1
 

2 

(a
) 

Fi
nd

 th
e 

de
riv

at
iv

e 
of

 
1

)
(

)
(

3


x
g

x
f

 w
he

n 
x 

= 
0.

 

(b
) 

Fi
nd

 th
e 

de
riv

at
iv

e 
of

 f 
(g

 (x
) +

 2
x)

 w
he

n 
x 

=1
. 

 (
T

ot
al

 6
 m

ar
ks

) 

53
. 

Th
e 

fu
nc

tio
n 

f i
s d

ef
in

ed
 b

y 
f (

x)
 =

 
6

2 2


x
x

 f
or

 x
 

 b
 w

he
re

 b


 
. 

(a
) 

Sh
ow

 th
at

 f 
 (

x)
 =

 
.

x
x

2
2

2 )6
(

2
12


 

(b
) 

H
en

ce
 fi

nd
 th

e 
sm

al
le

st
 e

xa
ct

 v
al

ue
 o

f b
 fo

r w
hi

ch
 th

e 
in

ve
rs

e 
fu

nc
tio

n 
f −1

 e
xi

st
s. 

Ju
st

ify
 

yo
ur

 a
ns

w
er

. 
 (

T
ot

al
 6

 m
ar

ks
) 

54
. 

C
on

si
de

r t
he

 c
ur

ve
 w

ith
 e

qu
at

io
n 

x2  +
 x

y 
+ 

y2  =
 3

. 

(a
) 

Fi
nd

 in
 te

rm
s o

f k
, t

he
 g

ra
di

en
t o

f t
he

 c
ur

ve
 a

t t
he

 p
oi

nt
 (−

1,
 k

). 
(5

) 

(b
) 

G
iv

en
 th

at
 th

e 
ta

ng
en

t t
o 

th
e 

cu
rv

e 
is

 p
ar

al
le

l t
o 

th
e 

x-
ax

is
 a

t t
hi

s p
oi

nt
, f

in
d 

th
e 

va
lu

e 
of

 
k.

 
(1

) 
 (

T
ot

al
 6

 m
ar

ks
) 
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. 

A
nd

ré
 w

an
ts

 to
 g

et
 fr

om
 p

oi
nt

 A
 lo

ca
te

d 
in

 th
e 

se
a 

to
 p

oi
nt

 Y
 lo

ca
te

d 
on

 a
 st

ra
ig

ht
 st

re
tc

h 
of

 
be

ac
h.

 P
 is

 th
e 

po
in

t o
n 

th
e 

be
ac

h 
ne

ar
es

t t
o 

A
 su

ch
 th

at
 A

P 
= 

2 
km

 a
nd

 P
Y

 =
 2

 k
m

. H
e 

do
es

 
th

is
 b

y 
sw

im
m

in
g 

in
 a

 st
ra

ig
ht

 li
ne

 to
 a

 p
oi

nt
 Q

 lo
ca

te
d 

on
 th

e 
be

ac
h 

an
d 

th
en

 ru
nn

in
g 

to
 Y

. 

 

W
he

n 
A

nd
ré

 sw
im

s h
e 

co
ve

rs
 1

 k
m

 in
 

5
5

 m
in

ut
es

. W
he

n 
he

 ru
ns

 h
e 

co
ve

rs
 1

 k
m

 in
 5

 
m

in
ut

es
. 

(a
) 

If
 P

Q
 =

 x
 k

m
, 0

 
 x

 ≤
 2

, f
in

d 
an

 e
xp

re
ss

io
n 

fo
r t

he
 ti

m
e 

T 
m

in
ut

es
 ta

ke
n 

by
 A

nd
ré

 to
 

re
ac

h 
po

in
t Y

. 
(4

) 

(b
) 

Sh
ow

 th
at

 
.

x

x
xT

5
4

5
5

dd
2





 

(3
) 

(c
) 

(i)
 

So
lv

e 
.

xT
0

dd


 

(ii
) 

U
se

 th
e 

va
lu

e 
of

 x
 fo

un
d 

in
 p

ar
t (

c)
 (i

) t
o 

de
te

rm
in

e 
th

e 
tim

e,
 T

 m
in

ut
es

, t
ak

en
 fo

r 
A

nd
ré

 to
 re

ac
h 

po
in

t Y
. 

(ii
i) 

Sh
ow

 th
at

 


23
2

2

2

45
20

dd




x
xT

 a
nd

 h
en

ce
 sh

ow
 th

at
 th

e 
tim

e 
fo

un
d 

in
 p

ar
t (

c)
 (i

i) 
is

 

a 
m

in
im

um
. 

(1
1)

 
(T

ot
al

 1
8 

m
ar

ks
) 

 56
. 

Fi
nd

 th
e 

gr
ad

ie
nt

 o
f t

he
 ta

ng
en

t t
o 

th
e 

cu
rv

e 
x3  y

2  =
 c

os
 (π

y)
 a

t t
he

 p
oi

nt
 (−

1,
 1

). 
 (

T
ot

al
 1

2 
m

ar
ks

) 

  57
.  

A
 p

ar
tic

le
 m

ov
es

 a
lo

ng
 a

 st
ra

ig
ht

 li
ne

. W
he

n 
it 

is
 a

 d
is

ta
nc

e 
s f

ro
m

 a
 fi

xe
d 

po
in

t, 
w

he
re

 s 
> 

1,
 

th
e 

ve
lo

ci
ty

 v
 is

 g
iv

en
 b

y 
v 

= 
. )1

2(
)2

3(
 ss

 F
in

d 
th

e 
ac

ce
le

ra
tio

n 
w

he
n 

s =
 2

. 

(T
ot

al
 4

 m
ar

ks
) 

 

 58
. 

Th
e 

ac
ce

le
ra

tio
n,

 a
(t)

 m
 s–2

, o
f a

 fa
st

 tr
ai

n 
du

rin
g 

th
e 

fir
st

 8
0 

se
co

nd
s o

f m
ot

io
n 

is
 g

iv
en

 b
y 

a(
t) 

= 
– 

201
t +

 2
 

 
w

he
re

 t 
is

 th
e 

tim
e 

in
 se

co
nd

s. 
If

 th
e 

tra
in

 st
ar

ts
 fr

om
 re

st
 a

t t
 =

 0
, f

in
d 

th
e 

di
st

an
ce

 tr
av

el
le

d 
by

 
th

e 
tra

in
 in

 th
e 

fir
st

 m
in

ut
e.

 

(T
ot

al
 4

 m
ar

ks
) 

59
. 

C
on

si
de

r t
he

 fu
nc

tio
n 

f k  
(x

) =
 





0
,0

0
,

n 1
xx

kx
x

x
, w

he
re

 k
 

 
 

(a
) 

Fi
nd

 th
e 

de
riv

at
iv

e 
of

 f k
 (x

), 
x 

> 
0.

 
(2

) 

(b
) 

Fi
nd

 th
e 

in
te

rv
al

 o
ve

r w
hi

ch
 f 0

 (x
) i

s i
nc

re
as

in
g.

 
Th

e 
gr

ap
h 

of
 th

e 
fu

nc
tio

n 
f k 

(x
) i

s s
ho

w
n 

be
lo

w
. 

(2
) 

y

x
0

A

 

(c
) 

(i)
 

Sh
ow

 th
at

 th
e 

st
at

io
na

ry
 p

oi
nt

 o
f f

k 
(x

) i
s a

t x
 =

 e
k–

1 . 

(ii
) 

O
ne

 x
-in

te
rc

ep
t i

s a
t (

0,
 0

). 
Fi

nd
 th

e 
co

or
di

na
te

s o
f t

he
 o

th
er

 x
-in

te
rc

ep
t. 

(4
) 

(d
) 

Fi
nd

 th
e 

ar
ea

 e
nc

lo
se

d 
by

 th
e 

cu
rv

e 
an

d 
th

e 
x-

ax
is

. 
(5

) 

(e
) 

Fi
nd

 th
e 

eq
ua

tio
n 

of
 th

e 
ta

ng
en

t t
o 

th
e 

cu
rv

e 
at

 A
. 

(2
) 

(f
) 

Sh
ow

 th
at

 th
e 

ar
ea

 o
f t

he
 tr

ia
ng

ul
ar

 re
gi

on
 c

re
at

ed
 b

y 
th

e 
ta

ng
en

t a
nd

 th
e 

co
or

di
na

te
 a

xe
s i

s t
w

ic
e 

th
e 

ar
ea

 e
nc

lo
se

d 
by

 th
e 

cu
rv

e 
an

d 
th

e 
x-

ax
is

. 
(2

) 

(g
) 

Sh
ow

 th
at

 th
e 

x-
in

te
rc

ep
ts

 o
f f

k 
(x

) f
or

 c
on

se
cu

tiv
e 

va
lu

es
 o

f k
 fo

rm
 a

 g
eo

m
et

ric
 se

qu
en

ce
. 

(3
) 

(T
ot

al
 2

0 
m

ar
ks
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 60
. 

Th
e 

ve
lo

ci
ty

, v
, o

f a
n 

ob
je

ct
, a

t a
 ti

m
e 

t, 
is

 g
iv

en
 b

y 
v 

=
 

2
e

t
k


, w

he
re

 t 
is

 in
 se

co
nd

s a
nd

 v
 is

 in
 

m
 s–1

. F
in

d 
th

e 
di

st
an

ce
 tr

av
el

le
d 

be
tw

ee
n 

t =
 0

 a
nd

 t 
=

 a
. 

(T
ot

al
 3

 m
ar

ks
) 

  6
1.

 
Fi

nd
 th

e 
co

or
di

na
te

s o
f t

he
 p

oi
nt

 w
hi

ch
 is

 n
ea

re
st

 to
 th

e 
or

ig
in

 o
n 

th
e 

lin
e 

 
L:

 x
 =

 1
 –

 
, y

 =
 2

 –
 3
,

 z 
= 

2.
 

(T
ot

al
 3

 m
ar

ks
) 

 62
. 

A
 re

ct
an

gl
e 

is
 d

ra
w

n 
so

 th
at

 it
s l

ow
er

 v
er

tic
es

 a
re

 o
n 

th
e 

x-
ax

is
 a

nd
 it

s u
pp

er
 v

er
tic

es
 a

re
 o

n 
th

e 
cu

rv
e 

y 
=

 si
n 

x,
 w

he
re

 0
 

 x
 

 n
. 

(a
) 

W
rit

e 
do

w
n 

an
 e

xp
re

ss
io

n 
fo

r t
he

 a
re

a 
of

 th
e 

re
ct

an
gl

e.
 

(b
) 

Fi
nd

 th
e 

m
ax

im
um

 a
re

a 
of

 th
e 

re
ct

an
gl

e.
 

(T
ot

al
 3

 m
ar

ks
) 

63
. 

Le
t f

 : 
x 


 e
si

n 
x . 

 
(a

) 
Fi

nd
 f  

(x
). 

 
Th

er
e 

is
 a

 p
oi

nt
 o

f i
nf

le
xi

on
 o

n 
th

e 
gr

ap
h 

of
 f,

 fo
r 0

 <
 x

 <
 1

. 

(b
) 

W
rit

e 
do

w
n,

 b
ut

 d
o 

no
t s

ol
ve

, a
n 

eq
ua

tio
n 

in
 te

rm
s o

f x
, t

ha
t w

ou
ld

 a
llo

w
 y

ou
 to

 fi
nd

 th
e 

va
lu

e 
of

 x
 a

t t
hi

s p
oi

nt
 o

f i
nf

le
xi

on
. 

(T
ot

al
 3

 m
ar

ks
) 

 64
. 

Th
e 

di
ag

ra
m

 sh
ow

s t
he

 g
ra

ph
 o

f y
 =

 f
 (x

). 

y

x

y
f’

x
 =

 
(

)  

 
In

di
ca

te
, a

nd
 la

be
l c

le
ar

ly
, o

n 
th

e 
gr

ap
h 

(a
) 

th
e 

po
in

ts
 w

he
re

 y
 =

 f 
(x

) h
as

 m
in

im
um

 p
oi

nt
s;

 

(b
) 

th
e 

po
in

ts
 w

he
re

 y
 =

 f 
(x

) h
as

 m
ax

im
um

 p
oi

nt
s;

 

 

(c
) 

th
e 

po
in

ts
 w

he
re

 y
 =

 f 
(x

) h
as

 p
oi

nt
s o

f i
nf

le
xi

on
. 

(T
ot

al
 3

 m
ar

ks
) 

65
. 

Th
e 

di
ag

ra
m

 sh
ow

s a
 sk

et
ch

 o
f t

he
 g

ra
ph

 o
f y

 =
 f

 (x
) f

or
 a

 
 x

 
 b

. 

a
b

y 
f’

x
= 

(
)

y

x

 

   
O

n 
th

e 
gr

id
 b

el
ow

, w
hi

ch
 h

as
 th

e 
sa

m
e 

sc
al

e 
on

 th
e 

x-
ax

is
, d

ra
w

 a
 sk

et
ch

 o
f t

he
 g

ra
ph

 o
f 

y 
= 

f (
x)

 fo
r a

 
 x

 
 b

, g
iv

en
 th

at
 f 

(0
) =

 0
 a

nd
 f 

(x
) 

 0
 fo

r a
ll 

x.
 O

n 
yo

ur
 g

ra
ph

 y
ou

 sh
ou

ld
 

cl
ea

rly
 in

di
ca

te
 a

ny
 m

in
im

um
 o

r m
ax

im
um

 p
oi

nt
s, 

or
 p

oi
nt

s o
f i

nf
le

xi
on

. 

a
b

y

x  

  
(T

ot
al

 3
 m

ar
ks

) 

  6
6.

 
A

n 
as

tro
na

ut
 o

n 
th

e 
m

oo
n 

th
ro

w
s a

 b
al

l v
er

tic
al

ly
 u

pw
ar

ds
. T

he
 h

ei
gh

t, 
s m

et
re

s, 
of

 th
e 

ba
ll,

 
af

te
r t

 se
co

nd
s, 

is
 g

iv
en

 b
y 

th
e 

eq
ua

tio
n 

s =
 4

0t
 +

 0
.5

at
2 , w

he
re

 a
 is

 a
 c

on
st

an
t. 

If
 th

e 
ba

ll 
re

ac
he

s i
ts

 m
ax

im
um

 h
ei

gh
t w

he
n 

t =
 2

5,
 fi

nd
 th

e 
va

lu
e 

of
 a

. 

(T
ot

al
 3

 m
ar

ks
) 

 6
7.

 
A

 p
oi

nt
 P

(x
, x

2 ) l
ie

s o
n 

th
e 

cu
rv

e 
y 

=
 x

2 . C
al

cu
la

te
 th

e 
m

in
im

um
 d

is
ta

nc
e 

fr
om

 th
e 

po
in

t 

 
 

21
–,2

A
 t

o 
th

e 
po

in
t P

. 

(T
ot

al
 3

 m
ar

ks
) 

68
. 

A
 p

ar
tic

le
 is

 m
ov

in
g 

al
on

g 
a 

st
ra

ig
ht

 li
ne

 so
 th

at
 t 

se
co

nd
s a

fte
r p

as
si

ng
 th

ro
ug

h 
a 

fix
ed

 p
oi

nt
 O

 
on

 th
e 

lin
e,

 it
s v

el
oc

ity
 v

 (t
) m

 s–1
 is

 g
iv

en
 b

y 
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 

 


t
t

t
v

3
si

n
)

(


. 

(a
) 

Fi
nd

 th
e 

va
lu

es
 o

f t
 fo

r w
hi

ch
 v

(t)
 =

 0
, g

iv
en

 th
at

 0
 

 t 
 

6.
 

(3
) 

(b
) 

(i)
 

W
rit

e 
do

w
n 

a 
m

at
he

m
at

ic
al

 e
xp

re
ss

io
n 

fo
r t

he
 to

ta
l d

is
ta

nc
e 

tra
ve

lle
d 

by
 th

e 
pa

rti
cl

e 
in

 th
e 

fir
st

 si
x 

se
co

nd
s a

fte
r p

as
si

ng
 th

ro
ug

h 
O

. 

(ii
) 

Fi
nd

 th
is

 d
is

ta
nc

e.
 

(4
) 

(T
ot

al
 7

 m
ar

ks
) 

  6
9.

 
A

 p
ar

tic
le

 is
 p

ro
je

ct
ed

 a
lo

ng
 a

 st
ra

ig
ht

 li
ne

 p
at

h.
 A

fte
r t

 se
co

nd
s, 

its
 v

el
oc

ity
 v

 m
et

re
s p

er
 se

co
nd

 

is
 g

iv
en

 b
y 

v 
= 

2
2

1 t


. 

(a
) 

Fi
nd

 th
e 

di
st

an
ce

 tr
av

el
le

d 
in

 th
e 

fir
st

 se
co

nd
. 

(b
) 

Fi
nd

 a
n 

ex
pr

es
si

on
 fo

r t
he

 a
cc

el
er

at
io

n 
at

 ti
m

e 
t. 

(T
ot

al
 6

 m
ar

ks
) 

 70
. 

A
 re

ct
an

gl
e 

is
 d

ra
w

n 
so

 th
at

 it
s l

ow
er

 v
er

tic
es

 a
re

 o
n 

th
e 

x-
ax

is
 a

nd
 it

s u
pp

er
 v

er
tic

es
 a

re
 o

n 
th

e 
cu

rv
e 

y 
= 

2
– e

x
. T

he
 a

re
a 

of
 th

is
 re

ct
an

gl
e 

is
 d

en
ot

ed
 b

y 
A.

 

(a
) 

W
rit

e 
do

w
n 

an
 e

xp
re

ss
io

n 
fo

r A
 in

 te
rm

s o
f x

. 

(b
) 

Fi
nd

 th
e 

m
ax

im
um

 v
al

ue
 o

f A
. 

(T
ot

al
 6

 m
ar

ks
) 

  7
1.

 
Th

e 
di

ag
ra

m
 b

el
ow

 sh
ow

s t
he

 g
ra

ph
 o

f y
1 =

 f 
(x

), 
0

4
x




  

0y

x
1

2
3

4

 

O
n 

th
e 

ax
es

 b
el

ow
, s

ke
tc

h 
th

e 
gr

ap
h 

of
 y

2 =
 

,
d)(

0x
t

t
f

 m
ar

ki
ng

 c
le

ar
ly

 th
e 

po
in

ts
 o

f i
nf

le
xi

on
. 

 

0y

x
1

2
3

4

 
(T

ot
al

 6
 m

ar
ks

) 

  72
.  

A
 p

ar
tic

le
 m

ov
es

 in
 a

 st
ra

ig
ht

 li
ne

 w
ith

 v
el

oc
ity

 v
, i

n 
m

et
re

s p
er

 se
co

nd
, a

t t
im

e 
t s

ec
on

ds
, g

iv
en

 
by

 

 
v(

t) 
= 

6t
2  –

 6
t, 

t 
 0

 

 
C

al
cu

la
te

 th
e 

to
ta

l d
is

ta
nc

e 
tra

ve
lle

d 
by

 th
e 

pa
rti

cl
e 

in
 th

e 
fir

st
 tw

o 
se

co
nd

s o
f m

ot
io

n.
 

(T
ot

al
 6

 m
ar

ks
) 

73
. 

Fi
nd

 th
e 

x-
co

or
di

na
te

 o
f t

he
 p

oi
nt

 o
f i

nf
le

xi
on

 o
n 

th
e 

gr
ap

h 
of

 y
 =

 x
ex , –

 3
 

 x
 

 1
. 

(T
ot

al
 6

 m
ar

ks
) 

 74
. 

Th
e 

po
in

t B
(a

, b
) i

s o
n 

th
e 

cu
rv

e 
f (

x)
 =

 x
2  su

ch
 th

at
 B

 is
 th

e 
po

in
t w

hi
ch

 is
 c

lo
se

st
 to

 A
(6

, 0
). 

C
al

cu
la

te
 th

e 
va

lu
e 

of
 a

. 

(T
ot

al
 6

 m
ar

ks
) 

75
. 

(a
) 

O
n 

th
e 

sa
m

e 
ax

es
 sk

et
ch

 th
e 

gr
ap

hs
 o

f t
he

 fu
nc

tio
ns

, f
 (x

) a
nd

 g
 (x

), 
w

he
re

 

f (
x)

 =
 4

 –
 (1

 –
 x

)2 , f
or

 –
 2

 
 x

 
 4

, 

g 
(x

) =
 ln

 (x
 +

 3
) –

 2
, f

or
 –

 3
 

 x
 

 5
. 

(2
) 

(b
) 

(i)
 

W
rit

e 
do

w
n 

th
e 

eq
ua

tio
n 

of
 a

ny
 v

er
tic

al
 a

sy
m

pt
ot

es
. 

(ii
) 

St
at

e 
th

e 
x-

in
te

rc
ep

t a
nd

 y
-in

te
rc

ep
t o

f g
 (x

). 
(3

) 

(c
) 

Fi
nd

 th
e 

va
lu

es
 o

f x
 fo

r w
hi

ch
 f 

(x
) =

 g
 (x

). 
(2

) 

(d
) 

Le
t A

 b
e 

th
e 

re
gi

on
 w

he
re

 f 
(x

) 
 g

 (x
) a

nd
 x

 
 0

. 

(i)
 

O
n 

yo
ur

 g
ra

ph
 sh

ad
e 

th
e 

re
gi

on
 A

. 

(ii
) 

W
rit

e 
do

w
n 

an
 in

te
gr

al
 th

at
 re

pr
es

en
ts

 th
e 

ar
ea

 o
f A

. 

(ii
i) 

Ev
al

ua
te

 th
is

 in
te

gr
al

. 
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(4
) 

(e
) 

In
 th

e 
re

gi
on

 A
 fi

nd
 th

e 
m

ax
im

um
 v

er
tic

al
 d

is
ta

nc
e 

be
tw

ee
n 

f (
x)

 a
nd

 g
 (x

). 
(3

) 
(T

ot
al

 1
4 

m
ar

ks
) 

 76
. 

A
 p

ar
tic

le
 m

ov
es

 in
 a

 st
ra

ig
ht

 li
ne

. I
ts

 v
el

oc
ity

 v
 m

 s–1
 a

fte
r t

 se
co

nd
s i

s g
iv

en
 b

y 
v 

= 
t

– e
si

n 
t. 

Fi
nd

 th
e 

to
ta

l d
is

ta
nc

e 
tra

ve
lle

d 
in

 th
e 

tim
e 

in
te

rv
al

 [0
, 2
]

. 

(T
ot

al
 6

 m
ar

ks
) 

  77
. 

Th
e 

di
ag

ra
m

 b
el

ow
 sh

ow
s t

he
 g

ra
ph

 o
f y

1 =
 f 

(x
). 

y

x

2

 

 
O

n 
th

e 
ax

es
 b

el
ow

, s
ke

tc
h 

th
e 

gr
ap

h 
of

 y
2 =

 
f 

(x
)

. 

y

x

2

 (T
ot

al
 6

 m
ar

ks
) 

   78
. 

A
 c

lo
se

d 
cy

lin
dr

ic
al

 c
an

 h
as

 a
 v

ol
um

e 
of

 5
00

 c
m

3 . T
he

 h
ei

gh
t o

f t
he

 c
an

 is
 h

 c
m

 a
nd

 th
e 

ra
di

us
 

of
 th

e 
ba

se
 is

 r 
cm

. 

(a
) 

Fi
nd

 a
n 

ex
pr

es
si

on
 fo

r t
he

 to
ta

l s
ur

fa
ce

 a
re

a 
A 

of
 th

e 
ca

n,
 in

 te
rm

s o
f r

. 

(b
) 

G
iv

en
 th

at
 th

er
e 

is
 a

 m
in

im
um

 v
al

ue
 o

f A
 fo

r r
 >

 0
, f

in
d 

th
is

 v
al

ue
 o

f r
. 

(T
ot

al
 6

 m
ar

ks
) 

  79
.  

Th
e 

di
sp

la
ce

m
en

t s
 m

et
re

s o
f a

 m
ov

in
g 

bo
dy

 B
 fr

om
 a

 fi
xe

d 
po

in
t O

 a
t t

im
e 

t s
ec

on
ds

 is
 g

iv
en

 
by

 

s =
 5

0t
 –

 1
0t

2  +
 1

00
0.

 

(a
) 

Fi
nd

 th
e 

ve
lo

ci
ty

 o
f B

 in
 m

 s–1
. 

(b
) 

Fi
nd

 it
s m

ax
im

um
 d

is
pl

ac
em

en
t f

ro
m

 O
. 

 (
T

ot
al

 6
 m

ar
ks

) 

 80
. 

Th
e 

lin
e 

L 
is

 g
iv

en
 b

y 
th

e 
pa

ra
m

et
ric

 e
qu

at
io

ns
 x

 =
 1

 –
 λ

, y
 =

 2
 –

 3
λ,

 z 
= 

2.
 F

in
d 

th
e 

co
or

di
na

te
s 

of
 th

e 
po

in
t o

n 
L 

w
hi

ch
 is

 n
ea

re
st

 to
 th

e 
or

ig
in

. 
 (

T
ot

al
 6

 m
ar

ks
) 

81
. 

Th
e 

fu
nc

tio
n 

f i
s d

ef
in

ed
 o

n 
th

e 
do

m
ai

n 
x 
 

1 
by

 f 
(x

) =
 

xx
ln

. 

(a
) 

(i)
 

Sh
ow

, b
y 

co
ns

id
er

in
g 

th
e 

fir
st

 a
nd

 se
co

nd
 d

er
iv

at
iv

es
 o

f f
, t

ha
t t

he
re

 is
 o

ne
 

m
ax

im
um

 p
oi

nt
 o

n 
th

e 
gr

ap
h 

of
 f.

 

(ii
) 

St
at

e 
th

e 
ex

ac
t c

oo
rd

in
at

es
 o

f t
hi

s p
oi

nt
. 

(9
) 

(ii
i) 

Th
e 

gr
ap

h 
of

 f 
 h

as
 a

 p
oi

nt
 o

f i
nf

le
xi

on
 a

t P
. F

in
d 

th
e 

x-
co

or
di

na
te

 o
f P

. 
(3

) 

 
Le

t R
 b

e 
th

e 
re

gi
on

 e
nc

lo
se

d 
by

 th
e 

gr
ap

h 
of

 f,
 th

e 
x-

ax
is

 a
nd

 th
e 

lin
e 

x 
= 

5.
 

(c
) 

Fi
nd

 th
e 

ex
ac

t v
al

ue
 o

f t
he

 a
re

a 
of

 R
. 

(6
) 

(d
) 

Th
e 

re
gi

on
 R

 is
 ro

ta
te

d 
th

ro
ug

h 
an

 a
ng

le
 2

π 
ab

ou
t t

he
 x

-a
xi

s. 
Fi

nd
 th

e 
vo

lu
m

e 
of

 th
e 

so
lid

 
of

 re
vo

lu
tio

n 
ge

ne
ra

te
d.

 
(3

) 
(T

ot
al

 2
1 

m
ar

ks
) 

82
. 

Th
e 

no
rm

al
 to

 th
e 

cu
rv

e 
y 

= 
xk

+ 
ln

 x
2 , f

or
 x

 
 0

, k
 

 
, a

t t
he

 p
oi

nt
 w

he
re

 x
 =

 2
, h

as
 e

qu
at

io
n 

3x
 +

 2
y 

= 
b,

 w
he

re
 b

 
 

. F
in

d 
th

e 
ex

ac
t v

al
ue

 o
f k

. 

 (
T

ot
al

 6
 m

ar
ks

) 

83
. 

Th
e 

cu
rv

e 
y 

= 
33 x

 –
 x

2  –
 3

x 
+ 

4 
ha

s a
 lo

ca
l m

ax
im

um
 p

oi
nt

 a
t P

 a
nd

 a
 lo

ca
l m

in
im

um
 p

oi
nt

 a
t 

Q
. D

et
er

m
in

e 
th

e 
eq

ua
tio

n 
of

 th
e 

st
ra

ig
ht

 li
ne

 p
as

si
ng

 th
ro

ug
h 

P 
an

d 
Q

, i
n 

th
e 

fo
rm

 a
x 

+ 
by

 +
 c

 
= 

0,
 w

he
re

 a
, b

, c
 

 
. 

 (
T

ot
al

 6
 m

ar
ks

) 

84
. 

Th
e 

fo
llo

w
in

g 
di

ag
ra

m
 sh

ow
s t

he
 p

oi
nt

s A
 a

nd
 B

 o
n 

th
e 

ci
rc

um
fe

re
nc

e 
of

 a
 c

irc
le

, c
en

tre
 O

, a
nd

 
ra

di
us

 4
 c

m
, w

he
re

 
B

Ô
A

 =
 

. P
oi

nt
s A

 a
nd

 B
 a

re
 m

ov
in

g 
on

 th
e 

ci
rc

um
fe

re
nc

e 
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 th
at

 
 is
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si
ng
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t a

 c
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st
an

t r
at

e.
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A
B

O

 

 
G

iv
en

 th
at

 th
e 

ra
te

 o
f c

ha
ng

e 
of

 th
e 

le
ng

th
 o

f t
he

 m
in

or
 a
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B
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 n
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al
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 e
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e 
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 c
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ng
e 

of
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e 
ar

ea
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f t
he

 sh
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ed
 se
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en

t, 
fin

d 
th

e 
ac

ut
e 

va
lu

e 
of
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. 

 (
T

ot
al

 6
 m

ar
ks

) 

 85
. 

A
 m

an
 P

F 
is

 st
an

di
ng

 o
n 

ho
riz

on
ta

l g
ro

un
d 

at
 F

 a
t a

 d
is

ta
nc

e 
x 

fr
om

 th
e 

bo
tto

m
 o

f a
 v

er
tic

al
 

w
al

l G
E.

 H
e 

lo
ok

s a
t t

he
 p

ic
tu

re
 A

B
 o

n 
th

e 
w

al
l. 

Th
e 

an
gl

e 
B

PA
 is

 
. 

E B A D

G
F

P

x
 

 
Le

t D
A

 =
 a

, D
B

 =
 b

, w
he

re
 a

ng
le

 
E

DPˆ
 i

s a
 ri

gh
t a

ng
le

. F
in

d 
th

e 
va

lu
e 

of
 x

 fo
r w

hi
ch

 ta
n 
 

is
 a

 
m

ax
im

um
, g

iv
in

g 
yo

ur
 a

ns
w

er
 in

 te
rm

s o
f a

 a
nd

 b
. J

us
tif

y 
th

at
 th

is
 v

al
ue

 o
f x

 d
oe

s g
iv

e 
a 

m
ax

im
um

 v
al

ue
 o

f t
an

 
. 

(T
ot

al
 9

 m
ar

ks
) 

86
. 

Le
t f

 (x
) =

 3
x2  –

 x
 +

 4
. F

in
d 

th
e 

va
lu

es
 o

f m
 fo

r w
hi

ch
 th

e 
lin

e 
y 

= 
m

x 
+ 

1 
is

 a
 ta

ng
en

t t
o 

th
e 

gr
ap

h 
of

 f.
 

 (
T

ot
al

 6
 m

ar
ks

) 

 87
. 

Pa
rti

cl
e 

A
 m

ov
es

 in
 a

 st
ra

ig
ht

 li
ne

, s
ta

rti
ng

 fr
om

 O
A,

 su
ch

 th
at

 it
s v

el
oc

ity
 in

 m
et

re
s p

er
 se

co
nd

 
fo

r 0
 

 t 
 

9 
is

 g
iv

en
 b

y 

 
 

v A
 =

 
.

t
t

23
3

21
2





 

  
Pa

rti
cl

e 
B

 m
ov

es
 in

 a
 st

ra
ig

ht
 li

ne
, s

ta
rti

ng
 fr

om
 O

B,
 su

ch
 th

at
 it

s v
el

oc
ity

 in
 m

et
re

s p
er

 se
co

nd
 

fo
r 0

 
 t 
 

9 
is

 g
iv

en
 b

y 

 
 

v B
 =

 e
0.

2t
. 

(a
) 

Fi
nd

 th
e 

m
ax

im
um

 v
al

ue
 o

f v
A,

 ju
st

ify
in

g 
th

at
 it

 is
 a

 m
ax

im
um

. 
(5

) 

(b
) 

Fi
nd

 th
e 

ac
ce

le
ra

tio
n 

of
 B

 w
he

n 
t =

 4
. 

(3
) 

 
Th

e 
di

sp
la

ce
m

en
ts

 o
f A

 a
nd

 B
 fr

om
 O

A 
an

d 
O

B 
re

sp
ec

tiv
el

y,
 a

t t
im

e 
t a

re
 s A

 m
et

re
s a

nd
 s B

 
m

et
re

s. 
W

he
n 

t =
 0

, s
A 

= 
0,

 a
nd

 s B
 =

 5
. 

(c
) 

Fi
nd

 a
n 

ex
pr

es
si

on
 fo

r s
A 

an
d 

fo
r s

B,
 g

iv
in

g 
yo

ur
 a

ns
w

er
s i

n 
te

rm
s o

f t
. 

(7
) 

(d
) 

(i)
 

Sk
et

ch
 th

e 
cu

rv
es

 o
f s

A 
an

d 
s B

 o
n 

th
e 

sa
m

e 
di

ag
ra

m
. 

(ii
) 

Fi
nd

 th
e 

va
lu

es
 o

f t
 a

t w
hi

ch
 s A

 =
 s B

. 
(8

) 
(T

ot
al

 2
3 

m
ar

ks
) 

 88
.  

Th
e 

ra
di

us
 a

nd
 h

ei
gh

t o
f a

 c
yl

in
de

r a
re

 b
ot

h 
eq

ua
l t

o 
x 

cm
. T

he
 c

ur
ve

d 
su

rf
ac

e 
ar

ea
 o

f t
he

 
cy

lin
de

r i
s i

nc
re

as
in

g 
at

 a
 c

on
st

an
t r

at
e 

of
 1

0 
cm

2 /s
ec

. W
he

n 
x 

= 
2,

 fi
nd

 th
e 

ra
te

 o
f c

ha
ng

e 
of

 

(a
) 

th
e 

ra
di

us
 o

f t
he

 c
yl

in
de

r; 

(b
) 

th
e 

vo
lu

m
e 

of
 th

e 
cy

lin
de

r. 
 (

T
ot

al
 6

 m
ar

ks
) 

89
. 

Th
e 

fu
nc

tio
n 

f i
s d

ef
in

ed
 b

y 
f (

x)
 =

 
3

ln x
x

, x
 

1.
 

(a
) 

Fi
nd

 f 
′(x

) a
nd

 f 
′′(

x)
, s

im
pl

ify
in

g 
yo

ur
 a

ns
w

er
s. 

(6
) 

(b
) 

(i)
 

Fi
nd

 th
e 

ex
ac

t v
al

ue
 o

f t
he

 x
-c

oo
rd

in
at

e 
of

 th
e 

m
ax

im
um

 p
oi

nt
 a

nd
 ju

st
ify

 th
at

 th
is

 
is

 a
 m

ax
im

um
. 

(ii
) 

So
lv

e 
f ′

′(x
) =

 0
, a

nd
 sh

ow
 th

at
 a

t t
hi

s v
al

ue
 o

f x
, t

he
re

 is
 a

 p
oi

nt
 o

f i
nf

le
xi

on
 o

n 
th

e 
gr

ap
h 
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 o
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 p
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 c
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e 

ar
ea

 e
nc

lo
se

d 
by

 th
e 

cu
rv

e 
an

d 
th

e 
x-

ax
is

. 
(2

) 

(g
) 

Sh
ow

 th
at

 th
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


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 c
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l m
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 m
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e 

ar
ea

 o
f t

he
 re

gi
on

 e
nc

lo
se

d 
by

 f 
(x

) 
an

d 
th
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, b
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 p
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at
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s p
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l m
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) m
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 d
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

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
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
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
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

2
3

12
51

. 

(ii
) 

G
iv

en
 th

at
 

xw dd
 =

 z 
an

d 
w

 (0
) =

 0
, f

in
d 

w
 (x

). 

(ii
i) 

Sh
ow

 th
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 lx
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. 

(8
) 

(b
) 

Fi
nd

 th
e 

sa
g 

at
 th

e 
ce

nt
re

 o
f a

 ro
d 

of
 le

ng
th

 2
.4

 m
et

re
s. 

(2
) 

(T
ot

al
 1

0 
m

ar
ks

) 

 

ACS (Independent) Mathematics Department 273



5 

 14
. 

Fi
nd

 


x
xd

n1
. 

(T
ot

al
 3

 m
ar

ks
) 

15
. 

Th
e 

eq
ua

tio
n 

of
 m

ot
io

n 
of

 a
 p
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
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
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 m
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
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 b
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
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
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 
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 
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 
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 
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 b
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 
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al

ua
te

 th
is

 in
te

gr
al

. 
(4

) 

(e
) 

In
 th

e 
re

gi
on

 A
 fi

nd
 th

e 
m

ax
im

um
 v

er
tic

al
 d

is
ta

nc
e 

be
tw

ee
n 

f (
x)

 a
nd

 g
 (x

). 
(3

) 
(T

ot
al

 1
4 

m
ar

ks
) 

 3
0.

 
U

si
ng

 th
e 

su
bs

tit
ut

io
n 

y 
= 

2 
– 

x,
 o

r o
th

er
w

is
e,

 fi
nd

 
2

–
2


 

 
x

x
dx

. 

(T
ot

al
 6

 m
ar

ks
) 

31
. 

Th
e 

fu
nc

tio
n 

f w
ith

 d
om

ai
n 

 
 

2π
,0

 i
s d

ef
in

ed
 b

y 
f (

x)
 =

 c
os

 x
 +

 
3

si
n 

x.
 

 
Th

is
 fu

nc
tio

n 
m

ay
 a

ls
o 

be
 e

xp
re

ss
ed

 in
 th

e 
fo

rm
 R

 c
os

 (x
 –

 
) w

he
re

 R
 >

 0
 a

nd
 0

 <
 α

 <
 2π

. 

(a
) 

Fi
nd

 th
e 

ex
ac

t v
al

ue
 o

f R
 a

nd
 o

f α
. 

(3
) 

(b
) 

(i)
 

Fi
nd

 th
e 

ra
ng

e 
of

 th
e 

fu
nc

tio
n 

f. 

(ii
) 

St
at

e,
 g

iv
in

g 
a 

re
as

on
, w

he
th

er
 o

r n
ot

 th
e 

in
ve

rs
e 

fu
nc

tio
n 

of
 f 

ex
is

ts
. 

(5
) 

(c
) 

Fi
nd

 th
e 

ex
ac

t v
al

ue
 o

f x
 sa

tis
fy

in
g 

th
e 

eq
ua

tio
n 

f (
x)

 =
 

.2
 

(3
) 

(d
) 

U
si

ng
 th

e 
re

su
lt 

 


x
xd

se
c

= 
ln
s

ec
 x

 +
 ta

n 
x

+ 
C

, w
he

re
 C

 is
 a

 c
on

st
an

t, 

 
sh

ow
 th

at
 

 
).3

 2 + 
ln

(3
21

)
(d

2π 0



x

f
x

 

(5
) 

(T
ot

al
 1

6 
m

ar
ks

) 
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 32
. 

C
al

cu
la

te
 th

e 
ar

ea
 e

nc
lo

se
d 

by
 th

e 
cu

rv
es

 y
 =

 ln
 x

 a
nd

 y
 =

 e
x  –

 e
, x

 >
 0

. 

(T
ot

al
 6

 m
ar

ks
) 

33
. 

G
iv

en
 th

at
 

xy dd
 =

 e
x  –

 2
x 

an
d 

y 
= 

3 
w

he
n 

x 
= 

0,
 fi

nd
 a

n 
ex

pr
es

si
on

 fo
r y

 in
 te

rm
s o

f x
. 

(T
ot

al
 6

 m
ar

ks
) 

34
. 

(a
) 

Fi
nd

 




m

x
x

0
3

2
d

, g
iv

in
g 

yo
ur

 a
ns

w
er

 in
 te

rm
s o

f m
. 

(b
) 

G
iv

en
 th

at
 




m

x
x

0
3

2
d

 =
 1

, c
al

cu
la

te
 th

e 
va

lu
e 

of
 m

. 

(T
ot

al
 6

 m
ar

ks
) 

35
. 

Fi
nd

 


x
xx

d
ln

. 

(T
ot

al
 6

 m
ar

ks
) 

36
. 

Th
e 

te
m

pe
ra

tu
re

 T
 °

C
 o

f a
n 

ob
je

ct
 in

 a
 ro

om
, a

fte
r t

 m
in

ut
es

, s
at

is
fie

s t
he

 d
iff

er
en

tia
l e

qu
at

io
n 

tT dd
 =

 k
(T

 –
 2

2)
, w

he
re

 k
 is

 a
 c

on
st

an
t. 

(a
) 

So
lv

e 
th

is
 e

qu
at

io
n 

to
 sh

ow
 th

at
 T

 =
 A

ekt
 +

 2
2,

 w
he

re
 A

 is
 a

 c
on

st
an

t. 
(3

) 

(b
) 

W
he

n 
t =

 0
, T

 =
 1

00
, a

nd
 w

he
n 

t =
 1

5,
 T

 =
 7

0.
 

(i)
 

U
se

 th
is

 in
fo

rm
at

io
n 

to
 fi

nd
 th

e 
va

lu
e 

of
 A

 a
nd

 o
f k

. 

(ii
) 

H
en

ce
 fi

nd
 th

e 
va

lu
e 

of
 t 

w
he

n 
T 

= 
40

. 
(7

) 
(T

ot
al

 1
0 

m
ar

ks
) 

37
. 

Fi
nd

 th
e 

to
ta

l a
re

a 
of

 th
e 

tw
o 

re
gi

on
s e

nc
lo

se
d 

by
 th

e 
cu

rv
e 

y 
= 

x3  –
 3

x2  –
 9

x 
+2

7 
an

d 
th

e 
lin

e 
y 

= 
x 

+ 
3.

 

(T
ot

al
 6

 m
ar

ks
) 

38
. 

U
si

ng
 th

e 
su

bs
tit

ut
io

n 
2x

 =
 si

n 
,

 o
r o

th
er

w
is

e,
 fi

nd
 


 
 


.

d
4

1
2

x
x

 

(T
ot

al
 6

 m
ar

ks
) 

39
. 

C
on

si
de

r t
he

 c
om

pl
ex

 n
um

be
r z

 =
 c

os
 

+ 
i s

in
.

 

(a
) 

U
si

ng
 D

e 
M

oi
vr

e’
s t

he
or

em
 sh

ow
 th

at
 

zn  +
 

n z1
 =

 2
 c

os
 n
.

 

(2
) 

10
 

 

(b
) 

B
y 

ex
pa

nd
in

g 
4

1
 

 


z
z

 s
ho

w
 th

at
 

co
s4 

 =
 

81
(c

os
 4
 

+ 
4 

co
s 2

 
+ 

3)
. 

(4
) 

(c
) 

Le
t g

 (a
) =

 
a 0

4
d

co
s




. 

(i)
 

Fi
nd

 g
 (a

). 

(ii
) 

So
lv

e 
g 

(a
) =

 1
 

(5
) 

(T
ot

al
 1

1 
m

ar
ks

) 

40
. 

C
on

si
de

r t
he

 d
iff

er
en

tia
l e

qu
at

io
n 

1
e

dd
2



θy

θy
. 

(a
) 

U
se

 th
e 

su
bs

tit
ut

io
n 

x 
= 

e
 to

 sh
ow

 th
at

 







)1
(

d
d

2 x
x

x
yy

. 

(3
) 

(b
) 

Fi
nd



)1

(
d 2 x

x
x

. 

(4
) 

(c
) 

H
en

ce
 fi

nd
 y

 in
 te

rm
s o

f 
, i

f y
 =

 
2

 w
he

n 
 

= 
0.

 
(4

) 
(T

ot
al

 1
1 

m
ar

ks
) 

41
. 

Th
e 

fu
nc

tio
n 

f ′
 is

 g
iv

en
 b

y 
f ′

(x
) =

 2
si

n 
 

 


2
5

π
x

. 

(a
) 

W
rit

e 
do

w
n 

f ″
(x

). 

(b
) 

G
iv

en
 th

at
 f 

 
  2π

 =
 1

, f
in

d 
f (

x)
. 

 (
T

ot
al

 6
 m

ar
ks

) 

42
. 

U
se

 th
e 

su
bs

tit
ut

io
n 

u 
= 

x 
+ 

2 
to

 fi
nd

 



x

x
x

d
)2

(
2

3

. 

 (
T

ot
al

 6
 m

ar
ks

) 

43
. 

So
lv

e 
th

e 
di

ff
er

en
tia

l e
qu

at
io

n 
x

xy dd
 –

 y
2  =

 1
, g

iv
en

 th
at

 y
 =

 0
 w

he
n 

x 
= 

2.
 G

iv
e 

yo
ur

 a
ns

w
er

 in
 

th
e 

fo
rm

 y
 =

 f 
(x

). 
 (

T
ot

al
 6

 m
ar

ks
) 
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 *4
4.

 
(a

) 
Ex

pr
es

s a
s p

ar
tia

l f
ra

ct
io

ns
 

)2
)(4

(
4

2
2





x

x
x

. 

(b
) 

H
en

ce
 o

r o
th

er
w

is
e,

 fi
nd

 






)2

)(4
(

4
2

2
x

x
x

dx
. 

 (
T

ot
al

 6
 m

ar
ks

) 

45
. 

Th
e 

fu
nc

tio
n 

f i
s d

ef
in

ed
 b

y 
f (

x)
 =

 e
px

(x
 +

 1
), 

he
re

 p
 

 
. 

(a
) 

(i)
 

Sh
ow

 th
at

 f 
(x

) =
 e

px
(p

(x
 +

 1
) +

 1
). 

(ii
) 

Le
t f

 (n
) (x

) d
en

ot
e 

th
e 

re
su

lt 
of

 d
iff

er
en

tia
tin

g 
f (

x)
 w

ith
 re

sp
ec

t t
o 

x,
 n

 ti
m

es
. 

U
se

 m
at

he
m

at
ic

al
 in

du
ct

io
n 

to
 p

ro
ve

 th
at

  

f (n
) (x

) =
 p

n–
1 epx

 (p
(x

 +
 1

) +
 n

), 
n 


 
+ . 

(7
) 

(b
) 

W
he

n 
p 

= 
3

, t
he

re
 is

 a
 m

in
im

um
 p

oi
nt

 a
nd

 a
 p

oi
nt

 o
f i

nf
le

xi
on

 o
n 

th
e 

gr
ap

h 
of

 f.
 F

in
d 

th
e 

ex
ac

t v
al

ue
 o

f t
he

 x
-c

oo
rd

in
at

e 
of

 

(i)
 

th
e 

m
in

im
um

 p
oi

nt
; 

 

(ii
) 

th
e 

po
in

t o
f i

nf
le

xi
on

. 
(4

) 

(c
) 

Le
t p

 =
 

21
. L

et
 R

 b
e 

th
e 

re
gi

on
 e

nc
lo

se
d 

by
 th

e 
cu

rv
e,

 th
e 

x-
ax

is
 a

nd
 th

e 
lin

es
 x

 =
 –

2 
an

d 

x 
= 

2.
 F

in
d 

th
e 

ar
ea

 o
f R

. 
(2

) 
(T

ot
al

 1
3 

m
ar

ks
) 

46
. 

Fi
nd

 


x e
 c

os
 x

 d
x.

 
 (

T
ot

al
 6

 m
ar

ks
) 

47
. 

(a
) 

G
iv

en
 th

at
 

,
xc

bx
x

a
x

x
x

)
(1

)
(1

)
(1 )

(1
2

2

2










 c
al

cu
la

te
 th

e 
va

lu
e 

of
 a

, o
f b

 a
nd

 o
f c

. 

(5
) 

(b
) 

(i)
 

H
en

ce
, f

in
d 

I =
 

.
d )

(1 )
(1

2

2

x
x

x
x





 

(ii
) 

If
 I 

= 
4π

 w
he

n 
x 

= 
1,

 c
al

cu
la

te
 th

e 
va

lu
e 

of
 th

e 
co

ns
ta

nt
 o

f i
nt

eg
ra

tio
n 

gi
vi

ng
 y

ou
r 

an
sw

er
 in

 th
e 

fo
rm

 p
 +

 q
 ln

 r 
w

he
re

 p
, q

, r


 
 

(7
) 

(T
ot

al
 1

2 
m

ar
ks

) 

48
. 

Le
t f

 (x
) =

 2
0.

5x
 a

nd
 g

 (x
) =

 3
–0

.5
x  +

 
35

. L
et

 R
 b

e 
th

e 
re

gi
on

 c
om

pl
et

el
y 

en
cl

os
ed

 b
y 

th
e 

gr
ap

hs
 

of
 f 

an
d 

g,
 a

nd
 th

e 
y-

ax
is

. F
in

d 
th

e 
ar

ea
 o

f R
. 

 (
T

ot
al

 6
 m

ar
ks

) 

12
 

 49
. 

Fi
nd

 


x
2 e

 s
in

 x
 d

x.
 

 (
T

ot
al

 6
 m

ar
ks

) 

50
. 

So
lv

e 
th

e 
di

ff
er

en
tia

l e
qu

at
io

n 

 
 

(x
 +

 2
)2  

xy dd
 =

 4
xy

 
(x

 
 –

2)
 

gi
ve

n 
th

at
 y

 =
1 

w
he

n 
x 

= 
−1

. 
 (

T
ot

al
 6

 m
ar

ks
) 

51
. 

Th
e 

re
gi

on
 e

nc
lo

se
d 

by
 th

e 
cu

rv
es

 y
2  =

 k
x 

an
d 

x2  =
 k

y,
 w

he
re

 k
 

 0
, i

s d
en

ot
ed

 b
y 

R.
 G

iv
en

 th
at

 
th

e 
ar

ea
 o

f R
 is

 1
2,

 fi
nd

 th
e 

va
lu

e 
of

 k
. 

 (
T

ot
al

 6
 m

ar
ks

) 

42
. 

Th
e 

fu
nc

tio
n 

f i
s d

ef
in

ed
 b

y 
f (

x)
 =

 
3

ln x
x

, x
 

1.
 

(a
) 

Fi
nd

 f 
′(x

) a
nd

 f 
′′(

x)
, s

im
pl

ify
in

g 
yo

ur
 a

ns
w

er
s. 

(6
) 

(b
) 

(i)
 

Fi
nd

 th
e 

ex
ac

t v
al

ue
 o

f t
he

 x
-c

oo
rd

in
at

e 
of

 th
e 

m
ax

im
um

 p
oi

nt
 a

nd
 ju

st
ify

 th
at

 th
is

 
is

 a
 m

ax
im

um
. 

(ii
) 

So
lv

e 
f ′

′(x
) =

 0
, a

nd
 sh

ow
 th

at
 a

t t
hi

s v
al

ue
 o

f x
, t

he
re

 is
 a

 p
oi

nt
 o

f i
nf

le
xi

on
 o

n 
th

e 
gr

ap
h 

of
 f.

 

(ii
i) 

Sk
et

ch
 th

e 
gr

ap
h 

of
 f,

 in
di

ca
tin

g 
th

e 
m

ax
im

um
 p

oi
nt

 a
nd

 th
e 

po
in

t o
f i

nf
le

xi
on

. 
(1

1)
 

Th
e 

re
gi

on
 e

nc
lo

se
d 

by
 th

e 
x-

ax
is

, t
he

 g
ra

ph
 o

f f
 a

nd
 th

e 
lin

e 
x 

= 
3 

is
 d

en
ot

ed
 b

y 
R.

 

(c
) 

Fi
nd

 th
e 

vo
lu

m
e 

of
 th

e 
so

lid
 o

f r
ev

ol
ut

io
n 

ob
ta

in
ed

 w
he

n 
R 

is
 ro

ta
te

d 
th

ro
ug

h 
36

0
 a

bo
ut

 
th

e 
x-

ax
is

. 
(3

) 

(d
) 

Sh
ow

 th
at

 th
e 

ar
ea

 o
f R

 is
 

181
 (

4 
– 

ln
 3

). 

(6
) 

(T
ot

al
 2

6 
m

ar
ks

) 

53
. 

Le
t y

 =
 c

os
 

+ 
i s

in
.

 

(a
) 

Sh
ow

 th
at

 
θy dd

 =
 iy

. 

 
[Y

ou
 m

ay
 a

ss
um

e 
th

at
 fo

r t
he

 p
ur

po
se

s o
f d

iff
er

en
tia

tio
n 

an
d 

in
te

gr
at

io
n,

 i 
m

ay
 b

e 
tre

at
ed

 
in

 th
e 

sa
m

e 
w

ay
 a

s a
 re

al
 c

on
st

an
t.]

 
(3

) 

(b
) 

H
en

ce
 sh

ow
, u

si
ng

 in
te

gr
at

io
n,

 th
at

 y
 =

 e
i

. 
 

(5
) 

(c
) 

U
se

 th
is

 re
su

lt 
to

 d
ed

uc
e 

de
 M

oi
vr

e’
s t

he
or

em
. (

as
su

m
e 

(b
) i

s t
ru

e)
 

(2
) 
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(d
) 

(i)
 

G
iv

en
 th

at
 

θθ
si

n6
si

n
 =

 a
 c

os
5 

 +
 b

 c
os

3 
 +

 c
 c

os
,

 w
he

re
 si

n
 


 0
, u

se
 d

e 

M
oi

vr
e’

s t
he

or
em

 w
ith

 n
 =

 6
 to

 fi
nd

 th
e 

va
lu

es
 o

f t
he

 c
on

st
an

ts
 a

, b
 a

nd
 c

. 

(ii
) 

H
en

ce
 d

ed
uc

e 
th

e 
va

lu
e 

of
 

θθ
si

n6
si

n
lim

0


. 

(1
0)

 
(T

ot
al

 2
0 

m
ar

ks
) 

54
. 

Le
t f

 (x
) =

 x
 ln

 x
 −

 x
, x

 
 0

. 

(a
) 

Fi
nd

 f 
′ (

x)
. 

(b
) 

U
si

ng
 in

te
gr

at
io

n 
by

 p
ar

ts
 fi

nd
 

.x
x

d
)

(ln
2


 

 (
T

ot
al

 6
 m

ar
ks

) 

55
. 

Th
e 

fu
nc

tio
n 

f i
s d

ef
in

ed
 a

s f
 (x

) =
 si

n 
x 

ln
 x

 fo
r x


 [0
.5

, 3
.5

]. 

(a
) 

W
rit

e 
do

w
n 

th
e 

x-
in

te
rc

ep
ts

. 

(b
) 

Th
e 

ar
ea

 a
bo

ve
 th

e 
x-

ax
is

 is
 A

 a
nd

 th
e 

to
ta

l a
re

a 
be

lo
w

 th
e 

x-
ax

is
 is

 B
. I

f A
 =

 k
B,

 fi
nd

 k
. 

 (
T

ot
al

 6
 m

ar
ks

) 

56
. 

So
lv

e 
th

e 
di

ff
er

en
tia

l e
qu

at
io

n 
(x

2  +
 1

) 
xy dd

 –
 x

y 
= 

0 
w

he
re

 x
 

 0
, y

 
 0

, g
iv

en
 th

at
 y

 =
1 

w
he

n 

x 
= 

1.
 

 (
T

ot
al

 6
 m

ar
ks

) 

57
. 

So
lv

e 
th

e 
di

ff
er

en
tia

l e
qu

at
io

n 
xy dd

 =
 2

xy
2  g

iv
en

 th
at

 y
 =

 1
 w

he
n 

x 
= 

0.
 

G
iv

e 
yo

ur
 a

ns
w

er
 in

 th
e 

fo
rm

 y
 =

 f 
(x

). 
 (

T
ot

al
 6

 m
ar

ks
) 

58
. 

Th
e 

gr
ap

h 
of

 y
 =

 si
n 

(3
x)

 fo
r 0

 
 x

 
 

4π
 i

s i
s r

ot
at

ed
 th

ro
ug

h 
2

 ra
di

an
s a

bo
ut

 th
e 

x-
ax

is
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





ar

ct
an

21
1

ln
41

1
ln

21
2

 
 

(ii
) 

 
 










2
,

43
,

83
2

ln
43

83
r

q
p
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ce

pt
k




 

48
. 

A
re

a 
= 

1.
66

 
 

49
. 










C
x

x
x

x
x

x
co

s
si

n
2

5e
d

si
n

e
2

2
 

 

50
.  

ln
 y

 =
 4

 ln
 (x

 +
 2

) +
 

8
2

8


x
 

  

51
. 

k 
= 

6 
 

52
. 

(a
) 




6

2
3

ln
3

1

x

x
x

x
x

x
f







; 






83
4

ln3
1

4
3

x

x
x

x
x

x
f










= 
5

ln
12

7
x

x



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) 

(i)
 

31

e
x
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 (c
) 

0.
04

58
 

 

53
. 

(d
) 

(ii
) 6

 
 

54
.  

(a
) 

ln
 x

 
 

(b
) 

x 
(ln

 x
)2  

 2
x 

ln
 x

 +
 2

x 
+ 

C
 

55
.  

(a
) 

x-
in

te
rc

ep
ts

 a
re

 x
 =

 1
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nd
 x

 =
 

 
 

(b
) 

k 
= 

5.
17

 
 

56
. 

2
1

2



x

y
 

 

57
. 

 
 








2

2
1

1
1

1
x

x
y

 
  

58
. 

 
 




 
 


12

8
61

4
2

2






 

 

59
. 

(b
) 

A 
= 

0.
20

1 
  

60
. 

 
 





 

 


21
ar

ct
an

31 , 31
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ct
an

31
12

31
ar

ct
an

ar
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an
1

31
 

 

61
. 

(b
) 

∫
21

2
si

n
41

d
co

s2
C

x
x

x
x





 

  

(c
) 

3
±

=


x
 

 

(d
) 

 

24
 

 

 

 
 

 

  (e
) 

(i)
 




∫3 3
–

2
2

d
se

c
–

co
s

16
 


x

x
x

 
 

(ii
) 

 
 


38

3
π2


 

 

63
.  

16
a

3  
  

64
. 

1
1

ar
cs

in
2





a
a

a
 

 

65
.  

3
3

3
3

x
x

y



 

 

66
.  

 
  

32
2

38
 

 

67
.  

2
 

 
e5

 
 

 69
. 







c
y

y
y

y





|
ln

se
c

|
ln

d
ln

ta
n

 
  

70
. 

(a
) 

x 
= 

1.
28

 
  

(b
) 

1.
18
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 71
. 

(a
) 

(i)
 







 
 











10 5

2

5 10
2

d
1

1
50

d
1

1
50

v
v

v
v

v
v

t
 

 

(ii
) 





  

  


se
c

10
1

10
4

ln
25

se
c

73
2

.0
t

 
 

(b
) 

(ii
) 

x 
= 

50
(a

rc
ta

n1
0 
 

ar
ct

an
 v

) 
 

   72
.  

(b
) 

1 
 

ae
a

 
 e
a

 
 

  (c
) 

1 
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A
ng

lo
-C

hi
ne

se
 S

ch
oo

l (
I

nd
ep

en
de

nt
)  

Ye
ar

 6
 IB

D
P 

M
at

he
m

at
ic

s 
H

L 

To
pi

c 
5c

 : 
Ca

lc
ul

us
 –

 M
ac

la
ur

in
’s

 S
er

ie
s,

 l’
H

op
ita

l’s
 R

ul
e,

 a
nd

 D
iff

er
en

tia
l 

Eq
ua

tio
ns

 

1.
 

C
on

si
de

r t
he

 d
iff

er
en

tia
l e

qu
at

io
n 

𝑥
d𝑦 d𝑥

ൌ
𝑦

൅
ඥ

𝑥ଶ
െ

𝑦ଶ ,
 𝑥

൐
0,

 𝑥
ଶ

൐
𝑦ଶ . 

(a
) 

Sh
ow

 th
at

 th
is

 is
 a

 h
om

og
en

eo
us

 d
iff

er
en

tia
l e

qu
at

io
n.

 
 

[1
] 

(b
) 

Fi
nd

 th
e 

ge
ne

ra
l s

ol
ut

io
n,

 g
iv

in
g 

yo
ur

 a
ns

w
er

 in
 th

e 
fo

rm
 𝑦

ൌ
𝑓ሺ

𝑥ሻ
.

[7
] 

2.
 

(a
) 

Th
e 

fu
nc

tio
n 

𝑓 
is

 d
ef

in
ed

 b
y 

𝑓 ሺ
𝑥 ሻ

ൌ
ar

cs
in

ሺ2
𝑥 ሻ

, w
he

re
 െ

ଵ ଶ
൑

𝑥
൑

ଵ ଶ. 

B
y 

fin
di

ng
 a

 su
ita

bl
e 

nu
m

be
r o

f d
er

iv
at

iv
es

 o
f 𝑓

, f
in

d 
th

e 
fir

st
 tw

o 
no

n-
ze

ro
 te

rm
s i

n 
th

e 
M

ac
la

ur
in

 se
rie

s f
or

 𝑓
. 

[8
] 

(b
) 

H
en

ce
 o

r o
th

er
w

is
e,

 fi
nd

 





3
0

ar
cs

in
2

2
lim

2
x

x
x

x



. 

[3
] 

3.
 

C
on

si
de

r t
he

 d
iff

er
en

tia
l e

qu
at

io
n 

d𝑦 d𝑥
ൌ

4𝑥
2 ൅

𝑦2 െ
𝑥𝑦

𝑥2
, w

ith
 

2
y


 w
he

n 
1

x


. 

(a
) 

U
se

 E
ul

er
’s

 m
et

ho
d,

 w
ith

 st
ep

 le
ng

th
 

0.
1

h


, t
o 

fin
d 

an
 a

pp
ro

xi
m

at
e 

va
lu

e 
of

 y
 w

he
n

1.
4

x


.
[5

] 

(b
) 

(i)
 

Ex
pr

es
s 𝑚

ଶ
െ

2𝑚
൅

4 
in

 th
e 

fo
rm

 ሺ𝑚
െ

𝑎 ሻ
ଶ

൅
𝑏 

, w
he

re
 𝑎

, 𝑏
∈

ℤ.
 

[1
] 

(ii
) 

So
lv

e 
th

e 
di

ff
er

en
tia

l e
qu

at
io

n,
 fo

r 𝑥
൐

0,
 g

iv
in

g 
yo

ur
 a

ns
w

er
 in

 th
e 

fo
rm

 
𝑦

ൌ
𝑓 ሺ

𝑥 ሻ
.

[1
0]

 

4.
 

(a
) 

A
 si

m
pl

e 
m

od
el

 to
 p

re
di

ct
 th

e 
po

pu
la

tio
n 

of
 th

e 
w

or
ld

 is
 se

t u
p 

as
 fo

llo
w

s. 
A

t t
im

e 
𝑡 

ye
ar

s 
th

e 
po

pu
la

tio
n 

of
 th

e 
w

or
ld

 is
 𝑥

, w
hi

ch
 c

an
 b

e 
as

su
m

ed
 to

 b
e 

a 
co

nt
in

uo
us

 v
ar

ia
bl

e.
 T

he
 ra

te
 

of
 in

cr
ea

se
 o

f 𝑥
 d

ue
 to

 b
irt

hs
 is

 0
.0

56
𝑥 

an
d 

th
e 

ra
te

 o
f d

ec
re

as
e 

of
 𝑥

 d
ue

 to
 d

ea
th

s i
s 0

.0
35

𝑥.
 

Sh
ow

 th
at

 ୢ௫ ୢ௧
ൌ

0.
02

1𝑥
. 

[1
] 

(b
) 

Fi
nd

 a
 p

re
di

ct
io

n 
fo

r t
he

 n
um

be
r o

f y
ea

rs
 it

 w
ill

 ta
ke

 fo
r t

he
 p

op
ul

at
io

n 
of

 th
e 

w
or

ld
 to

do
ub

le
. 

[6
] 

5.
 

U
si

ng
 L

’ H
ôp

ita
l’s

 ru
le

, f
in

d 
lim ௫→

଴
ቀ୲ୟ

୬ 
ଷ௫

ି
ଷ 

୲ୟ
୬ 

௫
ୱ୧

୬ 
ଷ௫

ି
ଷ 

ୱ୧
୬ 

௫
ቁ.

 
[9

] 

6.
 

(a
) 

C
on

si
de

r t
he

 d
iff

er
en

tia
l e

qu
at

io
n 

2𝑥
𝑦

ୢ௬ ୢ௫
ൌ

𝑦ଶ
െ

𝑥ଶ , w
he

re
 𝑥

൐
0.

 

So
lv

e 
th

e 
di

ff
er

en
tia

l e
qu
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io

n 
an

d 
sh

ow
 th

at
 a

 g
en

er
al

 so
lu

tio
n 

is
 𝑥

ଶ
൅

𝑦ଶ
ൌ

𝑐𝑥
 w

he
re

 𝑐
 is

 a
 

po
si

tiv
e 

co
ns

ta
nt

. 
 

 
 

 
 

 
 

 
[1

1]
 

(b
) 

Pr
ov

e 
th

at
 th

er
e 

ar
e 

tw
o 

ho
riz

on
ta

l t
an

ge
nt

s t
o 

th
e 

ge
ne

ra
l s

ol
ut

io
n 

cu
rv

e 
an

d 
st

at
e 

th
ei

r 
eq

ua
tio

ns
, i

n 
te

rm
s o

f 𝑐
.

[5
] 

7.
 

(a
) 

U
se

 L
’H

ôp
ita

l’s
 ru

le
 to

 d
et

er
m

in
e 

th
e 

va
lu

e 
of

 

lim ௫→
଴

൭eି
ଷ௫

ଶ
൅

3 
co

s ሺ
2𝑥

ሻെ
4

3𝑥
ଶ

൱ 

[5
] 

(b
) 

H
en

ce
 fi

nd
 li

m
௫→

଴
ቆ׬

ቀୣ
ష

య೟
మ ା

ଷ 
ୡ୭

ୱ ሺ
ଶ௧

ሻି
ସ ቁ

ೣ బ
 ୢ

௧

׬
ଷ௧

మ
ೣ బ

 ୢ
௧

ቇ.
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] 

8.
 

(a
) 

C
on

si
de

r t
he

 d
iff

er
en

tia
l e

qu
at

io
n 

ୢ௬ ୢ௫
ൌ

1
൅

௬ ௫, w
he

re
 𝑥

്
0.

 

G
iv

en
 th

at
 𝑦

ሺ1
ሻ

ൌ
1,

 u
se

 E
ul

er
’s

 m
et

ho
d 

w
ith

 st
ep

 le
ng

th
 ℎ

 =
 0

.2
5 

to
 fi

nd
 a

n 
ap

pr
ox

im
at

io
n 

fo
r 𝑦

ሺ2
ሻ.

 G
iv

e 
yo

ur
 a

ns
w

er
 to

 tw
o 

si
gn

ifi
ca

nt
 fi

gu
re

s. 
[4

] 

(b
) 

So
lv

e 
th

e 
eq

ua
tio

n 
ୢ௬ ୢ௫

ൌ
1

൅
௬ ௫ fo

r 𝑦
ሺ1

ሻ
ൌ

1.
 

[6
] 

(c
) 

Fi
nd

 th
e 

pe
rc

en
ta

ge
 e

rr
or

 w
he

n 
𝑦 ሺ

2 ሻ
 is

 a
pp

ro
xi

m
at

ed
 b

y 
th

e 
fin

al
 ro

un
de

d 
va

lu
e 

fo
un

d 
in

 
pa
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G

iv
e 

yo
ur

 a
ns

w
er

 to
 tw

o 
si

gn
ifi

ca
nt

 fi
gu

re
s.

[3
] 

9.
 

A
 d

iff
er

en
tia

l e
qu

at
io

n 
is

 g
iv

en
 b

y 
ୢ௬ ୢ௫

ൌ
௬ ௫ , 

w
he

re
 x

 >
 0

 a
nd

 y
 >

 0
. 

(a
) 

So
lv

e 
th

is
 d

iff
er

en
tia

l e
qu

at
io

n 
by

 se
pa

ra
tin

g 
th

e 
va

ria
bl

es
, g

iv
in

g 
yo

ur
 a

ns
w

er
 in

 th
e 

fo
rm

 
y 

= 
f (

x)
. 
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] 

(b
) 

So
lv

e 
th

e 
sa

m
e 

di
ff

er
en

tia
l e

qu
at

io
n 

by
 u

si
ng

 th
e 

st
an

da
rd

 h
om

og
en

eo
us

 su
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tit
ut

io
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y 
= 

vx
. 

[4
] 

(c
) 

So
lv

e 
th

e 
sa

m
e 

di
ff

er
en

tia
l e

qu
at

io
n 

by
 th

e 
us

e 
of
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n 
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te

gr
at

in
g 

fa
ct

or
. 
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] 

(d
)

If
 y

 =
 2

0 
w

he
n 

x 
= 

2 
, f

in
d 

y 
w

he
n 

x 
= 

5 
.

[1
]
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10
. T

he
 fu

nc
tio

n 
𝑓 

is
 d

ef
in

ed
 b

y 
𝑓ሺ

𝑥ሻ
 ൌ

 ሺ
ar

cs
in

 𝑥
ሻଶ , െ

1
൑

𝑥
൑

1.
 

Th
e 

fu
nc

tio
n 

𝑓 
sa

tis
fie

s t
he

 e
qu

at
io

n 
ሺ1

െ
𝑥ଶ ሻ𝑓

ᇳ ሺ𝑥
ሻെ

𝑥𝑓
ᇱ ሺ𝑥

ሻെ
2

ൌ
0.
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) 

Sh
ow

 th
at

 𝑓
ᇱ ሺ0

ሻ
ൌ

0.
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] 

(b
) 

B
y 

di
ff

er
en

tia
tin

g 
th

e 
ab

ov
e 
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tio
n 
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e,
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ow
 th

at
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െ

𝑥ଶ ሻ𝑓
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ሻ ሺ𝑥
ሻെ
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𝑓ሺଷ

ሻ ሺ𝑥
ሻെ

4𝑓
ᇳ ሺ𝑥

ሻ
ൌ

0 

w
he

re
 𝑓

ሺଷ
ሻ ሺ𝑥

ሻ a
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 𝑓
ሺସ

ሻ ሺ𝑥
ሻ d

en
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e 
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an

d 
4t

h 
de

riv
at

iv
e 

of
 𝑓

ሺ𝑥
ሻ r

es
pe

ct
iv

el
y.
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] 

(c
) 

H
en

ce
 sh

ow
 th

at
 th

e 
M

ac
la

ur
in

 se
rie

s f
or

 𝑓
ሺ𝑥

ሻ u
p 

to
 a

nd
 in
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ud

in
g 
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e 

te
rm

 in
 𝑥

ସ  is
 

𝑥ଶ
൅

ଵ ଷ
𝑥ସ .

[3
] 

(d
) 

U
se

 th
is

 se
rie

s a
pp

ro
xi

m
at

io
n 

fo
r 𝑓

ሺ𝑥
ሻ w

ith
 𝑥

ൌ
ଵ ଶ to

 fi
nd
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ox
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e 

va
lu

e 
fo

r 𝜋
ଶ . 
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] 

11
. C

on
si

de
r t

he
 d

iff
er

en
tia

l e
qu

at
io

n 
𝑥

ୢ௬ ୢ௫
െ

𝑦
ൌ

𝑥௣
൅

1 
w

he
re

 𝑥
∈

ℝ
, 𝑥

്
0 

an
d 

𝑝 
is

 a
 p

os
iti

ve
 

in
te

ge
r, 

𝑝
൐

1.
 

(a
) 

So
lv

e 
th

e 
di

ff
er

en
tia

l e
qu

at
io

n 
gi

ve
n 

th
at

 𝑦
ൌ

െ
1 

w
he

n 
𝑥

ൌ
1.

 G
iv

e 
yo

ur
 a

ns
w

er
 in

 th
e

fo
rm

 𝑦
ൌ

𝑓 ሺ
𝑥 ሻ

.
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] 

(b
) 

(i)
 

Sh
ow

 th
at

 th
e 

𝑥-
co

or
di

na
te

(s
) o

f t
he

 p
oi

nt
s o

n 
th

e 
cu

rv
e 

𝑦
ൌ

𝑓 ሺ
𝑥 ሻ

 w
he

re
 ୢ௬ ୢ௫

ൌ
0 

 

sa
tis

fy
 th

e 
eq

ua
tio

n 
𝑥௣ି

ଵ
ൌ

ଵ ௣. 
[2

] 

(ii
) 

D
ed

uc
e 

th
e 

se
t o

f v
al

ue
s f

or
 𝑝

 su
ch

 th
at

 th
er

e 
ar

e 
tw

o 
po

in
ts

 o
n 

th
e 

cu
rv

e 
𝑦

ൌ
𝑓 ሺ

𝑥 ሻ
w

he
re

 ୢ௬ ୢ௫
ൌ
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 G

iv
e 

a 
re

as
on

 fo
r y

ou
r a

ns
w

er
. 

[2
] 

12
. (

a)
 

Fi
nd

 th
e 

fir
st

 th
re

e 
te

rm
s o

f t
he

 M
ac

la
ur

in
 se

rie
s f

or
 ln

ሺ1
൅

e௫
ሻ .

[6
] 

(b
) 

H
en

ce
, o

r o
th

er
w

is
e,

 d
et

er
m

in
e 

th
e 

va
lu

e 
of

 li
m

௫→
଴

ଶ୪
୬ሺ

ଵା
ୣೣ

ሻି
௫ି

୪୬
ସ

௫మ
 . 

[4
] 

13
.U

se
 l’

H
ôp

ita
l’s

 ru
le

 to
 d

et
er

m
in

e 
th

e 
va

lu
e 

of
[7

] 
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