Raffles Institution
H2 Mathematics (9758)
Solution for 2019 A-Level Paper 1

Question 1

No.

Suggested Solution

Remarks for Student

The coefficient of the cubic function are all real. Since 2+1 is
aroot of f(z) =0, then (2+1)*=2—i is also a root.
f (z) =0

(z=(3)(-(2+1))(z—(2-))=0
(z+3)( 2—4z+5):0
2 =22 =T7z+15=0
az3+b22+cz+d=a(z3+222+£Z+ij

a a a
b=-a,c=-Ta,d=15a
Alternatively,
With the given roots apply Factor Theorem.
f(-3)=0=>-27a+9-3c+d =0 (1)
fQ+i1)=0=(2+11i)a+(3+4i)b+(2+i)c+d =0

2a+3b+2c+d=0 (2)
lla+4b+c=0 3)

From (1), (2), (3) we form a system of linear equations with
last column the coefficient of a.

NORHAL FLOAT AUTO REAL DEGREE HF n MORMAL FLOAT AUTO REAL DEGREE MP n
PLYSHLT2 RPF PLYSHLTZ APF
SOLUTION SET
[EQ- 33 i 22? S ] x1B0-1x4
y i o i1 a x2=B=7 x4

®3=0+15x4

HK4=x4
[SYSMI(1,1)=9
MAIN I MODE ICLEARI LOAD [SOLVEI|[MATN I MODE I S¥SM ISTORET RREF |

As before, b=—-a,c=-7a, d =15a

l|Page




Question 2

No.

Suggested Solution

Remarks for Student

@

X+x—-1=0

Using GC, Polysimult2

HORHAL FLOAT AUTD REAL DEGREE MP n
PLYSHLT2 APP

1x3+ @x2+ 1x+ -1=0
Tx1B0.6823278838

[MATNYMODE ICOEFFISTOREIF ¢+ D1
0.68233 ~0.682

Do note the GC skills
required in this question.

(i)

Jj(x3 +x—1)dx=2_|:010—(x3 +x—1)dx

We can solve with GC, noting that b > a.

NORHAL FLOAT DEC REAL RADIAN MP n NORHAL FLOAT DEC REAL RADIAN MP n
CALC INTERSECT

Flotl PFlotz Plot3 Yaz2fnInti=YisH,~1.00

B\Y1=X3+%-1 \

x
Iy zaj'o_“mn (Y1)dX ¥
nyagz [’ C-vaddx

INY4=1
ENYE=
\Ye&=

b=1.89243~1.892
Alternatively,

Lb(x3 +x—1)dx=2_‘-_010—(x3 +x—1)dx

xt X 0.68233*
—t——x |- +
4 2 4
x Xt

—+——-x-3.10465=0
4 2

0.68233°

= 0.68233} =3.5

HORMAL FLOAT DEC o+bi DEGREE HP

n MORMAL FLOAT DEC a+bi DEGREE MP
FLYSHLTZ AFF

FLYSHLTZ AFP n

aaxitazxdtarxital x+tae=0 aax4+aaxitazxtai xtae=0
24=0.25 a+=0,25

a3=0 az=0

az=@.5 az2=0,5

a1=-1 a1=-1

ae8=-3.10465 as=-3.10465

[MATNTMODE ICLEARIL0AD ISCLVE!|[MATN | MODE ICLEARI LOAD ISOLVE

b=1.89243~1.892
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Question 3

No. Suggested Solution Re;rtllz:;l;tfor
@) ‘Nowthm(ﬁ—4)3=x3—3x2+3x—1
f(x) =2x’ —6x” +6x—12
=2(x’ =3x" +3x-1)-10
=2(x—1)" 10
=2{(x-1)' -5
p=2,g=—-1r=-5
(i) Sequence of
1. Translation of 1 unit parallel to the positive x-axis
2. Translation of 5 units parallel to the negative y-axis
3. Scale by factor 2 parallel to the y-axis.
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Question 4

No. Suggested Solution Remarks for Student
@
P e e )
x=0, y=[2"-10/=9
y=0, 2" =10:x=ﬂ or -
In2 g2
() | Solving [2*~10|=6
2*-10=6  or 2°—-10=-6
In16 In4
X =—= X=——=2
In2 In2
_4In2
In2
=4
2'-10[<6=2<x<4
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Question 5

No.

Suggested Solution

Remarks for
Student

®

f(x):ezx—4, xeR
g(x):x+2, xeR

y=¢e"-4
e =y+4
2x=1n(y+4)

xz%ln(y+4)
£ (1) = (v+4)

Domain of ™ = Range of f =(—4,)

Note that we
use “round
brackets” here.

(i)

fg(x)=5

£ (fg(x))=1"(5)
g(x)=1"(5)
x+2:%ln(5+4)

x=In3-2
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Question 6

. Remarks for
No. Suggested Solution Student

) 1 1 1 1

71 (2r=1)(2r+1) 2(2r—1) 2(2r+1)

I N | 1
Lot |

4?1 25\ (2r-1) (2r+1)

i | & 1 ‘i 1 _i 1
S4rt -1 S4t -1 S47 -1
I 1 1
— 1_
2 2 2(10)+1
_1
42
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Question 7

. Remarks for
No. Suggested Solution Student
i | y=xe"
d _ _
Y e —xe
dx
1 d 1 -
x=Ly—e1,4Z: I_el=0
dx
Equation of tangent: y = e !
d
x=-1, y=-e, Ey:e+e=2e
Equation of tangent: y +e = 2e(x+1)
y=2ex+e
(ii) | tan@=2e Note that one of the
3 tangents is a horizontal
0=79.6 line. So the gradient of the
other line allows us to get
the angle directly.
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Question 8

No.

Suggested Solution

Remarks
for Student

(@)

a(2) :%(261 +(64-1)(24))
21 =32(2+126)
k=l _ 95 (27)
k=13

(b)

Note that f # 0. If » =1, then sum of first 4 terms =4/ #0
Thus, r #1.

f(l—r4)

1-r

=0

r*=1=r=—1orr=1 (rejected)
Thus, r=—1,fe]R\{0}

g _ 0, n even
“|f,  nodd

(iii)

Let a be the first term.
%(2a+3d):14
2a+3d =7 ..(1)

a(a+d)(a+2d)(a+3d)=0
a=0or —d or —2d or —3d

Given a <0,

Possible d = —a or —— or —<
2 3

Into (1), only d = —a gives a <0

a=-7,d="7

I1thterm =a+10d =63
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Question 9

Remarks for

w+1 w+1
2

1+ cos@+isind
~ 2(1+cos@—isind)
(1+cosl9)2 +sin’ @

_2(1+cos€)—i(2sin0)

2+2cosé
_2+2cos0—2(1+cos€)+i(2sin0)
B 2+2cosf
_i(25inl9)
" 2+2co0sf
_i(siné’)
" 14cosé
i(Zsinecosej
_ 2 2
ZCOSZQ
2
) 0
=1tan—
2
Alternatively,
_ _ ig ig _ig
w—1 ¢e%—-e° e?2(e?—-e ?)
= =719 6 0

w+l e +e” =S
e?(e?t+e ?)

No. Suggested Solution Student
(i) | w=cos@+isind
@) w+l :cosﬁ+isin9++
w cos@+1isin @
=cos@+isinf + —00526’ —1s'1n20
cos“ @ +sin” 0
=cos@+isinf+cos@—isinf
=2cost
Alternatively,
wel =ei9+%
w e
:eié’ +e—i0
=(cos @ +isin @)+ (cos @ —isin §)
=2cost
(®d) | w-1  w+l1-2
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T _( 0 .0 ( 0 . 9}
eZ+e 2 COS—+1S1mn— |+| COS——1SIn —
2 2 2 2

2isin Q
2

0
COS—

16 10 0 . . 6 9 . . 9
A cos—+1sin— |—| cos——1isin —
:e2 —e 2 _ 2 2 2 2

. o
=1tan—
2

(i)

Letz=a+1b

Since |z|=1:>az+b2 =1

|z-3i| =|a+ib-3i |1+ 3iz| =[1+ 3 (a +ib)|
=\Ja* +(b=-3) = (1-3b)" +9a>
—\Ja’ +b* —6b+9 —J1-6b+9h* +94
=/10-6b =10-6b
z=31 _
1+3iz
OR

Since |z|:1:z=cosé?+isin9

|z—3i| =|cos@+isin6?—3i|

= \/0052 6’+(sin6’—3)2
=+/10—-6sin @

|1+3iz|:|1+3ic059—3sin9|

:\/(1—3sin9)2 +9cos” @
=+/10—-6sin 6

z=31
1+ 3iz

OR

|Z|=1:>|Z*|=1

|z=3i| |z-=3i|_y_|zz*-3iz*| [1-3iz*|
|1+3iz|_|1+3iz||Z |_| 1+3iz | |1+3iz |

Note that (1+3iz)*= 1%+ (3iz)* = 1+ (3i)* 2% = 1 - 3iz *
| z=31]|(1+3i2) ]

Cesiz| | 13z |
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Question 10

. Remarks for
No. Suggested Solution Student
(i) | Taking a as positive.
allocation, it should
F be 1 mark for the
curve.
Use your GC to help
you get the shape
out by letting a to be
a positive number
such as 2, 3 or 4.
Label x-intercepts, (-3a, 0) and (a, 0)
Cartesian equation of line of symmetry: y =0
(i) | y=0 = a(2sinf—sin20)=0
2sin@—2sinfcosf =0
2sin@(1-cos@)=0
sind=0 or cosd =1
0=0,7,2x or 0=0,2x
5.0=0,712x
(iii) Area of region bounded by x-axis and part of C above x-axis From (ii)
_ J‘: y % do “lower limit”
de O=rm=x=-3a
0
= I a(2sin6—sin20)a(-2sind+2sin26) do “upper limit”
= jo—az (4sin2 0 —2sin Osin 20 —4sin Osin 20 + 2sin’ 29) dé 0=0=x=a
= [ @’ (4sin® 0=6sin Osin 20+ 2sin” 26) do
(iv) jo” a* (4sin” 0 —6sin Osin 20+ 2sin” 26 do
=a’["4sin’ 0 d0—a’ [ 6sinOsin20 dO+a’ [ 2sin 20 dO
0 0 0
2 (7 2 (" . 2 2 ("
=2a J.O (I—cos260) df—a IO 12sin* @cos@ dO+a _[0 (I1-cos46) do
=24 [9 ~Lin 29} ~4a’[sin*0] +d’ {9 ~Lin 49}
2 0 0 4 0
=2a’r-0+a’x
=3a’r
. Total area = 2x3a’7 = 64’7 from (i) by symmetry.
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Question 11

No.

Suggested Solution

Remarks for
Student

@
(@

90 k(0-16),k>0
dt

| o=k
d-16
In(@—16)=—kt +c, where ¢ is an arbitrary constant and 6 >16

6-16=Ade™, 4=¢°
6=16+Ae™

1=0,0=80=> A=64
-.0=16+64c"
t=30,0=32= 32=16+64e""*

i 1
e 30k _ _

0=16+64(e") = 16+64Gj

(b)

e
0=16+64| | =24

(i)

ar _a
d T
deT:jadr

,a>0

%T > = at +b, where b is an arbitrary constant.
t=0,T=0=5b=0
t:6O,T:1:>05:L
120
.'.szzL,thatis, r2=L
2 120 60
Wewant T >3=T">9

LA
60

t 2540

Thus, it would be 540 min (9 hours) after freezing commences.
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Question 12

No. Suggested Solution Remarks for Student
O !
PO=1|-3|,A>0and Q liesonr-|1|=1
-6 1
-2
5@2/1 =3 |+
-6
1
001 :1:>—2ﬁ+2—3/1+2—6/1+4:1:>/1=1—71
1
oin[2-H0 2 B (8 1 2)
11 11 11 11 11 11
-2 1
ITS:,u -3 ,u>0andR liesonr-|1|{=-9
-6 1
-5 —2
OR=|-6|-u| -3
1
OR-|1|=-9= —S+2u—-6+3u— 7+6y——9:>,u—191
1
R1s 5+——-— 219_7 éﬂ} (—EZ,—Eg,—ggj
11 11 11 11 11
(ii) -2 (1
=311
-6) (1 11
cosd = =
J4+9+36\3 743
8 ~37 45
@:i 1= 30 |=L 40
11 11 11
2 =23 25
45) (1
40 || 1
cos B = 25) 1 _ 110 _ 22
J452 1407 42573 12750 510
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(iii)

RO-IT|
1 _ﬁ(llo)_ﬁ
NI N
(iv) 1_[ 11 jz
T3) N0 g6 35
1_( 22 j 7
V510
™) Since 0° <@ < £ <90°, we have 0 <sinf <sin S <1.

Thus, 0< sin 6 <1, thatis, 0<k<1.

sin 3
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