7. Integration and its Applications

CJC/2010Promo/10
Find
@ j ;XX dx 2]
(b) J.lenxdx [3]
X+3
4
© .[x +4x+7 4]
(d) J.\/Z)(ilz dx by using the substitution x = 2 sin 6. [4]
4—x
DHS/2009Promo/9
(i) Find %(Sin 2X). [1]
(i)  Find J' _SINX+COSX 4y, [2]
(cosx —sinx)
(iii) ~ Hence find the exact value of j o sin xsin2x-+ cos xsin 2x dx. [4]
(cos x—sin x)
ACJC/2010Promo/9
Find the following integrals.
cos3x —cosec?3x
2
@) f sin 3x + cot 3x 2]
1-x
(b) dx [4]
I\/1—16x2
(c) f(1- x)_2 In x dx [4]
TJC/2009Promo/2
Integrate the following:
(@) jxlixz dx, where x > 0. [2]
o) [ ax, wh L 2
()Im x,werex>z. [2]

7. Integration and its Applications 1



Using the property sec* 6 = (sec2 6?)(sec2 0), find J. sec* 6 do. [3]

JJC/2010Promo/12
(@) Write down constants A and B such that, for all values of x,
X+4=A(2x+6)+B. [2]
Hence find J'ZX;A' dx. [4]
X°+6x+13
1 12 2
(b)  Using the substitution x =—, show that —erdx= Il ue" du. [2]
u , X3 1
4401
Hence evaluate —€* dx, giving your answer in exact form. [3]
, X
0
(c)  Find the exact value of I |x+2| ¥ dx. [3]
-3

RVHS/2010Promo/11 (modified)

@ Using the substitution u =e*, find J' L

¥ +2e7*

dx . [4]

(b) Show that
_av3+b-=n

4x -5
‘[0\/3+2x X2 6

, Where a and b are constants to be found.  [6]

VJC/2013Promo/5
(@) (i) Prove that —( j . [2]
x*+1

(

(if) Find the exact value of I

[3]

2x

(b) Find the constant A such that

A+ Hence find Il—lezx dx. [3]

l-e l-e
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11

HCI1/2020Prelim/1/6

Find
3e*
dx, 2

@) I 5-0.3¢" X 2]
(b) _[cos(ln x)dx , where x >0, [3]
(c)  the exact value of I03|28X —5| dx. [3]
NJC/2020Promo/6
. . X . -
(i)  Find J— dx, where K is a positive constant. [2]

V1-k?x?
(i)  Hence, find f(s,in-1 kx)L dx. [3]

1-k?x?

(iii)  Evaluate jﬁ(sin‘1 X) X__dx, giving your answer in the form i(l—%j
0

NG Ja
where a and b are integers to be determined. [2]

(iv) Deduce the exact value of

1

Jﬁ [sin‘%x—m)}ﬁ dx

m 1—(X— m)2
for any constant m. Explain your answer. [2]
TJC/2014Promo/6
{ -2
(a) Using an algebraic method, find the exact value of J' —— dx. [3]
X

1

(b) Sketch and shade the finite region bounded by the curve y = x2 + 2, the lines y = x
and x = 1, and the y-axis. Find the exact volume of the solid formed when the region
is rotated 2x radians about the y-axis. [4]
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12 ACJC/2012Promo/15

The shaded region R in the diagram below is bounded by the curve 4(x+1)* +(y—2)° =4

and the lines y=-x and x=-1.

(i) Using the substitution x =cos@ -1, show that
J'__:\/—xz—Zx dx=%. [5]

(if) Hence, or otherwise, find the exact area of R. [3]

(iii) By translating both the curve and the line y =—x

one unit in the positive x-direction, or otherwise,
find the volume of the solid formed when R is
rotated through 27 radians about the line
x=-1. [3]

13  NJC/2009Promo/10
(@ (i)  Find the derivative of >,
(ii)  Hence, find [(x+1)e” " dx.

(b) y

A+ +(y-D =4 4y

&

-
T L

2 -1 O

[1]
[3]

y

\—Xz y—l

) 4

The diagram above shows part of the graph of a curve C given by x =

X

y
y-1'

The region R is bounded by C and the lines y=x and x=4.

Write down the equation of the curve obtained when C is translated by 4 units in the

negative x-direction.

Hence, or otherwise, write down also an expression for the volume V of the solid formed
when R is rotated 2z radians about the line x=4 and find its numerical value, giving

your answer correct to 3 decimal places.

[5]

7. Integration and its Applications



14 RI1/2009Prelim/1/9

<V

The diagram above shows the graphs of y:\/%—ix2 and y=x*. Find, in exact form,
the coordinates of the points of intersection A and B. [2]
The shaded region R is bounded by the two curves and the x-axis.

(i) Find the area of R, giving your answers correct to two decimal places. [3]

(i)  Find the exact volume of the solid of revolution formed when R is rotated through
© radians about the y-axis. [3]

15 DHS/2010Promo/11
(a) The shaded region R in the diagram below is bounded by the curves y =sin2x

and y = cos x. y4

1

0] T

Find the x-coordinate of the point of intersection P of the two curves. Hence, by
integration, find the exact area of R. [5]
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(b)  The diagram below (not drawn to scale) shows two regions S and T. The region S
2

is bounded by part of the curve yz%, X =2 and the x-axis. The region T is

bounded by part of the curve y = iz X =2, x=band the x-axis.
X

Y A

0]

Find the value of b if the area of region S is equal to the area of region T. [4]

Let Vand V; be the volume of the solid of revolution formed when the region S and
region T are rotated through 4 right angles about the x-axis respectively.

Let W, be the volume of the solid of revolution formed when region S is rotated through
4 right angles about the y-axis.

Find the value of b if V, +V, = %ws. [5]

16 JJC/2010Promo/10

y- X -4
yA 5
\
R 3
y==
X
: X
0] 2
: : 3 X -4 :
Region R is bounded by the curves y=—, y = o y =3, and the axes as shown in
X
the diagram above.
2 J—
(i) Verify that the curves y _3 and y= X -4 intersect at (3,1). [1]
X
(if) Find the area of the regionR . [3]
(iii) Find the volume of the solid generated when R is rotated 2r radians about the x—axis.
3]
(iv) Find the volume of the solid generated when R is rotated 2n radians about the y-axis,
giving your answer in exact form. [4]
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17 RVHS/2020Promo/8

V3 3

(@) Use the substitution u=e* to evaluate I Zex—l dx exactly. [4]
o e+

(b) The diagram below shows a graph of x* = ysiny with the line x = \/g

It is given that curve intersects the line at [\Egj .

y

x> =ysiny

The region R in the first quadrant, is bounded by the curve x* = ysiny,

the line x = \/g and x-axis.

(M FindJ. xsinx dx interms of a, where 0<a<m. [2]
0

(i)  The region R is rotated through 2z radians about the y-axis.
Using the result from part (b)(i), find the exact volume of the solid obtained. [3]
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18 NJC/2010Promo/12
(a) By using the substitution x =sint or otherwise, show that

Xesin‘lx )
I dx:je‘smtdt. [2]
V1-x°
) ] Xesin’lx
Hence, find the integral J. \/1_2 dx. [4]
—X
(b) A

The diagram above shows part of the graph

2 .C
3+ x?
intersects the line y = x at (1,1). The region
R is bounded by C, the linesy = x andx =3, X=3
and the x-axis. Find V, the volume of the
solid formed when R is rotated through 2x
radians about the x-axis. [3]

of acurve C given by y =

19 JJC/2009Promo/12
(i) Find the exact value of I;In (x+1)dx. [4]

(i)

v

1 2 3 n-2n-11
n n n n n
The diagram shows the graph of y = In (x +1) with n—1 rectangles approximating

the area under the curve between x =0 and x =1. Each rectangle has width i Show
n

1&, [r+n
that the total area of these rectangles, A, can be expressed as —Z In [—} . [1]
r=1 n

(ili) By letting n =100, find A correct to 5 decimal places.
Hence, find an approximate value for In 2. [3]
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20 ACJC/2008Promo/11
The diagram shows a sketch of part of the graph

6
of y=2x +§. By considering the shaded y =2X +;
X

rectangle and the area of the region between the
graph and the x-axis for 2 < x <3, show that

3 6
I (2x+—j dx>7. [1]
2 X

3
Show also that I (Zx +§j dx<8. [1] > X
2 X

Hence deduce that l< In 1.5<1, where p and g
p q
are positive integers to be determined.

Answers

X3 X3
@x-3In|3+x|+c (b)[g Inx]—§+C

X+2

1 2 2 3 _ X
(c)2[ln|x +4x+7|+\/§ tan \/5 1+C (d) -—2+/4 - x* —sin > *t¢

2 V3 3
. . 1 9
(i) 2cos 2x (i) erc (iii) —2 >

sin(4x), 1 1067 o
16

(a) %In|sin 3x+cot3x|+c  (b)

In x
() Tt InfL— x| In|x| + C

(a) %In|ln x|+C (b) e, C

5 |@ tang+itan*0+C

1 1
@) %In‘x2 +6x+13‘+%tanl(XT+3j+c (b) %e“ L1 ©) 17

2 4
7 N, e” 24\/3-48— 1
b) 24V3-48-7
[\/EJJFC (b) 5

2
(@ —tan™
2

8 2 1

@ () iC

——— (ii)1+Z (b)x—lln\l—e“
(x2+1) X2 +1 4 8 2

(3) ~10In5-0.3¢"

+C (b %[cos(lnx)+sin(lnx)]+c (c) 10In2.5+2¢*-23
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1

1 ) o - —(sin‘lkx)(l—kzxz)E
(i) k2(1 k?x*)? +C (ii) % +K+D
w3t
1 @1 (b)1—617r
12 | «n L1
0] " (”)E_E (iii) 3.14
a0 2(x+1)eX (ii)1(x+1)2exz+zx—1exz+“+c (b)x =———4, 12.802 units’
2 2 y-1
14
(—%%} (%é},(i) 0.34 units?, (||) 2" unit®,
15 T 1 ., . ..
(a) r ; 2 units® (b)(i) b=3 (b)(ii) b=4.31
10 i)583 ()62 V) n
2
17 3
(a)\/§—£—l (b) (i) sina—acosa (i) %—n
18 esin” 1x
e ¥ (x—y1-x? |+c, 4.85
J.\/1 X ( )
19 |() 2In2-1 (i) A=0.38282: In2~0.691
20 |p=3,q=2
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