2024 JC1 H2 Maths Final Exam Marking Scheme

No | Solution

1() g 5 n+5

"T 24 (n+4)!
n+5
As n—> 0, —0
(n+4)!
5 n+5

— —, which is unique and finite.

R
24 (n+4)! 24

Hence, the series converges.

Hence, S, =—.
i Z u,,= Zu, (replace r with r—2)
r=1 r=3
=S,-5,
_S (57
24 \24 6!
_7
6!
_T
720
(iii) | Forn>2,
un = Sn - Sn—l

5 n+5 5 n+4
_ﬂ_(n+4)!_(ﬂ_(n+3)J
_ n+4 n+5

T (n+3)! (n+4)!

:(n+4)![(n+4)2—n—5]

[nz +8n+16—n—5]

CEY
_n’+7n+1l
(n+4)!
5 6 19
ul= 1:———:—
24 50 120
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For n=1,

CP+7411 19

(1+4)! 120

_n’+7n+11

Y where neZ"*
n+4)!

u,

2 (i)

x=21, y=1+/1-¢
& 1 d 1
dr

A 21
dy 1|t
dx 2V1—¢

d
Ast—1, ay — —o0. The tangent to the curve approaches a

=

vertical line.

(if)

(0,2)

2.1

v
=

(iii)

At point T(2V2, 1+~/1-1),

Equation of the tangent at 7'
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_ e
y=(e1=0) =~ (x=2V1)

W=ty -21=t(1+1=t)=—[tx+2t
21—ty - 21—t =2(1—1) = —Jtx + 2t
=1y =—Jtx+2+23/1—¢

(iv) | Whenx = \/5 R
Wit =12
1
Gi-L
V2
1
t=—
2
When ¢ = %, equation of tangent:
1 1
2,|= —x+2+2
2y I \f
y= —5 x++/2+1
When tangent meets x-axis, y =0=x=2(1+ \/5)
P(2(1++/2),0)
When tangent meets y-axis, x=0= y =1+ J2
Q(0, 1+~/2)
Area of triangle OPQ = %(2)(1 +2)(1++2)
=3+2+/2 units’
3(1) | C :4y* —5x =20
y_x
5 4
y2 2
TR =1 [Vertical Hyperbola with centre at origin (0,0)]
(¥5)
Asymptotes
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As x — oo,
2

4

5x°
=
Y 4

.. Asymptotes: y = %x and y= —TSx

NORMAL FLOAT AUTO REAL RADIAN MP

2
yox
5

Axial Intercepts of C1 (From GC)
(0,4/5) & (0,—/5) or (0,2.24) & (0,-2.24)

(i) | C,:y=[2x-3|
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NORMAL FLOAT AUTO REAL RADIAN MP

Points of Intersection between Ci and C2 (From GC)

(0.364,2.27) & (4,5)

(ii1) | Note that

2

2 2
C: L - 1= Ciy=+5)1+2
5 4 4

2
2x-3|> 5[1+%j (C, = Upper Half of C, )

From the graphs in (ii),
0<x<0.36364(5sf) or x>4
0<x<0.364(3sf) or x>4
4(a)
@)
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4a*> —(x—2a)’

2

dax—x

N

x—x+2a

2 2
x"—4a

Sequence of transformations: (order is not important)

(i)
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1. Translation of 2a units in the negative x-direction.
2. Reflection about the x-axis.

Alternative Method:
3 1 B 1
dax—x>  x(4a—x)
1 1
x—ox+2a — Yoy > =
7Y (x+2a)(2a—x) d x> —4a’

Sequence of transformations: (order is not important)
1. Translation of 2a units in the negative x-direction.
2. Reflection about the x-axis.

5(a) | For sum to infinity to exist,
2sin g <1--—(*)

—-1<2sinf <1

—l<sin0<l
2 2

V4 V4
——<f0<———-—(1
p 5 @1
;>2———(#)
1-2siné

0<1—25in9<% since |2sin0|<1
: 1
sm€>Z:>9>0.253———(2)

Since —% <f< %, therefore 0.253 <8 < 0.526 (final answer)
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. 1
Alternatively, students can graph y = ——
1-2sin@
YN | ;
| SN Ry
VEPE T8
b: PN T i
0 T i > *
x==
6
From the graph, — >
srap 1-2sind

= 0.253<6<0.526 (final answer)

(b)

Let a denote the first term and » be the common ratio of the
geometric progression respectively.

Likewise, let b and d denote the first term and common
difference of the arithmetic progression.

ar*=b+ 6d ...(1)
ar® =b+24d ...(2)
ar'®=b+ 494 ...(3)
(2) - (1): ar® —ar*=18d ..(4)
3)-(2): ar'® — ar® =25d ...(5)
Eq(5)/Eq(4):
arg(r2 —1) 254
ar' (r4 —1) 184
r4(r2 —1) 25
(r2+1xr2—1)_18
25
@ﬂ+1) 18

187* =25r* +25
187 —25r* -25=0——— (@)

. 25%(-25) ~4(8)(-25) 2542425
- 2(18) 36

r
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- 252425
N 36

=1.436 or —1.436
Since for both values of r, |r|=1.436 > 1, the geometric
progression is not convergent.

Alternatively, students can use GC to solve
18r* —25r* =25=0
The 4 roots are 1.436, —1.436, 0.8211, —0.8211

However we only need to consider real roots.
Hence r=1.436 or —1.436 .

6(1) 5
Y A , X= =
X 2
1
1
1
1
1
1
1
1
1
1
1
1
1
1 —
/1N : Y= 1
5 i
1
. > X
ol : y=0
Since the line y =1 cuts the graph y= f(x) at two points, f'is
not a one-to-one function. Therefore f does not have an inverse.
(i1)

Maximum k = % .

Let y:f(x).

For D, = (—oo,é] ,
2
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2x—5=—l
Y
2x=5—l
y
5 1
X=———
2 2y
5 1
f'(y)==——
=3 2
Replacing y by x,
5 1
' (x)==—-—
) 2 2x

D_ =R, =(0,0)

£ :xHé—ZL, where x e R, x > 0.
x

(iii)

R; =(0,)
D, =[-2,0)

Since R; € D, , gf exists.

(iv)

1
f(x)=ol —
8 (x) g( 2x—5j
2
=| - ! —3] +1
2x—-5

2
(! —3) +1
5-2x

r 2
~ 1-3(5—2@} o
5-2x

6x—14J2
= +1,
5-2x

where a=6, b=5.
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From above graph, R, =[l,0).
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Alternative method
By sketching the graph of g and letting the new domain of g be

Rf = (0,00),

80

y=g(x)

60

(-2,26)

-10 ol (3,1) 10 20 30

SRy =[L,00).

7()

-2 1
L:r=| 0 |[+4]2|,1€eR
1 0
Clieson L
N 244
= 0C=| 21 |forsome 1R
1

N -3+ A
LBC=|-1-24
-1
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ﬁ
BCLlL
-3+4 1
=|-1-24 || -2|=0
-1 0
-3+A+2+44=0
i=1
5
-.c[_ﬁ,_é,lj
5 5
@ [ (1
AD=| 4
2
A normal vector is
1 1 4
4 (x| -2 |=| 2
2 0 —6
Eqn of ]
2 -2\ (2
r{ 1 |=| 0 1
-3 1 -3
S2x+y-3z=-7
(iii) | Method 1: Use of projection formula:
(2
DB=| 3

1
shortest distance between B and []
2\ (2
301
1 -3
Ay

4 .
=—— units

s

OR
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N 3
AB=|1
1
shortest distance between B and []

3/ (2

)3
~ Jarioo
4
=ﬁunlts
214
7

units

Method 2: Find Foot of perpendicular first
Let F be the foot of perpendicular of Bon [].

1 2
r=|1|+ul 1 |,ueR
2 -3

Lo

Flies on [,
N 1+2u
= OF =| 1+ u | forsome xeR
2-3u
Flieson I1
1+2u) ( 2
= 14+p || 1 |=-7
2-3u)\-3
2+4u+1+pu—-6+9u=-7
14u=-4
2

ﬂ=—7

S
=N
I

\ll'g Qo 2w

o¢)
B
Il
|
<3
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shortest distance between B and []

=%\/4+1+ = 214 units

7

%
BF

(iv)

Method 1: Hence
S —14
BC=—| -7
5
-5

Required angle

4
T
;\/142 +7°+5°

=19.0° (1dp)

=sin™

Method 2: Otherwise
S —14
BC=—| -7
5
-5
Required angle

5)\-3

142 +7* +5°J4+1+9

20

V270414

=19.0° (1dp)

=sin™’

=sin™’

(1)

Fromy =e™ ),

Differentiate with respect to x,

d tan™' (x d -
ay:e ( ).a[tan 1(x)]

dy _ tanfl(x) 1
—=C .
dx 1+ x?
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Upon multiplying both sides by (1 + xz) :

(1 + x2 )% = etanil("‘) , recally _ etan"(x)
(1”2)% =y (1)

Differentiate (1) with respect to x,

2
2xd—y+(1+x2)d—{:d—y
dx dx®  dx

Upon rearrangement:

& d
(1+° )dxf (1-2x )di )

Alternative Solution

tan™"(x)

Fromy=e ,

Iny=tan™ (x)

Differentiate with respect to x,

1y __ 1
ydx 1+x°
d
(1+x)d); y (1)

Differentiate (1) with respect to x,

2
2xd—y+(1+x2)d—);:d—y
dx dx dx

Upon rearrangement:

(1+x2)‘i{ :(1—2@% )

(i1) | Differentiate (2) with respect to x,

3
(1+° )jx—y+2 ‘;xy (1-2x )jx—y— % (3)

Using y =™ * and x =0,

y — etanfl(O) — 1
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From (1):
Subx=0andy =1,

dy
1+0%) = =1
( )dx

vy
dx

From (2):

Subx=0,y=1and Qzl,
dx

(14042 [1-2(0)](y)

d’y
o
From (3):
2
Subx=0, y=1, d—yzl and d—);zl,
dx dx
d’y
(1+0) 52 +2(0) () =[1-2(0)](1)-2()
3
%:1—2:—1
Overall, when x =0
dy d’y d’y
=], —=1, —=1, —==-1
y b dx b dx2 b dx3
Hence,

(iii)

Upon using the Maclaurin Series found in (ii):

tan’l(x)

€ =1+x+lx2 —lx3+...
2 6
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Therefore,

SR WERNTER MTER
1

654

p=7,qg=06,r=17 and s = 54

9 | (2a+b)-(2a+b)=4(a-a)+2(b-a)+2(a-b)+(b-D)

® ~4faf +4(a-b) + o

|22 +b]" =4[af" +4(2-b) +[b]

(2J7_4)2 =4(9*)+4(a-b)+(1*)
296=4(97)+4(a-b)+(1’)

4(a-b)=296-4(9")—(1*)

(ii) |g -lg| is the length of projection of O4 onto OB

(iii) | I P, Qand R are collinear, then kP—Q = PR
k[(6a+5b)~(7a-5b) | =[ (92 +4b)~(7a-5b)]
k{-a+10b]=[2a+(A+5)b]

since a and b are non-parallel, non-zero vectors,
k=-2

(A+5)=10k = (2+5)=-20

SoA=-25
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Alternative

If P, O and R are collinear, then kPO = OR

k[(6a-+5b)—(7a—5b)]|=[ (92 +2b)-(6a+5b)]
k{-a+10b]=[3a+(A-5)b]

since a and b are non-parallel, non-zero vectors,

k=-3

(A-5)=10k = (2-5)=-30

wA=-25
(b)
UX =0X -0U =—u+>v-u=>y-12u
16 4 4 16
UW =0W -0U =~u-u=——+u
2 2
Area of triangle UWX:l‘UWxU).(":l —lux 3V—Eu
2 2| 2 4 16
:i|uxv| cuxu=0
16
3
m=—
16
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ALTERNATIVE [Not recommended]

U7(=O—X—OU=iu+§V—u=§V—l—5u
16 4 4 16
_ —— — ] 1 3
XW=0W-0OX=—u—| —u+—Vv|=—u——v
2 16 4 16 4
Area of triangle UWX

_1 UX x X7

cuxu=vxv=_0

2
1
2
I 45
:E—VXU'l'auXV
1
2
1

= —uxyv

10
(1)

=vcosél

=vysind-10¢

ele ale

dy
d_y_i_ vsin @ —10¢
de dx vcos @
dt

=

il d in@—10¢
(i) For maximum height, LA S L,
dx vecosd

vsin @
10
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When ‘e vsin @
10
. . 2 2 .2
y=(vsin9)(vsm9)_5(vsm9) _V’sin’ @
10 10 20
2 =2
Hence, maximum height = Y Szlg 0 +1.5
visin? 6+30
:Tmetres.
A=30
(111) | Let v =20,
.2
0< 400sin” &+30 <10
20
0<sin?6<0.425
Using GC

NORMAL FLOAT AUTO REAL RADIAN MP n
CALC INTERSECT

Y2:=0.425

—

Intersection '
X=0.710114 Y=0.425

Hence, 0<8<0.710

(iv)

At a height of 1.5, y=0:

0=(20sin @)t —5¢*
O=t[20sin9—5t]
St=0 or 20sin@-5t=0

(rejected since it is the position of the ball initially)
S t=4sind

When ¢t =4siné,
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x=(20cosb)t
=(20cosf)4sinf
=80sinfcos b
=40sin26

™)

x coordinate of Isabelle at  =4sin@ =5x(4sinf—-2)

For Isabelle to intercept the ball,
40sin 20 =5x (4sin 8 —2)
Using GC

NORMAL FLOAT AUTO REAL RADIAN MP n
CALC INTERSECT
Y2=5C48in(X)-2)

iesiee v=9.845576
0=1.45
For the ball not to hit the ceiling, 0 <6 <0.710.

But 8=1.45>0.710, it is not possible for Isabelle to intercept
the ball thrown by Nicholas

Page 22 of 22




