2023 H2MA Prelim Paper 1

1 Solution [6] Inequality P1 Q1
(D) | 4x’ —4x+1
T2 <0
I+x—-2x
(2x-1)’

(—x)(2xD) "

Method 1:
(2x-1)
(1 —x)(2x+l)
Since (2x—1)2 > ( for all real values of x,

(1—x)(2x+l)<0

<0

1
Lx<—— or x>1
2

Method 2:
(2x-1)’

(=) (2x<1) "

R PR
v

1
SLx<—— or x>1
2

(i1) (2x+1 _ 1)2
2
ey,

1+(2)-2(27)

Replace x with 27,
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2" < 1 OR 2">1
2

(rejected, since x>0

2" is positive

for all real values

of x.)
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2 Solution [6] Complex Numbers P1 Q2
(i) z—-1 | 1
(1+1)
(a+1) 1 _1
(a+1) (1+1) 2
(a—l)+1 _l
(D)) 2
|(a 1+1| 1
|a 1||1+1| 2
(a—1)2+12 1
Ja + P12 +12 2
W —2a+1+1=+2a* +1
4(a’ —2a+2)=2(a’ +1)
2¢* —4da+4=a"+1
a’—4a+3=0
a=1 or 3 (rejected since a <2)
(1)

Consider arg( Z*_l j

z¥w
=nar z-1
g z¥w

=n[arg 1)- argz*—argw}

(z-
=n{arg( )—arg(1- 1)_%}

z-1Y\". . . .
If ( j is purely imaginary and negative,
z¥w

then:

River Valley High School




arg( 2=1) 237 77 Uz
gz*w 2727 277

or 37”+2k7r, kel

Thus,

ng 3z Tz 1z

2 2727277
n=3 711, ..

3 smallest positive values of n =3,7,11

River Valley High School




Solution [7] Summation P1 Q3

(1)

u, ,—2u, +u, where n>2

n+l

I 2 1

n-1 n n+l
B n(n+1)—2(n—1)(n+1)+(n—1)n

- (n=1)n(n+1)
B n+n=2n"+2+n’—n

A[(n=1)(+1)]

(i)

(ul —U, Uy +uN+I)
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(111)
< | o I(1 1 1
Z —=lm—| ———+
—mn —n No=2{(2 N N+1
Since i—>OasN—>oo, —>0asN —>wx
N N+1
.. It converges.
(iv) | & 1
S(-2)(n-1)(n)
n+l=N 1

B Repl ith 1.
";3(”+1_2)(”+1—1)(n+1) ( eplace nwithn + )

(Alternative, but not recommended)
Yool W 1

n—1=N 1
- ngzlz (n_l)(n—Z)(n) (n replaced by n—1)
N+l 1

= 2 2]

From (ii),

Mool 1/{1 1 1
S AL,
mn—n 2\2 N N+1

Thus,

- 1 (1 1 1
Z(n-1)(n-2)(n) :E(E‘ﬁﬂm)
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Solution [13] Complex Numbers P1 Q4

(1)

From: x* —4x’+6x* —ax+b=0
Given that x = x,, is a root, then:

x,t —4x,> +6x,” —ax, +b=0 -—eqn (1)
Consider applying conjugate on both sides:
(x04 —4x,’ +6x,” —ax, +b)* =(0)*
(x04)*—(4x03)*+(6x02)*—(axo)*+(b)* =0
Since coefficients are all real, then

(a)* =a and (b)* =b

(x0 *)4 —4(x0 *)3 +6(x0 *)2 —a(xo *)+b =0

Therefore, x,* is a root as well.

Alternatively,
Substitute x = x," into LHS of eqn (1):

(x0 *)4 —4(x0 *)3 + 6(x0 *)2 —a(xo *)+b
- (x04) * —4(x03)* +6(x02)* —a(x,))*+b
= (x04 —4x,’ +6x,” —ax, +b) * since a, b are real

= (0)*=0

Thus x, * is also a root.

(i)

Using Remainder Theorem:
Since x =2—1 is a root of the equation,

(2-1)' —4(2-i) +6(2-1) —a(2-i)+b=0
~7-24i-4(2-11i)+6(3-4i)-2a+ai+b=0
3-4i-2a+ai+b=0

Comparing the real and imaginary parts,
3-2a+b=0 and -4+a=0

a=4 and b=5

xt—4x  +6x*—4x+5=0
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Using Factor Theorem:
x'—4x’ +6x° —4x+5

E[x—(2—i)][x—(2+i)](x2 +Ax+B)

Comparing constant term:
5=B(2+i)(2-i)=>B=1

Substitute x=2:
16-32+24—-8+5

=[2-(2-i)][2-(2+i)](4+24+B)

5=4+24+1=> A4=0

For x>+ Ax+B=0= x*+1=0
x=1 or -—i

The roots are:
x=2-1,2+1, —1,1

(1) | py* —ay’ +6y* —4y+1=0
1-4y+6y* —ay’ +by* =0

Divide throughout by y*,
(1Y (1Y (1
y y y y

Replace x with l,

y
Then
l=2—i, 2+1, —1,1
y
—E il — 11 1, —1i
YT5TS 57
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5 Solution [7] Abstract Vectors P1 Q5
O | & c
M N
S
O ‘a A T
By Ratio Theorem,
05 — 0C+304
1+3
] — 3

OS=—0C+—-04
4 4
. < J A —
OS:Z(a+b)+Za Since OC =04+ AC
AC=0B=b

ﬁz:ﬁlb
4

(i) | MS=0S-0M

= a+lb —lb=a—lb
4 2 4

L :r =OM + AMS

r:lb+/1(a—lb], AelR
2 4

BN =ON - OB

1 1
:5[a+(a+b)]—b :a—Eb

I,y ;¥ = OB+ uBN

r:b+,u(a—%bj, nelR

(iii)
AtT,

lb+/1[a—lb =b+u a—lb
2 4 2
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Since a and b are non parallel and non zero, comparing
coefficients of a,

A=u

Comparing coefficients of b,

1 2~
2 4 2
Solving,
u=2=1

.'.ﬁ:lb+2[a—lbj:2a
2 4

Since OT =204 .
then O, T and A4 are colliear points with O (or 4 or 7) as the
common point.
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6 Solution [7]
Let y = ax+b .
xX—a

xXy—ay=ax+b
x(y—a)=ay+b
o ay+b
y—a
S =
xX—a

f is self-inverse.

ax+b

Symmetrical about y = x.

R, =R\{a}
Since D, = R, R, cD,.

.. gf exists.

D, =D, =R\{a}
R\{a}'—f)R\{a}—g>(O,c)u(c,e) or (O,e)\{c}
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7 Solution [8] AP GP

(a) | Let first term be u, = a and common difference

d.
Middle term u_, =a+ [”T” - 1] d

2
Last term u, =a+(n—1)d

Given a+a+(n7+1—1jd =a+(n-1)d
a+ﬂ+i—d =nd —d
2 2

nd d
=g+ —=

2 2

_2a+d

d

n=2211 OR d=2%

Sub n= 2d—a+ 11into the middle term

u,, :a+(n+1—ljd:
S 2

—a+| 4 ———1|d

=a+ d _1lq
2

=a+ 1+£—1]d
d

=a+ ﬂjd

=2a
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OR Alternatively

Sub d = 2_al into the middle term
n —

u,,, :a+(n—+1—1jd
> 2

=2a
(b) : p
0 Given T, =3p°, r:?
2
2n 2
Inm=In3+Inp"? -Ing*>
Inm=In3+(n+2)np-(2n-2)Ing
A=2,B=2
(i) | Since it is a convergent GP, then: |r| <l1.

p
—1<—2<1

q
g=2p
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(Rejected,
since all terms

are positive.)
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8 Solution [8] Macluarin’s Series
@ | (1-x")f"(x)—xf'(x) =0 (Given)
Differentiating,

(1—x2)f'"(x)—2xf"(x)—xf"(x)—f'(x) =0

At x =0, substitute into:
(l—xz)f"(x)—xf'(x) =0
f"(O)—O =0

£1(0)=0

At x =0, substitute into:
(l—xz)f'"(x)—2xf"(x)—xf"(x)—f'(x) =0
f"‘(O)—O—O—f'(O) =0

£"(0)=-1
Thus,
£(x)
=f(0)+xf'(0)+;—!f"(0)+% £7(0)+...

(i) X’
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:(_l_gz +...}(1—x+-~-)1

(Need not consider x* — term anymore.)

(iii)

=—1—x—3x2 +...

Integrating both sides with respect to x,

J'f(x)dx: _1_x—%x2+ ...... dx

£(x)
In|f (x)| = {—x—%xz +..1+ C

When x=0, f(0)=1:
Infl]=C=C=0

1n|f(x)| = —x—%x2 +...
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9 Solution [10] Curve Sketching
(1) Since x=3, ¢=-3
d X +2x—15+d ax’*+bx—14
y=x+5+ = =
x—3 x—3 x-3
Therefore a=1 and b=2.
(1)

x*+2x—14
x—3

Graph of y =

:(—1+\/ﬁ,o)

When rounded to 3 s.f, the axiall intercepts are (0, 4.67),
(—4.87,0) and (2.87, 0).
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(iii)

(—147v53}0) x

(iv) _3)
The asymptotes of @—( y —8)2 =1 -—(1)are
m

y:£:§+83miy:—f:§+8
m

m

2
y= L);M ----(2) has asymptotes x =3 and
y=x+5

All the asymptotes meet at the point (3,8).

Observing the graphs, (1) and (2) intersect when the

asymptote of (1) with positive gradient, y = x=3 +8 must
m

be between the asymptotes of (2) i.e. y=x+5 and x=3.

Thus, gradient of y = x=3 +8 need to be between the

m
gradient of y = x+5 and gradient of the vertical line,
x=3.
1< 1
m

Therefore, 0 <m <1
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10 Solution [10] Applications of Differentiation

d__t Y,
dr V4 + 12 dr
dy dy  dx
A dr dt
=2\J4+1

When t=p, x=\/4+p2 R y:p2 and %:2‘/4+p2 .
Equation of tangent

y—p2 =2 4+p2 (x—«/4+p2)
y=24+p’x-8-p’

(i1) 8+ p’

When y=0, x=———
2.4+ p?

x-coordinate of M
2
2 24+ p’
_16+3p°

4,/4+ p*

Coordinates of M are

16+3p* p*
404+ p* 2
Parametric equation of curve traced out by M
16+3p°
X =

4,/4+ p*
2
p
=i 1
y=2- (1)

From (1), p*> =2y
Cartesian equation of line
16+3(2y)
X=—=
4,/4+2y

2x\/44+2y =8+3y
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(iii)

Required area
3

Let u =1 then d—u=2t

Letﬂ= !

dt  J4+7

J5 e
J "
o NA+t

0

-[55-0]-| Hasey |

-15-2/ (0 -4y |
7 units®

=
=[12\/4+t2} 5 —j0£2t\/4+t2 dt

J5

0

then v=%j 2t(4+t2)_; dr =

(4+t2)E
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11

Solution [12] Differentiation

(1)

As at (1,0).
x2
Bis at (x,y) where y’ =1_T

Pt =(x-1)" +(y-0)

2
X

=(x-1) +1-—

= i(?)xz —8x+ 8)

~ 4k
3x° —8x+8

(ii)

B 4k
3x° —8x+8

= —4k(3x* ~8x+8) " (6x-8)

&g ™

8k (3x—4)
(3x* ~8x+8)

. . dF
At stationary point, — =0.
ry p Ir
6x—8=0

xX=—
3
Method 1: Using 2" Derivative to verify nature
&F  (3x* ~8x+8) (-24k)+ 8k (3x—4)(2)(3x> ~8x+8)(6x-8)
d? (3x* ~8x+8)’

When 6x-8=0, i.e.xzé:

d’F

—=-3375k<0, therefore maximum.

2

Note: can be found easily using GC.

2
4
xX=—
3
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Method 2: Using 1% Derivative to verify nature

X 1.33 4 1.34
3
dF 0.00112% 0 -0.0225k
dx
/ - \
Fmax = 2 4k
o5){5)s
3 3
3k
2
(ii1)
4 3r)
372
o, K
Y
| »
v=—2 *
2
Note that y* = 1—% = x=421-)
Therefore -2<x<2
(iv) | Minimum F occurs when B is farthest from A.
i.e. when B is (-2, 0), and thus r =3.
k
min 3_2
Fmin = k
9
(V) | By symmetry, B must be at (0,1) or (0,-1)

with x-coordinate =0
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With x=0, F:izk
0+8 2
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12 Solution [13] Differential Equations
(1) inn — k
dt
onut
—4 o
dt \/é
do
out — , c R
py cy0, ¢
do dQ, doQ
= in_ out _ k _
dr dt dr C\/é

Starting with a new clean tank:

When 1=0, 0 =0, d—Q:S -—--(*)

dt
o _.
dt_k Jo
5:k—c\/6

k=5

With filter in a new clean tank, level of pollution stabilizes

at 75 units:

Ast—>ow, OQ—>75, t—?—>0, -—--(F%)

dQ

= _5_

dt JO
0=5-c\75

1

e
d—Q:S—\/Q (shown)
dt 3
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(i)

_g o

0

X =,

3
0=3x" ~(2)
40 dr

6x— (3
dt aw O

Sub (2) and (3) into (1):

6x%:5—x
ds
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(iii)

6.[—1+ > dx=jdr
5—-x

—x—51n|5—x|:%t+c

x+ln|5—x|5 :%t—c

1n|5—x|5 :—x—é—c

t
—x———C

|5—x|5 =e

t
(5- x)5 —+e e e 6

-t

(5—x)5 e"=Ae® where A=+¢°

> [ -t
(S—JQJ e'd =A4e®
3
Whent=0,0=0:

5
2 ~t
(S—FJ e’ =4e®
3
5 fo
LS— 9] e'? =4e’
3

A=5=3125

> [ —t
(5—\/%} e\E =3125¢e°¢

Therefore,a=5,b=5,m=3125,and p =?.
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(iv)

When Q =48,
ag) [® -t
(5— %) e\E:3125€6

e4
t=—6In =243 days (3 s.f.
(3125] ys ( )

Without a filter, the pollutant level would reach 48 units in
t=48/5=9.6 days.
Therefore the filter is effective.
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