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H2 Mathematics (9758)

Chapter 6B

3D Vector Geometry (Lines & Planes)
Core Concept Notes

Success Criteria:

Transfer Learning
O Find the

Surface Learning Deep Learning

O Find the point of

O Interpret and find equations of

planes in the form
ax+by+cz=d or (r-a)-n=0
or r=a+Ab+uc.

Convert equations of planes from
one form to another.

Determine whether a line lies in a
plane, is parallel to a plane, or
intersects a plane.

Find the angle between a line and
a plane, and between two planes.

intersection of a line and
a plane when it exists.

Find foot of the
perpendicular from a
point to a plane

Find perpendicular
distance between a point
and a plane, between a
line and a plane, and
between two planes.

Find the line of
intersection and the angle
between two non-parallel
planes.

reflection of a
point in a plane
O Interpret given
information in
contextual
question.

O Solve 3D
vector
geometry
questions
involving
unknowns.
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81 Equation of Planes

A plane is a flat, two-dimensional surface that extends infinitely in all directions. Some
examples of planes are:

. >/ /

In the rest of this section, we will diagrammatise planes in the shape of a parallelogram.

1.1  Vector Equation of a Plane

Consider the plane 7, which contains a given fixed point A, with position vector a. Suppose
that the plane = is parallel to the two non-parallel vectors m: and m.

Let R be a general pointonz, and r be the position vector of R.
T

*R
Ae e

. ——m,

m,

Now, r =OR = OA+ AR

Given two non-parallel vectors m,and m,on z, any vector on = may be expressed as a
linear combination of those two vectors.

Hence, AR may be expressed as a linear combination of m,and m, .

i.e AR=2Am, +um,.

So, r=a+(Am, +um,), A, u are real parameters.

Vector equation of a plane = which contains the point A with position vector a and parallel
to the vectors m1 and mz is given by:

/'

n:r=a+/lm1+um2

SN T~

where 1,ueR

Position vector of
a general point
on the plane =

Position vector

of a fixed point
on the plane =

m,and m, are two
non-parallel vectors
that are parallel to
the plane =

real parameters
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Note:
(i)  The position vector of any point P on 7 can be expressed as OP =a+ Am, + um,
forsome A, ueR.

(it) Ifaplane 7 contains three non-collinear points A, B and C, then a vector equation of
the plane can be given by :

r=0A+AAB+uAC , L, ueR

The equation is not unique.
E.g. Another possible equation is r =OB+AAB+uBC , A, ueR.

Example 1

Find a vector equation of the plane that contains the points A(2,1, 4) , B(4, 2,4) and C(1,1,9).
|V

Sketch a simple parallelogram to
represent a plane and include points A, B
and C on it to help with visualisation

B
A(‘
C

Solution:
Find (any) two non-parallel vectors that are parallel to the plane:
4 2 2 1) (2 -1
AB=0OB-OA=|2|-[1|=|1| and AC=0OC-OA=|1|-|1|=| 0
4 4 0 9) \4 5
2 2 -1
A vector equation of the planeis: r =| 1 |+A| 1 |+u| O |, A,ueR.
4 0 5
X 2 2 -1 X=2+21—-pu
Note: |y |=[1|+A|1|+u| O = y=1+1
z 4 0 5 z=4 +5u
X=2424A-pu

The equation of the plane in parametric formis y=1+1
z=4 +5u
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1.2 Equation of a Plane in Scalar Product Form

Consider a plane, 7, which passes through a given fixed point A with position vector a, and is
perpendicular to a given vector n.

Let R be a general pointonz, and r be the position vector of R.

n T Since the vector n is perpendicular to the plane,
r 7, nis perpendicular to any vector that lies on
'R >|< .
1 - - - e .
Aq ! Since points A and R lie onx, the vector AR lies
\
A ! onr.
a\f r Therefore, AR is perpendicular to n.

0 — AR-n=0
(r-a)-n=0
r-n=a-n
~r-n=D, where

D=a-n is a scalar constant.

This is known as the equation of the plane = in scalar product form.

Equation of the plane 7 in scalar product form which contains the point A4 with position
vector a and perpendicular to the vector n is given by:

ﬂ:r-n:g-n

Position vector of a Normal vector Position vector of a fixed
general point on the (a vector perpendicular point on the planer .
planer. to the plane 7).

Example 2

Find an equation of plane p in the form r « n=D given that plane p passes through the point

(11,-1) and is perpendicular to the vector i+ j—3k.

Solution: Sketch a simple parallelogram to
Equation of the plane p: represent a plane and include the given
1 1\( 1 point and the normal vector to help with
il 112l 11125 visualisation
-3 -1)\-3 1
1 1
-3
ie.r{ 1|=5 P .
-3
*(1,1,-1)
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1.2.1  Normal Vector to a Plane

(A) (B) | (©)

ta

T
S " /b\ﬂ/c'ﬁ

(i) A normal to a plane is perpendicular to any line in the plane (A) or any line parallel to

the plane (B). If a vector is perpendicular to any two non-parallel vectors, say b and c in

the plane (C), then this vector must be a normal vector, n, to the plane.

(i)  Normal to a plane is not unique. Thus, vector equation of a plane is not unique. If nis a

normal to a plane, then 2n, —%n are also normal to the plane.

(iif) The planes 7, and 7, are parallel <> their normal vectors n, and n, are parallel.
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(iv)  From the equation of a plane in scalar product form, if we divide both sides of the
equation of the plane by the magnitude of the normal vector n, we will get the following:

ren=asn

n n

Fe— =as—

n[ In|

ren = a«n

ren=D'

where (a) N =|n—| is a unit vector normal to the plane,
n
, n .
(b) D'= a-| | iS a constant,
n
Note:
nj. . . .
Constant |D| = a-| | is the perpendicular distance from the origin, O, to the plane.
n
D|Stance from Ol’igin Oto the plane T Eg Given equa“on Of plane
= OF 1
= length of projection of OA onto n ° 1 1
In r«|1|=3=r ! 3
—_ A A . = - P p—
= ‘OA . n‘ 3 B
/ ) 1
n
= |a- = D'
In| P ASommmomn s LaF ‘i is the perpendicular distance
: V3
I from origin to plane.

(v) ren=0<« the plane passes through the origin.

(vi) If the point P lies on 7, then the position vector of P will satisfy OP+n =a«n.

(vii) In scalar product form, equations of Any vector parallel to z-axis is perpendicular to

0 the x-y plane. Choose the simplest vector m
(@) x-y plane :re0|=0 !
1
y
1 x-y plane
(b) y-z plane :re 0(=0 J
A
0 y-z plane ;
0 k0 | X
(c) x-zplane cre 11=0
0 x-z plane
‘Z
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Example 3

A plane passes through the point A(4,-2,—2)and is perpendicular to the vector i+ j—3k.
Write down an equation of the plane in scalar product form. Hence find the shortest distance

from the origin to the plane. x
Do the points B(2,0,—2) and C(1,2,0) lie in the plane? Use previously found
part(s) or result(s)
Solution: -
Sketch a simple parallelogram to
An equation of the plane in scalar product formis: | represent a plane and include the given
1 4 1 point and the normal vector to help with
visualisation.
rn=a-n=r-|1|={-2|1|=8
-3) (-2)|-3 I !
1
p -3
ier- 1 (=8 !
-3 *(4,-2,-2)

Shortest distance from Origin to Plane o | Recall formula

_ B8
N T
1
-3

Check if B lies in the plane:
2 1

0|1 (=2+0+6=8 .. B liesinthe plane. Check if the
—2) -3 position vector
= satisfy equation
Check if C lies in the plane: of plane
1)/ (1 LHS=RHS
2|1 1 |=1+2+0=328 .. C does not lie in the plane.
0)(-3
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1.2.2  Some Examples for the Determination of Normal n to a Plane
Information given Normal
Plane containing 3 given points A, B and C n=ABxAC
A< B
C
Plane containing 2 given points B and C and parallel to line n=BCxd
l:r=a+Ad, 1R
A d
: > I
B/'/.C
Plane containing the line I :r =a+Ad, AeR and the n=ABxd
point B (not on I).
B L]
nd
4 | Plane parallel to 2 lines (non-parallel) I, :r, =a, + Ad;, AeR n=d, xd,
and I,:r,=a,+ud,, puelR
——
l
]2
5 | Plane containing 2 given points B and C and perpendicular to a n=n, <BC

given plane 7, : r-n, =D,
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Example 4
Find an equation of the plane in scalar product form that contains the lines,
0 -1 -1 -1
L:ir={1(+4 0 | and l,:r=| 3 |+u| 1 |whered,uecR.
2 2 0 0
Solution: ﬂemember to check that trh
-1\ (=1 2 normal vector is correct.
?
A normal vector to the planeis | 0 |x| 1 |=| -2 Can you recall how
2 0 -1 Check ifn-d=0

) ) ) -2\ (-1 -2\ (-1

An equation of the plane in scalar product form is: ol o ol
) 0) (=2 -1/ 2 -1){0
r-n=a-n=>r-|-2|=|11|-1-2|=-4 t2—2=0 =2—2=0/
-1 2) (-1
. i g
ier|-2/=-4or r-|2|=4.
-1 1 .
Sketch a simple parallelogram to represent
a plane and include relevant details.

Example 5

Find an equation of the plane in scalar product form that contains the points A(2, -1, 1) and

the line | with equation r =2i+ j+k + A(-i+j—2k), A e R.

[Solution]

Let point B on line I be (2,1,1).

2 2 0 0) (-1 —4 -2
AB =[1|-|-1|=|2], 2|x| 1 |=| 0|=2| 0
1 1 0 0) (-2 2 1
An equation of the plane in scalar product form is:
Sketch a simple parallelogram to represent
-2 2\ (-2 . .
a plane and include relevant details.
rrn=a-n=r: 0 |=|-1}| 0 |=-3
1 1)1 Ae
5 e
ier| 0 |=-3
1
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1.3 Eqguation of a Plane in Cartesian Form

a
Consider the scalar product form of aplane z:r-n=D,where D=a-nand n=|b |.
C
X
Since r is the position vector of a general pointon 7, let r=| vy |.
z
x) (a E.g.
1 X 1
rn=D& |yl |b|=D<ax+by+cz=D.
re|2|=5=|yl+|2|=5
z)\c
3 z 3
= X+2y+3z=5

ax+by+cz=D
This is known as the Cartesian equation of the plane .

Example 6
1
Find the equation of the plane passing through the point(3,1,—1)and parallel to the vectors | 1
1
2
and | —1 | in (a) vector form (b) scalar product form. Find also the Cartesian equation of the
-3 Sketch a simple parallelogram to represent
plane. a plane and include relevant details. 11
Solution:
3 1
(a) Vector equation, 7:r= 1 |+4|1
-1 1
1
(b) A normal vector to the planeis| 1 (x| -1 |=| 5 |=—| -5|. Choose n=| -5
1) (-3 -3 3 3
2 3 2 2
Equation in scalar product form, 7:r-| -5 |=| 1 |-| 5| =-2=7r:| -5 |=-2
3 -1){ 3 3
2 X 2
r({-5/=—2=|y||-5|=-2
3 z 3
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Cartesian equation of 7, 2x—-5y+3z=-2

1.4 Convert Equation of Plane from One Form to Another Form

Vector Equation form Scalar Product form Cartesian form

Tir=a+Au+uv, A, uecR —»r:ren=ae«n wheren=u x ve—»ax+by+cz=d

/T

Step 1: Find the normal vector X a
nN=UxVv Let r=|y|. Giventhat n=| b |,
Step 2: Since ais the position z c
vector of a fixed point on the plane, x) (a
r«n=asn

ren=|ylslb|=ax+by+cz
z)\c
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82 Relationship Between a Line and a Plane

Activity

Step 1- Take out 1 pen (representing a line) and a paper (representing Ly
a plane) '}'fHaNdS-ON

Step 2- Using the pen and the paper, determine the possible l_eai‘N\Ng,}!ﬂ‘.‘7
relationships that a line and a plane can have in a 3-dimensional e
space.

Consider the line I:r=a+ Ad, AR and the plane 7:r-n=D.

l and = intersect do not intersect

parallel

| is contained in the plane 7

>'</
not parallel

/ Impossible

| and 7 intersect at a point X
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2.1 Line I parallel to Plane 7 and lies in &

Consider the line I:r=a+Ad, 2 eR andtheplane 7:r-n=D.

I lies in 7 if its direction vector, d, is parallel to the plane
(and therefore perpendicular to n), and if any one A —a
d

point on | (eg. A) liesin r.

I liesin 7z if:
() lis parallel to 7 i.e. n-d=0 and
(i)  the point with position vectoraonlisalsoin zie.a-n=D.

2.2 Linel parallel to Plane # but does NOT lie in # n

/I
Consider the line I:r=a+Ad, A R and the plane 7:r-n=D. /,A/D /‘d/

| is parallel to, but does not lie in 7 if its direction vector, d,

is parallel to the plane (and therefore perpendicular to n),
and if no pointon | lies in 7 .

| is parallel to 7z but does NOT lie in 7 if:
(i) lisparallelto 7 i.e. n-d=0 and
(if)  the point with position vectoraonlisnotin z, i.e. a-n=D.
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Example 7
2

Given aplane 7 :re -1 |=4, determine whether the following lines:
1

e intersect the plane, or
o are parallel to but do not lie in the plane, or
e liein the plane.

-2 1 2 -1
@ Lir=| 1 [+412|, 1R (i) L:r=|1|+u| 0|, ueR parameters.
-1 0 1 2
[Solution]
2\(1
(i) ned=|-1p2|=2-2=0 .. lisparalleltor
1)(0
-2\( 2
Since| 1 o -1|=-4-1-1=-6+4, point (-2,1,—1)is on I, but does not lie in 7.
-1/ 1

. lvis parallel to 7 but does not lie in 7.

2\(-1
(i) nd=[-1p 0 |=-2+2=0 .. lisparalleltor
1 2
2\( 2
1 -1|=4-1+1=4, point (2,11)ison I, and liesin 7.
1 1

l,is parallel tor and liesinr .

Alternatively:

2—u)\( 2
1 || -1{=4-2u-1+1+2u=4,therefore L,is parallel to and liesinz .
1+2u)( 1
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2.3 Line | is not parallel to the plane and therefore intersects the plane

Point of Intersection between a line | and a plane =

Consider the line, l:r=a+1d, 1eR — ()
and the plane, r:r-n=D — (2

TMJC 2024

Step 1:  Substitute (1) in (2) and solve for 4.

If I and #_are not parallel, then they must intersect at a point.

The coordinates of the intersection point can be found by:

Step 2:  Substitute the value of A obtained into (1) to obtain the intersection point.

Example 8
1
Find the coordinates of the point of intersection between the plane 7 :r-| =2 |=2and the line
1
2 0 Sketch a line and a parallelogram |
l:r={1|+A|1], 1eR. to help with visualisation.
4 0 /
Solution: .
2 0 1 /
lir={1|+4|1|, 2eR— (1) rir=2=2—(2)
4 0 1
2 1
Substitute (1) in (2): [1+A || -2 |=2 = 1=1
4 1 <—| Substitute equation of line
into equation of plane
2) (0 2
Substitute A=1into (1): r=|1{+|1|=|2
4) (0 4

Therefore the coordinates of the point of intersection are (2, 2, 4) .
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Example 9
The equations of a line | and a plane 7 are
1 1 a
l'r={0|+4|2|, eR and r:r|-1|=b.
4 0 1

respectively, where a and b are constants.
(i) Giventhat | liesin , find the values of a and b.

(if) Given instead that | is parallel to = and does not lie in 7, what can be said about the
values of a and b?

Sketch a line and a parallelogram
to help with visualisation.

Solution: /

0] Since | liesin 7, n.d=0 Vi
a) (1) o
-1{-/2|=0 = a-2=0 = a=2
1)10
1) (2
OI'|-1|=b = b=6
all 1] ¥———— | thepointwith position vector on |

isalsoin 7z i.e.a-n=D.

(i)  Given instead that 1 does not liein z, a=2, b= 6
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83 Angle Between a Line and a Plane

Recall from Vectors 1 that the angle 6 between two vectors aand bis found by
a-b

cosf =——
[af[b

Consider a line | and a plane 7 given by
l'r=a+Ad,AeR,
m:r-n=D.

Recall by convention, we want to find the acute angle 6 between | and 7.

To find the acute angle between | and 7 , we first consider the acute angle a between the
normal vector n and the direction vector d using the scalar product formula

ned

CoSa =

nfld

Since
o+60=90 n

a=90"-0 i “ /'

Therefore, we have M

Ned
cosa = |n d| -
cos(90° —0) = |:3|
sin@ = |:3|

In conclusion, the acute angle @ between line | and plane 7z can be found using the formula

sin@ = ﬂ
Infld|
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Example 10
Find the acute angle between the line | and the plane =, where
1 2
l:r=1|+4| 4|, AeR, and 7:2x-y+z=0.
2 -1
Solution:
2 Convert to scalar product form first
m:2X-y+2=0=r--1{=0
1

Let 6 be the acute angle between l and 7= .

2 2
1 4
) ned ) 1)(-1 1
0 == sing = —— 0=51°
sin |n||d|‘:sm N o6

Page 18 of 28



Chapter 6B 3D Vector Geometry

84 Foot of the Perpendicular from Point to Plane

Example 11

TMJC 2024

1

Find the foot of the perpendicular from the point P(1,-3,3) to the plane z:r-| 1 |=6.

Solution:

0

Let F be the foot of the perpendicular from the point Ptor .

Sketch a diagram with relevant details to help with visualisation.

P Tn
V4 P Sk
line PF
Step 1: Find |-
1 1
LinePF: r=|-3|+4|1|,AeR - (1)
3 0
1
T:r|1(=6 - 2
0

Find intersection of line PF and plane 7 :

Substituting (1) in (2) ,
1+2 ) (1

-3+A|-]1|=6 =1+A-3+1=6 = A1=4

3 0

Step 4: Substitute 4 into |,
to find foot of perpendicular

What do you observe from the
diagram?

F is the point of intersection of
the line PF and the/plane .

v

Key idea: to solve equations of
I, and 7 simultaneously

Step 2: Substitute I, into z

Step 3: Solve for 4

Thus the position vector of the foot of the perpendicular from P to 7 is:

1

OF =| -3 |+4]1

3

Page 19 of 28



Chapter 6B 3D Vector Geometry TMJC 2024

85 Perpendicular Distance from a Point to a Plane

Example 11 (Continued) — where the foot of perpendicular is found (“Hence” method)
1
Find the foot of the perpendicular from the point P(1,-3,3) to the plane z:r-| 1 |=6.

0
Hence find the shortest distance from P to the planer .

Solution:

Let F be the foot of the perpendicular from the point Ptor .

P

n

V4 F>< ‘\*‘\/
: F

rom pg. 19
line PF

Since we have already found the position vector of the foot of the perpendicular from P to =

5
tobe OF =| 1 , the shortest distance from P to the plane z is none other than ‘ﬁ‘
3
5 1 4
PF=OF-OP=|1|-|-3|=|4
3 3 0

Thus the shortest distance from P to the plane 7 = ‘ﬁ‘ =& +4%+ 07
=+/32 =442 units
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Example 12 (Using the concept of length of projection — “Otherwise” method)

Find the shortest distance from P (2,3, —4) to the plane 7 with equation 2x+y—-2z+9=0.

i

Solution: | Aim: To find PF without find OF Convert to scalar product form first
2

2X+y-224+9=0=1r¢ 1 |=-9  -oomeem- (1)
-2

Choose an easy
n random vector that
T satisfies the

>L equation

0
First, observe that point A(0,-9,0) liesin 7, since | -9 |-| 1 |=-9.
0 -2

Next, observe that finding the shortest distance from P to the plane 7= which is ‘ﬁ‘ iS same

as finding the length of projection of PA onto n.

0 0 2 2
Let OA=|-9|. PA=OA-OP=|-9|-| 3 |=|-12
0 0/ |4 4

Shortest distance from P to the planen
= length of projection of PA onto n
‘PA-

Recall

-12
|4 12 8 _24

— =8 units
2
1

2
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86 Relationship Between Two Planes

Consider the planes =, :r-n, =D, and 7,:r-n,=D,. Again, there are 3 possibilities.

m, and 7, intersect do not intersect
%<
Parallel
(ie.n =1n,
AeR) =L

m, and r, are in fact the same plane

not parallel
(i.e.n #A4n,
AeR)

Impossible

m, and 7, intersect in a line |
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6.1 Non-Parallel Planes: Line of Intersection

Two distinct planes are either parallel or intersecting. If the two planes are non-parallel, they

always intersect in a line.

Line of intersection

Example 13 [numbers in vectors: use GC]

Find the line of intersection of the planes 7, :r-(i—5j-3k)=0 and z,:r-(i—j—3k)=8.

Solution:
1 1

It is good to observe that since | =5 [# 4| -1 |,A € R, &, and 7, are not parallel,
-3 -3

therefore they are intersectin . .
y g Step 1: Convert the equations to Cartesian form

X 1 /

m: r-(i-5j-3k)= y||-5|=0 = x-5y-3z=0
z)\-3
X 1

my: r-(i-j-3k)=8 = |y||-1|=8 = x-y-3z=8
z)\-3

Step 2: Use GC to solve simultaneous equations

e
Using GC (Polysmlt2) (refer to steps on next page)

NORMAL FLOAT FRAC REAL DEGREE CL [1JHORMAL FLOAT FRAC REAL DEGREE CL n
PLYSMLT2 APP PLYSHLT2 APP
SYSTEM MATRIX (2 X 4) SOLUTION SET

L 1 = 2 h?_% x1El@+3x3

X2=2

X3=X3
[SYSHMI(Z,M)=8 X 10 + 3z
MATNTMODE ICL EARI 0AD ISOL VE] MATN T MODE | SYSMISTOREIRREF] — Y= 2

Z Z
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Step3:Let z=41

.

X 10+34 10 3
Let z=A4,A€R: |y |= 2 =2 |+A|0|, A1eR.
z A 0 1
10 3
-, the planes intersect inthe line r=| 2 [+A| 0|, A eR.
0 1

Important Note:
Given the two planes «, :r.n, =D,and m, :r.n, =D,

The line of intersection of the planes 7, and , has direction vector parallel to n, xn,.

Direction vector of the line of
intersection can be found by

d=n,xn,
Example 14 [unknowns in vectors]
1 4
Find the line of intersection of the planesz, :r-| 2 |=0 and 7z, :r-| 5 |=0 in terms of the
G ) /
constant c . Unknown: cannot use GC Notice that RHS=0:
0
it means that | O [lies on both planes
. 0
Solution:
1 4 —5a
n,xn,=|2 |x|5|=| 4o
a 0 -3

Since the origin (0,0,0) is acommon point on the planes 7, and 7, , the line of intersection

0 —S5a
of the planes 7, and 7, is r=|{ 0 |+ 1| 4a |, AeR.
0 -3

Note: If a common point between the 2 planes cannot be easily observed, simply equate one of
the coordinates (either x or y or z) in both equations to 0, and solve the resulting pair of
simultaneous equations to obtain a common point between the 2 planes.
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6.2 Non-Parallel Planes: Angle Between Two Planes

Recall from Vectors 1 that the angle 6 between two vectors aand bis found by
a-b

cosf =——
[af[b

Consider the two planes 7, :r-n, =D, and 7, :r-n, =D,.
Recall by convention, we want to find the acute angle 6 between 7, and 7,.

To find the acute angle between 7, and 7, , we first consider the acute angle o between the
two normal vectors n, and n, using the scalar product formula
n,-n,

cosa =
Iny|n,|

4

“cross-section view”

From the “cross-section view”, observe that the acute angle between the planes 7z, and 7, is
also the acute angle between their normal vectors n, and n, , i.e. 6 =c .

In conclusion, the acute angle @ between planes 7, and 7, can be found using the formula

n;en,

cosf =
Iny|n.|

Special Case: Two planes 7, and 7, are perpendicular if and only if n;en, =0.
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Example 15
Find the acute angle between the planes 7, : x+y+z=3and z,:2x-2y+z=1.

X

SO'““‘T: , Convert to scalar product form first
moir-{li=3and 7, r-| -2 |=1
1 1

Let 6 be the acute angle between 7z, and r,.

1\( 2
1 -2
n,«n 1)1 1
cosf =|—_—21=cosf = =
e[| NENCIRNE]
.0=78.9°

TMJC 2024
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6.3 Parallel Planes: Distance Between Two Planes

Example 16
7

The plane p, has equation ref 2 |=—-4. The plane p, passes through (2,4,5) and is parallel
-3

to p, . Find the equation of p, and determine the distance between the two planes.

Solution:
7 2\( 7 7

The equation of p, isre 2 |={4 | 2 |=14+8-15=7 ie. re 2 |=7
-3 5)-3 -3

Method 1: (Using the concept of length of projection)
First, observe that the point A(0,-2,0) liesin p, and B(1,0,0) liesin p,.

<

Step 1: Find a point on each plane to form vector AB

Next, observe that finding the distance between the two planes is the same as finding the length
of projection of AB onto n.

- 1 0 1 )
AB=0OB-OA=|0|-|-2|=|2

0 0 0 An
Distance between p, and p,
= length of projection of AB onto n =<

~|AB-A —_—
N (7 . _ s
51 2 Step 2: Find length of projection of AB onto n
0)\-3) [7+4 11 uniits
7 V62 62
2
-3
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Method 2: (Using distance from origin to plane p, and p,)

To find the distance between p, and p,, we first convert the equations into the form r-h =D".
7 7

re{ 2 |=—4 = r» 1 2 4 P, A
5 V62 5 V62 |<\ 7
‘_i‘ 0 62
2 |=7 2 / \/@\‘ n
re =7 = re. =
62 62 Py I
-3 -3
: 7 41 11
Distance between the two planes = +|— = units.
PR = T2 [ Vo2l Vo2

In general, given 2 parallel planes =, :r-n, =D, and =, :r-n, = D,, the distance between

them can be found using the formula

b, b,

Distance between two parallel planes = ——=
n| n|
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H2 Mathematics (9758)

Chapter 6B

3D Vector Geometry (Lines & Planes)
Discussion Questions

Level 1

1

4

Find the equation of the following planes in parametric form, scalar product form and
Cartesian form.

(@) The plane passing through the points A(0, 1, 1), B(1, -3, 2) and C(1, 0, 1).

3 2
(b) The plane containing the lines x=3,yT+1=z—3 and r=|-1|+u| 4|, ueck.
3 3

(c) The plane that includes the line r =i—2j—4k + A(2i +3j—6k)and the point with
position vector 2i+5j—6k.

In each case, find the coordinates of the point of intersection of the plane and the line

1 1
r=|-2|+a| 5|, aaeR.
1 3

Find the coordinates of the point where the line r =i+ A(i —k) intersects the plane with

equation 2x — 3y +z =1.

Find the equation of the line of intersection between the two planes with equations

3 5
ree 2 |=10 and re —1 |=6 respectively.
-1 2

Find the acute angle between

1 3
(@ theliner=l-2|+4|5|,4A€R,andtheplane x-3y+z=2;
1 2
2
(b) theplanes r«| -3|=6 and x+2y—-5z=8.
4
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Level 2

5

6

Find the position vector of F, the foot of the perpendicular from B(2, 3, —4) to the plane

p, whose equation is 2x+y—-2z+9=0.

Find the perpendicular distance from point A(4, 5,6) tothe plane rek =2.

1 1
The plane 7 contains the point P(2,2,4) and theline |,: r=| -1 |+ 4|2 |,AeR.
1 1

(i)  Find the vector equation of the plane = in scalar product form.

(if)  Find the position vector of the foot of the perpendicular from the point S (1,0,—4)

fo 7.
1 0
(iii) Verify that S(1,0,—4) liesonline L,:r=| -1 |+ x| 1 |, ueR.
1 -5

(iv) Find the equation of the image obtained by reflecting the line |, in the plane 7z .

2011(9740)/1/11

The plane p passes through the points with coordinates (4,—1,-3), (-2,-5,2) and
(4,-3,-2).

(i)  Find the Cartesian equation of p. [4]

x-1 y-2 z+3

The line 1, has equation 2

and the line 1, has equation

x+2 _y-1_z-3 , Where K is a constant. It is given that I, and I, intersect.

1 5
(if)  Find the value of k. [4]
(iif) Show that 1, lies in p and find the coordinates of the point at which I, intersects p.
[4]
(iv) Find the acute angle between I,and p. [3]
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9

10

2013(9740)/11/4 (modified)

2 —6
The planes p, and p, have equations re| -2 |=1 and re| 3 |=-1 respectively, and
1 2
meet in the line I.
(i)  Find the shortest distance from the origin to plane p,. [2]
(if)  Find the acute angle between p, and p,. [3]
(i) Find a vector equation for I. [4]

(iv) The point A(4, 3 c) is equidistant from the planes p, and p,. Calculate the two
possible values of c. [6]

2016(9740)/1/11

1 1 a
The plane p has equation r=-3|+A|2 |+u| 4 |, and the line | has equation
2 0 -2
a-1 -2
r=| a |+t| 1 |,whereaisaconstantand A, xand tare parameters.
a+l 2

(1) Inthe case where a=0,

(@) show that I is perpendicular to p and find the values of 4, wand t which give

the coordinates of the point at which | and p intersect, [5]

(b) find the cartesian equations of the planes such that the perpendicular distance

from each plane to p is 12. [5]

(if)  Find the value of a such that | and p do not meet in a unique point. [3]
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Level 3
11  2019(9758)/1/12 P(2, 2 4)
NORMAL
S (-5,-6,-7)
A ray of light passes from air into a material made into a rectangular prism. The ray of
-2
light is sent in direction | -3 | from a light source at the point P with coordinates
-6

(2, 2, 4). The prism is placed so that the ray of light passes through the prism, entering at
the point Q and emerging at the point R and is picked up by a sensor at point S with
coordinates (—5, —6, —7). The acute angle between PQ and the normal to the top of the
prism at Q is 6 and the acute angle between QR and the same normal is 5 (see diagram).

It is given that the top of the prism is a part of the plane x+ y+z =1, and that the base of
the prism is a part of the plane x+y+z=-9. Itis also given that the ray of light along
PQ is parallel to the ray of light along RS so that P, Q, R and S lie in the same plane.

(i)  Find the exact coordinates of Q and R. [5]
(i)  Find the values of cosé and cos S . [3]

(ilf) Find the thickness of the prism measured in the direction of the normal at Q.  [3]

Snell’s law states that sin@ =ksin £, where k is a constant called the refractive index.

(iv) Find k for the material of this prism. [1]
(v) What can be said about the value of k for a material for which g >8? [1]
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12 2017(9758)/1/6

(i)  Interpret geometrically the vector equation r =a-+tbh , where a and b are constant
vectors and t is a parameter. [2]

(ii) Interpret geometrically the vector equation r-n=d , where n is a constant unit
vector and d is a constant scalar, stating what d represents. [3]

(iii) Giventhat b-n =0, solve the equations r =a+tb and r-n=d to find r in terms
of a, b, n and d . Interpret the solution geometrically. [3]

13 2008/HCI/1/12(b) (modified)

Referring to the origin O, two planes /7, and 77, are given by

1 1
IT:re+| 2 |=13and /7,: re| 3 |=-8.
-4 3

Find an equation of the plane which is the image of /7, when /7, is reflected in //,.[9]

Answer Key
1
1(@) x=A+pw,y=1-4r—p,z=1+1 ,where,,uecR;ro 1l |=4; x+y+3z=4;
3
1)
5 5
1(b) x=3+2u,y=—-1+21+4u,z=3+A+3u,wherei,peR ; rf1|=-4 ;
-2
X+Yy—-27=-4; E,—EE
10 210
36
1(c) x=1+2A—p,y=-2+3A—-7u,z=—4-6A+2u,where,,uecR ; re -2|=-4 ;
11
36x—-2y+11z =—-4; (ﬁ£_§j
79 79 79
2(0,0,1)
22
43 -3
- |32
3r = 43 +A111 |, 1R
0 13
4 (a) 29.3° (b) 35.5°
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. -10
5= 1
3
4
6 perpendicular distance from A to plane is 4
3 . 5 1 3
7() re| -2 |=6 (ii)E =2 (iii) 8(1,0,4) (iv)r=|-1|+a|-1]|,aeR
1 —7 1 —4

8() x+y+2z=-3 (ii) k=-7 (iii) (—1,6,—4) (iv) 22.2°

1 I

6 6
~ 1. 2 5 . 35
9(i) = (ii) 404 (iiDr=|——=|+A|=|,A€R (iv) =49 and —
()7 (i) (iii) 3 3 (iv) 13

0 1

10(ia) /1=—§, yzg and t:—§ (ib) —2x+y+2z=35 and -2x+y+2z=-37 (ii) 9
9 18 9 2
2

11(i) Q(ﬁ 1 —j, R(—g _3 —Ej (ii) %\@ , %M (iii) %ﬁ

11'11'11 11" 11° 11
(iv)1.86 (v) 0<k<1

124G r=a+(d_a'an

b.n
-3 18 29
13r=|-1 |+A| -7 |+u|-10| where A and peR
6 1 -3
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H2 Mathematics (9758)
Chapter é 3D Vector Geometry
Exira Practice Questions

2 1
1 Show that the line I:r=| -2 |+ A| -1 |, A € R, is parallel to the plane = :x+5y+z=>5.
3 4

Find the shortest distance between the line | and the plane .

2 2007/13C/1/5

The position vectors of the points A, B, and C are given by i+j+k, 4i+3j+2k and
—7i— 2j—k respectively.

(i)  Prove that the points A, B and C are not collinear. [2]
(i)  Find a vector which is perpendicular to the plane ABC. [2]
(iii) Deduce the exact length of projection of P—Qon the plane ABC, given that
OP =2i + 4j + 7Tk and OQ =4i + 4j + 6k. [3]
3 2007/PJC/1/6
p 1
The line |, has equation r=| 3 [+ 4| 1|,A€R. The linel, passes through points A
7 0
and B with position vectors 3j+3k and qi+3j+5k respectively, where p and q are
constants.
(i) If g=1and p=4, find the position vector of the point C on |, such that A is the
foot of perpendicular from C tol,. [4]

(if)  If the acute angle between |, and |, is 60°, find the possible value(s) of g. [3]

4 2008/33C/1/3
The lines |, and I, have equations

L r=(>0+3j+2k)+A(i—j+7k) ,
l,: x=1, _y—3=_2—21
—4 3
where A is a real parameter. The point P lies on the line I, with position vector

ai+ j+16k . The point Q lies on the line I, such that PQ is perpendicular to the line |,.

(i) Provethata=3. [1]
(if)  Find the position vector of the point Q. [3]
(iii) Find, in degrees, the acute angle between the lines |, and |, . [2]
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5

2008/HCI/1/12b

Referring to the origin O, two planes /7, and 77, are given by

1 1
I1,:re| 2 |=13 and 77,:r-|3|=-8.

—4 3
() Given that a point A(1,7,-10) lies on 77,, show that the perpendicular distance
fromAto 77, is 24/21. [2]
(i)  Hence or otherwise find OB where B is the image of A when reflected in the plane
11,. [2]
(iif) Write down the Cartesian equations of both 77, and 77, . [1]
Find a vector equation of the line of intersection of /7, and 77, . [1]

(iv) Finda vector equation of the plane which is the image of 77, when 77, is reflected
in 77,. [3]

2010 DHS Prelim/P2/Q4
The planes 77; and 17, are defined by

2 1
I1,:re 4 =10, 172:r- 3|=8.
1 1
(i)  Find the acute angle between the two planes. [3]
(if)  Obtain a vector equation of 11, the line of intersection of the two planes. [4]
The Cartesian equation of another line, Iz, is given by %2 = 7—;2 y=m, wheremisa

real constant.
(iif) If the plane 77;and line |2 intersect at the point (6, m, 5), find the value of m.  [2]

(iv) Show that the lines |1 and I, are perpendicular for all values of m. [2]
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7 2009/CJC/1/11 (Modified)
The planes p1 and p2, which meet in the line I, have vector equations

2 1 0
r=14(+4] 0 [+/1],
6 -1 1
2 2 1
r=14\+4,|3|+u|0
6 0 1
respectively, where 4, 4,, 1, and g, are real constants.
(i)  Show that | is parallel to the vector 5i + 6 + k. [3]
(i)  Calculate the acute angle between p1 and pa. [2]

(iii) Find, in exact form, the perpendicular distance from the point with coordinates
(4, 2, 2) to p2. [2]

The plane ps has equation ax — 2y + 2z = b, where a, be R .
(iv) Given that a = 2, find the values of b, such that the distance between the planes p1

.1 .
and ps is — units. [3]
J3
8  2009/MJC/1/9
The equations of two planes /71 and /7>,

X+3y+az =8,
3x+y+bz=0.

respectively, where a, b, p and g are constants.

(i)  Ifthe point («,3,0) lies on both 771 and /72, find the values of  and #.  [2]

(if)  Given that the line Iy lies on both 771 and 772, find a vector equation of lin terms

of aand b. [2]
5 4
The line I; has equation r=| 2 | + x| 1|, where u is a parameter.
2 0

(iii) Given that I and I, intersect at a point and a+b =0, find the values of a and b. [4]
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9 2014 SRJCP2Q1
The line | with Cartesian equation %:% y =1 contains the point B with position
vector j+3k.
A point A, not lying on |, has position vector 2i +(1+ \/E)J -k.
(i)  Given that c denotes a unit vector parallel to I, find ‘ﬁ-c and give a geometrical
interpretation of this quantity. [3]
(i)  Hence find the shortest distance from A to . [2]
The foot of perpendicular from A to I is denoted by F and the foot of perpendicular
from F to AB is denoted by G.
(iii)  Write down the ratio between the area of AAGF and area of ABGF . [1]
(iv) Hence, deduce the ratio AG :GB and find the position vector of G. [2]
Answer Key
No Year JC/CI Answers
10 \/—
—~/3
1 9
1
(i) | 2
-7
(iii) @
2 2007 1JC 2
(i) OC =-8i-9j+7k
3 2007 pic  [(i) g=%2
1
(ii) OQ =| -5 | (iii) 45.6°
4 | 2008 | JJC 8
-3
(bii)OB =| -1 |;
6
(biii) IT, : x+ 2y — 4z = 13;
IT, : x+3y+3z=-8;
55 18
l:r=|-21|+A|-7|, AeR
0 1
-3 18 29
(biv) r=| -1 |+ea| -7 |+ | -10| where o and BeR
5 | 2008 | HCI 6 1 -3
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-1 1 ,
M 9.3 (i) r=|3 |+a| -1] (iii) mz_z
6 2010 DHS 0 2
(i) 75.7°
(iii) ~/22
7 2009 CJC  ((ivyb=60r10
(i) a=-1,5=3
-1 3b-a
(i) L:r=| 3 |[+4|3a-b|,1eR
0 -8
8 2009 MJC ((ili) a=2, b=-2
32
. .. .9 .1
()4 (i) 3 (i) 16 (iv) > 25+16+/5
9 2014 SRJC 11
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