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1 (i) A quadratic curve passes through the point (—1, —4) and has its turning point at
(2, 5) . Find the equation of the curve. [4]

(ii) Given instead that a cubic curve passes through the same point (—1,—4) and has

the same turning point as stated in part (i). Explain whether it is possible to obtain
a unique equation of the curve based on given information. [1]

2 Use the substitution u = 5" to find IS" sin’ (5") dx . [4]

3 A line [ has equation y=e*x , x>0 and curve C has equation y =+/2x e”, x20.
Both / and C intersect at the points with coordinates (0, 0) and (2, 2¢*) as shown in
the diagram below.

Va

y= J2xe* y=e'x

(2, 2e")

v

(a) Theregion R is bounded by the line /, curve C, and the lines x =1 and x =3. Find,
correct to 4 significant figures, the area of region R. [3]
(b) The region S is bounded by the line / and curve C. Show that the volume V of the

solid formed when S is rotated 27 radians about the x-axis is ¥ =%(Ae8 +B),

where 4 and B are exact constants to be determined.

[4]
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4  The equation of a curveis 2xy +(1+ y)2 =X

(i) Find the equations of the two tangents which are parallel to the y-axis. [4]
(ii) The normal to the curve at the point 4 (—4, 5) meets the curve again at the point

B. Find the coordinates of point B. [4]

5  The diagram below shows the curve of y =f(x). The curve cuts the axes at (—6,0),
(1,0),and (0,—2). It has a minimum point at (-2,-6). There is a horizontal asymptote
at y =3 and a vertical asymptote at x =4.

Y A

(-2.-6)

On separate diagrams, sketch the following graphs, stating the equations of any
asymptotes, the coordinates of any turning points and axial intercepts.

M y=rf(-}) [3]
i) y=1'(x) [3]
L

@) y=s 3]
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6 (@) The sum, S, , of the first n terms of a sequence u,, u,, u;,... 1S given by

n >

S =-2n*+ An for n>1, where 4 is a non-zero constant.
(i) Find an expression for u, in terms of » and 4. [2]
(ii) Hence, determine if the sequence is an arithmetic progression. [2]

(iii) Describe how the sequence of sums S, S,, Sj,... behaves when 4 =20.

[1]

(b) A geometric progression has first term 7 and common ratio 7. The sum of the first
15 terms of the progression is 28.

(i) Show that r° —4r+3=0. Explain why the common ratio cannot be 1 even
though » =1 is a root of this equation. [2]

(ii) Given that |r| <1, find the sum to infinity, giving your answer correct to 2

decimal places. [2]

7 Functions f and g are defined respectively by

2
f:xl—)%,xe]&xi—l,xil
x —

g:le—\/;, xeR, x>0, x=4

(i) Show that the composite function fg exists. [2]
(ii) Find the range of fg. [2]
(iii) Explain why f does not have an inverse. [2]
(iv) If the domain of f'is further restricted to x >k, state the least value of k for which

the function ' exists. [1]
(v)  For this restricted domain, find f™'(x) and state the domain of . [4]
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8

Do not use a calculator in answering this question.

(@

(b)

(@

(b)

The complex numbers z and w satisfy the following equations. It is known that w
is not purely imaginary.
4z+1=|w|+6i
w*-2z=3-8i
Find z and w, giving your answers in the form a+ib, where a and b are real
numbers. [5]

T

Two complex numbers are z; = —2+/3+6i and Z, = g 3.

4
3/
Zy

(i) It is known that z,, z, and (z, )3 are roots of a polynomial equation of

() Find

in the form r(cos@+isind), where r>0 and —7<@<7. [4]

degree n with real coefficients. Explain why the smallest possible value of n

is 5. [2]
(i) Verify that i— L _ : [1]
TG () ()
(ii) Hence find an expression for ;(r—l)}m [3]
. - 1)(2n+1)
It that 2 _nlnt .
is given tha ;r c
1 n(4n2 —1)
i) Showthat ¥ (2r—-1)7=—"—/ 3
(i) Show tha ;( r—1) 5 [3]
(i) Hence find an expression for 13% +15° + ot (4m —l)2 interms of m.  [4]
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10  The diagram below shows a curve C with parametric equations given by

x=260cos260, y=30sin20, for —%S@SO.

John’s Home

The area bounded by curve C and the x-axis is a vineyard owned by John in front of his
house where he used to grow grapes. He decided to install a Wi-Fi-enabled surveillance
camera which moves automatically along the boundary of the vineyard in a clockwise
direction along the curve C starting from point O and ending at point Q before moving
in an anti-clockwise direction along the curve C back to point O.

At any point, the camera is located at a point P with parameter € on the curve C. The
camera is orientated such that the field of view spans from point P to points O and Q
exactly as shown. It is assumed that the camera is at O initially.

(i) Show that the area of triangle OPQ, A units’ , 1s given by
A:%Z(Hsin%’) . [1]

(ii) Using differentiation, find the value of & for —% < 6 <0 that would maximise

A and explain why 4 is a maximum for that value of 4.
Hence find this value of 4. [5]

(iii) The image captured shows a good view of the vineyard when the camera is
positioned such that OP = PQ . Find the coordinates of the position of the camera

at this instant. [3]
(iv) John decides to apply fertilisers to a certain area of the vineyard to observe its

effectiveness. This area is enclosed by the curve C, the line x =1 and the x-axis,
where x >1. Find the approximate value of this area. (4]
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11

Shield

25m
D _______________________
40m Spectator Area k
& (0,0,0)
C 50m i,\\j

Organisers of an airshow are setting up the venue and performing safety checks before
the event. Points (x, v, z) are defined relative to the entrance at (O, 0, O) , where units are
in metres. A spectator area of length 50 metres and width 40 metres is created on the
horizontal ground, with a transparent rectangular flat shield erected to protect the

spectators. You may assume that the shield is of negligible thickness. Support poles
measuring 25 metres are attached at points 4 and B and anchored directly to the ground.

(i) Show that the cartesian equation of the shield ABCD can be written as
x+2z=50. [3]

A helicopter follows a flight path described by the line with equation

60 -2
r= 0 [+4] 5 |, AeR.
100 0

To check for potential interference by the crowd, a technician shoots a laser beam from
the point P(30, 10, 1) in the direction that is perpendicular to the shield ABCD.

(ii) Assuming the laser beam travels in a straight line, determine if it would intersect
with the flight path of the helicopter. [3]

As part of the marketing campaign, the organiser wants to advertise about the proximity
between the spectators and the helicopter.
(iii) Find the shortest possible distance from a spectator standing at the point

P(3(), 10, 1) to the flight path of the helicopter, giving your answer to the nearest

metre. [3]

For additional safety, a second protective shield, parallel to shield ABCD, is to be erected

such that the perpendicular distance between them is 3 metres.

(iv) Given that the second protective shield is to be placed further away from the
spectators, find the cartesian equation of the second protective shield. [3]
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Section A: Pure Mathematics [40 marks]

1 Without the use of a calculator, solve the inequality > =2 X7 [4]
X — 3) X (x - 3)
Hence solve x—52 < x+7 . [2]
( X+ 3) X (x + 3)
2 () Find j eV [5]
o k 2 3x
(ii) Hence evaluate IO xedr. [2]
. o . . . dy 3-x-y
3 (i) Use the substitution w = x + y, show that the differential equation — = Tivis
+x+y

can be reduced intod—w = li Solve this differential equation and deduce that
+w

the general solution can be written as (x+ y)2 = 2(3x— y)+A , where 4 is an

arbitrary constant. [5]

(ii) Find the particular solution for the above differential equation, given that the curve
passes through y-intercept (0,5). Hence or otherwise, find the coordinates of the

other y-intercept. [2]

4 Referred to the origin O, the points 4 and B are such that OA=a and OB =b.The point
C lies on OB such that OC = p@, where p is a constant. The point D is on 4B such that

AD : DB =1:3 and the point £ is on AC such that AF = %AC.

(i) Find OE in terms of p, a and b. [1]

(i) If [b|=35, show that the shortest distance from D to OB can be expressed as

k|a x b|, where £ is a constant to be determined. [4]
(iii) Hence show that T2 °TA0CD _ 5 [4]
Area of AOCE 4
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5 (a) Find the series expansion for szz up to and including the term in x?, given
(1+tanx)
that x is a sufficiently small angle. [3]

1
(b) Itis given that f(x)=(1-x)2 Inv1+x.
(i) Find the numerical value of f'(x) when x =0.01, leaving the answer in 5

decimal places. [1]

(ii) Using the standard series from the List of Formulae (MF26), expand f(x) as

far as the term in x°. State the range of values of x for which the expansion is
valid. [4]

(iii) Denote the answer in part (b)(ii) as g(x). Hence find g'(x) when x =0.01,

leaving the answer in 5 decimal places. [2]

(iv) Comparing your answer in part (b)(i) against (b)(iii), comment on the validity
of this answer. [1]

Section B: Probability and Statistics [60 marks]

6 A group consists of 3 female students, 5 male students, 1 female teacher and 1 male

teacher.
(i) Find the number of ways the group can stand in a row for photo-taking if the 2
teachers are to stand at the two ends. [2]

State, with a reason, whether your answer will be different if the 2 teachers occupy
the two positions at the centre instead. [1]

A team of 4 is to be formed from the group with at least 1 teacher.
(ii) Explain why the solution “ Number of ways to form the team = 2C1 X 9C3 =168.”

is incorrect. [1]

(iii) Find the probability that the above team is formed if 4 people are randomly chosen
from the group. [3]
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7 A biased 6-sided die gives the score 1, 2, 3, 4, 5 and 8 with probabilities shown in the
table below, where p and ¢ are positive constants such that p # q.

Score 1 2 3 4 5 8
Probability p q 0.1 P—9q 0.2 prt+q
(i) Explain why a score of 1 is more likely to happen than a score of 2. [1]
(ii) Show that 3p+¢=0.7. [1]
(iii) Given that the mean score is 4.6, find the variance of the score. [5]

8 (a) Let X denotes the number of the chess puzzles that James attempts in a month.
Assume that X follows a binomial distribution. It is given that James attempts 30
chess puzzles in a month and the probability of him solving each chess puzzle is
0.8.

(i) Find the probability that James solves at least 25 chess puzzles in a month.

2]

(ii) The probability of James solves at least 25 chess puzzles per month in exactly
n months over a period of 3 years exceeds 13%. Find the two possible values
of n. [3]

(b) (@) Thenumberofresidents in a village who are infected by a type of skin disease
is denoted by Y. State, in context, two assumptions required for ¥ to be well
modelled by a binomial distribution. [2]

Do not use a calculator in answering this part.

(ii) Assume Y follows a binomial distribution and the probability, p, of a resident
in the village being infected by the skin disease is 0.7.
15 residents from the village are randomly selected. By considering the

inequality of Pr=y+D
P(Y =y)

infected with the skin disease. [3]

> 1, find the most likely number of residents to be

P(Y=y+1 -
[You may use the result of F=y+D) | =2 P without any proof]
P(Y =y) y+1 )\1-p
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9 The average daily number of people hospitalised in a week, y, and the estimated number
of COVID-19 infections in a week, x thousands, over a period of 8 weeks in a certain
country are given in the following table.

x 10.7 22.1 32.0 56.0 583 39.1 21.2 19.8
v 120.2 | 4357 | 5253 | 549.6 | 5599 | 540.0 | 3753 | 208.0

(i) Draw a scatter diagram for these values. [1]

(ii) Calculate the product moment correlation coefficient between x and y, giving your
answer correct to 4 decimal places. [1]

Ian claimed that the model y = clnx + d is a better fit to the data as compared to the model

y=ax+b.
(iii) Explain, with appropriate calculations, whether Ian’s claim is valid. [2]
(iv) Find the values of @, b, c and d. [2]

(v)  Use the better model to estimate the average daily number of people hospitalised
for the week where the estimated number of COVID-19 infections in that week is
10000, giving your answer to 1 decimal place. [3]

(vi) Comment on the reliability of the estimate in part (V). [1]

10 A dispensing machine is set to dispense 330ml of soft drink into cans. The company
manager wishes to check if the machine is set correctly by performing a hypothesis test.

(i) State null and alternative hypotheses for the manager’s test, defining any symbols
that you use. [2]

The manager asks his assistant to collect 8 readings from the day’s production for him to
perform the test. The assistant decided to spread out the collection and took the 8 readings
from the can that was produced at 9am, 10am, 11am, ... , 4pm.

(ii) Give one reason why this sample is not suitable for a z-test. [1]

The manager decided to collect a suitable sample of 80 readings. The volumes, in ml, of
soft drink dispensed into cans are summarized as follows.

> (x-330)=-60 > (x—330)" =450

(iii) Carry out the manager’s test in part (i), at 1% level of significance, giving your
conclusion in context. [5]
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The company bought a new dispensing machine which is also set to dispense 330ml of
soft drink into cans. The volume of soft drink dispensed into cans by the new machine is
now normally distributed with a population variance of 3ml>. The manager suspects that
the volume dispensed by the new machine is more than 330ml. The manager decides to
collect n suitable readings to test his suspicion at the 3% level of significance.

(iv)  Given that the mean volume based on the n readings is 330.33 ml, find the least
value of n for which the above test will confirm the manager’s suspicion. [4]

11  In this question you should state the parameters of any distributions you use.

A factory produces its own brand of instant coffee. Their 2-in-1 instant coffee comes in
the form of sticks. Each 2-in-1 stick contains creamer and coffee powder. The masses, in
grams, of creamer and coffee powder in a randomly chosen 2-in-1 stick of instant coffee,
are denoted by X and Y respectively. X and Y can be modelled using normal distributions
with the means and standard deviations as follows.

Mean | Standard deviation
(gram) (gram)
Mass of Creamer, X 7.8 0.25
Mass of Coffee Powder, Y 1.9 0.04

(i) Find the probability that the contents in a randomly chosen 2-in-1 stick of instant

coffee is more than 10 grams. [2]
(ii) Find the probability that the amount of creamer weighs more than 4 times that of
the coffee powder in a randomly chosen 2-in-1 stick of instant coffee. [3]

(iii) State one assumption needed for the calculations in parts (i) and (ii) to be valid. [1]

Assume that the assumption in part (iii) holds. The 2-in-1 sticks of instant coffee are sold
in packets of 50 and the mass of sticks of instant coffee are independent of each other
within each packet.

(iv) Find the probability that a randomly chosen packet of 2-in-1 instant coffee weighs

less than 488 grams. [3]
(v) Is your calculation in part (iv) still valid if X and Y are not normally distributed?
Justify your answer. [1]

The factory also produces 3-in-1 instant coffee sticks. Each 3-in-1 stick contains creamer,
coffee powder and sugar. The masses, in grams, of creamer and coffee powder in a
randomly chosen 3-in-1 stick have the same distribution as that in a randomly chosen 2-
in-1 stick. The mass, in grams, of sugar in a 3-in-1 stick follow the distribution N(x, 0.36)
and it is independent of X and Y.

(vi) Find the value of 4 if 30% of the 3-in-1 sticks of instant coffee weighs less than
20 grams. [4]

End of Paper
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Qn

Solution

1(i)
[4]

Lety= ax* +bx +c.
For point (—1,—4):

a(—l)2 +b(-1)+c=-4
a—-b+c=-4--—-(1)

For point (2,5):
a(2)’ +b(2)+c=5
4a+2b+c=5---(2)

d—y:2ax+b.
dx

At turning point, when x = 2, % =0.

2a(2)+b=0
4a+b=0--—-(3)

[NORHAL FLOAT AUTOD REAL DEGREE HP n
FLYSHLTZ AFF

IPLYSHMLT2 APP

SYSTEM OF EQUARTIONS

— 1o+ 1z= -4 x8-1
=4

4x+ 29+ lz= 5 z=1

4x+ 1u+ Bz= a

ISOLUTION]

1

WAINMODE ICLERRILOAD 1SOLVE] MATH I MODE | SYSM ISTOREIF 4#D

From GC, a=-1,b=4,c=1.

Hence, equation of the curve is y = x> +4x+1.

1(ii)
[1]

Not possible.

For a general cubic equation y = ax’ +bx* +ex+d , there are 4 unknowns to solve
for. But we can only form 3 equations from the given information. Therefore, we

will obtain infinitely many solutions.
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Qn

Solution

4]

j 5%sin®(5%) dx

du

=j usin® u -
ulns

:LJ. sinu du
In5

1
=——| (I1-cos2u)d
21nsj ( u) du

_ 1 u_sm2u LC
2In5 2

_ 1 5x_s1n2(5) LC
2In5 2
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Qn Solution

3(a) Required area

3 2

Bl —J. (ex J2xe )dx+J.( 2x¢’ —ex)dx
=3306 (4 s.f)

2 2 3 2

L[e"X—Wex ]dX +L[JWE'x -
.............................. 3306.041358

3(b) | Method 1

[4] 2

Required vol. = %72’ (264 )2 (2)- JOZ 71( 2xe" ) dx

:gﬂe - (er )

= gﬂes -7 02(4)ce:2"2 )dx

13
=—rne’+—7x
2

:%(13e8+3)
.. A=13,B=3

Method 2
Required vol. = J.Ozﬂ' (e“x)2 —( 2xe” )z}dx

3

13
:Zﬂ'e +—
—%(13e8+3)
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Qn

Solution

4(1)
[4]

2xy+(1+y)2 =X
Differentiating wrt x,
dy dy
2y +2x—+2(1+y)—=1
g Ay

dy  1-2y
dx 2(x+y+1)

When the tangent is parallel to the y-axis, % is undefined.

.'.2(x+y+l)=0

y =-1-x , substitute this into the equation of the curve,
2x(—l—x)+(1—l—x)2 =X

¥ +3x=0

x=0 or x=-3

4(ii)
[4]

Gradient of normal at 4 = m _ g

i)

Equation of normalat 4: y—5= g(x —(-4))

=—x+
Y79y

To find B, 2x(ix+ﬂj+ 1+[ix+gjj2 =x

9 9 9 9
x=-13.920=-13.9(3 s.f) or x=-4 (givenpoint)
x=-13.920, y=0.591
=> Coordinates of B are (—13.9,0.591).
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Qn Solution
S(@) Ya
3]

£ (8) =1 = (-4
y f (x) reflect in y f X keep x>0 partof y f X
the y—axis graph and replace
x<0 part with
mirror image of
x20

5(ii) VoA
[3]
y=1f'(x)

(-2.0)/]

SN ommmmm e

5(iii)
[3]
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Qn Solution
6(a)(@) | u,=S,-S,,

2] :_2n2+An___2(n_1)2+A(n—1)}

=_2n? -|-An—:—2(n2 —2n+1)+An—AJ

— 20+ An—| -2n2 +4n—2+An—A}

=—4n+2+4

6(2) | u, —u,  =—4n+2+A-[-4(n-1)+2+4]

(i)

2] =—4n+2+A—[-4n+4+2+ 4]
=—4n+2+A4+4n—-6-4

=4

Since #, —u,_; =—4 is a constant independent of 7, the sequence is an arithmetic

progression.

6(2a) | When 4 = 20, the sequence increases to 50 (or S, ) and then decreases indefinitely
(i) | (owards —oo,

[1]

6®) | 7(1-,%)
i | —~=28
2] 1-r

1-7° =4(l—r)

P —4r+3=0

If the common ratio is 1, each of the terms in the geometric progression is 7 (made
up of constant terms). Thus, the sum of the first 15 terms is 7(15) = 105 and not 28.

NORHAL FLOAT AUTO REAL DEGREE HF
6(b) CALC ZERD 1]

(ii) Y1s(X"15)-4¥+3

2]

" + L~
Zera
H=0.7535889 Y=o

From GC, since |r| <1, 7=0.75359 (5 s.f))
or: [r =—1.1445 (rejected) or r =1 (rejected)]

S ——
1-0.75359
=28.41(2dp.)
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70) 2y
2] f:x|—>(x2 ) ,xeR, x#-1, x#1
x —
g:x>1-+/x, xeR, x>0, x#4
1:_:_
'\\v =g() 4 Note this
~—_ - : x excluded point,
e Tl to exclude from
From the graph, Ry = (-0, =1)U(-1,1)
R O
D;  S— T
-1 ]
Since Rg = (-0, —1)U(-1,1) c R\ {~1, 1} =Dy,
then fg exists.
7(ii) | Method 1: Direct ,
2] fg(x):[(lix/;)iz} :1+2\/;+)C
Dtz =Dg = (O,4)U(4,00) (1_\/;)2_1 2Jx+x
[ ( - \/;) B 2}2 How to obtain horizontal asymptote?
fg(x) = > 1+2V +x l+%+1
_ X _ X X
(1-vx) -1 RN S
As x> o, L0, %—)0. So, fg(x) —>1=1.
b% Hence, y =1 is a horizontal asymptote.
J=1
0l (0253 X
y = fg(x)
x=4

From the graph, Rg, = (—0,—3]U(1,00)
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Method 2: Mapping
f
(0,4) U(4,00) > (=0, “DU(LD) — (=0,-3]U (1, 0)

Dy, =D, Range of g = NEW domain of f Ry,
1 y 1
| | y=f()
i 5 -1
T L CEEEEEE T 1O r
| | x
'3 0.5.-3)
x=-1 x=1
7(iii)
y
2] ; :
i | y=1f(x)
| y=1
(0.543) 2 x
| y=—4
x=-1 x=1
Since the line y = —4 intersects the graph of y = f(x) more than once, fis nota 1-
1 function.
.. f does not have an inverse (shown).
7(iv)
[1] | From the diagram, fis 1-1 = x>2.

cleast k=2,
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7(v)
[4]

(x-2)

x> -1
y(xz—l)z(x—Z)2

yx’ —y=x"—dx+4
(1—y)x2—4x+(y+4):0

Use quadratic formula:

Let y=

x: 4(~4) 401 )y +4)
2(1-y)
4+.J16-4(4-3y— ")
) 2(1-y)
_41\/4[4—(4—3y—y2)]
) 2(1-»)

4+2.3y+y°
+

2(1-y)

2 \/y2+3y

-y

x:2+«/y2+3y 2—«/y2+3y

1 o 1
Y L Y I
(Reject since x> 2 and 0<y< 1)

Cf ()= 2+x +3x
N I—x

and under the restricted domain of f which is [2,00) , the corresponding range of f
is [0, 1).

o

Il

)
N4

Il
=)

[—
N—
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Qn

Solution

8(a)
[S]

4z+1=|w]+61 (1)
w*-2z=3-81 --—(2)

.
From (2): z = WTM ---(3)

. e
Sub (3) into (1): 4[WT3+81)+1 = |l +6i

2w*—6+16i+1-6i =|w|

2w*—=5+10i = |w]

Let w=a+bi.

2a-2bi—5+10i =/a’ + b’
(2a—5)+(10-2b)i =Ja* +b°
Comparing imaginary parts:
10-2b=0

=b=5

Comparing real parts:
2a-5=va*+5°

(2a-5)" =a® +25

4a*> -20a+25=a" +25
3a*-20a=0

a(3a —20) =0

a =0 (rejected since w is not purely imag) or a = ?

.'.W=2+5i
3

120 _. .
Sub back into (3): z = E(?—Sl—?) +81j

© Millennia Institute 9758/01/PU3/Prelim/24
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8(b)
U]
[4]

arg(z )=z —tan™" [Lj:ﬂ'—lzz_ﬂ.

23

M

z, =23 +6i 2
t9(2)
5= (-23) +6* = a8 Sfj—"*

Method 1 (Use exponential form)
1

27 23 -iZ
z;=+/48e 3, %—{Se 3} =2e °

27
z; A48 3
o T

3 Z —_1
2 1
2¢ ?

a8 )
2

ka
=J12¢ °

4 =\/§(cos7—ﬂ-+isin7—ﬂ-]
- o IS

or 2@(005% +1sin %Tj

Method 2 (finding mod / arg)

From question,

z,| =8, arg(zz):—%

3
| 21 |: |Zl| :m:\/ﬁ
[N

arg (%] =arg(z ) - arg(\/Z)

%)

_Ix
9

‘. a__ \/ﬁ(cos%r+isin7§j

or Zx/g(cos%[ +1isin %rj

arg(%/Z) = arg(zf} :%arg(zz) :l(_ﬁ

© Millennia Institute
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8(b)
(i)
2]

Since the coefficients of the polynomial are real, and z; and z, are roots, then 21*

*
and z, are roots too.

Method 1
arg| (z,)" |=3are(z,) = 3(—%) =z

This means that (z, )3 lies on the negative real axis.

Method 2

3
2’ = [8613] =512¢7”"

=512 cos (- ) +isin(-7)
=512

This implies that z,’ is a real number.

There are at least 5 roots of the polynomial equation. Therefore, the smallest value
of nis 5.

© Millennia Institute 9758/01/PU3/Prelim/24 Solution
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Qn Solution
9(a)(i 1 1
([1)]() sl
1 1
T ()
3 (r+1) 1
r!(r+l) r!(r+1)
r
- r!(r+1)
"
- (r—l)!rx(rJrl)
1
T (r=1)(r+1)
= LHS (verified)
9(a)
(i)
3]

© Millennia Institute 9758/01/PU3/Prelim/24 Solution
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Qn

Solution

9(b)
(®
[3]

n

D (2r-1y’

r=1

n

- Z(4r2 ~4r+1)
r=1
= 4Zn:r2 —4Zn:r+zn:1
r=1 r=1 r=1

:4Z:r2 —4[1+2+3+..+n]+(1+1+1+...+1)

r=l Sum of AP n times
with a=1,d=1, n terms

:4{11(11+1)(2n+1)}_4{n(n2+1)}_nxl

6

_ 2n(n+1§(2n+1)_2n(n+1)+n

2n(n+1)(2n+1)—6n(n+1)+3n

EXPAND!

n[2(n+1)(2n+1)=6(n+1)+3]
- 3
n<4n2+6n+2—6n—6+3)

3
11(4712 —1)

3

9(b)
(ii)
(4]

Identifying the lower and upper limit of the series:
2r-1=13=r=7

2r=1=4m—-1=r=2m

132 +15% +...+(4m—1)° er 1)

2m

=er1 i2rl

r=

2m| 4(2m) 1| 6| 4(6) 1]

© Millennia Institute 9758/01/PU3/Prelim/24
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Qn Solution
10(i) | Let area of triangle OPQ be A.
1] 1 . 3w, .
A= 5(n)(30sm 20) = 7(6?sm 20) (shown)
106 | dA 3T 5 60520 +sin 20)
51 | do 2
When u =0,
déo

3%(29005 260 +sin26)=0

Since 3—n #0,
2

20c0s20 +sin20 =0

Using GC,
0=-1.0144 (5 s.t)
=-1.01 3s.f)

Method 1: Second Derivative Test

HORHAL FLOAT AUTO REAL RADIAN HP n

[ 3 (2Xcos(2X)+sin(2X)) )

...725.48478967

OR

2
d 1;1 =3—n(—405in20+400529)
do 2
When 6 =-1.0144,

2
A 55.484=255<0

0

.. 0 =-1.0144 will result in maximum A.

sk sk sk s sk ke sk sk sk s sk s ke sk sk sk s sk s sk sk sk sk s ke s sk sk sk sk s ke sk sk sk sk sk sk skeosk sk skokeosk

Method 2: First Derivative Test

y (-1.01)" | _; o1 | (10D
(~1.02) (~1.00)
d4 >0 0 <0
do (0.144) (-0.363)
Slope / — \

.0 =-1.0144 will result in maximum A.

s st s ot s ot ke o s ot sk ot sk st ok st ok s ok s o s o sk o sk ot ke ot sk ot sk st sk stk ok s ok s ok sk okok ok ok
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Solution

When 6 =-1.0144,

R4 .
A==-(-1.0144) xsin[ 2x(~1.0144) ]

=4.29 units” (3 s.f)

10(iii)
[3]

For OP = PQ, triangle OPQ is an isosceles triangle.
Method 1

X=mr+2=

20cos20 =

(SR

Using GC, 6 =-1.1581

sk ok sk sk o ok sk s sk sk s sk sk s sk sk s sk sk s sk sk s sk sk s sk sk s sk sk s sk sk ook sk skosk sk skosk sk skok sk skok
Method 2

OP = PQ

Xyt =y(x—z) + )

Xyt =(x-x) +)?
x=x'-2xm+7’
2xw=n’

2x=r1

T

xX=—

2

.. 20 cos 20 -z
2

Using GC, 6 =-1.1581
sk sk s sk sk sfe sk sk s ske sk sfe sk sk sk ske sk sfe st sk sk ske sk sk sk sk sk ske sk sk sk sk sk sk sfe st sk sieoskeoskeo seoskeoskeskeoske skeskeok
y=3(-1.1581)sin(2x—-1.1581) =2.55

. coordinates of camera position (1.57,2.55)

10(iv)
[4]

x=20c0s20 = %:2c0529—495in2¢9

When x=1, 26cos26 =1
Solving for @, 0 =-1.0370 (5 s.f.)

When x=7, 20cos20=rn

© Millennia Institute 9758/01/PU3/Prelim/24
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Qn Solution

Solving for €, 0= —%

HORHAL FLOAT AUTO REAL RADIAM HP n

]"'"2 ((3Xsin(2X)) (2cos (2%

~1.8378
4.158359811

Required area = JTI ydx

[ (36sin20)(2c0s20 - 405in26)d6
-1.0370

41584

~4.16 (3s.£)
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8

Qn Solution
11(3i) 0
Bl 1 oc=| o OD—[4O OB=| 0 |,04=|-40
25
CD=| -40 |- }
CB=| 0 [-] 0|=| 0
25 0 25
A normal to plane ABCD =CDxCB
0 =50
= -40 x| O
0 25
—-1000 1
= 0 [|=-1000{0
-2000 2
ren =aen
1 50\ (1 1
r{ 0|=| 0 [0 |=re0|=50
2 0)\2 2
Sx+2z=50
11(ii) 60 -2
Bl | Flight path: r=| 0 |+4]| 5 [,1eR
100 0
30
Laser beam: r=| 10 [+ u OJ,,ueR
1
60 -2 30 1
0 |[+A] 5 |=]10 |[+u O]
100 0 1 2
24+ u=30
54=10
2u=99

© Millennia Institute
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Solution

HORHAL FLOAT AUTO REAL DEGREE HP HORHAL FLOAT AUTO REAL DEGREE HP n
FLYSHLTZ APP FLYSHLTZ APF

(3 MR | ] |T T |

NQ SOLUTION FOUND

[SYSHICL D=2

[MATNTMODE ICLEARI L OAD ]SOLVE]L MAINTMODE I SYSMIRREF

Using GC, there is no unique solution for A and . Therefore, the laser beam
does not intersect the flight path of the helicopter.

Method 2: Algebraic
24+ 1 =30 (1)
54=10---(2)
214=99 ---(3)
From (2): 1 =2
From (3): £ =49.5
Sub into (1): 2(2)+49.5=53.5#30
There is no unique values for 4 and 4 that satisfies the equations. Therefore, the
laser beam does not intersect the flight path of the helicopter.

11(iii)
[3]

Method 1: Direct
The shortest possible distance is the perpendicular distance from point P to the line
(flight path of helicopter).

P(30.10.1)

Flight path
of helicopter

H

Let H be at (60, 0, 100).
30) (60 (=30
HP=[10|-] 0 |=]| 10
1) (100) (-99

© Millennia Institute 9758/01/PU3/Prelim/24 Solution
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Qn Solution
Shortest distance from P to flight path
. -30 -2
= 10 |x| 5
(=2) +5" | —99) | 0
495
= L 198
\/E -130

=101.90 (5 s.f)

~ 102 (nearest metre)

Method 2: Find foot of perpendicular
P(30,10.1)

Flight path
of helicopter

H

Let F be the foot of perpendicular from P to the flight path.

60 -2
OF =| 0 |+4| 5 | forsome AeR
100 0
60 -2 30 30-24
PF=| 0 |+A] 5 |-|10|=|54-10
100 0 1 99
PFed =0
30-24) (-2
5A-10 1 5 |=0
99 0
—60+44+254-50=0
294 =110

A =3.7931(5 s.f.)

© Millennia Institute 9758/01/PU3/Prelim/24 Solution
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Solution

30-2(3.7931)
[PF|=| 5(3.7931)-10
99
22.4138
— || 8.9655
99

— /22,4138 +8.9655% +99>
~101.90 (5 s.f)

=102 (nearest metre)

10(iv)
[3]

Method 1 (Using perp distance formula)

1
Let the equation of the second shield be re| 0 (=D
2
[D-(50)] _ X
Jr 422
|D-(50)| =35

D-50=3J5 or D-50=-35
D=50+3/5 or D=50-35

Since the second shield is to be placed further away, then D =50+3+/5.

Cartesian equation is: x+2z =50+ 3\/§

Method 2 (Form_OC’_using trigo)
Let A'B'C'D'" be the 2™ protective shield, where the points A4, B',C’,D' are 3m
from the points 4, B, C and D respectively.

B
¢ 25
3
4C'CE=7T—§—L’%COC 50 0
V4 1(25)
__—ta _
2 50
~1.1071

© Millennia Institute 9758/01/PU3/Prelim/24 Solution



22

Qn Solution

sin ZC'CE =%:> CE = 35in(1.1071) =2.6833

cos ZC'CE =%:> CE = 3cos(l.1071) =1.3416

50+CEY (50+1.3416) (51.3416
oc'=| 0 |= 0 =l 0
CE 2.6833 2.6833

1) (51.3416) (1
r{0[=| 0 [0

2) | 2.6833 )(2
51.3416 +5.3666
= 56.7082
=56.7 (3 5.f.)

Cartesian equation is: x+2z =56.7

Method 3 (Form_OC’ by unit normal vector)
Let A'B'C'D'" be the 2™ protective shield, where the points 4, B',C’,D' are 3m
from the points 4, B, C and D respectively.

3
50 J5

1
0C' =0C+3h=| 0 |+3 L _loll=| o
6

IR

50+

5

=50+3/5

Cartesian equation is: x+2z =56.7

End of Paper
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Paper 9758/02

Section A: Pure Mathematics

Qn

Solution

1 x+5 S x=7
4] (x—3)2 ~x(x-3)
x(x+5)—(x—7)(x—3) 50

x(x—?:)2 -
15x—212 >0
x(x—3)
S5x-7

20 (++(x=3)">0)

x<0 or ng,x¢3

D
v

1 xX+5 S x—=7
Henc (x_3)2 - x(x_3)

[gl Replace x by —x
(—x)+5 S (—x)—7
(—x—3)2 —x(—x—3)
5—-x > -x-7
(x+3)2 x(x+3)
x—-5 < x+7
(x+3)2 x(x+3)

Hence,

—x<0 or —xZ%,x;tB

x>0 or xs—%,x¢—3
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Qn Solution
2 (i)
5 2 3x
151 I dx Let u = x?, ﬂ:e“
1 1
:xZ(—e”j— 2x(—e3"jdx
3 J. 3 d—u:2x, v:le“
] 5 dx 3
=—x’e* ——Ixe“ dx+¢,,
3 3
¢, 1s an arbitary constant
2
—J.xek dx Letu = x, Qze“
3 dx
_2 x(le“j—_“(l)(le“]dx d—u=1, v=le3"
3 3 3 dx 3
:g(lxe3x_l 3x)+cz’
303 9
¢, 1s an arbitary constant
—gxe“ -—e¥ +¢,
J.xze“ dx
1 2 3x 2 3x :
= gx € —gxe +—¢"" +¢,c is an arbitary constant
2 (ii) K 2 3x
2] JO xe " dx
‘:1 2 _3x 3x 3x:|k
=|—xe ' ——xe +—e
3 27 0
=% e (9x7 - 6x+2)}
=% e (9>~ 6k +2)~¢" (0-0+2) |
1 3k 2
=l (9 ~6k +2)-2] or
e lk2-3k+ij-i
3 9 27) 27
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Qn Solution
3@ | w=xty
51 | y=w-x———()
Diff y wrt to x
dy dw
L=to1--—(2)
dx dx
3—(x+
Given & = 3= y)———(s)
I+x+y
Sub (1) and (2) into (3)
dw . 3-w
dx l+w
dw 3-w
—= +1
dx 1+w
dw _3-w+l+w
dx I+w
d_w= 4 (shown)
de 1+w
[1+wdw=14dr
2
w+w7=4x+c, where c is an arbitary constant
Subw=x+y
(x+p)
(x+y)+—y:4x+c
2x+2y+(x+y)2:8x+2c
(ery)2 =2(3x—y)+A, where 4 = 2¢
3 (ii) | The curves passes through (0,5),

(0+5) =2(0-5)+4
A=35
The particular solution:

f(x+y) =2(3x-y)+35
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Let the other y-intercept be (0,k)

(0+k) =2(0—k)+35

k> +2k-35=0

(k+7)(k-5)=0

k =-T or 5 (rej)

Coordinates of the other y-intercept: (0, —7)

[4]

Qn Solution
4(i) | Using ratio theorem,
1] O—E_3a+2&7_3@+2p@_3a+2pb
5 5 5
4(ii) | Method 1

Using ratio theorem,
_304+0B _3a+b
4 4

S|

The shortest distance from D to OB

s O_B"_ 3a+b) b
4 )5

OD x —| =
o]
1
= %|(3a+b)xb|

1
=2—0|(3a><b)+(b><b)|

1
:—2O|3axb| (*-bxb=0)

:2io|axb| [AG1, show b xb = 0]
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OR | Method 2

by
W 1 Area of A04B = L]axb|
[4] 2

Area of AODB = %x Area of AOAB

301
_X_
472

= |a><b| A
=§|a><b|
8

Area of AODB = %x|b|x h

E|a><b| :lx5><h o
8 2
h =gx§|a><b|
5 8
h :i|axb|
20

k==
20

4(iii) | Method 1
4 .
41| Area noOCD = %|0C x OD|

1 3a+b
= — b)(
(5]

:%|(pbx3a)+(pbpr)|

:%|3p(b><a)+p2 (bxb)|
:%|axb| (~~bxb=0)
Area AOCE = %|R*xﬁ|

:%‘pbx(3a+2pbj‘

5
:%|(pbx3a)+(pbx2pb)|
:%|3p(b><a)+2p2 (bxb)|

3p
=E|a><b| (~~bxb=0)
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3p
Area of AOCD g b

Area of AOCE  3p a
10

=— (shown)
X b|

OR
4(iii)
[4]

Method 2
Area of AOCE = %x Area of AOAC

Area of AOCD -
Area of AOCE  3p
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Qn

Solution

3(a)
[3]

COS2Xx
(1+tan x)2
0

~ 21
(1 +)c)2

=(1-22)(1+x) "
- (1—2x2)[1+(—2)(x)+%(!‘3)(x)2 +]

=(1-2x*)(1-2x+3x% +...
(1-222)( )

=1-2x+x>+...

5(b)
()
(1]

By GC:
1
f'(0.0l) = i{(1 —x)5 -In1+ x}
dx x=0.01

= 0.490068 = 0.49007 (5 dp)

5(b)
(iii)
[4]

f(x) =(l—x)% (ln\/E)
(1= 3n(1+)|

Valid range of expansion
[x|<1 and —-1<x<1

-1<xxl1
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5(b) 1 1, 11 4
(iii) Let g(x)—Ex—Ex +4—8x + ...
2] 1 11
'(X)==—x+—x" +...

g0 =g~

When x =0.01

g'(0.01) == —(0.01)+ L (0.01)’

2 16

g'(0.0l) =0.490069 = 0.49007 (5 dp)
5(b) | The answer is valid as the x =0.01 is small and within the valid
(iv) | range of expansion.
1]

Section B: Probability and Statistics

Qn | Solution

6(i)) | Number of ways =2!x8!=80640.

[2] | No. (i.e. my answer will not be different OR my answer is still the

[1] | same)

Possible justification:

e Same working (mention or calculate)

e Redefine at the ends and at the centre

e Renumbering of the 10 positions

6(ii) | Possible explanation:

[1] e The event of choosing the one teacher from 2 is not
independent to that of choosing 3 from the remaining 9
teacher and students.

e This will lead to overcounting in cases where the second
teacher is one of the 3 people chosen from the remaining
9.

e Give specific example of overcounting: Choosing T1,
followed by T2, M1, M2 gives the same team as
choosing T2, followed by T1, M1, M2.

e Give the correct solution: Answer should be 140.

6gi]i) Number of ways without restriction = '°C, = 210.
Method 1: Complement
Number of ways with no teachers = *C, = 70.
Required probability = 210-70 = 140 = z
210 210 3
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Method 2: Direct cases
Number of ways with 1 teacher = *C, x 3C; =112.

Number of ways with 2 teachers = 2C, x *C, = 28.
112+28 140 2

Required probability = 10 - 210 3"
Qn Solution
7() | Let X be the score.
1] | P(X=4)=p—-g>0 (sincep #q)
Hence, P(X =1)=p>g=P(X =2).
7(ii) | Total probability = 1(p)+(q)+0.1+(p—q)+0.2+(p+¢g) =1
[11 | Hence, 3p+¢=0.7 (shown)
7(iii) | E(XY)=4.6
5]

(Ixp)+(2xq) +3(0.1) +4(p—q) +5(0.2) +8(p + q) = 4.6
pt2g+03+4(p—q)+1+8(p+q)=4.6
13p+6g+13=4.6
13p+6g=33...(1)
3p+q=0.7 ...(2) From (ii)
From graphing calculator, p = 0.18, ¢ = 0.16.
Var(X) = E(X*) - [E(X)T?
= [(I2xp) + (2%xq) + 3%(0.1) + 4’(p — g) + 5%(0.2)
+8(p +q)] - (4.6)> =7.64
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3]

Qn Solution

8(@)(i | X ~B(30,0.8)

[;] P(X >25)=1-P(X <24)
=1-0.57249
=0.42751
=0.428 (3s.f)

8(a)(i | Let W be the number of months which James solves
i) at least 25 chess puzzles per month out of 36 months.
31 | w~B(36,0.42751)

P(W =n)>0.13
By GC:
n P(W =n)
14 0.1212
15 0.1327>0.13
16 0.1301>0.13
17 0.1143
n=15o0r16
8(b)(i | Two assumptions:
) 1. The event that a resident in the village is infected by a skin disease
[2] | is independent of other residents.
2. The probability that a resident in the village is infected by a skin
disease is the same for each resident.

8(b)( =
)| PT=y+D
) P(Y = y)

Sl )

y+1 ){1-p

Given thatn =15, p =0.7

(15—3;]( 0.7 j>1

y+1 \1-0.7
(15-)(0.7) > (y+1)(0.3) [ (y+1)>0]
7(15—y)>3(y+1)

105-7y>3y+3
y<10.2
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When y =10,
P(Y:10+1): 15-10 0.7 —1.0606> 1
P(Y =10) 10+1 ){1-0.7

P(Y=11)>P(Y =10)>..>P(Y =0)

When y =11,

P(Y:11+1): 15-11 0.7 0777 <1
P(Y =11) 11+1 )\1-0.7
P(Y:11+1)<1

P(Y =11)

P(Y=11)>P(Y =12)>..> P(Y = 15)

P(Y =11) has the highest probability.
Hence, the most likely number of residents infected with the skin
disease is 11.
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Qn Solution
o0
[ ey
55p.9 X X L]
x
X
x
120.2 -tf X
10.7 58.3
9(ii)
[1] | From graphing calculator,
product moment correlation coefficient (for y = ax + b)
~0.823690 = 0.8237. (4 d.p.)
w=ax+b
a=7.947347704
b=156.7559344
r=0.6784652079
_r=Ei . 823689995
9(iii) | From graphing calculator,
[2] | product moment correlation coefficient (for y = clnx + d)
~0.908499 = 0.9085. (4 d.p.)
Klist:Lg
Ylist:Le
FreaList:
Store Re9EQ:
Lz=1n{L1M Laci=2, 37024374146 ] Calculate
y=axtb
a=265.5141389
b=-472. 8432465
r:=0, 825370881
r=0.9084992466
Since »=0.9085 is closer to 1 compared to »=0.8237 , this indicates
a stronger linear correlation between the variables. Hence lan’s
claim is valid.
9(iv) | From graphing calculator,
[2] | a~7.9473=7.95.(35.f)
b=156.76 =157. (3 s.f.)
c~265.51=266.(3s.f)
d= —-472.84= -473. (3 s.f)
9(v) | From graphing calculator, when x = 10,
© Millennia Institute 9758/02/PU3/Prelim/24
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3]

¥ ~265.51In(10) —472.84 ~ 138.526 = 138.5 (1 d.p)
Hence, the required estimated average daily number of people that
are hospitalised is 138.5.

9(vi)
[1]

Not reliable as x = 10 is outside the data range of x.

Solution

103)
2]

Let X be the volume, in ml, of soft drink dispensed by the machine
in a randomly chosen can and x be the population mean volume, in

ml, of soft drink in the cans that is dispensed by the machine.
Null Hypothesis, Ho: ¢ =330

Alternative Hypothesis, Hi: ¢ # 330

10(ii)
[1]

Suggested reasons:

The sample that is obtained this way is not random.
The sample size of 8 is not large.

Other acceptable reasons:

The population variance is unknown.

The population is not normal.

The distribution is unknown.

10(iii)
[S]

Unbiased estimate of population mean,

7290330817 35975,
80 4

Unbiased estimate of population variance,

_ 2
=t 450—( 60) 2305 5 1266=5.13. (3 s.f)
79 80 79

Under Ho, since n = 80 is large, by Central Limit Theorem,
= 81 5.1266 :
X ~N|330,— | or N| 330, approximately.
1264 80

Use a z-test at ¢ =0.01.

From graphing calculator,
p-value = 0.0030494 = 0.00305. (3 s.f)

Since p-value = 0.00305 < 0.01, we reject Ho and conclude that there
is sufficient evidence, at the 1% level of significance that the
dispensing machine is not set correctly.

10(iv)
[4]

Let Y be the volume, in ml, of soft drink dispensed by the new
dispensing machine in a randomly chosen can and u be the

population mean volume, in ml, of soft drink in the cans that is
dispensed by the new dispensing machine.

Ho: u =330

Hi: u >330

Under Hy, Y ~ N(33o,3j.
n

Use a z-test at ¢ = 0.05.
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Method 1: Critical region method
Y -330

f
n
Value of test statistics, z = 33033-330_033 =0. 33\/7

b

Critical region: z > 1.8808 (5 s.f.)
Since we reject Ho at 5% level of significance,

_y Y
Under Ho, test statistics Z =

~N(0,1).

0.33\/§ >1.8808 = n >97.449

OR using table from graphing calculator, we have

n 0.33\/Z
3

97 1.8765 < 1.8808
98 1.8861 > 1.8808
99 1.8957 > 1.8808

Hence, least value of # is 98.

Method 2: p-value method
Since we reject Ho at 5% level of significance,

p-value = P(Y >330.33) <0.03.
From graphing calculator,

n P(Y >330.33)
97 0.0303 >0.03
98 0.0296 <0.03
99 0.0290 < 0.03

Hence, least value of 7 is 98.
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4]

Qn Solution
11(1) | X~N(7.8,0.25%), Y ~N(1.9, 0.04%).
[2] |Let W=X+Y.
EW)=EX)+E(Y)=7.8+1.9=9.7.
Var(W) = Var(X) + Var(Y) = 0.25? + 0.04? = 0.0641.
Then W ~N(9.7, 0.0641)
Required probability = P(W > 10) = 0.11802 =0.118. (3 s.f.)
11(ii) | Required probability = P(X > 4Y) =P(X — 4Y > 0).
3] |E(X -4Y)=EWX) —-4E(\)=7.8 —4(1.9)=0.2.
Var(X — 4Y) = Var(X) + 4*Var(Y)
=0.25% + 16(0.04%) = 0.0881.
X —4Y~N(0.2, 0.0881)
Required probability = P(X — 4Y > 0)
~0.74979 = 0.750. (3 s.f))
11(iii) | Assume that the mass of creamer is independent of the mass of
[1] | coffee powder in a randomly chosen 2-in-1 stick of instant coffee
OR Assume that X and Y are independent.
11Gv) | Let T=W1+ Wr+ ... + Wso.
31 |E(D)=EW:+ W2+ ...+ Ws0)=50E(W)=15009.7) = 485.
Var(T) = Var(W1 + Wr+ ... + Wso)
= 50Var(W) =50(0.0641) = 3.205.
T ~N(485, 3.205)
Required probability = P(7 < 488)
~0.95311 =0.953. (3 s.f)
11(v) | The calculations in part (iv) is still valid because 50 is large, so by
[1] | Central Limit Theorem, T is approximately normal.
11(vi) | Let S be the mass, in grams, of sugar in a randomly chosen 3-in-1

stick of instant coffee. Then S ~ N(x,0.36).

E(S + W) = E(S) + EOW) = u+9.7.
Var(S + W) = Var(S) + Var(W) = 0.36 + 0.0641 = 0.4241.
S+ W~N(u+9.7,0.4241)

Now, P(S + W<20)=0.3

Method 1: Standardisation
20— (u+9.7)

0.4241

From graphing calculator,

= P(Z < j= 0.3, where Z ~ N(0, 1)

103—u
—— = —0.52440 = 1 ~10.3+0.5244/0.4241
70.4241

~10.642=10.6. (3 s.f.)
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Method 2: Graphical Method

Plotz  Plot3
lower: 199 E\Y1Bnormalcdf( -1£99,20, X4+
urper:20 NY2B0. 2
X497 =\
g:7(0.4241) B\Y4=
| |

HORHAL FLOAT AUTO REAL RADIAN HF
CALC INTERSECT

¥as8.3

y=P(§+ W<20)
y=03

Intersection ”

¥=18.6Y41585 ¥=0.3
From graphing calculator,
1 =10.642=10.6. (3 s.f))

THE END
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