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Chapter 3C: Vectors 11
Equations of Planes

SYLLABUS INCLUDE

Vector and Cartesian equations of plancs

» Finding the foot of the perpendicular and distance from a point to a plane
» Finding the angle between a line and a plane, or between two planes
« Relationships between
(1) alinc and a plane,
(i1) two planes,
« Finding the intersections of lines and planes.
CONTENT
1 Equation of a Plane
1.1 Equation of a Plane in Vector, Scalar Product and Cartesian Forms
1.2 Calculations Involving a Line and a Plane
1.3 Calculations Involving a Point and a Plane
1.4  Calculations Involving Two Planes
INTRODUCTION

In this chapter, we shall extend the use of vectors to represent equations of planes in three

dimensional spaces and to apply knowledge we acquired in Vectors I and 11 to solve problems that

involves planes in three-dimensional gcometry.
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1 EQUATION OF A PLANE

1.1 Equation of a Plane in Vector, Scalar Product and Cartesian Forms

1.1.1  Vector Equation of a Plane

To find the vector equation of a straight line,
we need a point and a direction to define the
line.

For a plane 7 we need a point and two

directions. Suppose 7 contains the point A

with position vector a and 7 is parallel to two

non-zero and non-parallel vectors b and ¢ as Figure 1 re poin)
. . - - - ~ - 1 direodioe
shown in Figure 1. Then for any point P on 7, since AP = AQ + QP with AQ//b and OP / /¢, rJ i 4
pore e
the vector equation of 7 is given by bhe I,f.n
e B . I
L O R I Y T I T GMe vk Y op

Remark: The vector equation of a plane is not unique since we can choose any point on the plane

and any two non-parallel directions that are parallel to the plane. It is an extension to

the vector equation of a line.

Eciokion vackort L;_ erd ¢ are free V*ld‘"'-’ ( nead rot ‘w om“‘ t"lN-) .
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Example 1

Find a vector equation for each of the following planes.

I 2 2
(i) The plane containing the line r=| <1 |+ A| 0|, A€ R, and paralle] to the vector | |

-4 3 0
(ii) The plane that passes through the origin O and the points A(-3,0,1) and B(1,1,-7).
| 3
(i) The plane that contains the point ('(-2,1,-2) and the line r=| -2 [+ 4| 2|, Ae R.
0 |

Solution . s & ( I.\ ( !
(i) [Note that the plane passes through _(.-,'_ ) ~andisparallelto v/ and ~'<>.|

v ()G () "m el

The plane has vector equation =~

oR (3 )
Y ( : )
(ii) [Note that the plane contains the origin and is parallel to ( v ) L5 J

The plane has vector equation
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LLL2  Equation of a Plane in Scalar Product Form
Given a plane 7, we can find a vector n that
is perpendicular to 7, so n is perpendicular
to any vector parallel to 7 . Vector m is

called a normal vector of 7 .

Suppose & contains point A with position

vector a and has a normal vector n, as

shown in Figure 2. Let 2 be any point on 7 -
Figure 2

and r=0P . Since AP lies on 7, AP is perpendicular to m, so
(- on) Lo @
AP-n=0 = (r-a)n=0 = rm=a-n,

— Loy !L'\f,
—

" Whragentt 0gereps), prindon
Hence the equation of 7 in scalar product form is trepare

L Wb 4 >“l’~*“&"§,-ﬁ‘vhascdu

[poin 0r-d \ revped veder hed
nou\&;f = FQDN
Remark: The plane with equation r-n=0 passes through the origin 0. Why?

€ eu Bty T (R ke

Exercise: The plane 7 has equation r=a+Ab+uc, A, ucR . Show that n // (b xc).

Answer: The plane 7 is parallel to 5 and _~ .
R "o \,—Q»@QN\}(\L}\N Yo Lot H”‘ £ “‘\‘ (r\ Iy
Thus n is W\d&&}\m to Lath l;vf\'\n\ ¢

&;-"lfiﬂ‘t(ub_(
'\\ ‘D‘“‘ lrl "r\i

%

ol

so n is parallel to bxc.
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Example 2

Find the equation of each of the following planes in scalar product form.

(i) The plane that passes through A(1,2,-2) and is perpendicular to the vector

il V'Q‘w
reind 3 t). r'Qr‘[ (}QQ
(i) The plane that passes through B(-3,0,1) and is parallel to the plane r- 2
PUH\J hhd”* u‘ t\, hrtd“*

1 3 I
(iii)The plane that contains the lines r=| -2 [+ 4| 2|, AeR and r = 2 +;1 3 , HeR.

0 1
(iv) The xy-plane.
Solution .k > () &Y =q
(i) An equation of the plane is LR \ g ( }ms ' (-? ) ,

ie. “"k'u-\ -
H ; : ! =349 -q 5
(ii) An equation of the plane is S ( “) ( . ) ( -1'&) ,
r () -5
ie. " ( i )
3 1 ~Z=3 -5 Ol rovimal vecksr
(iii)The plane is perpendicular to | 2 |x| 3 -(-3-1)|=]| 4]. auit
| -1 9-2 7
i \ 3
. 8 . Mo ( Al ) . ( -'l> » ( \) - 'S "
An equation of the planeis  ~ ' 3/ ) k

( . chaok urditr Coareed
o) by (320l (1)
: — wd vt ey sahisfy
: () Yy
e\\t\ (‘-) ,,,|',.l vt!\"l \ .

(iv) An equation of the plane 1s  ~ Rl Veator (;’)

Hrerormal yookor
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1.1.3 Cartesian Equation of a Plane

Let P(x,y,z) be any point on the plane 7, which passes through a fixed point A with position
vector a =q,i+a,j+ak and is perpendicular to the normal vector n = nji+n,j+nk. From 1.1.2,

the equation of 7 in scalar product form is r-n=a-n=d. Hence

x\)(n a)(n
yifimi|=la||m|=d
z) \n a, ) \n

= nmx+ny+nz=an +an,+an =d.

So the cartesian equation of 7 is epad gealar pro dod @

I\|X‘ V\tY*'\--;'L ! J oYy d: QNY¥ de‘L*agk’i

hirer L\\,\d\ah n “‘l“-t wnkhov s

Example 3
-1

The equation of the plane 7 is givenby r-| 2 [=4.
-5

Write down the cartesian equation of 7 and find a vector equation of 7.

Solution
551 > raked unkraun thesubjed
The cartesian equation of 7 is __ " by 0 \ ) HAER )

—

S =—4+2y-5z ,and .
T @ e
1

1

2
spe e

Letting A = y and i = z, a vector equation of the plane 7 is

ve ) o) e

—‘\—
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1.2 Calculations Involving a Line and a Plane

1.2.1 Angle between a Line and a Plane

In Figure 3, the acute angle between line
I:r=a+Ab and plane 7:rmn=d is denoted

by 6.

The angle 8 can be found by first finding ¢,
the acute angle between / and the normal to
7, which is also the angle between b and n.
Then the angle between / and 7 is

0=90°_¢'

Figure 3

Example 4

Find the acute angle between the plane 7 with equation r-(2i-j+2k)=4 and
(i) theline /: r=4i-6j-2k+A(i-2j), A1€R, (i)  the y -axis.

Solution

2 1
(i) Let ¢ be the angle between | —1 | and | -2 |.
2 0

() () 9 f0'- 53315

¢ 36.408°
h i ,
“ 16 .4 (H.P.)

cos¢ =

—

=
/5y aqgr (dy)

Hence the acute angle between 7 and / is 364"

0) i

(ii) The direction vector of the y-axisis | 1 |. ()4 (1')
0) oRpr

2 0) .

Let a be the angle between | <1 | and | 1 |. \

2 0
() () pr—pro—ter-tay
R o)
~‘T 4 -\b\_(\n—\u\ AR LR

1
1

d Cof gy
0y 44° ("‘l’) *OSD
Hence the acute angle between 7 and the y -axis is
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1.2.2 Point of Intersection between a Line and a Plane

Given a line I: r=a+Ab, AeR and a plane 7: r-n=c-n, there are three possible scenarios,

as shown in Figure 4.

(1) I and 7 do not intersect @lisonx (3) ! and 7 intersect at O
T
Uy Flgér(e 4 L# T

We proceed as follows to determine the relation between / and 7 :

' : \ _L “ d h \s M(u\qi
- - . ‘) .3
(i) Ifyben=0; theny-and 7z~ ace parallell Why’ i o Lyt e plare.

Moreover iffa-n=c-n} then / lies on 7 as inkscenario (2). Otherwise / is not on 7 as in

scenario (1).

Note: Example 5(i) illustrates how we could show a line is on a plane in one step.

(ii)If b-n =0, then / and 7 intersect at exactly one point as in scenario (3).

The intersecting point can be found by %solving simultaneous equations of / and ' using the

substitution method as in Example 5(ii) below.

Chapter 3C: Vectors 111
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Example 5
The line / has equation r=5i+5k+A(2i+j), AeR.

(i) Show that / lies on the plane 7, with equation r-(—i+2j)=-5.
(ii) Find the position vector of the point P where / meets the plane 7, with equation
r-(i+2j+2k)=11.

Solution
5 2
(i) Any point on / has position vector | 0 |+ A[ 1 | forsome 1 eR.

SN

It L x(-mmn}
: -5

So any point on / is also on 7,.

Thus / lieson 7.

(ii) When /: r=

[(2)} 0‘(1&) (‘k) v ‘_/m.mn

SHioh et oLy

W O W

2 1
+A| 1 |intersects 7,: r-|2|=11,
0 2

TRES

3 9 = -
(3 2 3
Hence OP=| 0 |-| 1 [=[ -1].
5 0 5
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1.3  Calculations Involving a Point and a Plane

1.3.1 Foot of Perpendicular from a Point to a Plane l
P

In Figure 5a, the foot of perpendicular from
point P to plane 7z is the point F, where

the line through P and perpendicular to 7 meets 7 . ¥
Point F is also called the projection of E
point P onto . '
The distance PF is the perpendicular distance
from P to «. Figure Sa

Ll PY B T
s ‘,o.'d b lies on 1

Example 6
The plane 7 has equation r-(i+ j—3k)=1 and the points 4 and B have position vectors i and
i+ 2j respectively, with respect to the origin O.

(i) Show that 7 contains A but does not pass through B .

(ii) The foot of perpendicular from B to 7 is P . Find the position vector of P and determine the
perpendicular distance from B to x.

(iii)Find the position vector of Q, the image of B after reflection in 7.

Solution ,
(i) (&) ,) 5 , SO 7 contains A4 .
()- (5 A , so 7 does not pass through B .
1 1
(ii) Where £4p: r=| 2 [+A| | |intersects #: r-| 1]|=1,
0 -3 -3
- n
‘,L,,.\Y B ~
\ '. ’, |
1) (1)
lypdatn bqa |
e -4
gy L

1I1=-2 = A:—l
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Page 10 of 21



Raffles Institution H2 Mathematics

2016 Year 5

-

The perpendicular distance from B to 7 is the distance BP.

>
o‘?—oB

B

1.3.2 Distance from a Point to a Plane

Suppose the plane 7 passes through a fixed
point A and has a normal vector n, and the
foot of perpendicular from point P to 7 is
the point /. The distance (or shortest distance
or perpendicular distance) from point P to x
is the distance PF .

The distance PF is also the length of
projection of AP onto n, which is Iﬁﬁl

t

onke

-

l

Figure 5b

b
7_’5  § “&7
A f
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Example 7
Find the distance from point B (1,7, -10) to plane 7 with equation r- (i +2j- 2k)=13.

Solution

uy (1Y
Let n=i+2j-2K. (1) (Y)(x)

Method 1: Let 4 be the point on 7 with coordinates (13,8,9)

The required distance is
-\ \
- La) (L)

LY n\ \(}a)("i)\
O "

Method 2: Let P be any point on 7. The required distance is

g l(@5-0)]
|PB 4| = .
3 OB-n-0°P '“I Note: Any point P on plane with equation
122242 r-n=13 satisfies"OP.n =13
1 1 ®
711 2[-13 m 1}\\95-'3\
_ -10) \ -2 | 8 ) o
VI 422 422
| 1+14420-13 | 22
- 3 ]
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1.4 Calculations Involving Two Planes

l.éi.l Angle between Two Planes

Figure 6
Figure 6 shows two intersecting planes. The angle between two planes is the angle between their)

normals.

Remark: Two planes are perpendicular if their normal vectors are perpendicular.
The planes are parallel if their normal vectors are parallel.

Example 8
Find the acute angle between the planes with equations r-(i+3j+2k) =4 and r-(i-j-k)=4.

Solution

Let € be the an\glc( between their normal vectors. Then
(1) -',)
(oY 6 3 -

—_—

()
-4

0=128.1° (nearest 0.1°)

The acute angle between the planes is 180°-128.1° = 51.9¢.
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1.4.2 Interscction of Two Planes

Given two distinct planes, there are two possible
cases as shown in Figure 7.

(1) The two planes 30 not interséct; so they are
parallel.

In Figure 7, 7, and 7, do not intersect and
are parallel, som;=2nj for some 1eR.

(2) The two planes'intersect/in a line.

In Figure 7, 7, and 7, intersect in the line 7.

Figure 7

In the case where two planes 7,: r-n, =d, and 7,: r-n,=d, intersect, where n, =aji+bj+ck
and n, =a,i+b,j+c,k, there are three methods to determine the line of intersection /.

Method 1 (See Example 9a Method 1)
Solve the cartesian equations of 7, and 7, given by
{ﬁx+b,y+é,z =d3.
ax+byy+c;z=dy’
a system of two linear equations with three unknowns x, y and z. We can solve for two variables
in terms of the third, which serves as a parameter. This gives the equation of theline of intersection’
‘in parametric form. g N 2 )

o
14 \

e ( Pwm)rfc forny

Method 2 (See Example 9a Method 2)

Since [ lies on both planes, it is perpendicular
to both n, and n,, so / is parallel to n, xn,.
It remains to find a point 4 with position

wvector 4 on /. This point can be obtained by
observation or by solving the cartesian

equations for ¥z, "and" 7, With™one " exira
‘condition, like x=0, y=0 or z=0.
The vector equation of / is then given by

wlrr=a+A(mxn;); 1eR.

Figure 8

Method 3

We can use the trick in Method 2 to first find two points 4 and B on /, then use the points to find
the vector equation of /.

Chapter 3C: Vectors II]
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Example 9
Determine if the following pairs of planes are parallel or intersecting and find a vector equation of

the intersecting line wherever applicable.
@@ 7,: r-(i+3j+2k)=4 and 7,: r-(i-j-k)=4.
M) 7,: r=i+j)+a(-2i+j)+p(i-j+k), a, feR and

my: r=(3i+4j-k)+A(-2i+j)+u(j-2k), A, ueR.

Solution Ny
1 1

(a) Since | 3 |# 1| 1| forany 1 € R, the normal vectors are not parallel, and so neither are 7,
2 -1

and 7,. Hence the two planes are intersecting.

To find intersecting line:

Method 1

] ) A
- (4 )t

This system of equations can be solved with the GC (APPS PlySmlt2).

i

. x+3y+2z=4

ERIE

T, x—y—z=4

) () R R
D) omae

4
() (), tel (RAIRYNODENSYSRY STOWRRER)

An equation of the intersecting line is

Chapter 3C: Vectors 111
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Method 2 ,‘ ‘ ) 10

o ot 1
The intersecting line is parallel to '~

To find a point on the line, we only need to find any point that satisfies

\l),*\']ll‘ -
l‘ \-}-'L N =y

When 1°° S\VH‘JN ] 3_0’,,1,

»-"k:‘a

. legs, 5 0,0
Hence one point on the line is (,0,°)

(14203 et

-r,,"d i rechion

so an equation of the line is %

(b) Let n; and n, be vectors normal to 7, and 7, respectively.

-2) (1 1-0) (1
n,=| 1|x|-1]|=|-(-2-0)|=|2
o) 1 2-1 1

-'L_b

e () () () o

Since n, and n, are parallel, so are 7, and 7,.

2016 Year 5
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Example 10 [PJC Prelim 9740/2008/01/Q10 (modified))

The line / and plane 7, have vector equations
F=idSj- Ak + AGi+ 2§+ 7K), Ae R
reitSj- Ak 4 s(2i+ j+Ak)+13i+2j+7k), s, re R

respectively.

(i) State the coordinates of a point of intersection between /, and z,, and hence give a
geometrical interpretation about / and 7, . 12)

(i) The plane 7, passes through the point 4 with coordinates (3, 6, I)and contains the line /,.
Find, in the form r-n = p, the equation of 7,. 2]

(iii) The plane 7, has equation x+ 2y -z =0. Determine, with a reason, if the planes 7,, x, and
7, have a common point of intersection. 3]

(iv) Find the perpendicular distance between 7, and 7,, giving your answer in the surd form. [2]

Solution

(i) From the equations of /, and 7, they have a common point (1,5,-4) and are parallel. Hence /,

lies on x,.
3 1 2 2) (3 -3
(ii) A vector parallel to 7, is | 6 [~ 5 |=|1|, and a normal vector of 7, is | I x| 2 |=| 1
1 —4 5 5)\7 1
-3 3} (-3 -3
7, hasequationr-| 1 [=|6|( 1 |,ie.r:| 1|=-2.
1 1 1 1
2) {8 -1 -1 1) (-1
(iii)A normal of x, is |1 |x|2|=[-2|, and =z, has equation r-| -2 [=| 5|-|-2|==15 or
4) \7 1 1 —4 1

x+2y—z=15. The equations of 7, and 7z, show they are two parallel planes. Thus, the 3
planes have no common point of intersection.

(iv)From the equation of 7,, observe that 7z, passes

through the origin. Hence the distance is / / 73
01\ ------ L
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Example 11 [HCI Prelim 9740/2008/01/Q12(b))

Referring to the origin O, two planes n, and 7, are given by

)
meeorel 20=13  and x| 3(=-8.
-4 3

(i) Given that the point 4 (1, 7, ~10) lies on z,, find OB where B is the image of A when
reflected in the plane 7, .

(4]
(ii) Write down the Cartesian equations of both 7, and 7,. (1]
Find a vector equation of the line of intersection of 7, and 7,. (1]

(iii)Find a vector equation of the plane which is the image of 7, when 7, is reflected in 7,. [3]

Solution

(i) The line through 4 and normal to misr=| 7 |+A| 2|, Aekk. Suppose the line

-10 -4
meets 7, at F, then
1 1 1
71+A 2] 2|=13
-10 -4 —4
(1414+40)+A(1+4+16) =13 > A =2
1 1 -1

OF=| 7|-2| 2= 3 .SinceFisthemidpointofAB,5f‘=%(&+0—8).
—10) (4] |22

-1 iy -3
Hence OB=20F -04=2| 3|-| 7 |=|-1
-2) =10 6

(i) 7,: x+2y-4z=13 ... (1)
o x+3y+3z=-8 ...(2)

55 18
Using GC to solve, the equation of the line of intersection is , = =21 |+p|-7], neR.
0 1
(iii)Since B and / lie on the image plane of 7, a vector parallel to 7, is
S5 -3 29
=21 |-|-1]=2|-10].
0 6 -3

-3 18 29
The equation of image plane is - | _j |4 ¢ -7 |+t| -10| where s, reR.

6 1 -3

Chapter 3C: Vectors II1
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Example 12 [NYJC Prelim 9740/2008/01/Q11])
Two planes 7, and 7, have equations

a
r=(3+A=2p)i+(2-324 p)j+(1- p)k and r-| =1 |=5 respectively.
b
(i) Show that the Cartesian equation of 7, is 3x+ y-52z=6. (2]
(ii) Given that the point 4 (3, 2, I) lies on , and that the two planes are perpendicular to cach
other, find the values of @ and of b (3]
(ii)Find a vector equation of /, the linc of intersection between the planes 7, and 7. (2]
(iv)The point B has position vector —6i+3j+ 11k . Find the coordinates of the point C on 7, such
that ZACB =90". (3]
(v) The line L is the reflection of the line AB in the plane 7,. Find an equation for the line £ and
determine the acute angle between the lines / and L . (4]
Solution

3+A-2u 3 1 -2
(i) r=|2-3A+u|=|2|+A| 3 |+u| 1
1-pu 1 0 (—l
(1) (=2 3
A normal vector of plane 7, is —3]x L= 1{.
L 0/ -1 =5
3) (3)( 3
Hence equation of 7, is r| 1|=[2(-| 1], so cartesian equation of 7 is 3x+y-5z=6.
=53] %L} L=5
3 a
(i) The point 4 lieson 7,,s0 |2 |-| =1 [=5 = 3a+b=7 --(1)
1 b
3 a
Planes 7, and 7, are perpendicular,so| 1 |-|-1|=0 = 3a-5b=1 -(2)
=J AW

Solving (1) & (2), a=2, b=1.

3 2) (-4
@) 1 (x| -1]=]|-13
=9 I} \—35
3 (4
I: r=[2[+2[13], 2€R.
1) 5

Chapter 3C: Vectors III
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6 2 7 ]
(iv)Point C is where the line BC' with equation r=| 3 |4+ 4| ~1|, g e B meets X
11 1
-6 2\| ( 2
3 [+ ul -1 -1 |=5
11 1 1
(“12-3411)+ pu(4+141)=5
] = ._3.
H=2
o) 4 2 3 25
oC=| 3|+=| -1 , S0 C has coordinates (—3,—,——).
2 2 2
11 1
(v) Let B' be the reflection of B in z,.
(TC:OB—";OB— = OB'=20C-0B =14k
0 3 -3
AB'=| 0 |-|2]|=| =2
14 13
3 -3 4
Hence an equation for the line L is r=| 2 |+a| -2 |, @ €R. Let 6 be the angle between | 13
1 13 5
(4\ -3)
3 13 || =2
- (5) 13 —12+13x3 27
and | -2 |. Then cos@ = >—% = =
3 (AI(3) Va2+132452432 4224132 V210182
13 |l =2
\ 3) 13)
6 =82.1° (nearest 0.1°)
Hence the required acute angle is 82.1°.

CONCLUSION

With the introduction of vector product and equations of planes, many new and interesting

problems in three-dimensional geometry are created and this makes the study of vectors more
complete.
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