ACJC 2023 FM Promotional Exam Solution

1 cos(59) = Re(cos(59)+isin(59))
= Re((cos9+isin 6’)5)
= Re(0055 6+ 5icos’ @sin@—10cos® @sin? @ —10icos’ Osin’® @+ ScosPsin’ O +
=cos’ @—10cos’ Osin* @ + 5cos Isin* @
=cos’ 8—10cos’ 6?(1—cos2 9)+SCos 49(1—0052 6’)2
=16cos’ @—20cos’ @ +5cosf
Let x=cos®&
16cos’ @—20cos’ @+5cosf—1=0
16cos’ @—20cos’ @+5cosf =1
cos(56)=1
560 =0,2m,4mx,...
g 2% 4n 6n 8n
55 5°5
2n 4n 6 81
x =cos0,cos—,cos—,coS—,COS—
5 5 5 5
2n 4z 6n 8w
=1, cos—,cos—,cosS—,CcoS—
5 5 5 5
However, since cos @ = cos(2n—0),
we have coszs—n = cosg?7T and cos4—5n = cos%t which are repeated.
2 Let P, be the statement

n

n

(ex sin(\/gx)) =2"e"sin (% + \/ng for all positive integers #.

To prove £ is true:
LHS:

%(e." sin(x/gx)) =3e" cos(«/gx) +e* sin(x/gx)
=¢" (\/§ cos(x/gx) + sin(\/gx))
2¢" sin (§+\/§xj =2¢" (singcos(ﬁx) + cosgsin(\/gx)j
RHS: =2¢" (% cos (x/gx) +%sin (\/gx)J
=e" (sin(\/gx) +/3 cos(\/gx))

Since LHS = RHS, £ is true.




Assume B, is true for some positive integer k.

Try to prove F,, is true.
k+1
W(e Sln(\/§X))
d( d* .
- Lo sl
d(.; . . (kn
=—/|2""sin —+x/§x
alZesn( o)
=Dk [\/gex coS (%+ \/ng +e"sin (%+ \/ng
=fHex ﬁcos(ﬁ+x/§xj+lsin(ﬁ+«/§xj
2 3 2 3
=2%1e*| sin (Ej cos (E+ \/ng +cos (Ej sin (E+ \/ng
3 3 3 3
=kl sin[ng%Jm/ng

=2"e*sin [M + \/gx]

3

Since A is true and F, = F,,,, by Mathematical Induction, P, is true for all positive

integers n.
30 | Z=-1=¢"
Let z=¢"
i50 :ei(2k+1)n
59=(2k+1)n
2k +1
(21
5
ILIEC
z=e ,e °,e"
+i— +j3j
=e S,e 5,-1
3G
(i) (z)ziz—lJrl—erz2
z° z




The solutions of p(z) =0 are the solutions of z’ +1=0 which are not solutions of
z+1=0

ERLAE L

Therefore, the solutions of p(z)=0 are z=¢ 5,e °.

3(111) p(Z):Lz—l-‘rl—Z"rZz
z z
=(i2+2+22j—(l+z)—1
z z
=w—w-1
w—w—-1=0
1+5
w=
2
3(iv) i St
If z=e* thenlze > so w=2cos£.
z 5
. . 2 L
Similarly, if z=e¢ > then —=e ° so w=2cos3?n.
z

Since O<£<£, cos£>0 )
5 2 5

T 1+5 T 1+5 31—
2 - CO 4

2¢cos—= and cos—:—5
5 5 4

40 | 3(x+1)*+4y* =12

3(rcos@+1) +4r’sin* =12

3r* cos” @+6rcos @ +3+4r° (l—cos2 0):
r (4—cos2 9)+6rcosH:9

, 6rcosd 9
r 4+ —= 5
4—cos"@ 4—cos @
(r 3cosd ) 9cos’ @ 9
4—cos’ 0 4 cos 9 " 4-cos’ 0

( 3cosd j 4 cos 9)+9cos 0

4—cos’ 4 cos 9)
3cosd .
4—cos’ @ 4—cos* 0
=w or rz—w (rejected - 7> 0)
4—cos” 6 4—cos 0
_ 6-3cosd

"~ 4-cos* 0




A(ii)

ol

[Ny [

A(ii)

To find points of intersection, let

W=2+2c0s9
4—cos” 0

6—3cosd

> —2-2cosf@=0
4—cos” 0

/\/“UN

Q nlw\

Using GC,
6 =1.7489 or 6 =4.5343

o
|

Sub. 8 =1.7489 into equation of C,:
OP =2+2cos(1.7489) =1.6457

Area of triangle OPQ

= %(OP) (0Q)sin LOOP

= %(1 6457) sin (4.5343-1.7489)

=0.472 units® (3 s.f)

5(i)

Auxiliary equation: m* — 2\3m+4=0

T

. +i
Roots are m=+/3 +i=2¢ ©
Hence solutions are




=

X(w@nan{%}Y(cos(%}im(%m
o[22

=2"| Acos (ﬂj + Bsin (ﬂj
6 6

Where A=X+Y, B=(X-Y)i

5(ii)

__ An+6
X6 =2

_ 2n+6

ol )
=(-2° 2”(Acos( J+Bsm(n6nj]

=-064x,

Method 1
oo 220}, (1)
(
6

=2"° [Acos L nj+Bsin£%+nD
-
)

Method 2
X 46 = 2\/§xn+5 - 4xn+4

=2J3(23x, , ~4,,,)-4(243x,., 43,

- 16\/§xn+3 +16x

n+2

= 12xn+4
= 12(2\/§xn+3 - 4xn+2 ) _16\/5(2\/§xn+2 n+l ) + 16(2\/7)(’”1 )
= 24\/§xn+3 - 144xn+2 - 32\/§xn+1 - 64xn

= 24V3(2V3x, , —4x,, |- 144x, , +96\3x,,, —64x,

=144x,,-963x,, —144x, , +963x,, —64x,
=—64x,

5(iii)

When
n=0: A—ﬁ

(ii +B= ] 1=>B--1
2

2 2 2

6(a)

|z—4+3i|=5 represents a circle centred at (4,-3) and has a radius of 5 units.




|z +1- 5i| = |z -5- 5i| represents a perpendicular bisector of the line segment joining
the points (—1,5) and (5,5).

Im
A

|z+1-5] =|z—-5-5i

(~1,5) =A== = f =~ (5.5)

» Re
|z—4+3i[=5
Cartesian equation of circle is
(x—4)2 +(y+ 3)2 =25 (1)
Cartesian equation of perpendicular bisector is
x=2 -(2)
Sub. (2) into (1): (2-4)" +(y+3) =25
Y +6y—12=0
-6t —4()(-12
y= 6 \/362 (1) )=—3ix/ﬁ

The complex numbers are 2 —(3 +\/i)i and 2 +(\/ﬁ—3)i .




6(b)()

|w+1-5i| =[w—5-5i

—1,5) =4 H == —H=- (55)

Fr - )
greatest value of |w—8-2i|= 4B
=AC+5

= JB—4) +(2-(-3))* +5
= (\/ﬂ+ 5) units  (or 11.4 units)

6(b)(ii) "

A

[wA+1-5i| =|w—5-5i

(-1,5) o 1

D(0,3)

From diagram,

tano = 3_(@_3) 6_\/5

= = a =0.61655 rad
2 2




CD = \J(4—0)* + (-3 —3)> =~/52 units

sinﬂzc—in:ﬁzo.766l6 rad
cD 52

—[ﬂ+tan‘1 %j <arg(w-3i)<-a

rLe. —1.75< arg(w—3i) <-0.617 (3s.f)

7(1) | Amount of salt in the beaker after 10 g of salt is added is u, , +10.

100 -k

After it is mixed and £ ml is removed, there is (

j(un, +10)

Adding & ml of pure water does not change the amount of salt. Hence,

(loo_kj(unlﬂo).

n

100
—
@, =(1—ij(un, +10)
100

:(I_LJ”M*[IO_&J
100 10

k
Let pzl—m
u,=pu, +10p
=p(punfz+10p)+10p
= pu,, +10p(1+p)
=p*(pu,_,+10p)+10p(1+ p)

=pu, +10p(1+p+p2)

=p"u0+10p(1+p+p2+...+p”’l)

=1opﬂ
1-p
1-(1-5 k)"
= (10~ k) ——202
( 10 )1_(1_%]{)

- (10— k)22 1-(1-ri) ]

= (122 -10)| 1= (1=5i5k)' |

7(iii) | Method 1
Asn—>owo,u, —>L andu, , —> L




L=(0.9)(L+10)
0.1L=9
L =90

Method 2
, =90[1-(0.9)'|

As n—®, (0.9)" >0

u, =90
7(iv) |, =90 <9
90[1-(0.9)" ] -90] <9
90(0.9)" <9
(0.9)" <0.1
LSNPS
In0.9
Smallest # is 22.
(V) "
(10 10) 1= (15
k 100
k n
As n— o, (1——) —0
100
o0
k
@—10 <50
k
i> 1000
60
. 50
Hence the range of values is 3 <k <100.
8(i)) | [Diagram]

Light ray coming from Y hits mirror at 4, reflects and intersects y-axis at S. Let R be at

(0,7) and ZRAY =6. Since RA is aradius of the circle, sin6 = k . R4 is perpendicular
r
to the tangent at 4, so ZRAS = ZRAY =6

By alternate angles, ZSRA = ZRAY =0 . Therefore, ARAS is an isosceles triangle

with RS = AS . By drawing the perpendicular from S to R4, we see that cosé = 2(%12)
r
2cos6
Therefore, the required distance OS is

so SR =




—

2
2 l—k—

2
r

8(ii)

(y—r)2 =r'—-x
B e
y=r+dr -2
y=r-Jr-x

Because the part of the cross-section in the neighbourhood of the origin is where y <r.

y=r—(r2—x2)%

8 i)

Compare the equation y = ;— with x* =4ay
r

4a=2r:>a=£
2

The focus is at (0,a) = (0,%] )

8(iv)

Using the answer from (i),

1
2\ 2
r l—l(l—k—zl
2 r
2
S TS UL,
2 2r




if k is small enough that powers of (ﬁj higher than the second power can be ignored.
r

This agrees with the results from (ii) and (iii), where the approximation of the parabola
is valid for small values if x, where powers of x higher than the third can be ignored.

Therefore, the approximation is suitable as long as the light rays are not too far away
from the y-axis / the diameter of the cross-section.

9(i)

Gradient of PQ:
2ap—2aq _ 2a(p-q) _ 2
ap’—aq® a(p+q)(p—q) p+q

Gradient of tangent at (arz, 2ar) :

. .. 2a
2ar)=2 ?) so the gradient is — =—.
y(2ar) a(x+ar ) so the gradient is —— =~

Therefore, 2 =l:>r=p—+q.
ptq r

9(ii)

p+tr 3p+q

Similar to (i), s = 2

Equation of line ST'is

J’=2as=2a(—3p4+qj=a(—3p+qj

2
Equation of line PQ is
y—2ap: 2
x—ap®  p+q
2 _ 2
y—2ap=—(x ap)
p+q
2 _ 2
y:—(x w )+2ap
pPtq
Substitute y:a("’p%j;
2 _ 2
a(3p+q]= (x @ )+2ap
2 r+q
2(x—ap’
%(q_p)zu
pP+q
a2+ a)(a-p)
4
22
x:a(q - p )+ap2
a(3p2+q2)




Hence the coordinates of T are

(%(3P2+42%§(3p+4)j

9(iii) | Equation of line PR is

y—2ap:2ar—2ap: 2 4
x—ap® ar’—ap’ r+p_3p+q
4 _ 2
3p+q
4 _ 2
3p+q
Substitute y =a [3[?%) :
4 _ 2
a(3p+qu (x ap)+2ap
2 3p+gq
4(x—ap’
%(q—p)=¥
pP+q
x_apzza(3p+t;)(q—p)
x:aﬁp+iﬂq—pkuwz
a(5p2+2pq+q2)
- 8

Hence, the coordinates of X are

(%(5192 +2pq +q2),%(3p+q))

S)(z%(sz+2pq+(]2)—as2

2
=%(5p2+2pq+q2)—a[¥j

=%(p2 ~2pg+q*)

XT=%(3p2+q2)—%(5p2+2pq+q2)

=%(p2—2pq+q2)
— 28X

9(iv) | Since X7 =285X




Area of APXT
=2(Area of APSX )
= Area of APRS

Area of APOR

=2(Area of APRY)
= 2(4( Area of APXT))
= 8(Area of APRS)

Hence the ratio is 8:1

9(v)

Let the area of APOR be A.
Area of region bounded by parabola and PO

RRHREEEN

2
=4 1+g+2—2+...
8 8




