An athlete on a special diet would like to have battered fish fillet, coleslaw and fries for lunch.

He must ensure that his intake (in grams) of protein, carbohydrates and fat per meal is 55g, 130g,

and 70g respectively. The table below shows the nutritional breakdown for one serving of each

item.
Protein Carbohydrates Fat
(in grams) (in grams) (in grams)
Battered fish fillet 20 20 15
Coleslaw 4 15 8
Fries 3 45 16

Calculate the number of servings of battered fish fillet, coleslaw and fries that the athlete should

take for his lunch.

Suggested Solutions

20x+4y+3z=55
20x+15y+45z =130
15x+8y+16z =70

ByGC,x=2,y=3,z=1

Let x, y and z be the number of servings of battered fish fillet,
coleslaw and fries respectively.

Therefore, the runner should take 2 servings of battered fish
fillet, 3 servings of coleslaw and 1 serving of fries for his lunch.

[3]



2 (@  Given that Zn:rz :g(n +1)(2n+1), find i{(%)r —r(r +%ﬂ in terms of n. [4]

r=1 r=1

Suggested Solutions

“13G )

I
[EEN

1\ n 2
(=] “Dns1
(2 " (n+1)

(b)  Explain why ZH:K%) - r(r +%H <1 for all positive integers n. [1]

r=1

Suggested Solutions

(b) "
Since nell”, (%j >0 and %(n+1)2 >0.

Thus g{@“ _r[rgj}l_

3 The diagram below shows a curve with equation y =+/1—x. Let A be the area bounded by the

curve and the axes. A total of n rectangles, each of equal width, are constructed to approximate

the value of A. e

'y

3 |~

= | M
=
|
—
H
-
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Show that the total area of n rectangles is given by

1 n-1
—— ﬂ\/n—r.
n«ﬁzc;

Suggested Solutions

(a) | Area of nrectangles

1 1_9}&[ 1_£}+_._+3(
n n n n n

_ 1 |n-0 |n-1 n—(n-1)
n n n n
_ln—l n—r
n=\ n
1 n-1
—=» ~n-r
NA/N r=o

[Turn over
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(b)  Without using a calculator, evaluate lim—= Z\/ [3]
n—o0 n
Suggested Solutions
b
(b) lim TZ\/ = Area of infinitely many rectangles
n—oo n
= Area under the curve fromx=0to x=1
= J.Ol«/l—x dx
= —Iol—«/l— X dx
1
= {_3 (1- X)3 }
3 0
_2
3
4 (@) Sketch the curve with equation yz‘z)i(—_lq‘, where q > 2, stating the equations of the
asymptotes and the coordinates of the points where the curve meets the axes. [3]
Suggested Solutions
(@)
Y =
A y=2x
2x—q‘ (0,9)
y= ’ =
-1 |
X ..‘..-....Z..-- E_.: ____________________ y = 2
5 ' > x
4 [5,0}
N2 A2
X I=1

© HCI 2024



(b) Hence, by adding a suitable line on the same diagram in part (a), solve the inequality

x-1

2x-q q‘— 2x >0, giving your answer in terms of q. [3]

Suggested Solutions

(b) | |2x-q
x-1

To find the x-coordinate of point of intersection:

> 2X

_2X=4_y,

x-=1
—2X+q=2x* - 2X
2x* =q

2
q

Since x>0, x= >

2X_q‘—zx>o,
Xx-1

x<1 or 1<x<\E

For

© HCI 2024 [Turn over



5 Show that the distance L between any point (X, y) on the curve y=¢**—3 and the fixed point

2

A(2,-1) satisfies the equation L =(x-2)" +(e*-2) [1]

Using differentiation, find the x-coordinate of the point P on the curve that is closest to the point

A, leaving your answer in 4 decimal places. You do not need to show that P is closest to A. [3]

A variable point Q moves along the curve y=e**—3 such that its x-coordinate is increasing at

a rate of 0.5 units per second. Find the exact rate of change in L when Q is on the y-axis.  [3]

Suggested Solutions
L= \/(x— 2)* +(e2x—3—(—1))2

L? = (x—2)2 +(e2x—2)2 (Shown)

Method 1
L* = (x—2)" +(e¥~2)

2L3—)':=2(x—2)+2(e2X—2)(2e“)

LZ—)IZ=(X—2)+(62X—2)(262X)

=x—2+2e"—4e*
=2e"-4e”+x-2
Method 2
|_=\/(x—2)2+(e2X—2)2
dL 2(x—2)+2(e”-2)(2¢™)
B2 (x-2) +(e7-2)
dL _ 2e”-4e"+x-2
dx \/(x—2)2+(ezx—2)2

For shortest distance, 3—" =0

X

© HCI 2024
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2eM*_4e*+x-2=0

/

By GC, x=0.42445~0.4245 (to 4 dp)

Method 3

To minimise L, we can minimise L? ----- ™
dL? 2 2
—=2(x=-2)+2(e*=2)(2e""

= 2(x=2)+2(e”-2)(2¢”)

0=2(x—2)+2(e”-2)(2¢™)
By GC, x=0.42445~0.4245 (to 4 dp)

Method 1

When x =0, L=\(-2)° +(1-2)° =B
(ﬁ)dL —2(1)-4(1)-2

o=
L 4

& 5
do_d d
dt  dx dt

—— %05

~ G

&

Method 2

Whenx:O,d—L: 2(1)_4(1)_2 __4

[Turn over



dL d . «\d
ZLEZZ(X_Z)d_)t(+2(eZ -2)(2¢7) =

LZ—'t‘ :[(x—2)+(e“—2)(2e2*)]E

When x =0, L=yJ(-2)° +(1-2)° =B

Method 3

12 =(x-2)° Jr(eZX—Z)2

dt
dx

dx

Substitute x=0, L=+/5 and EZO'S:

()%= [(2)+(e-2)2¢" 05)

2

NG

L is decreasing at a rate of 2 unit per second.

NS

6 The curve C has equation

Iny® =x%y, where xell,-1<y<0.

It is given that C has only one turning point.

(@)

© HCI 2024

dy 2 2
Show that —=(2—-Xx"y)=2xy“.

Suggested Solutions

()

iznyd—y: 2xy+x2d—y
y dx X
d—y(g—xz = 2Xy
dx\y

[3]



(b)

©)
7 (@)
© HCI 2024

Find the coordinates of the turning point. [2]
Suggested Solutions
(b) For turning point, dy =0.

dx

-.2xy* =0

Since y<0, ...x=0.

When x=0,

Iny*=0

—>y=+1

Since —1<y <0, the turning point is (0,-1).

2
Calculate the value of 3—)2/ at the turning point and determine whether the turning point
X
IS a maximum or a minimum. [3]
Suggested Solutions
(c) | dy 2 2
—(2-Xx°y)=2x
o (2Xy) =20
d’y 2 dy( 2 dy j dy 2
—(2—X —| =X"—=—-=2Xy |=4xy—+2
dxz( y)erx dx / ydx+ y
Substitute x=0, y=-1 and ﬂ =0:
dx
d2y 2
W(Z) =2(-1)
2
9Y 150
dx

Therefore (0,-1) is a minimum point.

Describe a sequence of two transformations that will transform the graph of y =f(x) to

the graph of y=f(ax+ /), where « and /3 are positive constants. [2]

Suggested Solution
(@) | Translate B units in the negative x-direction.

. 1
Scale parallel to x-axis by a scale factor of —.
o

OR

. 1
Scale parallel to x-axis by a scale factor of —.
a

[Turn over



Diagram 1 and Diagram 2 show the graphs of y=f(x) and y=f (ax+ ) respectively. The

10

B

a

Translate = units in the negative x-direction.

turning points with coordinates (0,0) and (2,4) on y:f(x) correspond to the points with

coordinates (—2,0) and (2,4) respectively on y:f(ax+ﬂ). The asymptotes x=1 and

y=X+A on y="f(x) correspond to the asymptotes x=0 and y =ax+ S+ 4 respectively on

y=f(ax+p).

y=1(x)

(g

——m e — ==}

L0

Diagram 1

(b) Find the value of « and of g.

x=0

Diagram 2

Suggested Solution

(b)

Method 1

By observation, « :%, p=1

Method 2

© HCI 2024
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11

(©) On a separate diagram, sketch the graph of y =f'(x), giving the coordinates of the
points where the graph crosses the axes and the equations of the asymptotes, if any.

[3]

Suggested Solution

(©)

The function f is defined by
2—In(x+e) for —e<x <0,

f(x)=

cos[%xj for 0<x<1.

(@  Given that the inverse function f~ exists, find the exact value of m if f(m)=-1. [2]

Suggested Solutions
@ | f*(m)=-1
m=f(-1)
=2-In(e-1)

Another function g is defined by
g(x)=sinx, for 0< xs%.

(b) Explain why the composite function fg exists. [2]

Suggested Solutions

BLRRE

Df = (—e,l]
Since Ry < D¢. Hence, fg exists.

© HCI 2024 [Turn over
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(©) Find the exact value of fg [%j . [2]

Suggested Solutions

§Eexe

The domain of f is further restricted to 0< x<1.
(d) By considering f*(1) and f*(1), deduce the value(s) of f"(1) where n is a positive

integer. [2]

Suggested Solutions

(d) y

—cos[zx} 0<x<l1
(0’1) y 2 ] - -

X

O (1,0)
f2(1)=f[f(1)]=f(0)=1
(1) =f[f*(1)|=f(@)=0

£ (1) = 0 ifnisodd
11 ifniseven

© HCI 2024
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9 Referred to the origin O, a variable point R has position vector r and the fixed points A and B
have position vectors a and b respectively, where a and b are non-zero vectors.

(@  Ifaand b are parallel, find axb. [1]

Suggested Solutions
(@) | Given a and b are parallel, a=kb, kell ,k#0.
- axb=k(oxb)=0

(b) If a and b are non-parallel, interpret geometrically the following vector equations:
(i) rx(b-a)=0, [2]

(i) r0(b—a)=0. 2]

Suggested Solutions
©)(1) | For rx(b-a)=0, OR// AB.

O—R:/IE, Aell
. rx(b—a)=0 describes the equation of a line

passing through origin O and parallel to AB .

(©)(J1) | For ri(b—a)=0, OR L AB.

" [D(lg—g) =0 describes the equation of a plane

containing the origin O with normal AB .

© HCI 2024 [Turn over



It is now given that the coordinates of A and B are (-1, 2, 2) and (6, —2, —4) respectively.

(©)

© HCI 2024

Use a vector product to find the area of the triangle OAB.

14

Suggested Solutions

(©)

Method 1
Area of triangle OAB =%
_1
_1
2

-1
2

OAxOB

= J(-2)° + 42 +(-5)’

=35 units?

Method 2
Area of triangle OAB :%
_L
2
_L
2

Exﬁ‘

o

=35 units?

[3]
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Xn
J1-9x*

(@) Find 1. [2]

10 It is given that | :J' dx.

Suggested Solutions
dx

(@) X
I =
=] 1-ox*
_ L1 e
- BGIW( 36x°) dx
=—i[2 1—9x4J+C
36

I 1-9x* +C
18

(b) By using the substitution u=x?, find 1. [4]

Suggested Solutions

(b) X
Ilz'[ ﬁ_gx“ dx

Let u=x?, d—u:2x
dx

1 1
= [——.|=2]|d
" Ix/l—Quz (ZJ -
27 \J1-(3u)?

1 .0
:ﬁsm Bu)+C

=%sin‘l(3x2)+c

© HCI 2024 [Turn over



(©)

© HCI 2024

Using integration by parts and the result in part (a), find the exact value of

16

J.Olﬁxsinl(BxZ) dx.

Suggested Solutions

(©)

| = jo%xsin‘l(sz) dx

u :sin’1(3x2), V=X

, 6X 1,
u'= , V==X
J1-9x* 2

1

| = _% xzsinl(BXZ)}ﬁ—j':ﬁ 3¢ dx
. 1

0 ‘\/1—9X4
- :% x?sin™ (3x2 ) —3(—Ex/1—9x4 ﬂjj (from (a))

1
| = %xz sin‘1(3x2)+%a\/1—9x4 }ﬁ
0

- %@jsinl(l)% /1—9[%)}{%(0)%(1)}

[4]
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11 A construction company is installing cables on the side of a building. Points (x,y,z) are defined
relative to a main anchor point O located at (0,0,0), where units are in metres. Cables are laid

in straight lines and the widths of the cables can be neglected.

1

An existing cable L starts at the main anchor point O and goes in the direction of | 2 |. A new
4

cable M passing through points P(1,-1, 1) and Q(3,0,0) is installed.

(@ Using a non-calculator method, show that the cables L and M do not meet. [4]

Suggested Solutions

(@)

-1
1 3 2
IfLand M meet, 1|2 |=[0|+pu| 1
4 0 -1
A =3+2u - 1)
P T 2
AA=—p - (3)

From (2) and (3), A=0 and x=0.
Substitute A=0 and =0 into (1):
LHS=0

RHS =3 LHS

OR
Substituting (2) into (1):
A =3+2(22)
-31=3
A=-1

© HCI 2024 [Turn over
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From (2), u=-2.

Substitute A =-1 and x =-2 into (3):
LHS =-4

RHS =2 # LHS

OR
Substituting (1) into (3):

4(3+ 2,u) =—U
Qu=-12

From (3), A=

Substitute 4 =

LHs =2
3

and u :—% into (2):

RHS = —% # LHS

.. there are no solutions.
.. cables L and M do not meet. (shown)
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The construction company wishes to connect the point P to an inclined rectangular roof

extension that is modelled by the plane with equation 2x+3y+z =28. It was found that the
best way is to use a cable to connect the point P to the point F on the rectangular roof extension

that is closest to P.

(b) Find the coordinates of the point F. [3]
Suggested Solutions
(b) 2
R:2x+3y+z=28=r ]| 3 |=28
1
Method 1
Since F is the foot of the perpendicular from P to R,
1 2
le:r=|-1|+t| 3|, tel
1 1

Since F is the point of intersection between |, and

R,
1+2t 2
-1+3t|0|3|=28
1+t 1
2+4t-3+9t+1+1=28
14t =28
t=2
1+2(2) 5
. OF =| -1+3(2) |=| 5
1+(2) 3
. F=(5,5,3)
Method 2
Let A be the point (14, 0, 0) that is on R. P
1 14 -13
AP=|-1|-| 0 |=| -1
1 0 1

© HCI 2024 [Turn over
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il w N
SN

14

2
=-2|3
1
2 1 5
OF =2[3 [+|-1|=|5
1 1 3

. F=(5,5,3)

(©) Hence find the exact length, in metres, of the cable needed to connect point P to the
rectangular roof extension. [2]

Suggested Solutions
(c) | Minimum length = PF

= J6-1 + (65— (1)) + (317
~16+36+4

=56

=214 m

© HCI 2024
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12 The parametric equations of the curve C are

x=tand-1 and y=2secé, where —g<9<g.

(a) Find j—y in terms of @, leaving your answer in a single trigonometric function. [2]
X

Suggested Solutions

(a) dy
dy _do
dx dx
de
_ 2secftan®
-~ sec?d
=2sind

(b) Find the equation of the tangent to C at the point where it cuts the y-axis, leaving your

answer in exact form. [3]

Suggested Solutions
(b) | At the y-intercept, x=0:
tan6-1=0

tan6=1

H:Z since —E<9<E
4 2 2

—=
oS~
4

dy .
— =2sin—=4+/2
dx 4 V2

At@:%, y= 2 =242 and

Equation of tangent: y :\ﬁx+2\ﬁ

© HCI 2024 [Turn over
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(©) Find the Cartesian equation of C. [1]

Suggested Solutions
(c) | tan?O+1=sec’ @

(x+1)2 +1=(%j2

For —g < 6’<g, O<cos@<l—secfd=>1

2
o (x+1) +1=g} y=2.

(d)

Find the equations of the asymptotes and state the coordinates of any turning point(s).

[3]

Suggested Solutions
(d) | To find asymptotes:

U (x+1)

y

—+(x+1)

y_2x+2 or y=-2x-2
Since the centre of the hyperbola is (-1,0) and
y =2, the turning point is (-1,2).

© HCI 2024
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(e) The region bounded by the tangent, the curve C and the line x =—1 is rotated completely

about the x-axis. Calculate the volume obtained. [3]

Suggested Solutions

(€) s ,y=2x+2
y= V2x+2:2
The shaded
w4 region is
g% being
rotated in
0 = :
. the x-axis.

Volume = njo 4((x+1)2 +1)—(«/§x+2x/§)2 dx

-1

=2.09 unit®

© HCI 2024 [Turn over
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13 At the start of January 2014, Leon took a home loan of $500 000 from a bank that offers a fixed

monthly interest rate of 0.3%, to buy an apartment unit in a condominium. The interest was

added to the amount owed on the 15™ of every month, with the first interest amount added on

15 January 2014. Leon made a monthly repayment of $x on the 20" of every month, with the

first repayment on 20 January 2014.

()

Show that the amount (in dollars) that Leon owed at the end of n months was

1000x

500 000(1.003)" - (1.003"-1).

Suggested Solutions

(@)

>

Amount owed at end of n months

500 000(1.003) - x

[ 500 000(1.003) - x |(1.003) - x
=500 000(1.003)" ~1.003(x)—x

| 500 000(1.003)° ~1.003(x) - | (1.003) ~x
=500 000(1.003)’ —(1.003)" (x)~1.003(x )~ X

500 000(1.003)" —(1.003)" " x—...
—(1.003) x~1.003x - x
=500 000(1.003)"
- X(1+1.003+1.003" +...+1.003" ")
x(1.003" -1)
1.003-1
1000x (1.003" ~1) (Shown)

=500 000(1.003)" -

=500 000(1.003)" -

Leon planned to repay the loan fully in 360 monthly repayments.

(b)

© HCI 2024

Find the value of x, giving your answer to the nearest cents.

Suggested Solutions

(b)

500 000(1.003)™ -
1000x

w0 _1000% 1 00g= —1) <0

360

(1.003™ ~1) > 500 000(1.003)

[3]

[2]
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500 000(1.003)™
*= 1000
(1.003*° 1)

X >2273.226751

The monthly repayment amount that Leon needs to
make is $2273.23 (to the nearest cents).

The estate management collects a monthly maintenance fee from each apartment unit within the
condominium at the start of every month. The monthly maintenance fee on 1 January 2014 was
$400. To cope with the rising cost of maintenance over time, the estate management increased

the monthly maintenance fee by $k every 2 years such that the monthly maintenance fee

increased to $(400+k) on 1 January 2016 and to $(400+ 2k ) on 1 January 2018 and so on.

(©) Show that the total maintenance fee (in dollars) that Leon paid at the end of 10 years

was of the form s-+tk, where s and t are positive constants to be determined. [3]

Suggested Solutions
(c) | Total maintenance fee (in dollars) at the end of 10 years
= 24(400)+24(400+k ) +...+24(400+4k)

= 24E(400+400+4k)}

=48 000 + 240k

The value of Leon’s apartment unit increased to $750 000 at the end of December 2023. It was

also known that k =50.

(d) By considering the amount Leon owed, along with the repayment and maintenance fee
that he paid over the 10 years, explain, with justification, whether Leon should sell his
apartment unit at the end of December 2023 if he received an offer of $750 000 from an

interested buyer. [4]

Suggested Solutions
(d) | Total maintenance fee at the end of 10 years

= $(48 000+ 240 50)
=$60 000

Total repayment paid at the end of 10 years (i.e. 120
months)

© HCI 2024 [Turn over
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=$2273.23(120)
=$272 787.60

Amount owed at the end of 10 years

120 1000(2273.23)(

=500 000(1.003) 1.003% 1)

=$388 511.27 (to 2 dp)

Method 1

Total outlay over 10 years

= $272 787.60 + $60 000 + $388 511.27

= $721 298.87 < $750 000

Since the total outlay over the past 10 years was less than
$750 000, Leon should sell his apartment unit at the end of
10 years.

Method 2

Potential Profit

= $750 000 — ($272 787.60 + $60 000 + $388 511.27)
=$28 701.13

Since the potential profit is $28 701.13, Leon should sell
his apartment unit at the end of 10 years.




