Using sine rule,

BC  AC
sinE sin(”+xj
6 3

sin i
BC 6

AC sin(”+ xj
3

sinz A
6

. T T .
Sin ECOSX-I—COSESIH X

1
_ 2
B

1.
——COSX+_SInX

11 j@ 1 SJ_Z
3 3

—+ X

I

1
Hence,a=—,b=-
+3

+TX

r.|.1||-t
||
>
=}
wn
\-/

(i) u, =

K+ 1u
1 k-1
_k+1 k

Tk _1k_2 K
k+1 k k-1

= u
k—1k—-2k-3 “°

k+1 k k-1 543

= e ==V
k-1k-2k-37321
_(k+Dk

2 1
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(ii) Let P(n) be the statement “S_ = g(n +1)(n+2) for all positive integer n>1”

Whenn=1,
LHS=S =u =2

RH.S= %(1+1)(1+2) _2
S PQ@) is true

Assume P(K) is true for some
To prove P(k+1) is true:

Sy =kT+l(k+2)(k+3)

LHS=S,,

=S, + Uy
=X (k1) (k+2)+ 2y,
- g(k+1)(k+z)+kkix(k J;l)kul
:g(k+1)(k+2)+w(2)
- §+1J(k+1)(k+2)

k+3

k+1

S P(k+1) is true

Since P(1) is true and P(K) is true implies P(k+1) is true, by Mathematical Induction,

P(n) is true forall nel ™.

= Tj(k +1)(k+2)

_ T)(k+2)(k+3):R.H.S

k>1, S, :g(k+1)(k+2)

3(i)

X*—=>Zx xell,

< | N

= X°- x3 0

X |IN N W
N | w

Method 1:Using GC to sketch

X#0

the graphs of y= x°- % =X .

AMME Flotz Floks
B -E-Eu
whe=

N /Ny:xz- 2.3,
X 2

W=
mhy=
“Me=
~NE=

7

From the graph: x< 0 or

Method 2:

X3 2
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X% - 2. §x3 0, x'0
X

2x°- 3x*- 4, 0
2X

Multiplying by 2x°, x(2x°- 3x°- 4)* 0
Sketch the graph of y= x(2x*- 3x*- 4) using GC:

Flekl Flokz Flokz s )
— y £ X(2x*- 3x°- 4)

SUEPY - P e Yo ST
“Mz=
wMr=
wMy= 0 2
“Me=
“ME=

From the graph: x<0 or x3 2

Method 3: Analytical method

X2 - 2. Ex3 0, x'0
X

2x°- 3x*- 4, 0
2X

Multiplying by 2x?,

x(2x°- 3x*- 4)* 0

X(x- 2)(2x*+ x+2)* 0

X(x- 2)* 0 since 2x*+ x+2=2(x+1)’+5>0
Xx<0 or x3 2

(i)

|
2 a

=—I (xz—g—ﬁxjdx+‘[ (xz—g—ﬁdex
1 X 2 5 X 2

3 272 3 272
=— X——2Inx—3i + X——2Inx—3i
3 4 3 4

1 2

3 2
__ §—2|n2—3—(1—2|n1—§j + a——2|na—3i—(§—2ln2—3)
3 3 4 3 4 \3

3 2
—om2— L& oma 3 1one
12713 4 '3

3 2
:4In2—2lna+a——3i+1
3 4 4

1, 2 3 ‘ a® 3% 1
XF———=X|OX=———+=
1 X 2 3 4 4
3 2 3 2
= 4In2—2|na+a——3i+1=a——?'i+1
3 4 4 3 4 4

= In2*=Ina?
= a=2=4
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(i) |iz+3]<3
:>|i||z+_§|33
i

=1z-3i|<3

ol

— arg(z + (3-3i)) z%

= arg(z — (=3+3i)) 2%

2-(-3t3)
Z(V\(Q) Gtrg( :}-n)
1

Nk

/12'33\ =3

0 "Re(z)

(ii)

(a)

Min |z - (3+3i)|=PT

PT .7

?:Slnz = PT :3‘\/5

Max possible |z - (3+3i)|=QT = 6 units, but Q is not to be included.

Therefore 342 <|z-3-3i| <6 since Q is not included. (Ans)

(b)
Max arg(z —(3+3i)) occurs at point Q (not included) and min arg(z —(3+3i)) occurs
at point P.

37” <arg(z—(3+30) <z (Ans)
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(i)

F{x)=atan{x) Y

-4 -3 -2 -1 1 2 3 4 "
| y t I | T | I

+-1

+-2

+-3

4=

(if)

f(x) =tan"'x

. B 1

F1) T 1+xl

(1+x7)f'(x) =1
Differentiating w.r.t. x :
L+ x*) f"(x)+ 2xf'(x)= 0
Differentiating w.r.t x:
L+ x*) f"(x)+ 2xf "(x)+ 2xf "(x)+ 2f ()= 0

@A+ x*) f"(x)+ 4xf "(x)+ 2f'(x)=0

When
x=0
f'0)=1
f"0)=10
f"0)=-2f'0)=- 2

Hence

“lfy)y = v 2 s
tan" “(x) = x ax

+
1

» X- =x°
3

(iii)
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(iv)
.3
tan~™! [:\E) A [\E} — @ =0
T
—_a0
3
TR0

(v) The approximation in (iii) is better than that in (iv) because the value of x
substituted in (iii) is closer to zero as compared to the value of x substituted in

(iv).

(i) X = at? y =at’
2
%:2at %:3at2 dy _3at :§t
dt dt dx 2at 2
When x=§a=at2, t=J_r§
4 2
When y=_—25a=at3, t=—§. .‘.t=_—5for Ea,izsa
8 2 2 4 8

Note that t = > does not give the correct point.

When t:_?s, gradient of tangent :—715’

Eqn of tangent : y—(%a):%ﬁ(x—%ﬂ

16y +250a = -60x +375a
60x+16y =125 —————— @

(i)  Subst x=at? and y = at® into (1):
60at® +16at® =125a

16t +60t* —125=0
(4t-5)(2t+5)(2t+5)=0

Notethat 2 is rejected

4) 16 4) 64
Hence the coordinates of the point where the tangent meets the curve again is

(25 125 j
—a,—a
ot \16 ' 64

2 3
When =, x:a(Ej 5, y:a(§j 15,
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(iii) ﬂ=§t, gradient of normal :_—2
dx 3t
Eqgn of normal : y—O:_—2[x—2—laj
3t 2
-2 Ta
=—X+——————— 2
Y=+ (2

Subst x =at? and y = at® into (2):

at‘"*z_—z(atz)+7—a
3t t
3t +2t°-21=0

(3t*-7)(t*+3)=0

o t? =£ or t?=-3(rejected)

dy (x+1)(4x+a)—(2x* +ax—3)
dx (x+1)?2

&,

dx

(x+1)(4x+a)—(2x*+ax—3) =0
4X* +4x+ax+a—2x"—ax+3=0
2x* +4x+(a+3)=0

For stationary points to exist:

4 —4(2)(a+3)>0

a<-1 (sincea=-1)

a>-1

Therefore, the set of values: {ael] :a>-1}.

For f~'to exist, there should not be any stationary point in the given domain, hence

() 2
F(x) = 2x°—-3x-3
X+1
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9

51
D, :(0,3.5) > R, :[-0.25,6) — R, :[-3, 7)

[

(i)

h(x) = f(F *h(x))

2e?* —3e* -3
e*+1

Therefore,

2x_ X
h:XHw, xell, x>0
e’ +1

8(a)

—

A=xa?-x?
A2 — Xz(az —X2) —a%x? _x*
2Ad—A: 2a’x—4x3
dx
Ad—A =a’x—2x°
dx
2 2
Ad—'?J{d—A] =a’-6x°
dx dx
dA _,
For max A, dx
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10

x(a®?-2x?)=0
2
Since x # 0, x* :a?

a
X=—=(C-x>0
2( )

NA

When x = a dA—O

ﬁl&_ )

2

A<O

Hence —;
X

a .
S X=— givesamax A

N

Perimeter of OPQR = 2x + 2+/a® — x*

When x=i

5’

Perimeter of OPQR

—J2a+2a=2\2a
- 4(ij _ 4x = 40P

(b)

J2
C
/6cm
P4 D

xcm

Let PD =x cm and £CPD =@ rads at any time t.

Given: ax _ 2 cms ™,
dt

To find Z—tg when x =6 J§cm

6
X
X=6cotd

dx = —6cosec’d
do

tan @ =
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b _dx do
dt de@ dt
o 2

- ———lsinze
dt —-6cosec’d 3
T

Whenx:6\/§,tan6?:i:>6!:E

N

= —% rad/s = —0.0833 rad/s (3 s.f.)

.d_9_1-n2£
ot 3 6

(i)

oi=(0): 23 (s) = (o) o= (3)
(1)

0 0
Hence the vector equation of line PRis r=| 0 |+ 4| 4 |, where A€l .
5 -3

(if)

o
() ey pore

0 0

(iii)

0 0
I :r=(1)—|—,u(—3), mi

8 1

0 0 0 0
Equate: |0 |+ 4] 4 |=|1 [+ x| -3

5 -3 8 1
A=-2u=3
| 0y [0} 0
0X=1+3 3| =(—S)

|‘¥gJ |‘h 1) 11

(iv)
(92

11

.-_9,.1.'2-. =3 f—2
_ GG E)
|QX Xxm|=—1_—_—28 " —_-36_ — 443855
VWIt+a /13

| QX xm | is the perpendicular/shortest distance from point X to line AB.
Avrea of triangle AXB = = [AB|14.855

=236+ 16(14.855) = 53.6 (3s.f)
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10

(i)

-1
I . r.( 2 ) = —5; Let the centre of centre be M.
0

/4 -1
U,cl=( 3 )—l—r( 2 )forafixedr.
1 0
—4 -1 —1
() (2)(z)-
1 0 0
4+ g+6+29=-5

Solving for ¥ givesy = —3.

= \."'E units

S
w33

Radius= MA =
—4 0 —4
Direction vector of line I, is :( 3 )— (ﬂ) = ( 3 )
: 1 a 1—a
—4 -1 —4 -1
3 d 2 )= 3 2
1—a 0 1—a 0
44 6=/16+9 + (1 — a)?\/5(0.5)

25+ (1—a)* =80
(1—a) =+V55

cos(90°— 307)

a=1F+55
Asa>0,a=1++/55
(i)

1 —2 2
A vector perpendicular to 74: (2) X ( 2 ): —3( 1 )
2 -1 -2
2 4 2
w ()G
-2 1/ \—2

To show that /7, and 77 are perpendicular we must show that the normal between
2

I1, and 74 are perpendicular. Hence we need to show (

2 -1
1. 2 |=—24+24+0=10
-2 0

Hence 77, and 74 are perpendicular.

-2
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11

(@)

L ;
Areaof Q = 6 g’xzi T In(x + 1)§3dx
0

= 2.76 units®

(aii)

From the diagram in (a)

When x=1, y= In2(for y= In(x+ 1))
_ _ _ 4

When x=1, y= 2(for y= —x2+1)

In2 4@ [4 gz
Volume=pga (e'- D%dy+pg & |—- 1= dy+ pD)?(2- In2)
0, O 8y %

n2 4&-4 Q
=N e . 2e¢V+ 1dy+ p A - Idy+ p(2- In2
pQ, ( )dy P()Zg%y <y p( )
%Zy l-lln2
— _ y $ - -
ol v 2¢'+y4 +pfainy yl+p(2- In2)
¢ 1]
= gZ 2(2)+ In2 &l 2%114- [4In2- 2]+ p(2- In2)
pg éz % p p
& 1 o .
= =+ 4In 2zunits®
PE 2T S

(b)
(1) Since the rectangles are an overestimation of the area under the curve, so
A< Total Area of rectangles

©
3 81 1 1 1 1 =
+180+1 %38 %68 . mn 105 . ®;d .
" T+1 T+1 (n- DO 4 2413

n+ 1o n+ 1o n+1 o n+ 1o I}
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< 3 é{ 1
+ .2
n+1°", @ 3r S 4
n+ 1o
< 3 (n+ 1)2

n+1%, orf + (n+ 1)

o 3(n+1)

< 2
o ¥+ (n+1)
(i)
As Nn® ¥ | the area of the rectangles = A

— * 1 — Gan-1 S _ -1
A= 0, 15 2 dx = gan (x)ﬁ—tan 3)

12(a)

U=+Xx+1 = u?=x+1 = x=u’-1

:J‘Z(u2 —1) -2u du

:4j(u2—1) du

3
:4{”——u}+c
3

= %(x+1)«/x+1—4\/x+1+C

(b)

2dx . x>0
(@+x)tan™" x
_1
= | X dx
tan™ X
=In(tan™" x) +C

(©)

(i)

O (e

_eliX -%(1— xz)f% (-2x)
xe

\J1-x?
(i)
1
I X eﬁ dx
0

1, i
_| 28 1 x% dx
jo V1- X2
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Let u=+1-x° $= e
X

1-x°
du X 1-x?
_ V=-¢
dx 1-x2
1 z T e
erl_:XdXZ[ /1_Xzel—x} _j Xe
0 0’\'1—)(2
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