Jurong Pioneer Junior College
H2 Mathematics
Prelim Paper 1 Solution
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u,=2u, —15n" +60n+ A

u, =2u, —15(2)* +60(2) + 4
4=2(2)-60+120+ 4= A=-60

uy = 2u, —15(3)* +60(3) 60 = 2(4) ~135+180—60 = —7

(i)

Given u, =2, thus 2=4p—gq+r -——-Equation (1)
Given u, =4, thus 4 =8p —4g +r---Equation (2)

Given u, =-7,thus -7=16p—-9¢g +r ---Equation (3)

Solving, pz—%, qg=-15,r=30
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(@

unzln[ i jzln(l— ! j
n+1 n+l1

As n— o, Ll — 0, u, — In1=0(finite value)
n+

Hence, sequence is convergent.

(i)
Method 1
N N1 n N1
u = n = nn—In(n+1
= Inl - In2
+In2 - In3
+In3 — !

+In(N=2) — In(N-1)
+In{N—-1) —InN
+InN - In(N+1)
= Inl - In(N+1)
= —In(N+1)

Method 2
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1
=1In
N+1]
=—In(N+1)
3
1
y: [
X
&
dx
Atx=a
d 1 1
—:—2’ :1——
dx a a

Tangent at x =a
I 1
—l4+—=—(x-a
y-l+—=—(x-a)
ay-a’+a=x—a

a’y-x=a - 2a(Shown)

If / is parallel to 9y —x =1
dy 1 1

dx a> 9

a=-3 (rejectas a >0) or 3
When a =3,
3?¥y—-x=3*-203)
9y—-x=3

4
)]

B X +x+3

C x=2
w—2y=x"+x+3
X+ (1-y)x+3+2y=0
Consider Discriminant > 0
(1-») —4()3+2)20
y* =10y -11>0

1 2 3 N N-1 N
=In|— |+In| = |+In| — [+...... +In +1In +In
2 3 4 N-1 N N +1




(y+1)(y—11)20
-1 or y2>11

IA

y

(i)

(iii)
(4D (=2 +(x* +x+3) =k (x-2)

P 2
<x+1>2+(Lx;3j e
x_

(x+1)°*+y> =k

2 2 2 2 09 2 "
For (x+1)°(x—2) +(x +x+3) =k*(x—2) to have at least 1 positive real root,

Since k>0 , k >J(~1-0) +(0-(-1.5))’

k>~3.25

k>1.803 (3 d.p)



(@)
£(45)=£(41)=f(37) = .. = £ (1) =4 (1)’ =3
(i)
yA
R, =[0,4]
(iif)

R, =[0,4]« D, =(0,1)
Hence, gf does not exist.

(iv)

g:xH(x—1)2+2 forxeR, 0<x<1.
R, =(23)

fo(x) =2/ (x-1) +2]-4=2(x-1)

Let (fg)_I (%) =a

1
fo(a)=—
g(a)=7
2(a-1) ==
1
1Y ==
(a1 =1
(a—l):% or —%
oz:E or 1
2 2

Since D,, =D, :(0,1), a :%



Alternative Method

(x—l)z, 0<x<l1

<
Il
[\

Since 0<x<1, x

(fg)" (x) :1—\/%
)

1

-1

() Q=173 =3
6
()

1
Givenp: r-| -2 |=12.

2

2 1
Equation of the line AN: r=|1 |+ A| -2 | where A e R.
-3 2

2+ 4
Then ON =|1-24 |fora specific value of 4.

-3+24

24+ 4 1
Since the point N lies on the plane p, | 1-24 || -2 (=12
-3+24) (2
2+A-2(1-24)+2(-3+24)=12
Solving, A =2

2+2 4
Thus ON =|1-4 |=|=3|. The coordinates of the point Nis (4,-3, 1)

-3+4 1

Let A be the point of reflection of 4.
OA+04

By Ratio Theorem, ON = 5



4 2 6
04 =20N-04=2|-3|-|1 |=|-7
1 -3 5
The coordinates of the reflection of 4 in p is (6,-7, 5).

(ii)
1
r-| -2
A
1 1
For plane p: —2 _12 | g
plane p: 3 3 : 15
1 : v
. 12 . B 4t p
Distance from O to the plane p = EY =4 (since | -2 ||=3) |
? O+ 15
|
.. The two planes with perpendicular distance 15 to p are :
[ 4
1 1 P2
r-| -2 r-| -2
2 2
—3 =4-15=-11 and T=4+15=19

Cartesian equations are x—2y+2z=-33 and x-2y+2z=57

7

(a)
23
Jir
1+x
1¢ 4x°
29 1+ x*

:lln|1+x4|+c
2

=lln(l+x4)+c since 1+x* >0
2

(b)



jcos 4xsin10x dx
= Isinlecos4x dx

:ljsin14x+sin 6x dx
2

1 (cosl4x cos6x}
=7 + +c

2 14 6
(c)
3 x=tan@
o &
(x +1) d—:seczé’
z 3
= 4tan—93 sec’ 0 do y=19="
0 (tan20+l) ’ 4
L 3 x:O,9=0
:J-4tan—6’3 sec’6do
0 (seczé?)
g3
_ 4tan46?d9
0 sec” @
a3 4
_ [asin ﬁios o0 40
0 cos’ @

/2

= J-OZ cos@sin’ @ d@ (Shown)

/4

.LZ cos@sin’ 9 dO

3 sin* @ X_L
4 | 16
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()]

For the sprinter: 56 + 62 + 68 + ... + [56+ (n—1)(6)]
AP: First term = 56, common difference = 6

The time the sprinter takes to complete # laps =g[2(56) +(n- 1)(6)]

= n(56+3n-3)=3n"+53n (Shown)
(ii)
For the marathon runner: 60 + 60(1.04) + 60(1.04)* + 60(1.04)* +...+ 60(1.04)""'

GP: First term = 60, common ratio = 1.04

60(1—1.04") 60(1.04" -1)
1-1.04 7 104-1

The time the marathon runner takes to complete n laps =



= 1500(1.04" -1)
(iii)
Consider 1500(1 04" — 1) > 2400

Method 1
1.04"-1>1.6
1.04" > 2.6
1g2.6
1g1.04
. n>24.362 (correct to 5 s.f.)
The marathon runner needs to complete 25 laps.

Taking lg on both sides: n >

Method 2
n 1500(1.04" —1)
24 2345 <2400
25 2498 8 > 2400
26 2658.7 > 2400

The marathon runner needs to complete 25 laps.

(iv)

. 12000 _30
400
Time taken by the sprinter = 3(30)2 +53(30) = 4290 seconds
Time taken by the marathon runner = 1500(1 047 — 1) =3365.1seconds (correct to 5 s.f))

The marathon runner will be the first to complete the race.

)
Consider 1500(1.04" —1) <3n>+53n
Method 1
n 1500(1.04" 1) 3n® +53n
3 187.3 186
4 254.79 260
5 324.98 340
Method 2

(Sketch ¥, =1500(1.04" 1) , ¥, =3X7 +53)



MORMAL FLOAT AUTO REAL RADIAN HF n
CHLC INTERSECT
YWasax2+53K

2471963 Y¥=203.73425

Since n>3.25 (3s.f), .. n=4
Hence, the marathon runner first overtakes the sprinter on his 4™ lap.

9
(2)()

Method 1

(ki) —4(ki)’ + a(ki)* —16(ki)+b =0
k' +4k%i—ak® —16ki+b =0
(k*—ak® +b)+ (4K —16k)i=0

Comparing real and imaginary parts,

4% —16k =0
=4 (k+0)
k=142

The two roots are 2i and —24i.

k*—ak’>+b=0
4’ —a(@)+b=0
16 —-4a+b =0 (shown)

Method 2
Since the coefficients of the polynomial are all real, as z =i is a root, its conjugate z = —ki is also
aroot.

x*—4x’ +ax’ —16x+b = (x—ki)(x + ki)(x* +cx +d)
=(x* +E*)(x* +ex+d)

Comparing constant, b=dk’ = d = % ..(D)

Comparing coefficient of x, —16=ck’ ...(2)

Comparing coefficient of x*, a=d +k> ... (3)
Comparing coefficient of x°, -4=c ... (4)
Substitute (4) into (2),

~16 = —4k*
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k*=4
k=12
The two roots are 2i and —2i.

Substitute (1) and k*> =4 into (3),

a=2+4
4

4da=b+16
16—4a+b=0 (shown)

(i)
Sub (0, 20) into f(x)=x"—4x’+ax’ —16x+b, b=20
16—4a+20=0
a=9
s () =x* —4x +9x* —16x+20
= (x=2i)(x+2i)(x* +cx+d)
= (X" +4)(x* —4x+5)

(b)
‘ z(i—z*) ‘ |z||i—z*|

3i(2+iz)| Bl (= +1)

. *
ofi-<

_3Mk+ﬂ

:.ﬂ letz=a+bi=>z' =a—bi
3|a+b1+1|

a+(p+1)i]

~3la+(b+1)i
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10(i)
y A
=CoSX
1 y
=sin2x
0, V4 =)C
(i) 2
sin2x > cos x
Consider sin2x =cosx
sin2x—cosx =0
2sinxcosx—cosx =0
cosx(2sinx—1)=0
cosx=0 or 2sinx—1=0
T )
xX=— sinx =—
2 2

r
xX=—
6
7 p/a
From sketch, — < x<—
6 2
(iii)
E |sin 2x—cos x| dx
= Esin2x—cosx dx—jogsin 2x—cosx dx
6

{ 1 ) }2 %
=| ——cos2x—sinx
2

s

- [—lcos 2x —sin x}
2

0
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@iv)

T
V= 7Z'J.06 cos’ x —sin’ 2x dx
T

:%J-Ogcos2x+l—(l—cos4x) dx

T

=£Igcos2x+cos4x dx
2 Jo

4 sin 2x N sin4x |6
2 2 4

2[5 B
2,8

4 8

0

33
=—1
16
11
@)
W+rt=8
¥’ =64—h’
1 2 1 2 1 3
V=—nr h=—7z(64—h )h=—7r(64h—h )
3 3 3

ar 1
E:—;z(64—3hz)

At Stat point, v =0
dh
64-3h" =0
64

B =
3

h :¥ (since & > 0)

2
dhlj =2rh

83 &V _ (&3/‘} 16 5

When h =——,
3 dn’

Sh= #Will give a maximum V

_._;j;[mffngﬂ}ﬂ[sfl[ﬂ(gfﬂ

27
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(i)

=64 =643 128

3 3
h_fos 28 1
r V3 N3 2
¥ =~I2h (shown)
(iii)

Let the height and volume of the water be y cm and V' cm? respectively.
By similar triangle,

y_*h
X r
x=\/§y
1, 1 2 2
Vi=—axly==x(2 =TT
JTYY =7 (V2y) » 37
d—V=27ry2
dy
When t=6, V'=18x
2 5
187 =—rx
3 Y
y =27
y=3
@ _ar
ddy dr
37r:27r(3)2d—y
dt
1
d—y=—cm/s

dt 6



