Eunoia Junior College 2017 JC1 H2 Mathematics Tutorial

H2 MATHEMATICS 9758
Topic 12: INTEGRATION TECHNIQUES '_"”_P
TUTORIAL WORKSHEET

Section 1: Discussion Questions (Students are to attempt all these
questions.)

1 Integrands in the form '(x)[ f(x)]

1

2(x—3x)2 +c
3 (¢ -3x)

I x? -1 dx
N

x? -1 3(x* - (X —3X)% 2/ 3
J. '_x3—3x I ,_X = %= T +c_§(x -3x)" +¢
(b) J'(x2 —1)(x3—3x)5 dx %(x3—3x)6+c

J‘(xz—l)(xe’—Bx)5 dx =%I3(x2—1)(x3—3x)5 dx:%(x3—3x)6+c

6
Isin xCos® X dx _Los X
6
6
Isin Xcos’ x dx = —I(—sin x)cos® x dx =— COS X i¢
5
(d) jsec5 xtan x dx se(; Xic
5
J.secs xtan x dx = j(secxtan x)sec” x dx = XC X e
4
(e) I cos(3x)sin®(3x)dx smlng) +C
jcos(Bx)sin3(3x)dx :1.[3cos(3x)sin3(3x)dx :1M+c :isin4(3x)+c
3 3 4 12
2 Integrands in the form m
f(x)
1
— dX 2Infl—x|+c
J Ix@-+x) e
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1
Im dx = I—Z\F(l f) dx = 2In‘1 \ﬂ+c

(b) —dx

x—3In|x+3+c

de=jx+3_3d I(l—inx x—3In|x+3/+c
3 3

X+3 X+ X+
Icotede In|sing|+c
[ cotodo=| wd@ In[sin 6]+
sin @
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3 Integrands requiring use of trigonometric identities
. 1 1.
(a) I5|n23xdx —(x——5|n6xj+c
2 6
fsin23xdx=lj(l—0056x)dx=l x—SIn6X +C
2 2 6
(b) Isinicosz dx —Ecosx+c
2 2 2

. X X 1r. 1
jsm—cos— dx =—jsmx dx=—-=cosx+c
2 2 2 2

(©) J‘# dx —lcotx+c
1-cos2x 2
J.# dx :j _12 dx:lj‘coseczx dx =~ Zcotx+c
1-cos2x 2sin” x 2 2
(d) j 1 dx tan1x+c
1+cos x 2

| : dx = 12 dx=I£sec2§dx=tan§+c
1+cosx 2cos” 5 2 2

(e) jsingcoss—xdx —lcos4x—lcosx+c
2 8 2

) 3X
jsm—cos—dx
2 2

1 (_ cos4x

:j%(sin4x+sin x)dx=E —cosxj+c:—%(cos4x+4cosx)+c

sin® x

) Icos3 x dx sinx—

sin® x

'[coss xdx = Icos X(L—sin®x)dx = Icosx—cos xsin® x) dx =sin x —

OR

= _[cos X(L—sin® x)dx = _[cos X(cos 2x +sin’ x) dx :%J‘Zcos xcostdx+J‘cos xsin® xdx

= 1J'(cos3x+cos X) dx+jcos xsin® xdx = 1sin 3x+lsin x+lsin3 X+C
2 6 2 2

2 cos| 2 | cos[ 329 Lo
) 2 cos( > jcos( 5 )de 4a(l ﬁ)

4a
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4a

2 cos| 29 cos| 329 dQ:EJ? cos(2a€)+cos(a¢9)d6’=E{szag+smaﬂ2a
2 2 2 2 2a a |z
4a

1 1 1 1
== (0+1) = (Z+-=) |=—[1-2
Za{( +1) 2+ﬁ)} 4a[ f]

(h) jol sin(z +1)0sin(r —1)0do ¥
_[01 sin(;r+1)93in(;r—1)0d9:—EJ.; cos(27z6)—cos(26)do
__l{sinzﬂe_sinze}l 1 (O—ﬁj—o _sin2
2l 2x 2 |, 2 2 4

4 Integrands requiring long division and/or partial fractions

(a) '[XZ—OJ:ZX dx %In|x|—%ln|x+2|+c
1 1
—d—_[ ==l 2———| dx==(In|x|~ In|x+2
Ix2+2x X x(x+2) J‘(x x+2) 2(n|x| njx+2l)+e
1

1
(b) I—2x2—12x—14 dx E[In|x—7|—ln|x+]ﬂ+c

.[2; dx=—.[2— dxz_I— dx = L (L_L) dx
2x°—12x-14 2J X°—6x-7 29 (x=7)(x+1) 167\ x—-7 x+1

1
=E(In|x—7|—ln|x+]4)+c

X°+2 1., 1 3
dx x> =ZIn|x+1+=In|x-1+c
© [ 5 X =5 In|x+3+Injx -]
3 2 3
J-x2+2 dx:jx(x 21)+x+2 dx:Jx+ X+2 dx — J 3
X -1 X -1 (x+D(x-1) x+1 x-1
2
:X?—lln|x+]4+§ln|x—]4+c
(d) I —x+9 dx §In|x+]4+§ln|x—3|—i+c
(Xx+1)(x-3)° 4 4 X—3
2 _ 3 5
ZX—XJrgzdx=.[ e 6 - dx:§In|x+]4+§ln|x—3|—i+c
(x+1D(x-3) x+1 x-3 (x-3) 4 4 X—3
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1 1
Jai—xz a?+x a?-x

5 Integrands in the form

I# dx Lont[ 2 e
J3—ax? 2 3

J o3l ,— 7
—sm —+c
3—-4x 2 (2X)
1, (9

b dx —tan'| == |+c

(b) J.4+81x 18 [2}
I 1 - dx:lj.—2 3 . =Sttt 2o Lt e
4+ 81x 22 + (9x) 9 2 2 18 2

I; dx Sin‘lix—_sj+c
Ja—(x=3) 2

J‘; dx =sin X =3¢
4/4—(x—3)2 2
1 1 L Xx+1
d ———— dx —tan| 2= |+¢
@ Ix2+2x+3 2 (\/Ej

1 X+1
dx=——=tan*==+c

Im I(x+1) 22 2 2

_[—dx sin‘l(x+2j+c
\V6—4x—x? J10

1
— X
J.a\/6 4x — x2

X+2
= = =sin™ + C
j»\/ (X* +4Xx—6) I\/ [(x 2)? 10] I«/lo (X +2)?
6 Integrands that can be split into different standard forms
(a) _X*Z lIn‘xz+2x+5‘+1tan‘1(x—+1j+c
X2 +2x+5 2 2 2
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J- X+2
X2 +2X+5

:_I( 2X+2 2 jdx

X2 +2x+5 X2 +2X+5

Z_I 2X+2 22 dx
x? +2x+5 x+1) +4

=—In‘x2 +2x+5‘+—tan‘1 LSE NG
2 2 2

dx

X2
b) | ——dx
()Ix2+2x+5

—In‘xz +2x+5‘—§tanl(

X—HJ+C
2

x? 2X+2 3
o R
X°+2X+5 X +2X+5 Xx°+2x+5

_I B 2X+2 3 3
X2 +2x+5 (x+1)2+22

:x—ln|x2 +2x+5|—3tan1(x+lj+c
2 2

3Xx+4

© I\IS 6X —9x°

—%\/8—6X—9X2 +sin~t(x+

%)+C

J‘ 3x+4
\8—6x—9x?
—4(-6-18x)+3

x/8 6x —9x>

_1 —-6-18x

" dx
J8—6x—0x2

+J‘; dx
3«f1—(x+%)2
—%\/8—6x—9x2 +sin!(x+1)+C

dx

=—1[2 86X —9x*
6

. j 3
J8—6x—9x  _

—%x/8—6x—9x2 +sint(x+1)+

C
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By using the given substitution, determine the following integrals, leaving your answers in an

exact form whenever applicable.

(@) Ie dx u=e*+2 ex+2—2lnex+2‘+c
e*+2
2X _ 2 _ — X
J'e dx :J'(u 2)° du _[u 2du:j1—zdu u=e"+2
e“+2 u u-2 u u du
—=e"=u-2
=u-2Injul+c dx
=e*+2-2In ex+2‘+c dx = U
u-—2
:eX—ZIneX+2‘+c'

(b) Ix x—3dx Xx=u*+3

é(x—3)2+2(x—3)2+c

I XA/x =3 dx :I (U2 +3)u? (2udu):j (u*+3) 2u® du :ZI u* +3u®du

X=u’+2

:>u:\/x—2

5 5 3
—ol Ly +c:2(1(x—2)2+(x—2)2)+c %=2u
5 5 du
dx =2u du
(c) j X dx u=x 1sin’l(xz)+c
J1-x* - 2
X 1 1 1 1 1. 1. 2
——dx =—I—2xdx :—j—du:—S|n‘lu+c=—S|H‘_"'>)<(2+c
I«/l—x“ 2d J1-x* 2) 1—w? 2 2 du_ o,
dx
2x dx=du
e T
(d) J.O m dx X=tan@ E
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1 9 y2 I 1 _tan2
J‘l—xzzd)(: anezseczede
o (1+x°) o (1+tan” @)
X1 2
= %secze dée
Jo (sec”0)
.% _ 2
_ 1 ta? 0 40
Jo secd

=| (cos*6-sin’6) do
0

AN

[

Fd
4

S

0o 2

J 0

= [ cos26 d@z{smzzﬂ :l(sin%—sinoj

x=tandg
d—X:seczé’
dé

dx =sec’6 do

When x=1, 0=%

When x=0, =0

X=3sin@

@ [ Vo-x*dx

jj«/g—x? dx :Ifx/Q—QSinZQ 3cos6 do
=.[fx/90052<9 3cosd dé
:If9c0529 dé

93
:EIO (cos26+1) do

9| sin26 t 9fsinz =« o7
=— +0| =—| —+—|=—
2 2 o 2L 2 2 4

_1
2
9_7z
4

Xx=3sin@
%:3cose
do
dx=3cos@ do
When

x=3, sinf=1=0=

When
x=0, sind=0=6-=

NS

() J' LS

Xx=asin@

s3]

1 X
—{ = 2J+C
a-—x

J% Let x=asiné. Then ﬁzacose

s o\ déo

(a* )2
acosd

[———

(a2 - azsin2¢9)E

acoséd 1 ¢ cosé
=|—————df =—|———db
Ia3 (1—sin249)§ 2 -[cos36?

déo

a

=%J.sec20d0

1
:—Ztan6+C
a
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i x e
a aZ_XZ

8 Integration by Parts

Ixe4X dx 1 xe* —ie4X +c
4 16
u=Xx av 4
jxe“x dx = x( ] Il ax dx——xe —ie4x+c —=¢
16 dx
d_U:1 V—194X
dx 4
3 3
(b) Iﬁlnxdx %lenx——x2+c

2 3 2 1 2 s 4
xInxdx==x2Inx—|=x2dx==x2InXx——x?+cC
N_ 3 Is 3 9

=Inx dv
2 3 2 d_:\/;
=— 2(Inx——j+c X
3 3 :
-2 v=X_24
dx X 53
letan’l(x"—) dx Z_ i
0 4

I:xtan‘l(xz) dx

x> b 2x
= [—tan‘l(xz)} - =
2 0

021+x

3 1
=l(£j_ljl 4"4 dx:ﬁ{lln\uxﬂ “Z Lo
2\4) 4)014x 8 |4 , 8 4

u=tan(x)d _
dx

d_U: 2X 3 x2

dx 1+x* V_?

(d) Ixsec X tan x dx

xsecx—ln|secx+tan x|+c

= xsecx—jsecx dx
jxsecxtanx dx

= xsec x—In|sec x tan x|+ ¢

u=x dv
— =secxtan x
dx
du _, | V=secx
dx

Ixz cos x dx

Teacher's copy
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J.xzcosx dx=xzsinx—f2xsinxdx
:xzsinx—[—Zxcosx—j—Zcosx dx} u=x° ﬂ:cosx
dx
:xzsinx+2xcosx—2'|.cosx dx -
du V =SIn X
2 .- - —=2X
= X“SIN X+ 2XCO0SX—2Sin X+C dx
u=2X v o
—=SINnX
dx
d_u=2 V =—C0S X
dx
. 1.,
) .[e sin 2x dx ge (sin2x—2cos2x)+c
jexsin2x dx:exsin2x—j2eX cos 2x dx
=e*sin 2x—2[eX cost—I—ZeXsin 2X dx] U =sin2x d_V:eX
dx
=e"sin2x —2¢* COSZX—I4€X sin 2x dx ; -
A 2cos2x | V=€
Then dx

5jeX sin2x dx =e*sin 2x —2e* cos 2x

U =C0s2x dv

X

. . —=e
.'.jexsm 2X dx=%(sm 2X—2C0S2X)+C dx
(;—uz—ZSiHZX v=e'
X
3 2 1,. , 1 )
(9) j X* €0S X“ dx = X“sin X +=CcoSX" +C
2 2
I x> cos x* dx =j x?(xcos x*) dx
u= x> dv 2
— = XCOS X
~Lesin xz—j Xsin X2 dx == X2 in X2 + = cos X +¢ dx
2 2 2
d .
d—i=2x v="Lsinye
9 9740 09/1/2
1
. = 2
Find the exact value of p such that J'l ! 5 dX:IZP;dX. T
04—)( 0 1_ p2X2 3|n3
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dx =

11 =~ 1
[ L"ﬁdx

1 +2 1
[ZI —2} sm )]§P
l|n3:££
4 p 6

B 27
P 3In3

10 Find the positive values of a, such that | *_1

% dx =0.22. Give your answer to three
a 1+X

significant figures.

By plotting the graphs of y = j ~dx and y=0.22 on the GC, and finding the

intersections of the graphs, a = 2.04 or a=2.62

In2

11  Find di(eXz ) _ and hence or otherwise show that _[ x%eXdx = In 2—%. 2xe”

X 0

Jn2 2

.[ x3e* dx u=x N _ o
0 dx

1 In2 ) du NG
== f x2(2xeX )dx —=2 V=g

2 5 dx

Gz 2

_1 [xzexz] - I 2xe*" dx

2 0 0

=ln2- % (shown)

12 9233 99/1/19

(i)  Prove that di In(secx+tan x)=secx.
X
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—XCOSX+SinX+C

(iii) Hence find the exact value of jfxsin xIn(secx+tanx) dx.

|

+Io (x—tan x) dx
2

N7

4

4

2

:i(l—ﬁ]ln(«/fﬂ){x?—ln Sec X
L (1—£)In(\/§+1)+;r—;—ln\/§

1 T 7’
—|1-Z |In(v2+1)+=-In2
ﬁ( 4) (V2+3) 32
(i)
J'xsinxdx U= X dv
— =sinx
:—xcosx—j—cosxdx dx
:—xcosx+Icosxdx du_q V=-cosXx
dx
=—XCOSX+SIiNnX+C
(iii)
J.jxsin xIn(sec x+ tan x) dx u = In(sec x + tan x) dv .
0 &ZXSIHX
=[(~xcos x+sin x) In(sec x + tan x)]f
du V =—XCO0S X+ Sin X
5 _ — =secx
—jo (—xcos X +sin x)sec X dx dx

z
:|0
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Section 2: Supplementary Questions (For Students to practice after
going through tutorial for extra practice)

1 (a) _[taan dx —%In|c053x|+c
Itan 3x dx :_EI—3sin3x dx :—Eln|cos3x|+c
37 cos3x 3
0 [ o ~2In|x|+3In[x—1]+c
X+2 A B

x(x—l):x x—1
Then x+2 = A(x—1) + Bx
Letx=0, 2=-A
Letx=1 3=8B

[X+2 dx:j(_—z ilj dx = ~2In[x|+ 3In|x 1|+ ¢

x> =X X X—
2
1
(© ILX?,dx -—————+C
(1+tanx) 2(1+tanx)
2 _ 1+tanx)”
_[Lxsdx=jsec2x(1+tanx)3dx:( ) +C = L ~+C
(1+tanx) —2 —2(1+tanx)
2
(d) IX dx lx2+2x+4ln|x—2|+c
X—2 2
2
'[X dx
X—2
2
=dex=fx+wdx= x+2+idx:x—+2x+4ln|x—2|+c
X—2 X—2 X—2 2
2 X—4
e ———— X In|—|+c
© Ix2—6x+8 X—2
J.z#dx:I#dsz(ijlnw_pczlnx;_}_c
x> —6x+8 (x=3)° -1 2) |(x=3)+1 X—2
()] IxcosSxdx lxsin5x+ic035x+c
5 25

IXCOSSX dx :lXSiI’ISX—EJ‘SiHSX dx :lxsin5x+i0055x+c u=x Q=c055x
5 5 5 25 X

dx V ==sin5x
5
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X 5 ;
(9) I I dx g(x—l) (x+2)+c
X k= (X g - R T DV ¢ S L S
| ] dx = [ — dx j(\/x 1+dex R e
=§(x—1)%+2(x—1)%+c=2(x—1)%[%(x—1)+1]+c:2(x—1)%(%x+§)+c
OR u=x dv

= (X—l)f%

j X dx=2x(x—1)%—J'2(x—1)% dx=2x(x—1)%—2(x_1)2 +C d_u:l dx .
X —1 32 dx v=2(x-1)?

= 2x(x—1)? —4 (x—1)* +c=2(x 1) [x-2 (x-1) J+c

=2(x-1)*(5x+3%)+c

OR Let y2 =x—1
X y?+1 ) A dy
dx = [ 2y dy =2[(y?+1) dy=2[ Lty |+c 2y 1
[ =] 2y [(y?+1) dy (3 y] Vo

=2[g(x—1)%+(x—1)ﬂ+c

x? + X+ 28

2 Express ——————— in partial fractions. Hence, show that
(1-x)(x* +9)
2 3 2x+1
[ XA gy T o, =2
0 (1-x)(x"+9) 12 1-x  X“+94

X* +X+28 3 Ax+B
= +
(1-x)(x*+9) 1-x x*+9
X* +X+28=3(x*+9)+ (Ax+ B)(1-X)

When x=0, 28=27+B=B=1
Comparing coefficientof x2, 1=3-A =A=2
X* + X+ 28 3 2x+1
2 - T
(I-x)(x*+9) 1-x Xx*+9:
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J-s X2+ x+28 y
0 (1-x)(x*+9)
3 3 2x+1

=| —+— dx
01-x Xx°+9

3
= [—3In [1—X|+In ‘xz +9‘+1tan‘1(§)}
3 3

—_3In2+IN18+Z—In9
12

[ 18 j T
=In| — |+ —
Ox8) 12
T 1
=—+In=
12 4
=2 _2In2,
12
! 1
3 By using the substitutionu = +/x+2 , or otherwise, show thatJ —  _dx=
Y : » (X+ DX +2
. To(x-) 3
Hence, find the exact value of 2-2In—=
(x+1)«/x+ 2
! 1
—————dx =
Jz(x+1)m Let u X+2
s u>=x+2
= 2u du
Jz(uz—l)u d—X:2u
5 du
={|nU—1} Whenx=2, u=2
u+l Whenx=7, u=3
2 1
=In—-In=
4 3
=In§
24

x+l
dx

(x+1)\/x+

L (x+1) x+2

-
=J Jx+2 (x+1)2JF
[Nﬁ] —2In—

2—2In—

24
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4 (a) J.dex —%xll—sz +%sin‘1(\/§x)+c

J- X+2

1
dx
\J1-3x% \J1- 3x2

=_(13 1-3¢ +%sm‘1(fx)+c——%\/l 3x? +\/_sm H3X) +c

———j —6X(1— 3x)2dx+2j

1
2

(b) de In|Inx?|+c
XinXx

2
_[ > dx=1In|Inx*|+c
xInx

1
1+¢*

Xx—In

+C

(©)

1+e* —
_j 1+e

=x—-In

+C

1+e

(d) IW dx %tan*[Inijﬂ

j—l dx =1tan1(|n—xj+c
2 2

x[4+(|n x)z}

_[In(2x+1)dx xIn(2x+1)—x+%In(2x+1)+c

1
2x+1

dx

jln(2x+l) dx = xln(2x+1)—j22X1 dx = xIn(2x+1)—j1—
X+

= xln(2x+1)—x+%ln(2x+l)+c

) I 6X+4

—2In|1—2x|+|n‘1+3x2‘+c
(1-2x (1+3x )

> dx =—2In[1-2x|+ In‘1+3x‘+c

J- 6Xx+4 X — I 4 6X
(1—2x)(1+3x) 1-2x  1+3%

5 By using the substitutionu = x* +1, flndj dx, leaving your answers in an exact

! x(x +1)
form. %I [iﬂ
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3 1
'[1 x(x4+1) dx

_J-sz 1 . 1 du
2 (u_1)1/4u 4(U _1)3/4

IZ 4u(u 1)
821 1
| IR

1
=2 [-njul+Inju-1] ;

:%(—In82+ln81+ln 2)

(3

6 Determine the exact value of'[ozxcos 2x dx. %—%
z ~ 1
Hence, evaluate_[ 4 x cos® x dx , leaving your answer in an exact form. —t+——=
0 64 16 8
jfxcostdx
_| xsin2x 4_.[2 sm2xdx
2 0 2
__xsin2x+0052x 4
L 2 4 1,
z 1
8 44
_[Z x cos? x dx
_I cost+1dX
1(n 1} 2]t
L O P
2\8 4 4 1,
_r 1.
16 8 64#
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