Ch 2 Sequences and Series
(Solutions to Tutorial & Assignment)

Sequence & Series Part I: Additional Practice Questions

1. Given that @ is sufficiently small, show that tan (%+ 6’) ~~/3+46.

tan (Z + 9)
3

.4
tan g +tan @

l—tan;[tané?

B \/§+tan6’
1—\/§tan0
\/§+¢9

1-36

0

=(\3+ )(1—@9)_1
=~ (\/§+0)(1+(—1)(—x/§0))
=(V3+6)(1+30)

=3 +360+6++/36
~+/3+46 (shown)

2. [M1/2020/Promo/PU2/P1/Q6(b)]

Find the expansion of It 3x
NCES
State the set of values of x for which the expansion is valid. [4]

in ascending powers of x, up to and including the term in x°.

1+3x -

m=(1+3x)(9—x2) 2

aenefof1-2]]

1
1 2\ 2
=(1+3x)| 9 2(1—’6—}

9
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:%(1+3x){1+(—%)(—%x2j+..}
1

= (1+3x)(1+ix2 +j
3 18

=l 1+3x+ix2+lx3+...
3 18 6
1 1 , 1 4

=—+x+—x +—x +
3 54 18

For expansion to be valid,
2

~El<1
9

‘x2‘<9

so—3<x<3

3. [TJC/2020/JIMYE/1]

2
Expand (I—ij in ascending powers of x up to and including the term in x* and state the
x —_—
range of values of x for which this expansion is valid. [4]
1-2xY , s
=(1-2x)"(x-2)
x=2

_(1_ 2\ 2l 1% N
=(1-4x+4x7)(-2) (1 2)

2
:1(1—4x+4x2) 1+x+3(fj T,
4 2

=l(1+x+§x2—4x—4x2+4x2+~--j
4 4

1 3 3,
=——Zx+—x"+-
4 4 16

<1,1e. —2<x<2

Expansion is valid for
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Ch 2 Sequences and Series
(Solutions to Tutorial & Assignment)

Sequence & Series Part I1: Additional Practice Questions

An arithmetic progression has 100 terms and first term a. If the sum of the last 50 terms
is 1875 more than the sum of the first 50 terms, find the common difference. If
a =2, find the least value of n such that the sum of the first » terms of the arithmetic

1.

progression exceeds 122.
Steg “Ssp ~ Sso = (RS
Slastaaa)-a () (xn ) < 18%
oo & 1—!{"\5‘0& - (,OOQ,.'L“PSVA = (§

d=3
T
€ a=2:
Qy\ 7 WL
2 S+ m~‘)(%,)] 7L

Y

ton 4+ nln-) 7 A3
Yoo 4 dn - AL 7o

5 ae 0B m)
LN RO

(1

2(%)
L -3 O

6
W o Q,fog
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2. [N2009/1/8]
Two musical instruments, A and B, consist of metal bars of decreasing lengths.
(1)  The first bar of instrument A has length 20cm and the lengths of the bars form a
geometric progression. The 25th bar has length Scm. Show that the total length of
all the bars must be less than 357cm, no matter how many bars there are. [4]
Instrument B consists of only 25 bars which are identical to the first 25 bars of
instrument A.
(i1) Find the total length, L cm, of all the bars of instrument B and the length of the
13th bar. [3]
(ii1)) Unfortunately the manufacturer misunderstands the instructions and constructs
instrument B wrongly, so that the lengths of the bars are in arithmetic progression
with common difference d cm. If the total length of the 25 bars is still L cm and
the length of the 25th bar is still Scm, find the value of d and the length of the
longest bar. [4]
@) ar** =20 =5
1
Pi=g
"= N2
Total length of all bars < S«
_ 20
12 1
I-\/2
=356.343 <357 (shown)
(i1)

12 P
-l\2
L=20 =272.2573=272
12 7
-2
12

12
1 1
Length of 13th bar=20[\/§] =20><§ =10 cm

(111)

Let b = length of first bar of instrument B.
25
X [2b+24d]1=L

L
b+ 12d =7%¢ (1)

Also b+ (25-1)d=5=>b+24d =5 ——(2)
2) - (1):So12d=5 =5 22T
(2)-(1):So 12d=5-55=5-""5

- d=-0.49086=-0.491
Length of longest bar =b

=5-24(-0.49086)
=16.8 cm
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The positive multiples of 3 are grouped into sets as A} = {3} , Ay = {6,9} ,

Ay ={12,15,18}and Ay ={21,24,27,30},... where the set A, contains n elements.

(1) Find the total number of elements in the first n sets. Show that the last element of
the set A, is given by %n(n+1).

(i) Hence, or otherwise, find the sum of all the elements in the set A, in terms of n.

(i) Tt wo. o/k clemels in fle {7/5 n gels

= [£2434...+1"

n(n+1)
2

—
—

7
LaS/t c[emew:t 5(6 Sej A"\ {
= 24 [0 (](3) — 7

= %— n (n+1) y

(“) FI/S’( c(ew\c«i % 55—6 AV\
:(laﬂ é{éw\eof( a% S'?;Q Av\/\) —t 3

= 2 (-On +3

a+(m~\5ﬂQ

Soamn bq; ol tle 6(%4:(9 in sc'( IA/\
=L [ (Zana +3) 4 (Zne)]

= ’;\f [%m (n-1+n+) +3]

]

’?_‘ (30™+73)

- 2 2
= ),
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Y 4. [N2011/1/9]
g\{ 1) A company is drilling for oil. Using machine A, the depth drilled on the first day

is 256 metres. On each subsequent day, the depth drilled is 7 metres less than on
the previous day. Drilling continues daily up to an including the day when a depth
of less than 10 metres is drilled. What depth is drilled on the 10th day, and what is
the total depth when drilling is completed? [6]

(1)  Using machine B, the depth drilled on the first day is also 256 metres. On each
subsequent day, the depth drilled is g of the depth drilled on the previous day.
How many days does it take for the depth drilled to exceed 99% of the theoretical
maximum total depth? (4]

Solutions:

(i) | a=256,d=-7

Depth drilled on 10" day =T7,, =a+(10-1)d

=256+(9)(~7)

=193 metres

Want 7, =a+(n—1)d <10

= 256+(n—1)(=7) <10
= 256—Tn+7<10
= 7n>253

253 1

=>n>—=36—
7 7

So it takes 37 days for drilling to complete.

37

Total depth S;, =—| 2(256)+(37—-1)(—7) | = 4810 metres
LD

(i)

a=256, r= g , Theoretical maximum total depth S, = 1L

a(1-r") N

Want 5, =———>0.995.,

—-r

= M >0.99 (Lj

1-r 1-r

=1-r">0.99

n
= (ﬁj <0.01
9

S In0.01
ln§
9

Thus, it will take 40 days

= n>39.09875612
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*In the triangle ABC, AB=8, BC =10 and CA=6. AD is perpendicular to BC, DE to

AB, EF to BD, FG to EB and so on.

Find the sum to infinity of CA+ AD + DE+ EF + FG +...

C

£
kA )(5 - XN p
E G
N o
? m{u/ Sf/v\;(c-f AS
Soo = A+ AD+ DE + EF+-. | Acoh £ AckS
_ 2 3 BA _ %
= é"'(k%)g"'(%)é“"(%)é’t, %QC,—:—B—CT_-E
= {f% = 1= )
= 30 Cdv\SIéQQ/ S‘M;(Cu/ A
% AMED 2 AChB
PE__ BA _ %
Y, C Y
=) PE = £4)
= (B)©)
37
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6. [HJCO03/1/1]

. 3rr-2r-3 . A B C . 1 3t _2r -3
Bywrltlngw in the form (r—])!+;+(r+1)!’ﬁnd ;W (4]
BrZ,Zf’f-B _ A N R 4 c

Cr1) | (r=1)! v (r+0 1
Ar(es) + B(r—\»()—(—C—y
(=t )‘,
S (ﬁc’ﬂﬁ)t’ *(B‘T‘C>
(r+0) !

(aw\‘par?,\j cee{fs, /)(:3

[- 2 + =

)
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7.%  [SAJCO03/1/4 (modified)]

Given the series
21 (gj+4l [§)+61 [ij+81 [§j+
og 1 og] 5 og] 3 og] 1

Let S, denote the sum of the first n terms of the above series.
Write down the values of S, for n=1,2 and 3.

Suggest an expression for S, for all positive integers n.

S‘ =2 |8jz
5.

\

zlﬁz+%|ﬁ(f)

log [2% ()] = leg (=)

S, = ’2'9j2 f%[aj(/z)* é[ﬁ(ﬁ;»)
[2 (—— (5]

l&j }: 2% 3% ]

L

\

i

S = ng [ 20;}; —]
(‘Qj L (m’r\)zm ]
:2{9\’} [_g\;/“)_] J
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8. (a)  Find the sum of the series 3-5+5-7+7-9+... n terms.
(b)  Find the sum of S =1 -2>+3"-4%+...+100°.

n 2
(¢) Giventhat Y r* = %(n+1)2 show that
r=1

i(3r3—n—l):%(rz+l) [ 9’ (Sn+1) = 4(n+1) |

(a)
3-5+5-7+7-9+...+(2n+1)(2n+3)

n

= > Q2r+h(2r+3)

r=1

= > (4r* +8r+3)

r=1
= 42“1”2 + 8Zr + 23

r=1 r=1 r=1

n n
= 4.g(n+1)(2n+1) + 8.5(n+1) + 3n
= %n(n+l) [ 2n+1) + 6] + 3n

2
= 5n(n+l)(2n+7) + 3n

1
= [ 20+D2n+7) + 9 |

=%n(4n2 +18n+23)

(b)
S=(1+3°+52+..499%)- (22 + 4% +6 +...+100?)
= i(zr—l)2 - i(zr)2
r=1 r=l1
50

= > (@4r’—4r+l) - 4%#

r:;O 50 50 - 50
SOWEDIE VRS
r=1 r=1 r=1 r=1

= —4.5—20(50+1) + 50

— 5050

(c)

2n

i@ﬁ—n—l): D13 —(n+1)]

r=n

= Sir3 —(n+1)il
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= 3{%1‘3—”2—31”3} — (n+1)2n—n+1)

_ 3{ Q1) oty — M[(n—l)+1]2} - (n+1)?
4 4

_ 3. 2 _ 3202 = .

= " (2n+1) 2" (n=1" = (n+1)

- %”2[<2n+1>2—<n—1>2]—<n+1>2

- %n2(15n2+18n+3) — (n+1)?

= %n2(5n+l)(n+l) - (n+1)

= i(n+1) [ 9n*Gn+1) — 4(n+D) |

9. [YLJC/2020/Promo/13]
A mask production factory produces 5000 reusable masks in the first week. In each
subsequent week, the number of reusable masks produced is 200 more than the previous
week.
(i) Find the number of reusable masks produced in the 10th week. [2]
(ii) Find the minimum number of weeks required by the factory to produce a total
number of at least 100 000 reusable masks. [3]
Due to a certain flu pandemic, the demand for reusable masks has increased drastically.
If the demand for reusable masks in the preceding week is M, it would become 100+ aM
this week.
(iii)  Given that the demand for reusable masks in the first week is 500, show that the
demand for reusable masks in the Nth week can be written as
100 (5a" —4a""-1). [3]
a—1
It is now given that a = 1.15.
To meet the growing demand of reusable masks, the factory adjusts its production capacity
such that the number of reusable masks produced from the 10th week onwards is k more
than the previous week.
(iv)  Find the least value of k required by the factory in order to meet the total demand
for the first 25 weeks. [4]
Solution:
13(1) | AP : first term = 5000, common difference = 200

1, = 5000+ (10—1)200
= 6800
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(ii)

S >100000
g[z(sooo) +(n—1)200] 2100000

50007 +100n* —100n > 100000
n*+49n-1000>0

Method 1
n<-64.5 or n=>15.5
Hence, minimum number of weeks is 16.

Method 2
Using GC,
n n* +49n—-1000
15 — 40 (<0)
16 40 (>0)
17 122 (>0)

Hence, minimum number of weeks is 16.

(111)

Week | Demand
1 500
2 100 + 500a

3 | 100+(100+500a)a

=100+100a +5004”
4| 100+(100+100a +500a" ) a

=100+100a+100a’ +500a’

N 100+100a +---+100a" "> + 500a" "'

The first N —1 terms follows a GP with first term = 100 and common ratio = a.

Demand for reusable masks in week N

N-1
:100(“ 1J+500aN_1

a-1
:ﬂol(aN*—HSaN—l(a—l))
a—
Zgol(SaN —4a™! —1)
a—

@iv)

Total number of reusable masks produced in the first 25 weeks

= %(2(5000) +(8-1)200) + 1?7(2(6800 —-200)+ (17 -1)k)

=45600+112200+136k
=157800+136k
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Total demand of reusable masks in the first 25 weeks

::il[ljg()_l(s(l.15N)—4(1.15N-l)—1)}

=231591.8537

157800+136k >231591.8537
For k >542.59
Hence, least value of k =543

RIVER VALLEY HIGH SCHOOL

43



Ch 2 Sequences and Series
(Solutions to Tutorial & Assignment)

10. [NYJC/2020/Promo/6]
1
(i) Express ——— in partial fractions and hence find z; in terms of n. [3]
2r(r+1) = 2r(r+1)
(ii) By using (i), express z in terms of V. 4]
r=6T
(iii)  Deduce the value of . [1]
- 6r(r 1)
Solution:
(i) 1 1
2r(r+1) 2r 2(r+1)
g 1 o_gf1 1
S2r(r+l) S\ 2r 2(r+1)
N S
2.1 22
1 1
+ S —
2-2 2-3
+...
b1
2n 2(n+1)
_L 1
2 2(n+1)
(i) 2N 2N 2N-1
;r(r—l) par- k(k+1) Z 2k(k+1)
2N-1 4
[ 2k(k+1) ,;2k(k+l)}
oot (11U
2 4N (2 2.5
11
5 2N
G s 11
—r(r-1) 5
11. MI Promo 2021/PU2/01/Q10

Joe is an amateur cyclist and he wishes to cycle 115 km around Singapore to celebrate his
birthday. In order to prepare adequately for the long ride, he has thought of two plans: a training
plan as well as an execution plan for the actual long ride itself.

(a) After conducting some research on training, Joe finds out that he needs to increase the
distance he cycles weekly gradually. He plans to cycle 30 km in the first week and then
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increase his weekly distance by a fixed x km every week thereafter. Joe has 24 weeks to
train before his actual long ride.

(i) Find the least value of x such that the distance that Joe cycles in his last week of
training is at least 85% of the distance of his actual long ride. [2]

(ii) Suggest a possible reason why Joe decides to set the target for his weekly increment
to be higher than the value found in part (i). [1]

(iii) Using the value of x found in part (i), find the total distance that Joe cycles during the
24 weeks of training, giving your answer to the nearest kilometre. [2]

Joe considers an alternative training plan in which he starts with a distance of
30 km in the first week. However, he will only increase his weekly distance by a fixed y km
every alternate week. Thus in Weeks 1 and 2 he will cycle 30 km each, in Weeks 3 and 4 he

will cycle (30+ y) km each, and so on. Joe still wants to cycle the same distance in his last

week of training for both training plans.
(iv) Find y in terms of x. [2]

(b) Next, Joe plans how he will execute the actual 115 km ride. He predicts that due to fatigue,
the distance he cycles for every half hour will be 94% of the distance he cycled in the
preceding half hour.

(i) If Joe cycles 6.5km in the first half hour, explain why he will not reach his target
distance of 115 km. [2]

Joe intends to start cycling at 7 am in the morning. He factors in 2 meal breaks during the
day, with a duration of 1.5 hours each and decides to cycle 9 km in the first half hour.
Assume that the distance cycled every subsequent half hour follows Joe’s prediction and
that the meal breaks do not affect the distance he cycles.

(ii) What time does Joe expect to finish cycling? Give your answer to the nearest minute.

[4]

Qn Solution

(a)(i) Cycling distance for Week 24 =30+ (24 -1) x

=30+ 23x
30+23x>0.85%115

30+23x2=97.75

Method 1: Algebraic
23x>67.75

x22.9457 (5 s.f)

x2295@3s.t)
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Least value of x is 2.95.

Method 2: GC

NORMAL FLOAT AUTOD REAL RADIAN MP n
CALC INTERSECT

Y1=30+23%

From GC, x>2.9457 (5 s.f)

x=2.95@3s.t)

-

¥=2.9456522 Y=97.75

Least value of x is 2.95.

(a)(ii)

In case of unforeseen circumstances such as illness, work or commitments that will prevent
Joe from meeting the weekly distance for certain weeks, he has a better chance of still being
able to reach a distance of at least 85% of his actual long ride for the last week.

OR
To give a buffer for himself to make slight adjustments along the way and still be able to
reach a distance of at least 85% of his actual long ride for the last week.

(a)(iii)

Method 1
Total distance = 2—24[2(30) +(24-1)x2.9457 |

=1533.0132

=1533 (nearest kilometre)

Method 2

Total distance = 2—24 [30+97.7511]
Cycling distance for Week 24 =30+ 23(2.9457)
=1533.0132

=97.7511 ‘
=1533 (nearest kilometre)

(@)(iv)

Odd-numbered terms form an AP with first term 30, common difference y and consisting of
12 terms.

Cycling distance for Week 24 =30+ (12—1) y

=30+11y
~30+11y=30+23x

3

=>y=—X
yll

(b))

Distance covered every half hour forms a GP with first term @ =6.5 and common ratio
r=0.94.
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1-0.94
=108.33 (5§ s.f.)

Since |r| < 1,Sum to infinity =

Joe will not be able to complete 115 km eventually / no matter how much time he has.

(b)(ii) Sum of distance after » half hours =115

9(1-0.94")
1-0.94

Method 1: GC

By GC, n=23.520(5 s.f.)

Method 2: Algebraic

9(1-0.94")
1-0.94

=115

004" _ | 115%0.06

n=23.520 (5s.f.)

23.520 half hours = 23.520x 0.5 hours
=11.76 hours
=11 hours and 0.76x 60 minutes

=11 hours 45.6 minutes

11 hours 45.6 minutes + 2x1.5 hours

=14 hours 45.6 minutes

Joe expects to finish cycling at 9.46 pm.
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