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Basic Mastery Questions

1.  Describe and sketch the locus of z in each of the following cases:

(a)|z]=3 (b) |z+1]|=2

(c) |4-2iz|=6 (d) |z+3+4i|=3-4i
(e) |z+2]=|z+1-3i| () [z-i]|=|z+i]
() |22 +1-2i|=|1-2z| (h)‘5(2+1)2‘:150

(1) 3rg(2—4)=g () arg,/(z+3—i):—§

0 wlt=e)-F 0 m(125)--3
2z—-1

(m) Vzz* =|z-6)| m |~ |71
z—uz

2. Shade, in separate diagrams, the region represented by each of the following inequalities:
(a) Im(z) <2 (b) \22\236
(0) 1|2z 1| <15i+] (d) |z+2]<|z+1-3i]

2n

(e) g<arg(22—2)s 3 ® arg(z—l—i)2 S—g and z+z%>-1

(2) |z|<|z—1| and —§< argz<% (h) Im(z)s3 and %S arg(z+1—i)£tan_l2

(i) |z—i|<2and |z-1|<|z-1+i| () %Sarg(z—i)<g and O<arg(z—2i)<%

3. The point P in an Argand diagram represents the variable complex number z, and the point 4
in the first quadrant represents the fixed complex number a. Sketch, on separate diagrams, the
locus of P in the following cases, making clear the relationship between the locus and A4.

() |z|=|q] (i) | z—a|=2q| (iii) |z—a|=]] (iv) arg(z—a)=arg(a)
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Practice Questions

1.  The complex numbers z; and z, are given by 1+i\/§ and —1—1 respectively.
(i)  Express each of z, and z, in polar form r(cos6 +isin 9) where 7 >0 and -1 <0 <.
Give r and 6 in exact form.

(i)  Find the complex conjugate of ZL in exact polar form.

Zy

(111) On a single Argand diagram, sketch the loci

(a) |Z_Zl|:2’ (b) arg(z—zﬁ:%

(iv) Find where the locus |z -z |=2 meets the positive real axis. (GCE 2010/P1/Q8)
2. The pomnt P in an Argand diagram represents the variable complex z where

arg(z—2+3i)= g Sketch the locus of P.

Give a geometrical description of the locus given by |z -2- i| =k, where keR".

(i)  Ifthe locus |z—2—i|=k just touches the locus of P, show that k =2.

(1)  Find the set of values of k for which the two loci intersect at two points exactly.

3. The complex number z satisfies the equation |z |=|z+2].
(1)  Show that the real part of z is —1.

The complex number z also satisfies the equation | z | =3. The two possible values of z are
represented by the points P and Q in an Argand diagram.

(1) Draw a sketch showing the positions of P and Q, and calculate the two possible values
of arg z, leaving the answers in radians correct to 3 significant figures.

It is given that P and Q lie on the locus | z—a | =b where a and b are real, and > 0.

(111) Give a geometrical description of this locus, and hence find the least possible value of b
and the corresponding value of a.

4. The complex number z satisfies |z —2—5i[<3.

(1)  Onan Argand diagram, sketch the region in which the point representing z can lie.  [3]
(1) Find exactly the maximum and minimum possible values of |z|. [2]

(11) It is given that 0 <argz < % With this extra information, find the maximum value of

|z—6—i|. Label the point(s) that correspond to this maximum value on your diagram

with the letter P. [3]
(GCE 2011/ P2/Q1)
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5. Sketch in an Argand diagram, the set of points representing all complex numbers satisfying
both the inequalities:

T T
z—1-i<2 and —-—<arg(z-1)<—.
|71 S <arg(z-1)<2
Find the greatest and least values of tan (arg z).
6.  The complex number z satisfies the relations |z|<6 and |1 - 8+6il_ .
z
(a) Illustrate both of these relations on a single Argand diagram. [3]
(b) Find the greatest and least possible values of arg z, giving your answers in radians
correct to 3 decimal places. [4]

(GCE 2008/P2/Q3 (Modified))

7. A fixed complex number a is such that 0 <arg(a)< g On a single Argand diagram, sketch

the loci given by |z —a|=|z - 74| and |z - 4a|=3|a|.
The two complex numbers that satisfy the above equations are represented by the complex
numbers p and gq.

Find the possible values of arg (ﬁj .
q

Find |p + q| in terms of a. (HC1/2009/ P1/4)

8. (i) Solve the equation z' —(1+i)=0, giving the roots in the form re**, where » >0 and
—-M<a<T. [3]
(1)  Show the roots on an Argand diagram. (4]

(111) The roots represented by z, and z, are such that 0 <arg(z,) <arg(z,) < %7[. Explain

why the locus of all points z such that |z -z | =|z - z,| passes through the origin. Draw

this locus on your Argand diagram and find its exact Cartesian equation. [5]
(GCE 2009/ P1/Q9)

9. Given that z = 2(1+cos9+isin 9) , where —t <6 <7, show that the locus of the points
representing z , as @ varies, is a circle. Sketch the locus.

Hence, or otherwise, find the greatest and the least value of | z+1i|, and find z in the exact

form x+iy that gives these values of |z +1i|.

10. Two loci in the Argand diagram are given by the equations

|z*~1+i]=2 and arg(z—-2i)=

T
5
Draw an Argand diagram to show both loci and find the value of z that corresponds to the

point of intersection of these loci. [5]

(HC1/2015/P1/Q10b modified)
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11.

12.

Solve the equation z° +32 =0, expressing your answers in the form re'?, where »> 0 and

—-n<O<m. [2]
z,, z, and z; are three of the roots of z° +32=0 such that O <argz, <argz, <argz, <.

(1)  Find the smallest positive integer n such that (Z—l*] is real and positive. [3]
2

(1))  The points 4 and B represent the roots z; and z; respectively in the Argand diagram.

The line segment BA' is obtained by rotating the line segment BA through %

clockwise about the point B. Find the real part of the complex number represented by
point A', giving your answer in exact trigonometric form. [4]

(AJC/2015/P2/Q2)

(1)  Sketch, on an Argand diagram, the set of points representing the complex number z
which satisfy both conditions: |z+21i|<|z-4-2i| and 0 <arg(z+2i)<tan™'2.

Hence, find the greatest value of | z—4i| which satisfy the above conditions, giving

your answer in exact form.

(1)  With the help of your sketch in (i), sketch, on another Argand diagram, the set of points
representing the complex number z which satisfy both conditions:

|z'+2i|<|z"-4-2i| and O<arg(z+2i)<tan"2

Numerical Answers to Practice Questions

. .. Ilm . . ll= .
1. 1 T isin® L I B 11 \/5 cOS—— +1sin— v) x=2
()2(cos3+1sm3),x/§(cos( 2 +1sin 2 (11) T T (1v)
2. (ii) 2<k<4
3. (ii) +1.91 radians  (iii) least b = 2+/2,a = —1
4. (i) V29+3 (i) V17
5. Least —1, greatest 3
6. (b) Least 0.058, greatest 1.229
7. 1.290r-1.29, 8|q|
1 in8k+] 57[
8. (i) z=2%e 2B k=0,+1,£2,43 (ii) y:xtan2—8
9. /542 with z= 2. 45 (245 i, V5-2 withz= AN EENEA
5 5 5 5
10. z=2.71+3.97i
3m. . . 37,
11,z =2 5,2 5,25,2e5,2¢" ()5 (i) —2+2sin§
2. () 2413
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