2012 NJC H2 Math Prelim P1 Solutions

Suggested Solution

f(x)=ax’ +bx* +cx+d where a,b,c,d eR.
Givenf (0)=1, d =1.

f'(x)=3ax’ + 2bx+c
From the graph of y=f'(x),
f'(-2)=0=>12a—4b+c=0—(1)
f'(7)=0=>147a+14b+c=0—(2)
f'(25)=-9=18.75a+5b+C=-9—(3)
OR
f*(25)=0=15a+2b=0—(4)
Using GC to solve (1), (2) & (3):

4 10 56
a=—,b=——-c=——

27 9 9

3 2

.'.f(x):4x _10x —56X+
27 9 9

1

For f(x) is concave downwards < f"(x)<0,
X<25.

2(1)

6
AB=0OB-0OA=|3
0

1+22 -1 21+2 6
— (A+1)
AP=|-2+4|-|-3|=| 2+1 |= 2

2 2 0

o w

Since AP = %H@ for A = —1and A is a common point, this shows that A, B and

P are collinear.
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2(i1) | Given that area of triangle OAP is 162\/5,
% OAx AP|=16245

% -3 x’iglﬁ ~1624/5

N
|
w

) 6
y A;l 3 [ =16245
0

2
2+1| -3|x| 1 |=32445
0

2+1|| 4 |=32445

A+1yJ(-2)" +(4) +(5) =324
|2+1)/45 =3245

4+1]=108

A+1=108 or 1+1=-108

A=107 or 1=-109
Since P is on BA produced, AP =k AB for a negative value of k.

Hence A4 =-109.
ist f(x)=e (\/1+ 2x)

" A P ),
=(1+x2+-~-) 1+i(2x)+¥(2x)z+u
2 21 3!

(@2%) + -
:(1+x2+~~-)(1+x—£x2+1x3+--~]
2 2

:(1+x—lx2+lx3+--~j+(x2+x3+-~)
2 2

TR P I
2 2

3(a) When X :%,
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) 2 3
e(%) 1+2(1jD1+1+£(1j +§(1]
3 3 23 2\3
s[5 1 1(1) 3(1) 13
e =Ul+=+=|=| +=| = | =—
3 3 2\3 23 9

135¢¢ =9\Eeé 19x 313
3 9

3(b) f'(x)=1+x+%x2+-~

Using f'(x):1+x+%x2 .

f'(x) = 2xe* 1+ 2X +

XZ

e
J1+2x
f'(x)=2x f(X)+ o

>(2

e

\/1+ 2X

=f'(x)—2x f(x)

_d TR TEICHU S I
dx 2 2

3

—2x(1+x+1x2+§x +j
2 2
:(1+x+gx2+~-j—(2x+2x2+~-)
2
Lo X 2K e

Alternative method:

\/1(:_? e (\/1+ 2X )(1+ 2x)_1

:(1+x+lx2+§x3+~~-j(1—2x+4x2+~~-)
2 2

2 2 1 2
=1-2X+4X"+x—-2X +§x

Sl X+ 2K e

Page 3 of 16



2012 NJC H2 Math Prelim P1 Solutions

4(1)

X = ut?
dx , du

— =2tu+t"—
dt dt

2 (Ztu +t2 ?j—l:)— 2t(ut?)+(ut?) =0

A(i)

where C =-C'

t+C

Since there was 0.2 milligrams of bacteria
after 15 minutes, then

. (0.25)°

2= = 0.05+0.2C =0.0625
0.25+C

:>C:i
16

16t>
X =
16t +1

2

16(4)° 256

= = or 3.94
16(4)+1 65

Whent=4, .. X

Aiil)

2

As t > o, — 0
16t +1

The particular solution of the DE suggests that the amount of bacteria in the
Petri dish will grow indefinitely as time passes. Hence the model is not a
realistic one.
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5(i)

(0, 1)

:/ﬁ

v

5(if) | x =cos 2t, y=tant

ax _ —2sin2t, dy _ sec’t
dt d

dy dy dx_ _sect
dx dt dt —2sin2t

When t = % P(-0.5,+/3) and

5(iii)

x:c032t:0:>t:£:>y:tan£:1
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Area
= U: xdy‘ or — LA xdy

tan"l4 )
=— j . Ccos2tsec”tdt
n

=_ I ;anﬂ(z cos” t—1)sec” tdt

4

tan~t4 2
:_Iz 2 —sec” tdt

4

= —[2t—tant]s"

4

=—(2tan"t 4- 4) + (% ~-1)

=3+ % —2tan"' 4

6 x=1--(1)
2X+y+az=5--(2)

Substitute (1) into (2):

2+Yy+az=>5
y=3-az
Let z=A4,
X 1
Hence, r=| y |=| 3—aA |, where A is areal number. (Shown)
z A
6(a) | The angle between | and p, is 60°. This implies
0)V\(1
-al(]2
sin60° = !
(\faz +1)(\/12 +2° +12)
3 |-2a+]

N

= 4(4a” - 4a+1)=18(a’ +1)
=16a’-16a+4=18a*+18
—=2a’+16a+14=0
=a’+8a+7=0
=(a+7)(a+1)=0
—>a=-/ or a=-1
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6(b)

Since ON is parallel to the normal vector of p,,

ON

Alternative Method:
Let N be the foot of perpendicular from the origin to p,.

Since ON is parallel to the normal vector of p,, and

1/3 ~1/3
ON=|2/3|or|-2/3
1/3 ~1/3

6(c)

Giventhat p,, p, and p, do not have common point, then line | must be

parallel to p, .
Hence
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—2a+1=0

a==
2

Also, a point (1, 3, 0) in I must not lie in p,.
Hence
1\(1

3d2|«b
01
b-7

7 a+d a+3d
@@0) | " at+3d a+8d

= (a+d)(a+8d) =(a+3d)?

= a’+9ad +8d* =a’ +6ad +9d?
=d*-3ad =0

—d(d-3a)=0

= d =0 (rej.) or d = 3a (shown)

Alternatively, let b be the first term of the geometric series. Then

b—br br—br?
5 2
= 2b—2br =5br —5br?
=5r"-7r+2=0
= 6r-2)(r-1)=0

d =

=7 :é or r =1 (rej because otherwise d = 0)

Hence

2
b—b(j
d __\5) __ib:_i(aJrgd)
25

5 25
25d = —-3a—-24d
d =3a (shown)
7(a) a+d a+3a 4a

. r— _ _4a_2
(ii) a+3d a+9a 10a 5

Since

<1, the geometric series is convergent.
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Sum to infinity:a;—8d

_a+24a
2
5

1-

- 2(25a)

125
=—"a
3

7(b)
(i)

The distance the mountaineer climbs for each hour follows an arithmetic
progression with first term 300 metres and common difference (— 10) metres.

Total distance travelled after n hours < x
2[2(300) +(n-1)(-10)] < x

2(600 ~10n+10) <

2(610 ~10n) < x

n(305-5n) < x

—5n* +305n < x (shown)
p=-5 =305

7(b)
(i)

If x = 2500, then
—5n? +305n < 2500

—5n” +305n - 2500 < 0
n<9.757 or n>51.24

Hence n=09.

p(-3)=0

= (-3)’+m(-3)" ~7(-3)+15=0
= -27+9m+21+15=0

sm=-1

8(i)

22—722-72+15=0
(z+3)(zz—4z+5):0

O L IO
2(1)
444
2
=2%i
=21, 2,=2+i, 2,=-3
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8(1) | since z, and z,are complex conjugates, (z")=(z" ) =2".

z" and z,"are complex conjugates as well.

Thus

7' -2, =1"~(2 )
=(2i)Im(z,")

which is purely imaginary.

Alternative method:
7" -2," =(2-i) - (2+i)’

- (x/gei(ta”1°'5))n _(Jge‘(‘anlo-S))”
= 5% (ei(ta”l(’f’)n 3 ei(tan10.5)n)

n cos(ntan‘l0.5)—isin(ntan‘10.5)
_52
—cos(n tan™ 0.5) - isin (n tan0.5)

n

=—(2)5%isin (n tan™ 0.5)

n

Since Re(z"~2,")=0, 2" —z," is purely imaginary.

8(1l1) | since |2,]=+5, |z,|=3, |2.]#|z|-
The locus of complex numbers satisfying the equation |W| =a, for some

positive constant a, will not pass through all the points representing the
complex numbers z,, z, and z,.

9(1)

Let P, be the statement U, = , Wwhere nel] ™.

1
n(n+1)

When n=1,
LHS =u, =% (Given)
1 1

S = =
OH@a+y) 2
Hence, P, is true.

1

Suppose/assume P, is true for some k e[1™,i.e. U, = m
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Need to show that P, ., is also true, i.e. U, = m
U = Uy e
LT Kk +1)(k+2)

TKk(k+1)  k(k+D)(k+2)

_ (k+2)-2

k(k+D)(k+2)

B k

Tk(k+D)(k+2)

B 1

~(k+D(k+2)

Hence P, istrueif P, is true. Since P, istrue and P, is true implies that B, is

1
true, by mathematical induction, U, = for all positive integers n.
n(n+1)
9(in) N 1y
—> (u —-u
,Z:;‘r r+1)( r+2) 22(“ 1)
1
:E(ul—uz
+U, —U,
+U;—U,
+Uy _UN+1)
1
:E(ul_uNA)
it
2{2 (N+1)(N+2)
oCii) | 1 1 1 N

== =i
F 85 N'morzzl:(r+2)

3
For rez”,
(r+2)°>r(r+1)(r+2)OR

1 1

=2 TN

ool : 1 1 1 1
Z 3 <Z 1 <7
=(r+2° Zrr+D)(r+2) 4 2(N+1)(N+2) 4
Hence

. 1 1
3 <lm-=-
N —o0 ) (r + 2) nbo4d 4
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o(iv) | Letr—2=j.Thenr—-1=j+land r=j+2.

N 1 _j+2=N 1
202 =i+
j=N-2 1
RN

T O S I RO
202 N(N-D)) 22 8)9)

St 1
144 2N(N -1)

10 y = 2x* —a’x+4a’

(@)() x*-a*

By long division,
6a® —a’x

y=2+ NP,

Vertical asymptotes: x=—a or x=a

Horizontal asymptote: y =2

10 6a’ —a’x

@ From y=2+ NORPURE

(ii) d_yzo+(—a2)(x2—az)—(6a22—a2x)(2x)
dx (x2 —az)

B (az)(—x2 +a?—12x+ 2x2)
(x2 —a2)2
(az)(sz —12x+ az)

(e
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Y _g
dx
(az)(x2 —12x+a2) B
(¢ -a)

= x?-12x+a*=0

Given C has two turning points,
~.b*—4ac>0

= (-12)"-4(1)(a*)>0

144 —4a* >0

a’-36<0

(a-6)(a+6)<0

-6<a<6

Since a is a positive constant, 0 <a < 6. (Shown)

10

. ty !
E ' (6+245, 1.236) _
0 (6—2J§,—iz.326) X
. (0.-4) :

x=—4 i i x=4

hz(x—6+2\/§)2+(y+1)2 =h’

> (y+1)
:>(x—6+2\/§)+ " =1

It is an ellipse centred at (6— 2./5, —1).
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Maximum turning point of C occurs at (6— 2./5, —3.236) .

Ay

(6—2\/5,—1)

(6—:2«/5,—3.236
]

For the ellipse to intersect the curve C more than once, h > 2.236..

Since h is a positive integer, h>3.

10
(b)

<
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11(i) A

y=17(x) 19] y=f'(x)

! 3,3
(-143p—- |28 (2:3)
91
8'4
0 >y

f2(x) = x
fx)=f* (X
f(x)=x

2+ X+1=X

N

2X° =

1
V2 2

2 2

X=

2
2

Since le X =
4

%ﬁ) Ry = (-In2, In(1-2k )) < (~14,9/8] = Dy
For least k, In(1-2k ) = 9/8

k=(1-e"®/2 or —1.03

11 f(x) < h(x)
(iii)
x—2x*+1<18x -2 18

Consider x > 2
X—2x°+1<18(x-2)-18
2x* +17x —55 >0
(2x-5)(x+11)>0

X<-11 orx=>2.5
Thenx>2.5
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Considerx <2
X—2x*+1<18(-x+2)-18
2x% - 19x +17 > 0
(x-8.5)(x-1)>0
Xx<lorx=8.5

Then x <1

%£x£10r2.5£x<3
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