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Chapter 5 (Pure Mathematics) Techniques of Differentiation

Objectives
At the end of the chapter, you should be able to:

(@) understand the derivative of f(x) as the gradient of the tangent to the graph of
y =f(x) ata point;

dy .

& )

(c) differentiate x"for any rational n, €*, Inx, together with constant multiples, sums and
differences;

(d) use the chain rule to differentiate a composition of 2 or 3 functions;
(e) find the approximate value of a derivative at a given point using a graphing calculator

(b) use of standard notations f'(x) and

Content
5.1 Introduction
5.2 Derivatives of Basic Functions
5.3 Rules of Differentiation
5.3.1 Extension of Derivatives of Basic Functions
5.4  Finding Numerical Values of Derivatives for Given Values of x by GC
5.5  Higher Order Derivatives

References
New Syllabus Additional Mathematics (8" Edition), Shinglee Publishers Pte Ltd.

Relevant Resources
e http://mathinsite.omth.ac.uk/applet/diffchords/diffchords.html (Applet to explore
graphically the differentiation of a quadratic curve of y = x

e http://www.slu.edu/classes/maymk/GeoGebra/TangentToDerivatives.ntml (Applet to
explore differentiation of being the slope of the line tangent to a curve)
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5.1 Introduction

View the following video
1. https://www.youtube.com/watch?time_continue=15&v=EKvHQCc3QEow or
2. Scan the QR code on the right.

You should see this page:

3 YouTube ™ Search Alternatively, you
can use the QR

-} >l o) 0:00/9:06

Newton Leibniz and Usain Bolt

Note:

1. The process of finding the derivative of a function is called differentiation.

dy

& means we differentiate the function y with respect to x.

. dy d
2. If y=f , t —~=—"f =f'
y =f(x), we may write " dx (x)=F'(x)
f (x) is known as the first derivative of f(x).

3. For a curvey =f(x), % denotes gradient of the tangent to the curve y =f (x)at the
X

point (x,f(x)).

4. dy also denotes the rate of change of the function y with respect to x.

dx
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5.2 Derivatives of Basic Functions
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. . d
Basic Functions y &
dx
Algebraic N L
(for any rational n) X X
Exponential e* e*
. 1
Logarithmic In x "

Example 1 (Differentiate algebraic functions)

Differentiate the following with respect to x:

(@ y=x° (b) y=x"*
y=x" y=x"
d_y:6X5 d—y:—4x_5
dx dx

4
T
© y=+x (d) y=6
-6
y:\/_ZX% d))//

dy 1. ax

dx 2
1

=—7
2X2

1
24/x
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5.3 Rules of Differentiation
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Suppose f(x) and g(x) are functions of x and a and b are constants.

where y=f(u) and u =g(x)

Rules Example
1  Constant Multiple of Function
d d d
—[af(x)]=a—][f — [ 20x? | = 20(2x) = 40x
axlaf0]=a g [F()] [ 206 = 20(2%)
:afl(X) i _Sex =_5 eX =_5ex
5] = -5
Ay 1
dx| 3 3Lx/) 3x
2 Sum and Differences of Functions
d d d d 1
—(af(x)xbg(x))=a—f(x)£b—g(x) | —| 20x*+3lI =4 =
5 @f00£bg()=a (b g(9 | = [20x+30nx)] om(xj
= af '(x) +bg'(x) _ 40y +§
} X
3 Chain Rule
dy _dy du
I dudx See Example 3

dy_dy_du_dv

dx du dv dx
where y=f(u),u=g(v) and v=h(x)

See Example 4(e)
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(©)
(9)

%(6x2+7x):6(2x)+7(1)

=12x+7

7

5
2x 2%

Example 2
Differentiate the following with respect to x:
@ 3 (b) 2x
1 (f) 5e"
e _
(©) 4x?
1 . Inx
(i) 7e*-2x2+In5 () ——+x°
Solution:
d d
a) —(3)=0 b
@ dx() (b) i
d 3 _ d % e i(
(d) &(4&)—4&(x] © -
2
=4[EX_3J
3
4 4
__3_33 X2
3x3
d(1 1d (h)
—|=Inx |==—(InXx
©) dx(S j 5dx( )
J(l}
5\ x
1
5X
)
(k)
i(ln_x Xz):l(lj+2x
dx\ 2 2\ x d
1 —_
=—+2X
x dx
_d
dx
9
=—X
2
9
=—X
2
Note:
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(d) 4¥x
(h) 6x*+7x

o (53]

© L(2x¢)=22(¢)

dx dx
=2(3x%)
=6x?

d, ., d,,

&(SE ):5&(9 )
=b5e*

()

(i)

d 1
—[7eX —2X 3 +1In 5]
dx

=7e" + 2
33Yx*
d 3 Y
) 2 x-—=
() dx[f &j
:i(x_6+gj
dx X
:1+9(—x’2)
9
:1_7

The use of the product rule and the quotient rule is out of the H1 Mathematics syllabus. You

may use them if you wish to.
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5.3.1 Extension of Derivatives of Basic Functions Using Chain Rule

Basic General
Type_of dy dy
Function y i y dx
Algebraic X" nx" [f(x)] n[f (x)]Hf '(x)
Exponential e e e’ e™f'(x)
o 1 f'(x)
Logarithmic In x ™ In[ f(x)] )

Example 3 [Chain Rule]
Differentiate the following with respect to x:

(a) y:(6x3+8)2 () y=(Inx)*
1 (d) y=In(x*+1)
) y= y
\eX —6x
Solution:
(@) Letu=6x’+8 =y=u? Shorter working:
_(Ay3 2
OI—u=i(6x3+8)=18x2 and CI—y:i(u2)=2u y—(6x +8)
dx dx du du dy ; ,
—=2(6 8)(18
By Chain Rule, (;_y:?Xj_u dx (6x"+ )( X )
X auoax _ 216X° + 288X’
=(2u)(18x2)
=2(6x° +8)(18x°)
=216x%° + 288x°
(b) Letu=Inx =>y=u* Shorter working:
d_Uzl d_y:4u3 y:(InX)4
dx x du 3
dy_ 3( 1 _4(|nX)
By ChainRuIe,d—y:d—yxd—u 5_4““) (;j_ X
dx du dx
X Is this correct?
4
:4(Inx)3(1j y=(Inx) =4Inx
X dy _4
_4(Inx)3 dx X
X
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1
(c) Letu=e"-6x = y=u?

du =e*—6 and ﬂ:(

dx du
By Chain Rule, d_y:ﬂxd_u
dx du dx

1}“2
2

= [—%ju_g (eX —6)

1, .
Loy
(d) Letu=(x*+1) =y=Inu
du d

adx

By Chain Rule, d_y:d_yxd_u
dx du dx

:(EJ(Z)()
u

_( 2X J
x4
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Shorter working:
1

¥ —6Xx

Shorter working:
Let y =In(x*+1)

dy _ 21 i(x2+1)
dx (x*+1) dx

dy  2X

dx x*+1




Example 4
Differentiate the following with respect to x:

@ y=f-Saax, (b)
3 X
©  y=In(ex*-2e™), (d)
@ y=Ve'™
Solution:
(b)

x> 5
a =4———+2X
@ vy \/3 v
1
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X2 +3x-5

y=4e

d_y _ 4ex2+3x—5

i (2x+3)

= 4(2x+3)e

3
2
@ _LX 5 o [3—5( 2x‘3)+2}
dx 4{ 3 x 3
3
2 2
:l X——%+2x (g+¥+2J
41 3 X 3 X
¢) y=In(ex’?-2e™* 2_o\*
© y=In( ) @ y:m(sx 2)
dy 2ex—2(-4e™)
dx  ext-2e™ =4[|n(5x2—2)—|n3]
—4x
_2ex+8e =4In(5x* ~2)-4In3
x> —2e™

) Letu=e‘" = y=u
d_y:lu‘izi
du 2 2Ju

Let v=x*-7x = u=¢"

du
=e
dv
ﬂ=2x—7
dx
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By Chain Rule, d_y:d_yxd_uxd_v
dx du dv dx

=[ﬁj(ev)(2x—7)

1 x2-7x
=——|e 2X—7
2 ’exz—Yx ( )( )
=%(2x—7)\/exz‘”
Note:

For Example 4(d), if we had not simplified our expression for y before performing
differentiation, we would have the following solution:

y—in[ 52 )
3
4[5 -2 3(10)()
dy | 3 3 ) 40x

dx 5x2_2)" )
3

It is usually easier to simplify the expression before performing differentiation.

Exercise 1
Differentiate the following with respect to x:

(@ y=3x"+2x+5 (b) y=(3x*+4x-1)° © y=+x2-7
3 -1 1

d) y=2(x*+5 —(x3+2x+1 M y=

d) vy (x+) e vy (x+x+) i,

(@ y=e' (h) y=5¢" (i) y=(e"—e*)

() y=5e" (k) y:3ln(x2) (1) y=(n2x)

(m) y=In(Inx) (n) y=Inyx® -4 (0) y=In(In x)3

Solution:

(@ y=3x*+2x+5 (b) © y=+x*-7

y=(3x* +4x-1)°

d_y:3 4x3)+2+0
dx (4] d—y=8(3x2+4x—1)7[3(2x)+4] =(¢-7)°
=12x*+2 dx dy 1o i,
:8(6x+4)(3x2+4x—1)7 &_E(X - ) (2x)
=16(3x+2)(3x2+4x—1)7 = X2X_7
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@ y=2(x*+5)

g—i = 2.3(x2 +5)2 2X

©)
y=(x+ 2x+1)_1

dy _ —1(x3 +2X +1)72 (3x2 + 2)

_ 2 2 dX ﬂ__l 4_1 2 4 3
—12X(X +5) N 32 42 dx 2(: ) ( X)
(x3+2x+1)2 __ :
(x-1)
@ y=e7 (h) y=5e (i) 2
:_i:ex5+3(5x4) g_iZSeexex dy:(e —€ )
y X
B — Ge® X 2(6 )(e te )
2(e2x —ZX)
() y=5"" (k) y=3Inx* ) y=(In2x)’
dy . o =3(2Inx) d 1
= _pe> 2 Y _3(In2x)’ =2
dx dy 6 dx (In2x) 2x
=10e™" dx X 3(In2x)’
X
(m) y=In(Inx) (n) y=Inyx* -4 © y=In(Inx)’
dy 1 d 1 =3In(l
| n(Inx
dx Inxdx[nx] :In(XG_A')Z dy 3(1 )3
11 1 1 . 2
=—=-= :—In(x —4) dx Inxx xInx
Inx x xlInx 2
dy 1 6x° _ 3x°
dx 2x°-4 x°-4
Answer:
(@ 12x°+2 (b) 16(3x+2)(3x +4x-1) | () ——
x* —
(@ 12x(x" +5) @ X2 0 -2
(3¢ +2x+1) (X4_1)3
(g) 5x'e (h) 5e” () 2(e”—e™)
() 10e*+ (k)ﬁ 3(In2x)
X )
X
1 3x° 3
(m) xInx () X —4 ©) xInx
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5.4 Finding Numerical VValues of Derivatives for Given Values of x by GC

You can use TI1-84 graphic calculator to find numerical values of derivatives for given values
of x.

Example 6
Find the numerical value of the derivative of x*** when x = 2.
Solution:
d COS X
From GC, e .. =—0.628 (3s.f.)
X
Steps Screenshot Remarks
On the Home screen, press | [t | Or you may use the shortcut
m and select 8: nDeriv(. AElte NUM CMPLX PROB FRAC key F2 by pressing a @
23 ,Dec on the Home screen and
Key in the variable that you g;:jf select 3: nDeriv(.
are going to differentiate with | : #Minc
respect to, the function, and | kg oorsuc
the value of x that you want | 2*fnInt!

to evaluate, as shown on the

right.

Press e to obtain the answer. ORHAL FLOAT AUTO REAL RADIAN HP |
ﬁ[xwg{m]lmz
. 6282791656
L]

Exercise 2

Find the numerical value of the derivative of

(@ tanx whenx= %

(b) e when x:%.

Solution:

(@ From GC, itan X
dx

=133 (3s.f)

X=
6

(b) From GC, ieXz
dx

=128 (3sf)
T2

Answer: 1.33; 1.28

5.5 Higher Order Derivatives (Out of Syllabus)
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Suppose y =f (x) is a function of x.
When vy is differentiated with respect to x, the resultant function is referred to as the first

derivative of y with respect to x, denoted by g—yor f'(x).
X
dy . .. . L . d(dy . L
When —= is differentiated again with respect to x| i.e.—| — ||, the resulting function is
dx dx\ dx
2
referred to as the second derivative of y with respect to x, denoted by 3 )2/ or f"(x).
X
Further differentiation of y will produce even higher order derivatives.
Y £ (x), ne”.

n =

In general, the n" derivative of y is denoted by d

For example, y=4x"+5x-1

dy _ i(4x4 +5x 1)
dx dx
=16x*+5
dy _ i{d_y]
dx®  dx\ dx
d -2
:&(16x +5)
= 48x°
Note:
2 2
22
dx dx\ dx dx
2
2. d_z/ is the rate of change of ay with respect to x.
dx dx
Example 5

Find the first and second derivatives of the following functions with respect to x:
(@ y=3x"+5x>+3x-6

(b) y=Inx
() yv=+3x—4
Solution:
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(@ y=3x"+5x>+3x-6

X
d2y d [dy]
dx?  dx\ dx

=36x% +30x

() y=+3x-4

1
=(3x—4)2
dy 1

Y (ax-4) £ (3)

3

T 23x-4

22 Yorui

Exercise 3

3—y=12x3+15x2+3
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(b) vy=Inx
d_yzlzx’l
dx X
&y _
dx?

1
e

Find the first and second derivatives of the following functions with respect to x:

(a) y =(2x +1)5

(b) y:4x3+%—lnx

Solution:

(@)

Answers: 80(2x +1)3

; 24x+£4+
X

(2x+1)°

y=
g_y =5(2x+1)".2=10(2x +1)*
X

d_V£(
d d

=40(2x+1)’.2=80(2x+1)’

dyj
dx

(b) y=4x3+%—lnx

d—y:12x2 221

dx x> X
dy d(dy
dx’ d_x(dxj
6 _
4

=24X+—+—;
X X
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Practice Yourself

1. [HCI1/2017/Prelim/Q2]

Differentiate the following with respect to x.

(a) (x+Inx)*,
(b) e[m).
[Ans: (a) E(x+|n x)(x+1) (b) %e(mj]
X 2(2-x)2

Solution:
@)
d ) L
&(x+lnx) =2(x+|nx)(1+;j

=§(x+ Inx)(x+1)

(b)

dlm_ 1 e

3

o 2(2-x)2

2. [NJC/2017/Prelim/Q4]

Differentiate the following with respect to x.
@ In (Lj
V12 4+ 3x°

(i) 3k

. 3 _3 3
[Ans: (a)(i) ——— (a)(ii) (2-3x) 2 or ———_]
44X 2( ) 2( /2_3)()
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Solution:
(@)
Lety= In(Lj =In4 - 1In (12 + 3%?)
V12 +3x2 2

dy _ _i( 6x j:_ X
dx 212 +3x? 4+ x?
(i)
)2
dx\ +/2 —3x dx

L 3 - 3
=__(2- 2 (—

(-3 (9

3

= §(2—3x)_5 or 3 -

2 2(\/2—3x)

3. [R172017/Prelim/Q1]
Differentiate
@ In{7y@+6x%},

1
®  FE-7o7

. 6 X 7
[Ans: @ 7762 ©) 373
Solution:
d na_d 1 nq_ 1 12X 6x
(a)dxln{7\/(1+6x)}-dX[In7+2In(1+6x)]—21+6X2—1+6X2

d d
O s a7 se A 70 7 =gx[2A-T0 (N =377

4. [SAJC/2017/Prelim/Q3(a)]

Differentiate with respect of x, simplifying your answers,
1

(i) _—
VXS =3x+1

. X2 +3X+2

i) In|=——7=].

(i) (x2+4x+3j
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2X—3 .. 1

2,J(x* —3x +1)3 o (x+2)(x+3) :

[Ans: (i) -

Solution:

(@) (i)
Let y=

1

=(x*—3x+1)

|

x* —3x+

dy 1 3
™ :—E(x2 —3x+1) 2(2x-3)

X2 +3X+2 (X+D)(x+2) |, x+2
y=In| = =In =In

X +4x+3 (X+D)(x+3) X+3
=In(x+2)—In(x+3)

dy 1 1
dx x+2 x+3
~ 1

T (X+2)(x+3)

Alternatively,

2
y=In (wj = In(x* +3x+2) —In(x* + 4x +3)

x> +4x+3
dy  2x+3  2x+4
dx X°+3x+2 Xx°+4x+3
2X+3 2X+4

- (X+D(x+2) - (X+D(x+3)
_(2x4+3)(x+3) - (2x+4)(x+2)
- (X+1)(x+2)(x+3)
B X+1
B (X+D(x+2)(x+3)
1
~ (x+2)(x+3)

5. [SRIC/2017/Prelim/Q1(a)]

Differentiate each of the following functions with respect to x, simplifying your answers:

(i) (%xﬂj_

(i) 562 +%
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Solution:

(@) (i)
Let y= [% X +1j

2o )

6. [TIC/2017/Prelim/Q2(a)]

X

e’ -1

e2x

Differentiate

Solution:

de-1_dle 1
dx er _dX e2x e2><

[Ans: (a)(i) -
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NG
(2x+1j
3
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(a)(ii) ~10e™2 —ﬁ]

[Ans: 2e —e™*]
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7. [VIC/2017/Prelim/Q3(a)]

Differentiate In(SXJr2 ]
4%

5 2

[Ans:

" BX+2 X

Solution:

d (5x+2j
—In >
dx 4x

_ 4 In(5x+2)—In4x?
5 Ln(5x+2)

5 &
5X+2 4x°
5 2

TBx+2 X
8. [YJC/2017/Prelim/Q1]

Differentiate with respect to x,
@  5In(1-3x*),
1
=
(2x+3)

(b)

30x

[Ans: (a) g

(b) —4(2x+3)?]

Solution:

d ) 1
@) d—x(5|n(1 - 3x ))=5(1_3X2j(—6x)
~30x
1-3x°

d 1 d -2
(b) &{—J—&(2X+3)

(2x+3)’
=-2(2x+3)"(2)
=—4(2x+3)"°
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Summary
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1. Foracurve y=f(x), dy denotes gradient of the tangent to the curve y =f(x)at the
d
X

point (x,f(x)).
) W

— also denotes the rate of change of the function y with respect to x.

dx

3. The first derivative of y is denoted by d or f'(x)
4, The second derivative of y is denoted by 3%’ =f"(x).
5. The n™ derivative of y is denoted by d 2 = (x).
6. Rules of Differentiation
Rules Example

Constant Multiple of Function

d d
—[af(x)]:a&[f(x)]

dx
=af'(x)

%[mxﬂ = 20(2x) = 40x

%[—5@] = —5(e") = -5¢"

dfm 1)t
dx| 3 3\ x 3x

Linear Combinations of Functions
9 @t bg(x)=a2 ()b gx)
dx dx dx
=af '(x) +bg'(x)

i[20x2 +3Inx) |= 40x+3(1j
dx X

:40x+§
X

Chain Rule

dy _dy du

dx du dx

where y=f(u) and u =g(x)

y=(6x’ +8)2
g—i =2(6x° +8)(18x°)

=216x%° + 288x°

dy _dy du dv

dx du dv dx
where y=f(u),u=g(v) and v=h(x)

y:[ln(xzjtl)}3
dy 2 2( 2X
H_:s[ln(x +1)] (x2+1j

~[In( +1)]2(X26§1j
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7. Derivatives of Functions
Tvpe of Basic General
Fu%ﬁ:tion y dy y dy
dx dx
a a
(Cg;f:snt 0 (constant term) 0
Algebraic
X", n=0 nx"* [f (x)]n n[f(x) " '(x)
Exponential e e el e"f'(x)
1 f'(x)
Logarithmic In x = In| f(x
g 5 [f(x)] )
Checklist
I am able to:

[]  The differentiate x" for any rational n, e, and In x, together with constant
multiples, sums and differences.

[] Use the chain rule to differentiate a composition of 2 or 3 functions.
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