Chapter S 3

Discrete Random Variables

In this unit, students will
e understand concepts of discrete random variables, probability distributions, expectations ar

variances.

Introduction

Consider the following question:

generalise the method to solving similar type of questions. As such, we roduce the idea of a
g number of two’s
ble value has an associated
pbtained, then this variable 15

ing.

obtained could take on the following values: 0, 1, 2, 3, 4, 5, G4k
probability. Thus if we let the variable X be the number of tv
random since the possible values has a certain pmhabilit)%cc
@
The convention is to use capital letter, say .\,
values it can take. For the example above,

-
(L

xbﬂmf of the random variable and the
f

corresponding lower case letter, x, to represent
A will denote the number of two’s obtamed,

are interested in P{X =x) when x=2. or

simply written as P(X =2). In this ch: will formally introduce this and its associated

properties.

and can take only values x,, x,, ..., x,.

X assumes x,, X,, ..., X, are p,, p,. ..., P, respectively.

showing all the possible occurrences and probabilities is called a probability distribution
able. The function that allocates probabilities P(\" = x) is known as the probability density

nction (p.d.f) of X
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Example 1: Obtain a formula for the probability distribution of the random variable V" defined as

the result of rolling a fair six-sided die.
Solution:

Since the die is fair, P(X =x)= % forx=1,2,...,6. This can be presented by the following table:

X 3 4

.S
6 6

6

5
1 1
6 6

S| =] =
o= k2

P(X =x)

Remark: This is an example of a uniform distribution.

Example 2: Two tetrahedral dice. each with faces labelled 1, 2. 3 and 4 are thrown tifescore,
XL 1s noted, where X is the sum of the two numbers on which the dice land. Compt abality
distribution table of X"

Solution:
The outcome table for X is as follows:
ry
e . 2 3
1 2 3 4
2 3 + S 6
3 4 5 6 7
4 5 6% /\.7 8
From the outcome table, the possible values 2,3.4,5,6,7, and 8.
To find the probability. one can refer to tl ¢ table and compute them.
The required probability distribution t follows:
X 2 5 7 8
P =) I [E [ § | E
4 16 8 16
Remark: This di
K your answer is to add up all the probabilities and see if it equates to 1,

ee coins are tossed.

nstruct the probability distribution table for the number of heads obtained.
Write down a formula for the probability distribution function.

(iii) Find the probability that there are

(a) atleast 1 head,

(b) not more than 2 heads,

(¢) atleast 1 head but not more than 2 heads,

(d) not more than 2 heads given that there is at least 1 head.

Solution:
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(i) Let X be the number of heads obtained when three | Thinkzone:

coms are tossed. It 15 necessary to define the discrete
random variable if the question did

x 0 1 2 3

1 3 3 ] not do so.
B =55 - = = -

8 bt 8 2

1Y For (i1}, suppose r heads

(ii) P{X:x}:[' J[—] s Tore=0. 1 Z 3. obtained, we must consider all
x 2 possible  arrangement  of

appearance -:}f thc heads in

tosses, that 1s,

(i) (a) P(X21}=1—P{X=u}=%

¥ Remark: n {i)(b)1s an

b X =2)=—
(b) ( ) 8 »xamp] e of the cumulative

C i o
(©) PUSX<2)=P(X=1)+P(X =2 et
XA =2 '
@ P {2|1}1]_L¥]. {4 -
P(X 21)
Example 4: A box contains three red marbles ive green marbles which are indistinguishable
except for colour. Five marbles are take m with replacement and the colour of the marble

is noted for each draw. Let X be the % times a green marble is drawn. Find the probability

distribution function of .Y, %
Solution:

The possible values SFEQx=0,1,...,5. Thinkzone:
Probability of obtaining a green marble is

Thus A ) g and obtaining a red marble is % .

, 5 5 x 3 3=x
P(X =x}=[r][_] [-] for x=0,1....5. | Suppose a green marble is drawn r times.

8/ \8 :
We must consider all the possible
arrangement of the appearance of the green

A'q
: 5
marble in the five draws, that is, [ ]
r

Ezmarli: The probability distributions in Example 3 and 4 are examples of the binomial
distribution. which will be discussed m detail in the next chapter.
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Example 5:

Emma plays a game in which she throws two dice. If she get two sixes, she wins 20 cents, if she
gets one six she wins 10 cents, otherwise she wins nothing. She has to pay 5 cents to enter the game.
(i) Write out the probability distribution of X', the amount Emma gains in one game.

(ii) What is the mode of the distribution?

Solution:
The possible values of X are x=-5, 5 and 15. Thinkzone:
_ The gain is obtained
Thus P(X =-5)= [5 ] 25 subtracting from her wins thr: t
' of entering the game.
. 1
=) =2 —| ==
xerm (B4
B{X =15)= ( ]
\ O
Thus the probability distribution of X is
i 5 5 15 ]l¢ probabilities add up
P(X = x) 25 3 £
36 18 36
where x is in cents. The mode is the value with the
highest probability.
The mode is —5. \‘ ghest p :
Example 6:

The probability density function of tl random variable M is given by

l|.=:«.-| form=-1, 0, 1
10

fem* form=1, 2

Find k.

Solution:

ote: As seen from Example 5 and 6, a discrete random variable can take on negative and/or non-

integer values. Examples include shoe sizes which can have values like ﬁ; and gains in a game.

Self-Review 1: Packets of Golden Cornflakes are sold for $3.50 each. One in twenty of the packets
contains a $1 coin. Mr. Wong buys two packets and $Y is the net cost of the two packets. Find the
probability distribution for A~
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3.2 Expectation

Definition:
The expectation of a discrete random variable .\, denoted by E(X). is given by
E(X)=>) xP(X =x).

all x

We often use the symbol g for the expectation, 1= E(Y).

The expectation is another word for the average of the values of X . This definition is motivated b\

; 3
the formula ¥ = }é—? = ZA(EL{ | where f represent the frequency of the value associated
A

Remark: E(Y) is a constant and not a function of X, E(Y) represents the theorgti
mean) that is expected if a sufficiently large number of the same experiment we

Properties of Expectation:
a) If' @ and b are constants, then

s Ela)=a. @
e E(aX)=aE(X) and

o E(aX tb)=aE(X)xbh.
b) If g(X) 1s a function of the discrete random varnable %‘lhen
i) - 3@
¢) If X and ¥ are discrete random variable
E(a¥ 5 )=aE(X

= X).

for constants ¢ and & .

Example 7:

Find the expectation of the r:

x 2 3 4 5 6
P(X = x) 0.06 0.12 0.4 0.15 0.2
Solution: Thinkzone:
E(X)= 0(0.03)+1(0.04)+ 2(0.06)+3(0.12) | We can also use graphing
al caleulator to compute the mean.
+4(0.4)+5(0.15)+ 6(0.2) Refer to Annex 1 for details to
\ =4.07 get the following,

KEHEL FLO&T FUTD REAL RATTEH WP

1]

] =Var Etots
22 2-var Stats Frealist:lz
35 Hed-Hed Calculate
tLinReadam+b)
51 QuadRes
&t Cuniches
s0uartRea

B:LinRAeal{ashxd
F4LnSes

Mote that ¥ refers to the mean. In the event when

i BT
In=d4.87
TxE=14.T1
Sx=
ox=1. 464615791
n=1
mink=@

A0i=3.5

probabilities are entered in L. £x and Zx* give
the value of E(X) and E(X?) respectively.
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Example 8: A discrete random variable Y 1s defined as the result of rolling a fair four-sided die that
has sides labelled 1, 2. 3 and 4. Find E(Y), E( X7 ) and E(3X — 1).

Solution:

We have Thinkzone:

x 1 2 3 4 Check vour results using GC.
2 1 by 27 0d How can vou use the GC in this
3x-1 2 5 8 11 case to obtain the value of E(Y?

e pair
E=2 [ = | = | = || = s
4 4 4 4

La="L1"N

E(X*)=1[%J+ IE}' 7[%}54(%}:2& e — P_

FreaList:L:zl
Calculate

—
2 HORMAL FLDET AUTD REAL RADIAH MF

Alternatively, E(3X 1) = 2[1]+ 5 l]+ E[l]+ 1 l[lJ Fues E(X)
4 4 4 4 , E::=1222'5
13 93;24.443&1312
=— min¥=1
¥ a1=4,5
8
Self-Review 2:
3, 2
The random variable X has dlﬂl‘lbll nby ((X=-1)=—, P(X=3)= g =8) —?

Find (a) E(X). (b) E(X?) \\j%} and (d) E E ] [4.2.29.4, 4.6, -0.0167]

Example 9: ganthling game, Pascal is paid $a if he gets all heads or tails when 3 fair coins are
tossed. He pays $3 if ¢ither 1 head or 2 heads are shown. Calculate the expected gain when a =5.
such that the game is fair. (Note: A game is fair if the expected gain is ().)

| B0 | IR

1 3
E ted gain = E(X)=5| - |-3| - [=-1
xpected gain (X) [4] (4J

To make the game fair, E(X) = a[%]—S[%

]:D = g=9
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Example 10: A random variable X has probability density function as follows:

x 1 2 3 + -
P(A =Xx) 0.1 0.2 2p 0.2 0.1

Find the value of

® p.
(i) the expectation, E(Y) and

(i) E(X). Q\
Hence, evaluate the value of E(X7) —[E{X j]? : %

Solution:
(i Since Y P(X =x)=1.thus 0.140.242p+02+0.1=1 = p=02

all x

.
(ii)  Method 1: Since the distribution is symmetrical aboutx=3, E(X) = ﬁ
Method 2: E(X)=1+(0.1)4+ 2(0.2)+ 3(0.4)+ 4(0.2) + 5(0.1) =?Y'
7 e
(i) E(X?)=1-(0.1)+2%(0.2) +3%(0.4)+4%(0. 1}+51{D =102 }

E(X2)-[E(X] =102-% =12

Important note: In Example 10, it can be see table that the distribution is symmetrical
about x = 3 and we computed and found = 3. In fact, for any distribution_that is

svmmetrical about xo, then E(Y) = v,

The value computed for part (%%I 10 for E(X*)—[E(X }f is called the variance of .\’

»seribe or summarise a certain set of data values. The mean is an

3.3 Variance

There are vario

15 scattered or spread out. Measures commonly used to describe the gpread of a data
. the variance and the standard deviation. These are called measures of variation.

ition:
\gae variance of .\, written Var(X). is given by
Var(X) = E[{X - ,uf] = E(X*)-[B)]

We use the symbol, o, for Var(\).

The standard deviation of X is o= Var(V) . where o > (.

To establish the second equality in the definition, we have



8 Chapter 53: Discrete Random Variables
E[{X —,uﬂ =E(X* 24X + )
=E(X*)-2uE(X)+ 4
=E(X*) -2 + 4
E(X*) -4
= E(X*) - [E(X)]

Properties of Variance:
(a) I @ and b are constants, then

o Var(a)=10,
e Var(aX)=a"Var(X)and
e  Var{aX th)=a’Var(X)
(b) It X and ¥ are independent discrete random variables, then
Var(aX +hY) =a"Var( X))+ b*Var(Y).

N
2.&.

&

bility distribution function.

Example 11:
Find the variance of the random variable X with the followin

x
0 1 2 31(1\ 4 5 6
PCX =x) 0.03 0.04 0.06 |® {}{2 ]v"' 0.4 0.15 0.2
Solution:
From Example 7, E(A}y=4.07 . Thinkzone:
E(X?)= ZIEP{X = x) Using the same method as describe
all x earlier in Example 7, we can use 1-Var
= 0(0.03)+1°(0.04) 92" (0.12) Stats to compute the variance.
HZ{U‘4}+ % 2{[}‘2} HOEHAL FLﬂ:.'I'- III:.ITIJ REAL RADITAM HFP n
=157 g O\ =
éxi =18.71
ax=1.464615991
n=1
minA=0 \
+01=3.5
Note that ::TI refers to the standard
deviation. Thus squaring this quantity
will give us the variance.

xample 12: The random variable A" has probability distribution given by:

x 2 3 4
P(X = x) 1-2p

Find the expectation of " and show that .\ has variance equal to p(53 — 9p).

Determine the range of values of p such that the variance of X" is more than 2 — 6p.

Solution:
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E(X)=2p+3p+41-2p)=4-3p
E(X*)=4p+9p+16(1-2p)=16-19p
Var(X)= E,[.:'ﬁ)—[E(X;:]1
=16-19p-(4-3p)
=5p-9p°
=p(5-9p)
pl5-9p)>2-6p
=9p" -11p+2<0
=O@p-2{p-1}<0
:}E{pcﬁl
9
.

Since 1-2p > 0. that is pﬁ:%. Thus é*ﬂﬁﬂ%.

Thinkzone:

Example 13: (MB 1976/1/12)

Ten playing cards, two of which are Aces, are lying face dowi

Calculate the probabilities P(A = 2) and P(N = 9).
A player pays a stake of $10 to try his luck at fin
Ace he gets his stake $10 back and in addition
his first card, and if he turns a second ca
otherwise he gets nothing at all and his

whether it is a gain or a loss.

Solution:

over, one by one mn random order, and the N card turned ::er 18

able. A player turns the cards
e first Ace found (1S N < 9).

ce, if the first card he turns over is an
rize of $10. If he fails to find an Ace with
is 18 an Ace his 510 stake is returned, but
lost. Calculate the player's expectation, stating

. B2 B
i ﬁ[a] “BON

{3

_2 _8 .2 8 28
10 45 10 45 45
b
2 28
E{}’}=ID[—]~1H[—]
10 45
__38
9

Since E(Y) <0, thus the player’s expectation is a loss.

Thinkzone:
P{N =9)= s = Ly

101 45
There are 10! ways to arrange the
cards. If N = 9, the first 8 cards are
not Aces (8! ways to arrange) while
the 9" and 10" cards are both aces
(2! ways to arrange).
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Example 14: Suppose that the number of cars, .\, that pass through a car wash between 4 p.m. and
5 p.m. on any sunny Friday has the following distribution

(i)

X

4

3

6 7 8 .

P(Y = x)

0.1

0.2

0.3

0.1

0.2

Find p.

(@)  Let g(X) = 3X + 1 represent the amount of money in dollars, paid to the attendant by the
manager. Find the expected earnings of the attendant for this particular time period.
Find, also. the standard deviation of the attendant's earing for this particular time peri
(iii)  Given that for this particular time period. the company makes a net profit of X~* -2 r&
the expected net profit and the standard deviation of the net profit of the c&@‘ is

particular time period.

Solution:
@ 0150203+ p+01+02=1
= p=0.1
(i) E(X)=4(0.1)+5(0.2) +6(0.3)+7(0.1) +8(0.1)+9(0.2 Q)
=65
E(g(X)) = EGX +1)
_3E(X)+1=20.5 ) (..%

Thus the attendant’s expected earning is $“2{J'.5[},u

E(X?) = 4%(0. 1}+5‘{&.2)+63({].3)+7®\‘;&1} +9%(0.2)
=449
Var(X)=E(X*)- [E(:J('}]z 16
Var(g(X)) = Var(3X +1) '
=3*Var(X)=23.85
Thus the Rtﬂ.'l'lda;‘d d;wi:_ltin; of the attendant’s earning is m =$4.8% (to 3 s.1).

5) =265

(i) Let %\bmlmny‘s net profit for this time period. Hence M = X" -2.X .
E(M)=E(X*-2X)=E(X*)-2E(X)
y =44.9-2(6.5)=31.9
, Var(M) = E(M )~ [EQ)]
4 - k4
E(M*)= ]:‘.[(X‘ -2X) ]
N =E(X*)—4E(X ) +4E(X?)
Since E(X7)=4(0.1)+5(0.2)+6°(0.3)+7°(0.1)+8°(0.1)+9°(0.2) =327.5
E(X*) =4*(0.1)+5*(0.2)+6*(0.3)+ 7*(0.1)+8"(0.1) +9*(0.2) = 2501.3
Thus E(Af*)=2501.3-4(327.5)+4(44.9)=1370.9
Var(M) = E(M’)—[E(ﬁxf)]: =1370.9—(31.9)° =353.29
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Thus the company expected caming and the standard deviation of the net profit in this particular

period are $31.90 and /353.29 =$18.80 respectively.

Remark: We can also make use of the graphing calculator to compute the expectation and
variance of functions of discrete random variable. This is useful for us to check our answers
especially when the function of the discrete random variable may be a complicated one, Refer to
ANNEX 2 for the kevstrokes.

Independent Observations of the Same Discrete Random Variable

Example 15: Q
Rods of length 2 m or 3 m are selected at random with proba % .

(i) Find the expectation and variance of the length of a rod.

(ii)  Find the expectation and variance of twice the ler%f atod selected at random.

(iii)  Two rods are now selected at random. Fingl th tion and variance of the sum of the

lengths of the two rods. X
(iv)  Find the probability that the sum Gfth‘i‘b&' hs 15 equal to 5 m.

The probability distribution oY jig as follows.

Solution:
(1) Let X bethe length of a ranw sen rod. Thinkzone:

0.6

t X, and X, be the length of the two chosen rods. X, and X, ate two

E(Y, +X,)=E(X ) )+E(X,)=2E(X)=52 independent observations
Var(X, +X,) = Var(X, )+ Var(X, ) = 2Var(X) = 048 of X.

Important Note: 2.Y # X, +.X, . 21 refers to twice the length of
a single rod. X, +.X, refers to sum of the lengths of two rods. The

variances are different.
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(iv) The required probability is P(X, =2 and X, = 3)
P(X, + X, =5) =P(X, =2)P(X, =3)
=P{X, =2 ad X, =3)+P(X, =3and X, =2) as X, and X, are
=P(X, =2)P(X; =3)+P(X, =3)P(X, =2) independent.
={(0.4)0.6) +{0.6)0.4)

-0.48

In general. if X, X,,..., X are n independent observations of the random variable .Y, then Q
e E(aX taX,=x..ta X )=aE(X,)taE(X,)t..taEX,)
e Var(g X, takX,*..ta X )=a*Var(X,)+a,’Var(X,)+..+a  *Var(X )

Self Review 3:

Austin removes the labels from 3 tins of tomato soup and 4 tins of peaches.

to the manufacturers in order to win himself’ a huggable teddy bear. Delj
the forthcoming bear, he forgot to mark the tins, which, devoid of thei

the labels off
the prospect of

hen appear identical.

The next week, Austin was hungry and wanted to have peaches at random. opening

each in turn until a tin of peach has been located. Let pybe t ility that the 2" tin is the first
tin containing peaches. Determine the values of py, p2, pj: and etermine the expectation and

variance of the number of tins that are opened. [1.6.0.64]

Q)

ANNEX 1: Use of Graplun tor to Compute Mean and Variance of Discrete Random
Variables (Q
Using Example 7, 11 to illustrate how the graphing calculator can be used.
: A |
L1 L2 L3 Ly L]
an-::l select 1:Edit. o o
values of x in list i and the corresponding | |3 e
L] L
probabilities P(Y" = x) in list Lz. H g
______ i
Lz(B=

Est HOEHAL FLOAT AUTD REAL RADIAM HP n

Press E Under the CALC tab, select 1: 1-Var Stats. EDII,I,-,L;EETS

t2=-Yar Stats
:Med=Med
:LinReg{ax+b)
:QuadRes
:CubicRes
tQuartRes
:LinReslat+bx)
LLnRea

\ﬂmﬁdmmﬂwmi—‘
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5 ] Atthe Liwoption. ke i

At the FreqLast option, key in L.

List:L1
FreaList:Lz
Calculate

P
1
[Note: You can input Ly by pressing ij :] L2 by
1 [ 2
pressing = jg =

eriry solve
—

HOEMAL FLOAT AUTE RERL RADIAM HF

1]

enter

Select Calculate and press

X refers to the mean i.e E(X).

e : n=1
o, refers to the standard deviation i.e. ,f‘u’a.r{ ). s P
4Q1=3.5
In the event when probabilities are entered in Lz, Ex and "p

Zx* give the value of E(X) and E(X?) respectively.
[Why? Recall that Zx=Ex { and Zx’ =Ex’f where [
represent the frequency of x, . If 1. are probabs

instead of frequencies, then Ex=ExP(X =x)=E(

and Xx’ =Zx'P(X =x)=E(X?"). ] . Q)

Hence E(X)=4.07, E(X*)=18.71, 1.4646)°
[Wote: You can also use the storgd v of o, to compute
Var(X)=a_ by pr qw and select S:Statistics

i

ANNEX 2§ Use of Graphing Calculator to Compute Mean and Variance of Functions of

Y Press @ and select 1:Edit.
Key in the values of x in list L; and the corresponding
probabilities P(A"= x) in list Lz,

La=
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2. | Navigate to the list L3 header. e e s e D
Aebook I.:. L:i “ ] I.;l55 i Ls 3
5 2 125 sz |
Press - - to key in * and then press. [—] u . -2 - I
s |z % e
E] E] to keyin L,°. Press and the values for ||~ | | ——
X* will be calculated at once under list La. E———
a= M gam
Navigate to the list Ly header.
B o
Press - D to key in “ and then press [—] E] @
IZ] E] tokey in L%, Press and the values for @
X* will be calculated at once under list L. §
[Note: Keying in “ before L’ and L° retains their ‘b
formulae. This 1s useful so that when vou edit the values %
Li. the corresponding values of L' and L' wi Q
changed immediatelv. ]
3 % FLOAT AUTO REAL RADIAM HP n
T & :
Press . Under the CALC tab, sele:&\‘ Stats. | oot e ate
2:2-Var Stats
3:Med-Med
4:LinReglax+b)
5! QuadRes
6:CubicRes
7:iQuartRes
B:LinReg(a+bx)
FLLnReg
4,

Ld -

3
Yoy can mput L2 by pressing ~—] :] . L3 by pressing u [: and L4 by

ressing [:] :]

¥=327. 5
Ix=327.5 #—

List:L3
Frequatit:LH“

E(X?)

Ini=161798.9

Sx=

ox=233.543679

n=1

minx=64
+Q1=125

Calculate
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HORHAL FLOAT AUTOD REAL RADIAN HP n HORHAL FLOAT AUTO REAL RADIAN HF n

=
List:Ls 1—-_____ ®k=2501.3 4
FreaList:L: 3 Ix=2501.3 E(X")
Calculate Ix2=114521809.3

Sx=

ox=2279.387552

n=1

mink=256
L1=625

We may also compute the expectation and variance of M = X* —2.X in Example 14(iii)
with the graphing calculator to check the answer as follows (Note that you are t
workings although you can use the graphing calculator to compute):
1. —

Press E] and select 1:Edit.

Key in the values of x in list L) and the corresponding
probabilities P(X"= x) in list L;.

2 Navigate to the list Lz header.

Lz L4 Le 3
A-lock CIn. ] 1 B I [—
£ 15
Pre.qq - [: to kev in ** and then A £
ﬁ —] 7 e
] to HES ‘b, —2L,.
.,:m _1 La= "L32=24"
Press j and the wvalgge X =2X will be

calculated at once un

L, — 2L, retains its formula.
you edit the values in L;, the
& in La will be changed immediately. ]

HORHAL FLOAT AUTD REAL RADIAM HF n

. Under the CALC tab, select 1: 1-Var Stats. W1-Var State

2:2-¥ar Stats
2: Med-Med
4:LinReglaxt+h)
S:QuadRes
6:CubicRes
7:0uartRea
B:LinReglat+bx)
FLLnRea

HOEHMAL FLOAT AUTO REAL RADIAH HF n

IS¢

At the List option. key in La.
At the FregList option, key in La.

List:L3z
FreaList:Lz
artry solve Calculate

enter
Select Calculate and press
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HORHAL FLOAT AUTO REAL RADIAH HP []

- ¥ refers to the mean i.e. E(X3 2_1:'),

g o s - ®=31.9
o, refers to the standard deviation 1.¢ J‘Jar(;{ S ] . Fx=31.9
' Ix?=1370.9
Sx=
ox=18, 79601021

When probabilities are entered in Ly, Xx and Ex° give the ;i%.#a

value of E(X* ~2X) and E[(X" —EX)?) respectively. | @

Hence E(M)=E(X*-2Y)=319,

E(M?) = E((r’ —2)[) ):13?{}_9,
Var(M) = Var( X* - 2.X ) =(18.796)’ %@v
Self-Review 1 Solution:
X 5
BX =) (L Ay 3
20420/ 400
Self-Review 2 Solution: . \( i :

(@) E(X)= {—n[ ]+(3}[

(b) E(X*)=(- 1}[ J+(3][
2),
3

© L(IAI)=[] [%}8[
AN
. N

-t 33 G5 RS

/Y.Eing G;.C., expectation and variance of number of tins are 1.6 and 0.64 respectively.






