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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax® +bx+c=0,

:—bi\/b2—4ac

2a

X

Binomial expansion

(a+b)"=a" +[:]a”‘lb+[2]a”‘2b2 +...+(:ja”"br +..+b",

n I _ _
where n is a positive integer and L n(n=r)..(n=r+1)
r) ri(n-r)! r!

2. TRIGONOMETRY

Identities
sin? A+cos? A=1
sec? A=1+tan? A
cosec’A=1+cot* A

sin(A+ B) =sin AcosB +cos Asin B
cos(A+B) =cos AcosBFsin Asin B
tan(A+ B) = tan Attan B

1stan Atan B
sin2A=2sin Acos A
cos2A =cos? A—sin? A=2cos? A—1=1-2sin* A

tan2A = Zta—nf
1-tan“ A
Formulae for AABC
a b C

sinA:sinB :sinC
a? =b? +c®> —2bccos A

A= 1bcsin A
2
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Given that k = 24/2 — /3, without using the calculator, express 3k —E in the form

a\fzc;b\@1 where @, b and c are integers. [3]
k=2J2-43
3k——_3(2f V3)- \/_ NG

:6\/5—3\/__@

- 642-33-22-2.3

_ 26v2-1743

5
_ 26 17
- 22-L\5

The straight line y = kx + 20 intersects the curve 3y = 2kx® —21 at the points A and B
whose x-coordinates are —3 and 4.5 respectively. Find the value of k. [4]

3(kx +20) = 2kx* - 21
2kx* —3kx—81=0

2kx* —3kx —81=x"-1. 5X—%=0

-3 and 4.5 are solutions
(x+3)(x-4.5)=0
x*—1.5x-13.5=0
by comparison

81

-—=-135
2k

k=3
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Express —3x*+12x—4 inthe form a(x—h)*+k , where a, h and k are integers.

Hence state the coordinates of the turning point of the curve y =-3x*+12x—4. [4]

—3x* +12x—4=-3(x* —4x)-4
—3(X* —4x+2*-2*)-4=-3(x—2)* +8

Turning point (2, 8)

Integrate tan® 2x with respect to x. [3]

Itan22x dx = Isec22x—1 dx

_ tan2x

—X+c (c is a constant)
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5
6X° —5X+5

(x-1) (x2 +2)

in partial fractions.

Express

[4]

6x°-5x+5 _ A Bx+C
2 - T3

(x—l)(x +2) x—1 x2+42

6x’ —5x+5  =A(X*+2)+(Bx+C)(x-1)

Subx =1,

6=3A

A=2

Sub x =0,

5=2A-C

C=-1

Sub x =2,

2B=8

B=4

. 6X*-bx+5 _ 2 4x-1

s : = i

(x—l)(x +2) X—1 Xx°+2
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f(x)=x*"—(p+1)x* + p, where n and p are positive integers.
(a) Show that (x +1)is a factor of f(x)for all values of p.

[2]

f(-0)=(-1)" ~(p+1)(-1) +p
~1-(p+DW+ p
=0

Therefore (x + 1) is a factor

(b) Given p=4,

(i)  find the value of n for which (x—2) is a factor,

[2]

f(2)=0
0=22"—(4+1)(2)" +4
0=22"_16
n=2

(i)  hence, solve f(x)=0.

[3]

x* —5x° +4:(x+1)(x—2)(x2 +ax+b)
by observation

b=-2

substitute x =1,
1-5+4=2(-)(1+a-2)

a=1

(x+1)(x=2)(x* +x-2)=0
(x+1)(x=2)(x-1)(x+2)=0
x=-11-2,2




7
7 For 0<x <, f(x)=3sinnx, where n is a positive integer, and g(x) =4cos2x+1.

(1) Given that % satisfies the equation f(x) = g(x), show that smallest value for n =3.

[2]

3sin n(EJ = 4c052(zj+1
6 6
sin n(Z)ﬂ
6

smallestn=3
(i) State the amplitude of g(x). [1]
Amplitude =4
(iif)  Sketch, on the axes below, the graphs of y =f(x) and y = g(x). [4]

]

f(x)
9(x)

(iv)  State, in terms of =, the other roots of the equation f(x) =g(x) for 0<x<=m.  [1]

57
' 6

NN
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8 A piece of wire, 100 cm in length, is bent to form the figure as shown.

B
X 60° X
C A
y y
D H
y y
E G
X X
60°
F

Given that angle ABC =angle EFG =60°, angle CDE =angle GHA=90°,
AB=BC=EF =FG =xcmand CD = DE = GH =HA =y cm.

(a) Show that the area of the figure, P cm?, is given by

p:(@

7+1—\/§Jx2+(25\/§—50)x+625. [4]

4(x+y)=100=
X+y=25
y=25-X

CE=y?+y® =2y

P = 2x Area of AABC +
2x Area of ACDE +
Area of rectangle ACEG

= x2sin60°+ y2 + X(~/2y)

X% + (25— X)? +2X(25— X)

X2 + 625 —50X + X% + 25v2x —/2X?

SR

= (§+1—\/§Jx2+(25\/§—50)x+625
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(b)  Find the value of x for which P has a stationary value. [2]

3—P=2(§+1—\ij+25ﬁ—50
X

ap _
dx

2(§+1—\/§]x:50—25\/§

0

X= 502512 =16.2(3s.f)

2(*/2§+1—\/§}




10

yA

(-9,2) B

¥

o/

The diagram shows a kite ABCD with AB = AD and CB =CD.

The diagonals intersect at M. The point A lies on the y-axis, the point B is (-9, 2) and the

equation of ACis2x +y = 9.
Q) State the coordinates of A.

[1]

A (0, 9)

(i) Find the equation of BD.

[2]

Gradient of AC =-2

Gradient of BD = %

Equation BD :
1
y=2=>(x~(-9))

1 1
=—X+6—
y 2 2
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(iii)  Find the coordinates of M and of D. [4]

By solving simultaneous equations

1 1
=—xXx+6=and2x+y=9
y 5 > y

M is mid-point of BD

9+ X, =1,2+yD _7
2 2

D (11,12)

Given further that the area of the triangle ABD is % of the area of the triangle CBD, find

(iv)  the coordinates of C, [2]
MC =4 AM
X =1+4() =5y, =7-4(2)=-1
C(5,-1)
(v)  the area of the kite ABCD. [2]

1‘0 9 5 11 o‘

209 2 -1 12 9

= 125 units?
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10 (a) Find in radians, the principal value of tan™ (—iJ .

NE

[2]

Principal value of tan‘l(—ij is in the 4™ quadrant

J3

Since tan (E] = i
3

Nt

The principal value is —% or —0.524.

(b)  Given sin30+sin @ = 2sin20cosé . Prove that

@) c0s36 +cosf =2cos26cosa,

[3]

c0s 36+ cos @ = cos 20 cos & —sin 26sin 8 +cos &
=(1-2sin® 0)cos 0 - 2sin® O cos 0 +cos &
=2c0s 0 —4sin® fcos @

=2c0sO(1—2sin’ )

=2c0s26cosd

sin@—sin20+sin30
cos @ —cos 268 +cos 36

an 20 .

(i)

[3]

sin@—sin20+sin30 _ sin360 +sin & —sin 20
C0s @ —c0s260 +cos30  cos36 +cos e —cos 20
_ 2sin26cosd —sin 20

~ 2¢0526c0s6 —cos 20
_ sin26(2cosf-1)

- cos26(2cos6-1)

= tan 260




(c) Hence solve the equation

13

cos @ —cos 26 +cos 36

sin@—sin 20 +sin 30

:—% for0<O0<r.

[3]

coS 6 —C0S 260 +cos30
tan20 = -2

a=1.1071
20 =2.0345..., 5.1761...
0=1.02,2.59 (3 s.f.)

sin@—sin20+sin30 5
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11 In the diagram, not to scale, BC and CE are diameters of the circles, S; and S»,
respectively. CE istangentto S; at C, CF and BD meetat G, and G lies on the
circumference of S;. F lies on the circumference of S,. CB produced and EF

produced meet at A.

Show that
(1) triangles CBG and DCG are similar, [3]

ZCGB =90° (Angle in a semi-circle)
ZCGD =90° (adjacent angleson a straight line)
.. ZCGB=«CGD

Z/CBG = #ZDCG
(Alternate Segment Theorem/ Tangent-Chord Theorem)

Therefore, by AA pty, triangles CBG and DCG are similar
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(i) lines BGD and AFE are parallel,

[2]

ZCFE =90° (Angle in a semi-circle)

Since ZCGD =90° as well,

lines BGD and AFE are parallel by means of
corresponding angles

(iiiy CE? = AExEF.

[4]

In triangles CEF and AEC, A
ZEFC =90° (Angle in a semicircle)
ZECA =90° (Tangent perpendicular to radius)

Therefore ZLEFC = ZECA.
C E

Z/CEF = ZAEC (Common angle)
Triangles CEF and AEC are similar (AA). C

Comparing triangles AEC and CEF
CE_FE
AE CE F E

CE xCE = FE x AE
CE? = AEXEF
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12 Solve the following equations:

(@) Iog3(2x—1)—logJ§3: log, 4 [4]
log, (2x~1)~log ;3 =log, 4
log, 3
log,(2x-1)——=—=log, 4
9:(2x-1) og. 3%
Iogs(2x—1)—L1:Iogzz2
log, 3?
Iogs(2x—l)—1 L =2log, 2
EI0933
log, (2x-1)-2=2
log, (2x-1)=4
2x—1=3"
4
x=>"1_4
2
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[4]

Letu=5*
15u° —2u—-1=0
(3u-1)(5u+1)=0
1 1
u== or u=-=
3 5
5X:1 or 5X=—1(N.A)
3 5
In1
Xx=—3 =_0.683
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13 The sketch shows the graphs of the curve, y = %—3 , the lines 3y =4x-9 and
X_

y =3. The curve and the line 3y =4x—9 intersect at P . The curve cuts the x-axis at

R(% 0]. The line 3y =4x—9 cuts the x-axis at Q(Z%,Oj.

Y

A

3y=4x-9

The region A is bounded by the curve, y = %—3, the line y =3 and the y-axis.
X_

The region B is bounded by the curve, the line 3y =4x-9, and the x-axis.

(i)  Verify that the coordinates of P are (g —1).

[2]

Solve simultaneous,

3£i—3j:4x—9
x-1

x—1
4x* -4x-3=0
(2x-3)(2x+1)=0
2x—-3=0 2X+1=0
or
x:E x:—l(N.A.)
2 2
3 3
X=—,3y=4/=-1-9, y=-1
> =430 ¥
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(i)  Find the area of A and of B.

[6]

Area A= J-:(LSﬂLl jdy
y+

:[In(y+3)+ y]Z
=(In(3+3)+3)—(In(0+3)+0)
=In6-In3+3

=In2+3

=3.69 units® (3 s.f.)

!
AreaB = I}(——S jdx

+ 1><(2l—§j><l
4

3\x-1 2 2
:[In(x—l)—3x]§ ‘3
(o bl

JECRERCERTE
{)4)

=0.470 units® (3 s.f.)
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A vessel is in the shape of a right circular cone.
The radius of cone is 8 cm and the height is 32 cm.
Water is poured into the vessel at a rate of 10 cm?/s.

Calculate the rate at which the water level is rising when the vessel is % full. [4]

Using similar triangles
r 8
h 32

1

r==nh
4

V :Eﬂ-rZh
3

2
o)
3 \4
V :ifrh3
48

VvV _1
6

@)

dh
VvV
vV '\ H
1 (h
g(s—J
h=
v

d_v dn
dt  dh dt
10= 2 7(16)’ x

16
% =10+167
dt

dh
dt

@:i cm/s or 0.199cm/s

dt 8«

END OF PAPER



