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(b) " Graph of v= f(x)




Topic: Vecto

Solution ﬁ
|
J164+36p% +64 =2,/4+9+16p
80+36p° =4(13+16p?)
28p* =28
p=lorp=-1 (Reject "+ p>0) |
Sop=1 i
(ii) Length of projection of aon b |
(i) 2\ (4 ?74
=3l 6 !‘
1 4)\-8 42 ;

—|b-a|= =
|| | J2+(3) 4t V29




Topic: Comp

ex N

mbers
Solution

(i)  The assumption is that a, b and c are all real.

() peo ¥ ta?+brtc= (x=G+1))(x-(3-1))(x-2)
= (x*=6x+10)(x-2)
= ¥ =8¢’ +22x-20

By comparing coefficients,
we have ¢ = -8, b =22 and ¢ = -20.

R1?




of Differe atio
Solution

(i)  Using the diagram provided,
A

- 5 P
Identify that AABC is similar to AADE .
. AE _ AC
© DE T BC

Since AC=+/5*+122 =13, BC=5, DE=r,

AE 13 T
e AE 22

h=AB—AE=12—%-

Since r and h are lengths,

r>20and 720 (ie. 12—%1’20, rsf—3).
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(i)

d |
Solution

Volume of inscribed container,

o R
= ar<h+1(4 .3
V =m h+2(3m )

= 712 (12 -%r) + %ﬂr3

=1272 —f—gnr’

Differentiating this,

4 24y =29 02
o = 24 ST

Consider % =
p
ie. 24xr -2 =0,
nr(24-2r)=0,
r=0(rejected as r  0) or r=223.

First derivative test
42— 247r —%_9-7[1‘2

dr ¥

- — 120 — 120

o= e cfir=g
= 121
eg r =% ©& "=

% 0 121
ol LA ~Tas <0
145
120

Maximum volume at » = 2o
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Solution

Second derivative test
LY. B 72
dr 5

% =247 - 2(2?9)7”‘

=247-2(Z)7r

] 2
=247 -8 g (l;oj
> 29

= =247 <0 (maximum volume)




Solution

Let P, be the statement that u __2n forneZ*, n>1. ““
To(n=1)

When n=1, LHS= #,=2 (given)

RHS=_2 _, =Hs, : J
(0)! {

2P s true. ' |
Assume that P, is true for some k, where keZ* ,k>1

2k 4 {
(k-1)!

ie.

To prove P, isalso true i, U, = 221
k!

k4l !
LHS = u,,, ‘W“A
_k+1 2k
(k)* (k=1)!
2k +1)
 k(k=1)!
2k +1)
T k!

=RHS

Since P, is true, and P, is true = PM is true , by

Mathematical Induction, P, is true forall neZ" .




Solution

(b) > )
U, =—u, =—qa=20=—
2 R e
3 3 Bu = 3
Uy=——1t,=—2g=—g=¢
@ R W@ 2
4 4 3 A

=—u; =

T 6re" 6x)° 3°

“Hence” approach

n
u, —(n D! @ by observation from part (ii)
“Otherwise” approach

n

ll” T (”_1)2 un—l

n n-1

T -1 (-2
L n-1 n-=2 3

(n-17% (n=2)* (n-=3"> "
21327 n-1 n-2 3 2 :
(=D (n-2) (n-3¢ P
__n 1 ST I T

(n-1' (n-2)' n-3)' @' O

n

= a

(n=1)!




Sigma Notation

Solution

() 1-2r=A(r+1)+Br
=(A+B)r+4
A=1,8=-3
(i)  21-2 +1)-
Z; 3rl —-Z l

-z(f—tl-;ej




Solution

(iii)
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(i)

Solution

(i)

For y= ,/l +In(1+x) to be well-defined,

I+x>0 and 1+In(l+x)20
In(1+x) 2 -1

x>-1and l+x2¢”

x2e ' =1
nxze =1

By Implicit Differentiation,
y=,f|+ln(|+x)

¥ =1+In(l1+x)
=In(l+x)=y" -1

Sl+x=e"
Differentiate implicitly with respect to x,
dy |

=¢'™" (shown)

(i)

Differentiate the above results implicitly with respect to x,
2

2yd—:)z—)+2(d_y] =S (1) e

dx dx

¢y (Y dy .p
2y—=+2| = | =-2y—-e”
yd\" (d'c) ydx
When x=0,
y=vl+Inl=1,
E)_) I

dx E




Solution

dy__3
dx? 4’

3

y=Il+—=x+ —4.\'3 +...
2 2!

| 3,
=l+=x=-=x' 4
2 8

(iv) y=(l+ln(|+x))%




Solution

2 =62436=0= ;= 5EV36-4(D36) _
2

¥4 n
i= L
Thus, z, =6e? and z,=6e 3

(ii)
[Ge

win
5 \__/‘-
N
w
ol;

(i) oz (=)

:2 = 66 3 :> Z:)_” = 6”6
. n + o
Since z," €7 ", -5 =2kn for some integer k.

3
n=-6k.
n=...12,6,0, -6, —-12, ...

Smallest positive integer n = 6.

=3+3.3




Topic: Techn

iques of Integration / Definite Integrals
Solution
@ du_ 1
dx  2vx+1
1

u

[t
x—1

2udu

u- =2

)du

=2u+ —In _\/—i

\/5 ll+\/—

\/—+\/—l\/\/§\/—

=2j(1+

ut =2
2

(ii) Areaof R

(2) 8y x+1

=5(1)_J'3 dx

x—1

8
\/x+l—\/§
= 5—[2\/x+l +421n -\/;_c—T_—”

=5—{2+J§1n[3 ‘f] V2In [2 Jf;]

3442
_3_[\51“(3“5_&@]}

3442 2-42




Solution

4+2
:3—[\5”1(‘:\/5}]

3 S| 4=V2
—3—\/:ln[_4+\/§J

(ii)
(b)

Vol. generated

=7r(12).5—7r_[38 ‘”11)2 dx
x—

=9.52830
=9.53 units’
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Topic: Vectors
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oo
Il
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e T 4

-2 8 2)
ABxAC=|-2|x| 2 |=| =4 |=4] -1
3 -1 -8 -2
(2
Choose normal vector n, forplanep=|-1|.
\—2
2 0)(2
p: r{=1|=|1}]-1|==3
-2 1)\-2

A cartesian equation of the plane p is 2x—y—2z=-3

(i)

Let the acute angle between / and p be 6.

The angle between the normal vector 1, (for plane p) and

the direction vector nz, (for line /),

(2 1
-1 0
-2)\=-2 6
— _l, = =1 =26.’65°
o =CO0S > 1 COS 3\/5 D
-1 0
\'2/ _2/
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Topic: Vecto

S

Solution

©0=90°-26.565° = 63.4°(to 1d.p.) or 111 rad

Alternative :

Let the acute angle between / and p be 4.
2) (1
=111 0
—2 -2 6

sin@ = = =
2 1 3J5
0

-1
=21l =2

aideindt 63.4°(to Id.p.) or 1.11 rad (3 s.f)

345

(38 ]

(iii) Assume Q lies on the line /.

5 2 1 5=2+41 A=3
=-l|=|-1|+4]| 0 [=< -1=-1 =
-2 4 -2 -2=4-21 A=3

Since A =3 is consistent throughout, Q lies on the line /.

Alternative 1:




Solution
S 2 3
Since O_Q= -1(=|=1[+| 0
-2 4 -6
2 1
=|-1|+3] 0
4 -2

Q lies on the line /.

Alternative 2:
x—2 z-4
[: =——, y=-1
TR
0=(5,-1,-2), ie.x=35, y=-1, z=4,

X2~ 59 z-4 -2-4

=== = =3,

N ety

1 1 -2 -2
Hence, QO lies on the line /.

(iv)

Let F be the foot of perpendicular from the point Q to the
plane p.

5 2
Lyt r=[-1(+pul-1 uelR
j 2) (=2

5 2

Since F lieson /., OF =| =1 |+ p| -1 , for some ue[R.

29 =)

=



Solution

2

5 2Y) (1
OF =| -1 |-2| -1 =] 1
X9 -2 2

The foot of perpendicular from the point O to the plane p is

(1.1,2).

Alternative :

OF =(0A-#) i . where 1 is a normal vector of p

s) if 2
i !
=[] 2 [—f-1]{ =] -1
3 3
3.0 7290 (=2
2




Topic: Vecto

Solution
5 2 1
OF =00+0F =| -1 |-2| -1 =] 1
=2 -2 2
The foot of perpendicular from the point O to the plane p is
(1.1,2).
1 5 -4
OF =[1|-|-1]=| 2
2) =2 4
|0F|=,/(—4)2+22 +42 =6
RF =45-36 =3

The locus of R is a circle that lies in
(1,1,2) and radius 3.

plane p with centre

70

Let Q" be the image of O in plane p.

OF 430 +0Q)

0Q' =20F - 00
1\ (5Y) (-3
=2(1]-|-1]=
21"\ 9

Equivalent Methods
0Q' = OF +QF
00’ =00+ 00

= O—Q + 2Q—F




Solution

BQ'=00 - OB

-3 2 -5
=l 3 [=|-1|=| 4
6 4 2
Alternative:
BO'=B0+00
5 2 -4 -5
= =1|=|-1|[+2| 2| =| 4
-2) | 4 4 2

A vector equation of the line which is a reflection of the line
[ in plane p is

2 -5
r=|-1|+y| 4 |,yeR
4 2
-3 -5

or r=| 3 |[+y| 4 ,}/E(R
6 2




ing Techniques & Functions
Solution

) =
(i) y=-.\+k=2+(k+4)
x=2 x—=2

Vertical Asymptote: x = 2

Horizontal Asymptote: y =2

g k
X-1ntercept: x = =

: : k
y-tercept: y=-—




() \' |
Solution

<~
(@]

24 (k+4)f(x-2)=2+ 54

x=2

A: Translation in the positive x direction by 2 units

B: Scaling parallel to the x direction (// to y-axis) by a faétor
of ( k+ 4)

C: Translate in the positive y direction by 2 units

B

2x+k
..n Let y=
{{i)—" "

y(x-2)=2x+k
yE—2y=2x+k
yx=2x=2y+k
x(y-2)=2y+k

2y+k
y—-2
- 2y+k
fif! =
(») =2




Topic: Graphing Techniques & Functions




ing Techniques & Functions

Solution
g(x)=a++vx-3
D, =(3,

Ry =(a,

..a 22 orasubset of it.

For gf(X)to exist, R, € D,
R, :(—oo,Z)U(Z,oo)
D :(3,00)

g

Since R 2 D, gf(x) does not exist.

75




