Eunoia Junior College
2020 JC 2 Prelim Exam H2 Mathematics Paper 1

Suggested solution

X*+yP=y(x=3) oo (1)
Differentiating throughout with respect to x, we have
dy

2X+2y—
ydx

= y+ﬂ(x—3).
dx

dy
Yoy-x+3)=y-2
:>dx(yx+)y X

Ldy_ y-2x
dx 2y—-x+3

For tangent to be parallel to y-axis, gradient must be undefined.
So 2y—-x+3=0.
= X=2y+3

Subinto (1): (2y +3)% +y* = y(2y)
=3y’ +12y+9=0

= (y+3)(y+1)=0

=>y=-30r -1

The points at which the tangents are parallel to the y-axis are
(-3, -3) and (1, -1).

Alternatively:
2y—x+3=0
=y X-3

2

. Co (Xx=3Y _(x=3),.
Subinto (1): x +[ 5 j_[ 5 )(x 3)

) [xz —6Xx+9

> X =| ——
4

= x*+2x-3=0
=x=1lor-3
=y=-1or -3
The points at which the tangents are parallel to the y-axis are
(-3, -3) and (1, -1)

J:>3x2+6x—9=0




Suggested solution

d(tan xz)
dx

I x’sec?x’dx = %J' X (2x sec? x2 ) do

= 2xsec? x*

du

U=x>=—=2x
dx
dv
— =2xsec’ x> = v = tan x
dx
Therefore,

Ix3seczx2dx = %[xz tan x? —J'2xtan xzde] = %(x2 tan x> —1In ‘sec xz‘) +C

where c is an arbitrary constant

Suggested solution

(i)

dr_dr dv

dt dv dt

\ =ﬂnr3:d—vz4m‘2
3 dr

dr _dr _dVv

___X_
dt dv dt
Given (L—\t/=12 (constant)

dr 12 3

E Anr® oar?

Atr=5, ﬂ= 3 5 =i=0.0382 cm/min
dt z(5)° 257«

(i) A= 4nr?
d—A=87rr
dr
dA_da_dr
dt dr dt
3 24
(87 )7rr2 r

In 10 min, the volume of the balloon V =12x10 =120 cm?.
V =£7rl‘3 =120
3

r= ‘3[% ~ 3.0598
T

At t=10 min, d—A = 243/£ ~ 24 ~ 7.84 cm/min
dt 90 3.0598




Suggested solution

(i)
yA
y:bhfﬂ
(a+1, b) _ ab
a0/ | 1]
Ol(a,0) y =0 >
x=1

(ii)Multiplying b to |x—a| < gives b|x—a|< (“b>0)

IJJ IJJ

Hence from the graph,

|x—a|sﬁ:>0<x<a+],x¢l
X_

Suggested solution

(i) |
_AX _y: X
y=¢ :dX e

1, 2y

i I[ J[j ) Iy+1Oly

yot
y

— Iy +1)+d (v +150)

:%In(ezx+1)+d

where d is an arbitrary constant.

(i1)
e =%(e* +e‘x)+% (e*—e™)

X

J-(e +e )+(e —e™) dX:lJ.[“ex_e:deX
2 e’ +e

e*+e™*

:%[x+ln(ex+e‘x)]+c (we*+e”>0)

where c is an arbitrary constant.
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(i) From (ii),
2X
F=1[x+ln(ex+e‘x)]+c=1x+iln e+l +C
2 2 2

eX

=1x+lln(e2X +1)—1In(ex)+c =1x+lln(e2X +1)—1x+c
2 2 2 2 2 2

=%In(e2X +1)+c

The difference is |c— d| , Where ¢ and d are the arbitrary constants for the answers
in (ii) and (i) respectively.

5

Suggested solution

(i)
Lety=a+

XeR, Xx#a,

fl:x—>a+

3(x-a)
Method 1
Since f=f, f*(x) =ff (x) =x

Method 2
2 2
f (x)_f(a+3(x_a)J
=a+ 2 =a+ 2 =a+(x-a)=x
3l a+ 2 -a 3 2
3(x—a) 3(x—a)
(ii)
£2¢42 (x) = FF 2 (x) = F (%)
fz"+1(2a)=f(2a)=a+i
3a
(iii)

2
For maximum value of g(x) =%—(x— ‘ /%+1J ,




2
It occurs at x=,/%+1 [When[x—‘/%+1J =0]

From the sketch, R, = [—oo,g} cR\{a} =D
2

Therefore, fg exists

When we restrict D; = (—oo,%}

v

4
Range of fg=|a——,a
g g [ 3a )
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Suggested solution

S,=5=3a+b+c
S,=14=9a+2b+c
S,=47=27a+3b+cC
u =S, =5=3a+b+c
OR u,=S,-S,=9=6a+b
u,=S,-S,=33=18a+b

Using GC, a=2,b=-3andc=2
Hence S, =2(3")-3n+2

E3””)—3(n +1)+2-[2(3")-3n+2]
(37)-3n-3+2-2(3")+3n-2
a-1(F)-3

(

=4i (3’)—321
:4[32(:n_1_1)]—3(n 2+1)

=18(3"* -1)-3(n-1)
=6(3")-3n-15




Suggested solution

(@)()

Since z, =—1+1i is aroot,
(—1+i)2+a(—1+i)+(1—\/§)+bi=0
~2i+a(-1+i)+(1-V3)+bi=0
—a+(1—\/§)+(a+b—2)i=0
Comparing Re and Im parts
-a+(1-48)=0=a=1-3
a+b-2=0=b=1+3

(ii)
ZZ+(1—\/§)Z+(1—\/§)+(1+\/§)i =0
72 +(1—\/§)z+(1—\/§)+(1+\/§)i =[z-(-1+i)](z-2,)
Method 1: Comparing z
1-3=-2,-(-1+i)=z,=+/3-i
Method 2: Comparing “constant”
(1—\/§)+(1+\/§)i =27,(-1+i)
(1-3)+(1+3)i [(1—\@)+(1+\@)i}[—1—i]
(-1+i) 2
_[(1—\/§)+(1+\/§)i}[1+i] _

2
Method 3: Sum of roots

Sum of roots = —(1—\/5)
—1+i+z, =—(1—\/§)
z, =3-i

=7,=

J3-i
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Method 4: General formula

(1) (1) (0] [1-8)+{1+8)i]

Z, =

:(1ﬁ)iJ12ﬁ+342+4@4i4@i
2

(1-3) 2 (1+V3-2)

_ _(1_*/§)i(12+\@—2i)

=—1+i (rej) or 3—i

(b)(i)
Method 1:

el £}l )

o1 57 5z
W, =—/3+i=2e°® or 2| cos— +isin—
2 6 6

—£+5—ﬂ i Ei
W, W, :4\/§e[ o) = 4/2e72
i

W, | =442 and arg(ww,) -5

Method 2:

W,W, =2(1—\/§)+2(1+\/§)i

| =\/4(1—@)2 +4(1+\@)2 =32 =42
(LB8)_7

(Va-1) 12"

arg(w,w, ) = —tan"

(i)
Method 1:
From (ii),

WW, = 4x/§e%ior 42 [cos (Z—gj +isin G—ZD
W,W, =2(1—\/§)+2(1+\/§)i




Hence

7 7 1-3
42cos—r=2(1-V3|=>c0S—7m =——
V2 12" (1-43) 12" 22
Otherwise
Method 2:

Student using geometry approach on

W,W, =2(1—\/§)+2(1+\/§)i

Method 3:
Student using special angles and addition formula
8 (a)
Suggested solution
(@)
2 dy
To prove X ot k———(*)
X
Consider
k(l
yzwz xy =k(Inx+a)——(1)
X
Diff (1) wrt x,
xd—y+ y= k(EJ: x2ﬂ+xy= k [shown]
dx X dx
. kK(Inx+a
(@)(ii) y _K(inx+a)
. . dy
At stationary point, i =0= xy =Kk [from (*)]
X
k(l
So 5:—( nx+a) =Inx=1-a=x=¢e""
X X
When x=¢"%, y=5= llfa =ke*™.
X €

k(Inx+
Therefore, (el‘“, ke“‘l) is a stationary point of the curve y = M .

(b)(i) Given y%Jr X = m (%)

dy

dv
Vv=xXi+y’ =>—=2x+2
y dx ydx

Sub into (**):

yﬂ+x= x2+y2:>1d—V= V3ﬂ=2\/v [shown]
dx dx

2 dx
(b)(ii)

dv 1 dv 1
— =2l —— =1 [—
dx 2\/V dx J‘Z\/V

=>JV=Xx+C

dv= jl dx

Since y=0 when x=-2, we have v=4.
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Ji=-2+C=C=4

W=x+4 :v:(x+4)2
= y2=(x+4)" —x* =8x+16
Hence f (x)=8x+16.

9

Suggested solution

(i)

k+1
_[M 21 dx{tan‘ll} =tan™ (k+1)—tan""k
ko x*+1 1],

(i)

oy
.A_L__ '5
k

v

From the diagram, we can see that
Area of rectangle ABCD < Area under curve from x=k to x=k +1 < Area of rectangle ABEF
k+1 1 1

Hence < dx<——(1
(k+1)2+1( ) -[k X2 +1 k2+1( )
= W< tan”! (k +1)—tan~'k < k21+1 [from (i)] [shown]
+1) +
Alternative (For one side)
Ya
(0,1
l/‘/. 1 -~
AN K C
0 X
wi wE o

%[f (k +lj+f (k +gj+....f (k+1)]< thlf (x) dx-- (1)

n
Note that




l[f(k+£j+f(k+gj+....f(k+l)]
n n n

> [nf (k1)) = (k+1) = —————(2)

(k+1)2+1
Since f (k +1j,f(k +Ej,...f(k +n—_1j>f(k +1)
n n n

Thus from (1) and (2), we have (k; < | f(x)dx.

i)
Let A=tan"' x;B=tany
tan(A-B)=tan(tan*x—tan " y)

) tan (tan* x) - tan (tan " y ) Cx-y

~1+tan(tan” x)tan(tany) 1+xy

Hence tan™* x—tan™y=tan™ [uj [shown]
1+xy

(iv)
With _r <tan™(k +1)—tan‘1 k <

2

(k+1)"+1

k?+1

Zn: <Z(tan k+1) tan‘lk)<zn:2i
k=L ok +1

k= (k+l

,_\

M=

=
Il

1

(tan‘l(k +1)—tan™ k)
)

M—tan ‘1
+Tan(3) - tn(2)
_ W—M

+tan™ (n+1)— N

=tan~ (n+1 tanl(l)

n+1
1+ n+1
( j From (iii)
2

Hence
;2 <tan™ (Lj < ZL [proven]
k:1(k+l) +1 n+2) ok +1

Sum the inequalities for k =1 to n. (This way we are actually considering the area under the curve from
x=1to x =n+1, which can be divided to n sections, each with unit base.)
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10

Suggested solution

. ¢)_d
(@)(i) tan [Ej =35

Since ¢ is small,

9.9 _
2~ p ¢P=d
(i)

d = (0.00873)(9.46x10% ) =8.26x 10" km

(b)()

R? +y? =(x+R)2
R?+y? =x*+2xR +R?
y? =x*+2xR

1
y?=x° (1+2—Rj:> y= x(1+2—Rj2
X X

(i)
1
) 1
tan 6 =5=5[1+2—Rj Ca(1+20)
y X X

. . . R .
Since R is small relative to x, then ¢ =— is small
X
1

tan0 = a (1+2a) 2

—a 1+(%}(2a)+@(2a)2

za(l—a+1.5a2)

—a—-a’+15a°

(iii)
0 =0.0345
tan(0.0345)=a —a’ +1.50°

From GC, we have a =0.0357

R_ 0.0357

X
R =0.0357(180000) = 6426 km

+..




11

Suggested solution

() -1 -3
AB=0C=| 9 W: 3
1
-1\ (-3
ABxAV =| 9|x| 3|=12
1

A normal to the face ABV is

8) (11
1 1 |=87
-1)( 2
A Cartesian equation of the face ABV is 11x+y+2z =87 .
(i) 14,5 -1) (15
Ms=| 75 |-%| of=
a+0.5 2 1 a

Acute angle between line MS and horizontal plane (or xy-plane)
15)\(0
3 e
a
15

=sin*

O o|+—r O

=sin

a
\/234 + a2

. . a a 1
Since 0°<sint ———<30°, 0<———— <=,
\J234+a? \J234+a%> 2

= 0<4a’<234+a’

—0<a<+78

(iii) 145 -1 5

M =| 75 -3 o|=31
35 2 1 1

A vector equation of line MS is

0.5 5
r=| 45+A[1], AeR. -memomem- 1)
0.5 1
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11

Plane ABV: re| 1 [=87 --------m- (2)
2
-0.5 5)((11
Sub (1) into (2): 45 (+A|1 |} 1 |=87
0.5 1 2
=581 =87
=> A= 3
2
X is (7, 6, 2).
(iv) A normal to the plane OCV is
-1 5 122
n=0CxOV =| 9|x| 4 |=| 19]|.
1) (14 —49

Shortest distance from X to plane OCV

7\ (122
6 19
2)\ 49 870

- \W.ﬁ

J1222 1192 1492 /17646
=655 (35.f).

Desired length of rope is 6.55 metres.




