fé, -Sunman High School

d M AT IHIEAA\ TS

eparitm

Applications of Integration (Solutions)

H2 Double Math

Qn | Suggested Solution
1(a)(i) % 1 ¢!
AreaR =| tanydy+—— -1)d
rea J.o an ydy P %(y )dy
% 1 i
Or AreaR =| tanydy+—| 1—-—|(1
anvar5(1-5 )
Or Area R =I1(£—1jx+ldx—jltan_1xdx
ol 4 0
Or Area R =l(1+£j(1)—‘[ltan1xdx
2 4 0
% 1 T
tan ydy+—(1)] 1-—
Io ey 2( )( 4)
o1 Vs
=|In|sec +—1-—
[infse ]} +3{1-%
zln\/§+l(1—£j
2 4
=%ln2+4_Jt (shown)
OR
1 (L 1 -1
5[1+Zj(1)—jotan xdx
_1 T 1 1 1 X
_2(1+4J {[xtan x]o I01+x2dx}
1
L m L L)
2 4 4 (2 0
:lln2+4_—7[
2 8
(ii) | Volume generated by R abt y-axis
2
_ % 2 1 y—1
_7[,[0 (tan y) dy+7rj-%£g_l] dy
=0.89892 ~ 0.899
Or Volume generated by R abt y-axis
% 2 1 2 T
=n| (tany) dy+—x(1)|1-=
[ ) Lr1P (15
=0.89892 ~ 0.899
Or Shell method :
Volume




:27r.|.0]x((§—1]x+1—tanl xjdx

=0.899

(b)

Area of required region

=Km3@x %?ﬂm+h3w=@m+nm

:Lﬂ(sinzt)(lnwrl)dt x=0:t=L, x=rlnr:t=rx

=1.9786
~1.98

Qn

Suggested Solution

2(a)

Jxe‘xdx =-—xe " —I— e dx

=—xe —e " +C
=—¢ (x+1)+C

(b)(®

Whenl=0, x=2,y=land d_y:_l
dx 2

So, gradient of normal =2
Hence, equation of normal at # = 0:
y=1=2(x-2) = y=2x-3




(i)

M~2x-3

/A

Required Area

2 171
-Jr =330

0 dx 1
.2y(dl‘j 4
0 , 1
=| e (t+2)dt——
Jo ( ) 4
0

0
m”&+2j E%U—l
-2 4

J-2

= [—e’t (t+ 1)]?2 - Z[e"]: —% using result in (a)

=g4+ac4q_zp_a]_i

= (62 —Ej units?
4

Qn

Suggested Solution

3(a)

P PRI

X

:_f (1—%) dx + I (1—%) dx

1
—[x—2lnx]12 +[x—21nx]i
—(2—21n2—1)+[4—21n4—(2—21n2)]

1

If x>2,then |x-2|=(x—-2)

Ifx>2, then |x — 2| =—(x —2)




(b)

Y A

Volume of solid generated
1

:57;(1)2(1) + {ﬂ(1)2(2) - ﬂ}(y—2) dy}

Alternative : Shell method
Volume = 27z_|.1 x(x2 +2— x) dx
0

=2ﬁJ;(x3+2x—x2) dx

x4 X3 ]
| T4 -
4 3

0

=2r l+1—l:|=£ﬂ'
4 3] 6




Qn | Suggested Solution
4(i) 1
J.mdx Let x=2tan@
ZJ' 1 25ec’ 0 do ﬂ=2se(:2t9:>abc=2sec29ah9
(4+4tan’ 6)° 40
_J‘ 2sec’ tanﬁzg
~J16(1+ tan? 6)
8 sec’d ] N
=—jcos 6 do X
8 sind = -
=%I(cos2¢9+1)d6 X" +4
2
cosf =
16(Sm229 9)+C x* +4
=i(sin90059+9)+C
16
:L( Zx +tan_]£j+C
16\ x“+4 2
(ii) | Required Volume
2 1 ya 1 4
=“j—7——7®’ YT
o (¥ +4) X
2
=L 22y +tan1(1] use (a) y=2
16 y*+4 2],
R
—l(lHan"(l)j %
16\ 2 } >
1 X
:1(l+£) Vi
16\2 4
=£(2+n) units’
64
Qn | Suggested Solution
5(a) I 6+2x I (—4-2x)
V1-4x-x* \/1 4x—x*
4 2x
= dx— dx
'[\/1 4x—x* ‘[\/1 4x—x*

—4-2x

:'[«/5—()6+2)2 dx_j\/l 4x—x°

:2sin1(x+2j—2 |—4x—x* +¢

NG




(b)

Volume 2
AR g e

¢ Inx m(e—2)

:ﬂJ‘I x2 dx_ 362 1/2
1 11,

=T (lnx)(—;j—j (—;j;dx} —72-(;6:_22)

:ﬁ_(_mj_i}e_fr(e—z)
L ox x | 3¢’

Qn | Suggested Solution

6 y

Jn+40 L

-40 0 n n+l 41

area of shaded rectangle < Area under the curve from x=n to x = n+1

n+l

hence Ix n+40 < .[\/x+40 dx

YN\
\/% ___________ y:\/x+40
L~
2
/ Nl
.40 -39 -38-37 0 3940 41

Drawing similar triangles as shown above,
Sum of area of rectangles < actual area under curve

41
JOxT+V1x1+2 x14...+/80 x1 < J.\/x+40 dx

—40

41
Hence V1 + 2 + V3 + ... + /80 < I\/x+40dx - (1)
-40




Draw rectangle as shown below:

Jn+41]

x+4

X

-40 o0 np1 @
area of shaded rectangle > Area under the curve from x=n to x = n+1

n+l

hence 1xn+41 > I\/x+40dx

y
y=+x+40
—
2
/ @
X
-40 -39 -38 -37 O 39 40 41

By drawing rectangles as shown above,
Sum of area of rectangles > actual area under curve

41
VI 42 x1+...++/81x1 > I\/x+40 dx

—40
41
Hence V1 + V2 + 3 + ... + /81 >J\/x+40dx —(2)
—40

41 o) 374!
[ Vx+40 dr = {E(x+40)2}
—40

From (1) and (2),

41 41
J'\/x+40 dx—\/ﬁ< \ﬁ+\/§+ 3+...+\/%<J.\/x+40 dx

—40

12 3 41
{§(x+ 40)2} =486 (or use GC)

—40 —40

—40

477 < 1+2 43+ . . +/80 < 486
9(53) <V1+4/2+3+..+/80<9(54)

a=153




Qn

Suggested Solution

7(i) y
y=(Inx)" -1
X
0
(15_1)

To obtain x -intercepts, let y =0

(In x)2 =1

Inx =+l

x=¢' ore”

To obtain the turning point, find % =2Inx.

Let d—y=02>21nx=0:>x:1

dx

Thus coordinates of turning point is (1,-1).
(ii) | Area ofregion R

= J‘i —((lnx)2 —1) dx

:—[x(lnx)z]e +r x2lnx dx+[x]e,1

¢! ¢! X ¢

= —(e—e‘)Jrz([)clnx]:1 —J‘i 1 dxj+(e—el)

=—(e—e")+2((e+e’l)—(e—e’l))+(e—e")

=4e
(iii) | Make x the subject:

y= (ln x)2 -1

Inx==%\y+1

x:ei v+l

Thus the volume obtained
0 2 2

- ﬁj (eW) —(e'W) dy=12.2 (to3s.f)
-1

Alternative : Shell method
Volume

=27 j A1—(Inx)*] dx
=122




Qn | Suggested Solution

3y

8(i)
— - ))‘
0
(ii) | Since the figure is symmetrical,
Area
=4ijdx 9=—sint:>dx=—sintdt
=0,t=2;x=1t=0
2

= 4J.£0(sin 2t)(-sinz) dt  x
2

= 4_|.0E sin¢sin 2¢ dt

a

= 8J.0E sin® zcost dt

:S{Sif t}z
3 0

_8
3

(iii) | Volume
:27ZII * dx
oY

0

= 27Z'J.,, sin’2¢ (—sint) dt
2
z

= 87rJ.02 sin’tcos’t dt

= 87[_[0E sint(1—cos’t)cos’t dt

cos’t cos’t |2
=8| - +
3 5

(1 lj 16
=8| ——=|=—7
3 5) 15

0

refer to previous part on area




Suggested Solution

3 d 2
s:J. 1+(—yjdx
0 dx

-3 %(3«/5 ) =243 (shown)

2
—orf dy
S—27rj.oy 1+(aj dx
1 3 ! 1
=27rJ.3 x?2 —lx2+/1 lx 2+lx2
0 3 2 2
! 1
=7rJ.3 1+x—lx—lx2+/1x 24+ Ax2?
0 3 3

1 ER 1.7
=7| 2Ax2 +x+=Ax> +—x'—=x°
377730 97 |

=z[2zﬁ+3+uﬁ+3—3]
=7z[4/1\/§+3]

10




Qn

Suggested Solution

10

dx

X

xz—[\/1+x2 +1+x2}

iHﬂH%MW Jois]

X
Niex? 1
T+Vl+x2 %
xz—[\/l+x2(l+\/l+x2)}

x\/1+x2(1+\/1+x2)

) xx/1+x2(1+\/1+x2)

=— ,x >0 (shown)

x\/1+x2

Length of arc

Length of arc = I 11
-

-l

e
+(_lj2dx

J idxsmcex>0

S
=, ——— dx
1
Tx\/1+x2
1
_J' lde
B X 1+x 1+x2

=ln(2+

X

e

Ng
| #1035 [ 1
- ln(1+\/5)+(ln[—l/\/§ J_{ﬁ 1+3}

2

\/§)+\/7—§\/§

11




Qn

Suggested Solution

116) x=tant—t, y =In(sect) for 0<¢ <%
dx dy secttant
= =sec’t—1=tan’ t, =tant
dr dr sect
Arc length of OP
(&) (%)«
= Jop Jtan*t+tan’ ¢ dt

V4
=J0 tantsect dt
= [sect]g
=sec p —1 (shown)
(ii)

If OP=1,secp—1=1.‘.p=§.

Area of curved surface

)8

= 27[_[05 (Insect)tantsect dt

= Zﬁ{[(sect)ln sec t]og —J.f secttant dt}
27r{2ln2 —[sect]g}

=27{2In2-2+1}=27{2In2 -1}

12




Qn

Suggested Solution

12(i)

x=ae ' cost,y =ae ' sint where >0

dx _ . d _ .

—=ge t[—cost—smt],—y: ae t[—s1nt+cost]
dr dr

_ —sinf+cost
—cost —sint
_ tant -1

1+tant

tanz — tanz
4

1+tanttan£
4

= tan(z — %) (shown)

(i)

Length of arc AB

-5 (&)«

= '[0” \/(ae” [—cost—sin t])2 + (ae’t [—sinz+cos t])zdt

- ajoﬂ e’ \/COSZ t+2sintcost+sin’ £ +cos’ ¢t —2sintcost +sin” ¢dt
= \/Eaj.oﬂ e 'dt

— At F

=+2a[ "]

= \/Ea (1 —e " )

(iii)

Surface area
dy
5] (5]
= 2\/§7m2j.: e sint dt
“esint dt =[—e ¥ cost | —[ 2e cost dt
Iy I L=l
= (e’z” +1)—2{[ez’ sint];r —.[0” —2e ' sint dt}
Z(e’z” +1)—0—4I:e’2t sint dt
J.: e ' sint dt = %(e'z” + 1)

Therefore surface area

= 2\5/5 72'612( 2 +1)

13




Qn

Suggested Solution

13

T

2

x=a(cost—1),y=a(sint —t), where 0 <t <

—= —asint,d—y =a(cost—1)
dt dr

2 2
(%] +(2j :azsin2t+a2(coszt—2cost+1)
dt dt

—a? (Z—ZCost)

=24 [2 sin? (iD
2
=4a2 sin2 (ij
2

z dx 2 dy 2
A=2rx|? — | +|—| dt
7y (drj (drj
ZZﬁI%a(sint—t) 2asin£ dr
0 2

— 4rd® jf (sint —1)sin Gj d (shown)
=4ra’ {J-OZ 2sin® (%j cos (éj - J? tsin (%j dt}
=4ra’ {i sin’ (LJT - {—2t cos (LHS - j% —2¢os (LJ dt
3 2/, 2)|, 2
_4ra? L {—2 (ﬁj (ﬁﬂ + {4 sin (1]}3
6 3)| 2 2)],
=4rxa’ {l —[—ﬁﬂ' + 2]}
6 3

=§7ra2 (2\/§7r—11)

14




Qn

Suggested Solution

14 ai

/2 . - .
1,=|, sin*"! x sin x dx

. on-l /2
_ [sm x(—cosx)]0
—j'g/z (-cosx)(2n—1)sin*" 2 x cos x dx
=0+ 2n- l)jg/z sin®"? x cos? x dx
= 2n-1)[7*sin?" 2 x (1-sin? x) dx

= (2n- l)j:;/2 sin?""% x —sin *" x) dx

o1, =2n-1[1,-1,]

aii

_ 9, _97
10" 108°

B OxTx5%x3x1 /
10x8x6x4x2 °
63

=—7
512

1

V=[P 2mx[(x—1)—(x~1)*] dx
= 27rjfx2 —x—x(x* =2x+1)dx

2
=27rJ.1 X2 —x—x+2x% —xdx

NI

15




Qn

Suggested Solution

15i
! ﬂ=3sin2000s0
do
d_y =-3cos’Osinf
do
— 2 1
d_y: 3<':o§ Osind — cotd
dx 3sin“Ocosl
&y _ i[d_y) _i(d_y].%
dx? dxldx) do\dx) dx
2 1 1 4
= cosec ) —————=—cosec fsect
3sin” @ cosd
(i) 2 2
Arc length = JWZ (g) + {d_y] do
0 do do
= 5/2\/9sin4 0 cos’ 0 +9cos* Osin’ 6 d
=Ig/23sin0cos0 sin® 6+ cos> 6 dO
=3 ™26n20 do
2 0
_3
2
(iii)

2 2
Area = ”/227r|y| o + Y do
0 dé deo

= fg/z 27(2 —cos’ 0)(3sin O cos ) dO
=67r_[g/225in9c059 —sin® cos* 0 do
_ /2 . . 4
=6r Io sin260 —sin @ cos” 6 dO
B /2 5 /2
=67r[ cos20} 6 cos” 0
2 0 5

0

16




Qn

Suggested Solution

16

O -] & j o do
Vs . 2 2
:JE 0.3sin@ i J{ 1 j 40
0 (1+0.3cos0) 1+0.3cos @
Vid . 2
[ 1 ( 0.3sin 4 ] +1dg
0 1+0.3cos@ \\1+0.3cos@

S S
'[ (1+0. 3cos<9)

T
:J.E—\/l 09+0.6cos@ dO (shown)

(1+0 3cost9)

_J0.095in? 0+ (1+0.3c056)? do

(i)  For 5 ordinates, the width of a trapezium = %+ 4 = %

Using trapezium rule,

V4 V4 2 3z 4r

= %(0.76923 +2(0.78614)+2(0.83753) +2(0.92432) + (1 .04403))

=1.35662
=1.3566 (to 4 dp.)

T

(iii))  For 5 ordinates, the width of one strip = %+ 4= g

Using Simpson’s rule,
7 4 27 3z 4
=—| f(0)+4f (=) +2f(—) +4f (—) +f(—
2 r0ary s 2y anc et
:14(0'76923+4(0.78614)+2(0.83753)+4(0.92432)+(1.04403))

= 1.35221
=1.3522 (to 4 dp.)

17




(iv)

— y=10)

RN
N

\

elsf-- -\

\

Nm—————————\
N

IR —————j\

Since the slope of the trapezium strips lie above the curve, the approximation using
trapezium rule in part (ii) is an overestimation.

The approximation with Simpson’s rule using quadratic curve which concaves upwards is
similar to the graph of y = f(0), therefore the area between the quadratic curves and the
original curve y = f(0) is smaller. Therefore the approximation using Simpson’s rule is
better.

L¢3 2
= —|2
W) Area swept 5 .[0 r-dé@

1z 1 2
(o
270 \1+0.3cosd

=0.564416

0.56441 =~ k x 1.35221

= k ~ 0.08348 (4 dp.) (allow range £0.0005)

18




