




































































































(ii) 

(iii) 

(iv) 

Wh A
. . dA 

en 1S stat10nary, - = 0 . Thus 
dx 

d2 A 1600(k+ 1) 
As -

2 
= 12 + 

3 
> 0 since x > 0, and k > 0. 

dx X 

I 

A 
. . . [200( k+ l)]"i 

Hence 1s a mmrmum when x = 
3 

. 

100 
y=-

x2 
y = 100 = l00+ 200(k+l) = 3 

x x3 3 2(k+l) 

0<k~l l<k+1~2 2<2(k+1)~4 

1 1 1 
->---~-
2 2(k+l) 4 

3 3 3 
->--->-
2 2(k+l) 4 

Hence 
3 y 3 
->-~- -
2 X 4 

If the box has square ends, then D Thus • o 
Tweforel I 
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It is mandatory to do a first or 

second derivative test to ensure 

that A is minimum even if only 

one value of x is obtained for 

dA 
-=0. 
dx 

x > 0 since x represents the length 

of one side of the box. 

We have used the fact that: when 

1 1 
a, b > 0 then a < b - > - . 

a b 

Q: Is it still true that: 

when a, b < 0, then a < b 

1 1 
->-? 
a b 

What about the case when a < 0, 

b>0? 
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Example 23 (SRJC Prelim 2008 /I/ 6) 

The diagram below shows the cross-section of a cylinder of radius x that is inscribed in a sphere of fixed 

internal radius R. Show that A2 = 16,r 2 x2 ( R 
2 - x2

), where A is the curved surface area of the cylinder. 

Prove that, as x varies, the maximum value of A is obtained when the height of the cylinder is equal to 

its diameter. 

Solution: 

Let h be the height of the cylinder. 

By Pythagoras' theorem, 

2 2 1 

( )

2 

R =x + 
2

h 

h2 
= 4R 2 -4x2 

A= 21rxh 

A2 = 4n
2
x

2(4R2 
-4x

2
) [shown] 

A2=16n2R2x2-16n
2
x

4 
-----(1) 

Differentiate (1) w.r.tx, 

2A dA = 32,r2R2x-64,r2x3 

dx 

. dA 32,r2 R2 x- 64,r2 x3 

Smee A-:1;0 - =------
' dx 2A 

R 

:+---+ 
' X I 
I 
I 
I 

l6n2x(R2 -2x2) R + 
=------= 

A A 

----- (2) 

. . dA o 
At stationary pomt, - = 

dx 

I6,r2 R + .fi.x) = 0 

It is very common that the 

diagram of the question always 

provide an equation connecting 

two variables. 

Here, 

connects 

x and h. 

Notice that it is not necessary to 

write A explicitly in terms of x 

(by taking square root) before 

differentiating as A2 can be 

differentiated implicitly to give 

a neater form. This is a useful 

skill to 

situations. 

employ in many 



.)RR(.) 
x=O (reject , reject 

R 
Therefore x= 
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Note: 

From (2) we have 

Observe that R + > 0 since R > 0 and x > 0. 

When x = ( ·rzJ, x < Tz R - > 0, so 

dA 

dA 
=--~--'-----

dx A 

dx 

When x=(iJ• x>7i 
dA 
-= 
dx 

X 

dA 

dx 

Slope 

(JiJ 
R 

>O 0 

h 
R . . 

Hence, w en x = , A JS max.1mum 

R 2 2 

x= 2x =R 

:. -4x
2 

(JiJ 
<O 

= W = 2x = diameter of cylinder 

Hence, the maximum value of A is obtained when the height h of 

the cylinder is equal to its diameter 2x. 

8.9.1: General steps involved in solving optimisation problems 

Steps Explanation and Illustration 

1. Obtain the equation of constraint and write This is usually an equation connecting two variables, 

one variable in terms of the other. sayx andy. 

For example, the equation of constraint could be 

x + y = 1. Writing y in terms of x gives y = 1 - x . 

Note: If the variables are not defined in the question, 

you will need to define them first before proceeding. 



2. Obtain an equation connecting the variable For example, this equation could look like 

to be optimized, say A and the variables x and A = xy. 
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y. Write A in terms of x andy. Notice that A is expressed in terms of two variables x 

andy. 

3. Substitute the variable in terms of the other This substitution reduces the number of variables by 

in step 1 into the equation in step 2. one. 

For example, substitute y = 1 - x into A = xy gives 

A = x( 1 - x) so that the quantity A is in terms of only 

one variable, x. 

4. Differentiate the variable to be optimized Differentiate A with respect to x in the equation A = 

with respect to the single variable. 
x(l-x)toobtain dA =1-2x. 

dx 

5. Set the derivative to zero and solve the dA 1 
Set-=0 x=-

equation . dx 2 

6. Determine the nature of the stationary value Construct a table for the first derivative test 

of the optimized variable using either the first or 

or second derivative test, whichever is easier. 

Note: This step is mandatory unless the 

d2A 
find the sign of -

2
- for the second derivative test. 

d X I 
r=-

2 

d
2
A question specifically says that this is For example, _

2

_ = -2 < o . 

d X I unnecessary. x=
2 

So A is a maximum when x = .!.. . 
2 

Note: In this example, the second derivative test is 

easier. 

7. Obtain the optimum value of the variable to In this example, 

be optimized. 
the maximum value of A is .!_ (1-!) = .!_ . 

2 2 4 

Self-Review 5 

(a) A piece of wire oflength I units is cut into two pieces. One piece is bent to form an equilateral triangle 

while the other piece is bent to form a square. Prove that, when the combined area of the two figures 

attains a minimum, the length of each side of the equilateral triangle is approximately 0.188/ units. 

(You need to verify that the value obtained is a minimum) 

(b) Find the coordinates of the points on the curve y = x
2 

+ 2x -1 that is closest to the point (-1, 2) . 

[ (0.871, 1.50) and (-2.871, 1.50)] 



..as 
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Annex: A short note about locus 
A locus is a path formed by a moving point which moves according to certain conditions. 

Example 1 
The locus of a point P moves so that it is always a same distance r from a fixed point C (h, k). What 

shape is it? Find its Cartesian equation. 

Solution: 
Obviously, it is a circle. The centre is the point C and the radius is r . 

To find the Cartesian equation of the locus of a moving point, we always let the coordinates of the 

moving point P be (x, y) , then we have 

CP=r =r 

(x-h)2 +(y-k)
2 = r 2 

Example 2 
The locus of a point which moves so that it is an equal distance from two points, A (a, b) and B (c, d). 

What shape is it? Find its Cartesian equation. 

Solution: 
It is a straight line. In fact, it is the perpendicular bisector of the line joining A and B. To find the 

Cartesian equation of the locus, we let the coordinates of the moving point P be (x, y), then, 

PA =PB +(y-b)
2 = +(y-d)

2 

(x-a)2 +(y-b)2 = (x-c)
2 
+(y-d)

2 

[(x-a)-(x-c)][( x-a )+(x-c)] = [(y-d)-(y-b)][(y-d)+ (y-b )] 

(c-a )(2x-a-c) = (b-d)(2y-b-d) 

c-a 2(c-a )x 
2y-b-d = b-d (2x-a-c) b-d 

c-a a+c(c-a) b+d 
y=--x--- -- +--

b-d 2 b-d 2 

c-a c2 -a2 (b+d)(b-d) 

y = b-d x 2(b-d) + 2(b-d) 

c-a c
2 -a 2 -b

2 
+d

2 

y = b-d x 2(b-d) ······(l) 

It is an equation for a straight line. 

(c-a)(a+c) 

b-d 

Now, we want to prove that this locus is the perpendicular bisector of the line AB. 

Proof: 

Grad
. d-b 
1entofAB is --. 

c-a 

Gradient of the locus=-~. 
d-b 

mce --x --- =-1 S. d-b [ c-aJ 
c-a d-b 

The locus is perpendicular to the line joining A and B. 

Hence the locus is a perpendicular bisector of the line joining A and B. 

In general, to find the Cartesian equation of the locus of a moving point P that satisfies a 

certain rule or condition, we let the co-ordinates of the point P be (x, y), and form an 

expression connecting the variables x andy based on the given rule or condition. 


