




































































































24 Chapter 6 Sequences & Series 

Example 5 

n n n n2 (n + 1)2 
Given that 1>2 

=-(n + 1)(2n + 1) and L r
3 =-'--~ 

r=I 6 r=I 4 

" 
(a) Find Lr(r + l)(r + 2) in terms of n, fully factorising your answer. [Independent reading] 

r =l 

(b) Find, in terms of n, the sum 4 x 3 + 7 x 5 + l Ox 7 + .. · + to n terms . 

Solution 
n 

(a) I:r(r+1Xr+2) 
,·=I 

n 

= L(r
3 

+ 3r
2 

+ 2r) 
r =I 

= n
2 

(n

4

+ 1)2 + 3[ n(n + 1~2n + 1)] + 2[ n(n

2

+ 1)] 

n(n + 1) 
= 

4 
[n(n+l)+2(2n+l)+4] 

n(n + l)(n
2 

+ 5n + 6) 

4 

1 
=-n(n + l)(n + 2)(n +3) 

4 

(b) 4, 7, 10, . .. ton terms is an AP with a= 4, d = 3. 

Factorise! 

, --------------------------------, Find a relationship between the 
Sother'1termis ur=! 4.~lr-t),:: 4Hr-l)l}y:-lr~I ! numbers. 

~--------------------------------· 
3, 5, 7, .. . ton terms is an AP with a= 3, d = 2. 

I -- -- - - - ----- - - --- - -- - - - -- - - - - - --. 

Sother'1termis ur=i ttHl"-l)d-= 3+(V--l)(2.)~-i.rtl : 
I I 

~--------------------------------' 
The general _r-11 _ term of the _series_ is therefore_ given_ by 

'-<r- -:: ( '3rt·l :>( ~r~I) 

YUIU... 4. ..,i.> f- =1 )t '7 ..\ l"°X+ ~ . • · ~ +o ~ ~ 

:; z [l.1r~ l )(-Z.dl)] 

f~I 

,., If .,,, "' 

.. ~ €,,-.,,. t Z J;y -t 2 I 
i,,I -r• I r#I 

-: , [1' (w ¼'I lli,,~\)J ~ 5[ f (n-ti)J .f-Y\ 

~ ~ [ 1 ( ~ + I ){ 1n + l ~ } 5 (mt) h J 

, -; 1( q~~ PIYI t'<) 
'-------- ------------ ----- ----- -- --------- -- -
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Self.Review 2 

n n n
2 (n + 1)2 

Given that ~:>2 = ~( n + l )( 2n + l) and L r3 = ----~ 
r=I 6 1·=! 4 

n 

(a) Find. in tenns of n, I(r + lJ. 
r =I 

[: (2n
2 
+9n+ 13)] 

n 

Find the value ofn such that I(r + lJ = 4n
2 

- 5. [n = 6] 
r=I 

(b) Find the series 2 x 1
2 

+ 3 x 2
2 

+ 4 x 3 
2 

+ · · · to n terms, in terms of n . [ 
1 
~ n ( n + l) ( n + 2) ( 3n +I)] 

3.3 Change of Index in Summation 

When solving summation questions, it is sometimes useful to change the index of the original 

summation notation so as to deduce the formula of another summation notation. The following 

example will illustrate the steps in doing so. 

Example 6 (Revisit) 

n 1 n 

Given that Ir(r+ lXr+ 2) = -n(n +l)(n +2)(n + 3) , deduce the sum Ir(r
2 -1). 

r=l 4 r =l 

Solution 

Observe that 
n n 

Lr(r
2 

- 1) = Ir(r-l)(r + 1) 
r =I r=I 

n 

= I(r-l)r(r+l) 
r=l 

n-1 

= Lk(k+l)(k+2) 
k=O 

n-1 

= Lk(k+l)(k+2) 
k=I 

1 
= -(n-l)n(n+I)(n+2) 

4 

Self-review 3 

1. Arrange the factors in ascending order for 

n 

L ( r -1) r(r + I) to follow the ascending pattern 

r=I 

n 

in :Ir(r + l)(r + 2). 
r =I 

2. If we let 'r-l=k ', then (r-l)r(r+l) = 

k(k + I)(k + 2). We must then change the index of 

the summation from r to k, and as such, the limits 

must change accordingly: 

Lower limit: When r = I, k = r - I = I - I = 0; 

Upper limit: When r= n, k = r-1 = n- 1. 

3. Check that the expressions are now the 'same' 

(same function and lower limit). When the 

expressions are the 'same', we can use the given 

result by modifying the end value. 

In this case, we replace n by n - 1 in the previous 

result. 

G · N ( r + 2 }2 - 5 5 2 2 N r
2 

- 5 
tven that L -,----=---- = N _ _ + --+ --, deduce the sum L -

2 
- in terms of N. 

r=I(r+l)(r+3) 3 N+2 N+3 11.-z. ~ r=3r -1 

~;; ~ "r-z.·S _z:r :i.._5 -=- 4 (YfJ..) -
5 [ 11 2 2 ] 

~iJ ~~ -;.,1c~1)lr-1) (;:, (rt-l)lttl) N-3+ N+ N+I 

~~ ~ > 
-,+1?• ?) ? ~ Q/-z.) - ? 
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Example 7 Find the least value of n for which f (-
2

1 
) > 2 · 

r=l r 

Solution: 

I- >2. " ( 1 ) 
r =I 2r 

Since question did not specify the method to use, we can 
the GC to solve. As we are solving for the value of n, let 

'X' be n in the GC. 

U . GC smg 
' 

You may use any other letters from the GC to denote the 

~ oo . 'R' 
n 

t(;r) index r. For example, Press ~ to input as 
the index. ' · · ' · 

30 1.9975 < 2 
31 2.0136 > 2 

Hence, the least value for n is 31. 

P1otl P1ot2 P1ot3 

I\Y11J1h\) 
I\Y2= ■ 
1\Ys= 

n 

Self-Review 4 Find the least value of n for which Ir2 
> 2013 . 

r=l 

4. Sn, S,,, and Convergence of Series 

X•31 

n 

Recall that Sn represents the sum of the first n terms of a sequence, i.e. Sn = LUn. 
r = I 

"' 
Since S

00 
represents the sum to infinity, we can write S,,, = lim S" = Iu,. 

n4«> r=I 

[18] 

Recall that for a GP, if 1r1 < 1, then the series is convergent and the limiting value of the series is 

Sa, = _.!!_ which is also the sum to infinity. 
l-r 

Is the arithmetic series a convergent or divergent series? 

Example 8 Determine if the following series S" is convergent and if so, find S
00

• 

(a) n+l (b) n\-2 (c) n
2

+2 
n

2 
2n- +l n-10 

Solution 

(b) 

(c) 

2 -2 l-..l_ l l n n2 . 
Sn = 

2 
= --

1
- ➔ - , smce - ➔ 0 as n ➔ oo 

2n +l 2+ 2 2 n2 

n 

Therefore the series is convergent and S,,, = ..!.. 
2 

n
2 
+2 

As n ➔ oo, Sn = -- ➔ oo, therefore the series is 
n-10 

divergent. 

Another way of writing is 

l. S 1· n + l 
rm "= rrn-,-=0 

n-+-a:i n ➔ oo n-
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Example 9 

(a) An arithmetic series has first term 3 and common difference 2, and the sum of the first n terms 

N 

is denoted by A,,. Write down an expression for A,, in terms ofn, and hence find I,A,, . 
n=I 

(b) A geometric series has first term 3 and common ratio ..!.. and the sum of the first n terms is 
2 

N 

denoted by G,,. Write down an expression for G,, in terms of n. Find I, Gn and deduce the 

N 

value of L, G,, - 6N as N ➔ oo. 
n=l 

{, 2 n(n+1)(2n+1) {, 3 [You may use the results LI = - ----and L-r 
r =l 6 r =I 

n=l 

n
2
(n + 1)

2 

--- as appropriate.] 
4 

Solution 

(a) A,, =!:[2(3)+(n-1)2] =!:(4+2n)=n(n+2) 
2 2 

N N Note that n is denoted as 
I,A,, = I, n(n+2) 

the dummy variable and 
n=l n=l 

N N N is a constant in this 

= I,n
2 
+2I,n question. 

n=l n=l 

f(N +1~(2N + 1) +i[N(: +!)] 

= N{N+l)[(2N + l) + 6] 
6 Factorise! 

N{N + l)(2N+7) 

6 

(b) G. = 
3

[\-!?L+-(~J] 
t,a. = t,6[1-GJ] 

N N (1 J 
= 6~1 - 6~ 2 

(I I 1 1 ) 
= 6(N - l + l) - 6 z +z2+l3+···+ z N 

= 6N - 6 
( t(1-(tl")J 

1-½ 

=6N-6(i-(ff) 

ff2!(t,a. -6N) = ff'![--0 (1-(ff)] =--0 since lim ( ! r = 0 . 
N ➔ oo 
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Example 10 (Independent Learning) 

( )
Jr-2 ( l )Jr-I 

The ,.th term, ur, of a series is given by ur = ½ + 3 

Express ~ u in the form A (1 _ ~) where A and B are constants. Hence deduce the sum to 
k.J r 27" ' r=I 

infinity of the series. 

Solution: 

I:ur - I: - + - - I - + I -11 _ 11 [( 1 )Jr-
2 

( 1 )Jr-I]- n ( 1 )Jr-
2 

n ( 1 )Jr-I 
r=I r=I 3 3 r=l 3 r=I 3 

11 ( 1 )Jr n ( 1 )Jr 
=9I: - +3I: -

r=I 3 r=l 3 

=12t(-1 ),. 
r=I 27 

=12 
(

2

11[1-(i\)"JJ 
1-(2\) 

= 1: (1- 2~") 
Hence Iimfur=lim~(1--

1
-) =~ since mn(-1-)=o. 

n-- r=l n -+aJ l3 27" 13 n--+o".J 27" 

SECTION C: Method of Difference 

In this section, we will learn how to find the sum of a special series where the general term ur can 
be expressed in the form f(r)-f(r -1) , for some function f(r) . 

As an illustration, suppose we want to find the sum to n terms of a series where the general term is 

given by ur =f(r) - f(r - I) . 
n n 

Then we have L ur = L [f(r)-f(r - 1)] 
r=l 

= 
r=I 

f{1kf(O) 

+ f~ftl) 

: ~~ 
+ ~~3) 

+ f ~ ~2) 
+ f(n) - f~ 

= f(n)-f(O) 

Since each term of the series can be written in the form f(r)-f(r-1) for r = 1, 2, ... , n, we see 
that terms of the series cancel out, leaving only ' f{n)- f{O)' . This method of summation is known 
as the Method of Difference. 
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This type of series is also known as a telescoping series. 

When dealing with questions involving the method of difference, it is often necessary to rewrite the 

general term in the desired form 'f(r)-f(r-1)' or its equivalent (e.g. f(r+l)-f(r)) before 

obtaining the sum ton terms of the series. 

Example 1 

Show that r
3
-(r-1)

3 

=3r
2
-3r+l. Hence find the sum I(3r

2 
-3r+1) in terms ofn. 

r=I 

n 

Deduce an expression, in terms ofn, for the sum ~:>2
• 

Solution: 

r3 
- (r -1 Y = r 3 

- ~
3 

- 3r
2 

+ 3r - 1) 

= 3r2 -3r+ 1 

r=I 

--------------------------------
n 

I ( 3r
2 

- 3r + I) = n
3 

r =I 

n n n 

3Ir
2 

- 3Ir+ It= n3 

r =l r=l r =I 

n n n 

3Ir2 
=n

3 +3Ir-It 
r =I r =I r =l 

= n
3 
+ 3 [; ( 1 + n) ] - n 

= ;[2n2 +3 (1+n)- 2] 

= ; [ 2n
2 
+ 3n + 1] 

= n ( n + I)( 2n + 1) 
2 

n n 
Hence I r

2 = -( n + 1) ( 2n + 1). 
r =I 6 

Show the cancellation. 

Factorise! 

Note: This example demonstrates 
n 

how the standard result for Ir2 

r = I 

can be derived. 
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Example 2 

It is given that f(r) = r(r +I)!. By considering f(r)-f(r-1) , find in terms of n, the sum of the 

series 5( 2!) + 10(3!) + 17( 4!) + ... + (112 + 1)(11!) . 

Solution: 
i---------------------------------------------------, 

~( r) - ~ l f-\):: r ( n \) ~ - ( y - l) ,.. ~ ( y ~,) ! = r ~ X ( rt I) 

-: Y~ (r(n-1)-tr-t)] 

-= r ~ u~-t\) 

-- Lr-~t\)tl 

5 ( 2 !) + 10 ( 3 !) + 17 ( 4 !) + • • • + ( n2 + I) ( n !) 
n 

= L(r2 
+l)r! 

r=2 

n 

= L[f(r)-f(r-1)) 
r=2 

= ~f(l) 

+~ 

:f~I) 

=f(n)-f(I) 

=n(n+l)!-1(2!) 

=n(n+l)!-2 

Example3 

Note the limits of the summation. 
Check that the representation is 
correct by writing out the first 3 
terms. 

Show the cancellation. 

2 n 2 
Express ( l)( l) in partial fractions and hence find I ---- in terms ofn. r - r + r=J ( r - 1) ( r + 1) 

n 2 
Explain why I ( ) is always less than ~ for all positive integers n 

r=J r -1 ( r + l) 6 

oo I oo 
Obtain the value of I ( )( ) and hence find I 1 

r=J r - l r + 1 ,=2 ( r -1) ( r + 1) · 

Solution: 

2 A B ----=-+-
(r-l)(r+l) r-1 r+l 

⇒ 2=A(r+I)+B(r-I) 

Put r=l: A=l 
Put r = -1 : B = -1 

2 1 
----=---
(r-l)(r+l) r-1 r+1 · 

Refer to MF26 for the partial fraction 
formula. 

You may also use the cover up 
method to find A and B quickly. 
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I\ 'l-

~ (r-l )Lr-t-ll 
~ 

l 1 
e. Z- ... - r;; 

~ J__ ~ 
j 5 

~ t 1 
"Ct ►-,,-

1 t ,-
V)-j 

n-:2- f") r:::11 -1 

1 
_!_ ., - _., 

t YI _, ~-t I 

-= J.. +-.!.. '\ 
-1- 1 - ~-

:: 5 "lMt-1 
6 - -___,. 

YI { ti+ I) 

. 2n+l 
Smee ( ) > 0 for all n E z+, 

n n+l 

f, 2 5 2n+l 5 + 
L, ----=-----< - foralln E Z 
r=J (r-l)(r+l) 6 n(n+l) 6 

00 
1 1

00 
2 

~ (r-l)(r+l) =2~ (r-l)(r+l) 

1 [ n 2 l 
=2 ;~~ (r-l)(r+l) 

= .!. lim (~ - 2n + 1 J = 2. 
2n--+co 6 n(n+l) 12 

. 2n+l 
smce --- ➔ 0 as n ➔ oo. 

n(n+l) 

"' 1 1 "' 1 

~(r-lXr+l) = (2-1X2+1)+ ~(r-lXr+l) 

1 5 3 
= -+-=-

3 12 4 

31 

Note: 

• The cancellation is 2 rows down, 

and not the immediate rows. Use 

the denominator to help you see 

the cancellation. 

• Ifthere are k terms that are not 

cancelled at the beginning (in this 

case 2 terms), then there are also 

k terms that are not cancelled at 

the end (in this case 2 terms). 
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Example 4 (FM J89/l/2 modified) 

" I 
Prove that L ✓ r ~ ✓ n. Hence, 

r =I r + r-1 

(i) show that I 1
r < ✓ n, 

r =I 2vr 

" 1 (ii) find the least value of n such that L ✓ r ~ > 10. 
r =I f + r-1 

Solution: 

1 ✓ r -~ 

✓ r +~ = ( ✓ r +~)( ✓ r-~) Rationalise the denominator 

✓ r -~ 
=------
(✓ r f-(~)2 

I 
I 
I 

~- -----------------------------------------------------: 
(ii) t 1 

> 10 
r = i ✓ f + ~ 

⇒ ✓ n > 10 ⇒ n > 100. 

So the least value is n = 101 . 

Self-Review 1 

Express 
2 

1 
in partial fractions and hence show that ~ 1 

r + 3r + 2 L....J 2 3 r =I r + r + 2 
oo I 

Deduce the exact value of L ---
r=I r

2 
+3r + 2 

I I 

2 n + 2 
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Example 5 
7 5 2 9r+14 

Given that -------=----
r r+l r+2 r(r+l)(r+2) 

, use the method of difference to find 

~ 9r+l4 . . . ( ) s = ~ ( ) ( ) , g1vmg your answer m the form k- f n , where k is a constant. 
n r=I r r + I r + 2 

(i) Deduce that S,, < 8 and find the value of S
00

• 

(ii) Obtain the least value ofn such that S
00

is larger than Sn by less than 0.2. 

Solution: 

n 9r + 14 n (7 5 2 ) 

Sn=~ r(r+l)(r+2) = ~ -;:- r+l - r+2 

(i) 

= (~-~-3) 
+(~-5-4) 

+ 7-Ij) 
+ . 

+(~~!-~) 
( 

7 5 2 ) 
+ -1 - n - n+l 

(7 5 2 ) 
+~n - n + l - n + 2 

7 5 7 2 5 2 
----+- - ------ --

1 2 2 n+l n+l n+2 

7 2 
=8-----

n+l n+2 

7(n+2)+2(n + l) 
- 8-----=---~-~-
- (n+l)(n+2) 

9n+16 
- 8------,-----:-
- (n +l)(n + 2) 

. 9n +16 '71+ 

Smee X ) > 0 for all n E 1u , 

(n +l n +2 

S =8 - 9n+16 < 8 _ 

n (n+l)(n + 2) 

S = lim S = lim [8 - __ 
9

_n_+_l_
6
~] 

"' n ->00 " n ->OO (n+I)(n+2) 

= 8 
9n + I6 

since ---- ➔ 0 as n ➔ oo 
n2 + 3n + 2 

Write the terms in their original 

form (e.g. do not simplify ~to.!.) . 
4 2 

Use the denominator as a guide to 

find terms to cancel. 

Since there are 3 terms that are not 

cancelled at the beginning, then 

there are also 3 terms that are not 

cancelled at the end. 

Alternative method: 

Rewrite the sum as 

n (7 5 2 ) 
~ -;:- r+l - r+2 

to create two telescoping series 
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(ii) S,,, -Sn< 0.2 

8-[8- 9n+l6 ]<0.2 
(n+l)(n+2) 

9n+ 16 < 
0

_
2 

(n+l)(n+2) 

FromGC: 

n 9n + 16 

(n+1Xn+2) 

43 0.20354 > 0.2 

44 0.19903 < 0.2 

From the table, the least value of n is 44. 

Example 6 
n-1 

It is given that U1 = e2 and U,+i -U, = ( e -1) e'+1 where r E .z+ . By considering L ( U,+1 -U,), 
r=I 

show that Un= e"+
1
. Hence find the product of the terms U

2 , U
3 , U4 , ... , Un in terms of n. 

Solution: 
n-1 

rrcu,.,-u,)~~ 

~~~ 

+Un~ 1 

=Un-VI 

=U -e
2 

n 

On the other hand, 
n-1 n-1 
I(Ur+J -U, )= I(e-l)er+J 
r=I r=I 

n-1 
= ( e-1) L er+1 

r=I 

= en+I -e2 

Tb U 
2 n+I 2 U n+l us n-e =e -e ⇒ n=e 

3 4 n+I U -U -U ... u =e -e .. ,e 
2 3 4 n 

= e3+4+···+(n+I) 

.!.(n-lXJ+n+I) 
=e2 

.!.cn-1Xn+4l 
=e2 

Note that we have used n -1 for 

the upper index. This is done to 

ensure that we have Un in the 

simplified expression. 

Note that this is a geometric sum 

with first term e
2 

, common ratio e 

and n -1 terms in the sum. 

We have made use of indices law . 
The sum is arithmetic with n - 1 
terms . 


