RAFFLES INSTITUTION
H2 Mathematics (9758)

¥ 2024 Year 5

Method 1
&_,.b ¢
dx X X
Atx=§,Q:O :>a+2b—ﬂc:0 ————()

2 dx 3 9
The gradient of D at x = 1 is equal to the gradient of the line y = x—5.
Atx:l,g—yzl = a+b-c=1 ————(2)

X

y-coordinate of Dat Xx=1is1-5=-4.

Substituting x=1 and y = —4 into equation of D, we get
a+c=-4 ————(3

From GC, a=2,b=-7,c =—-6.

Method 2

dy_ . b ¢

dx X X

Atx:g,ﬂzo :>a+gb—ﬂc=0 ———@®
2 dx 3 9

Gradientof Dat x=1is ﬂ =a+b-c.
dx|,_,

y-coordinate of Dat x=1is a+cC.
So, the equation of tangentto D at X =1 is
y—(a+c)=(a+b-c)(x-1)=y=(a+b—-c)x—b+2c
Comparing this line with y =Xx—5, we get

a+b-c=1 -————(2)

—-b+2c=-5 -————3)
From GC, a=2,b=-7,c=-6.
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2024 H2 Math Year 5 Promotion Examination: Solutions

Q2 Solution
€)] The set of all possible positions of R is the line that passes through points A and B,
[1] or

The set of all possible positions of R is the line that passes through point B (or A)
and parallel to the vector AB.

(b) a-b =|al|b|cos90° =0 since cos90°=0
[1]
Additional Note:

That the scalar product is 0 because 2 vectors are perpendicular (or the angle
between them is 90°) is a consequence of this definition.

EZ} OR" =a+(1-1)b forsome A el .
ﬁ-(a—b)=0
[Aa+(1-2)b]-(a=b)=0

Ala]" —(1-2)b[ +(1-22)a-b=0

Since a and b are perpendicular, a-b=0
__
" +1bf

ox bl 2

2
- 2 2 a 2 | 2
ol o

AR":BR =1-1:4
~ [
8" +[b[ " [af" +[of

=lal":Jof
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Q3 Solution
[4]
6X°+2x—-3-2 1)(2x-1
(D=1, 1
2x—1 2
2
2X —120
2x-1

2(x—%)(x+%)(2x—1)20

QLLL
2002 2

SX<— or X=2—
f f

Additional Notes:
You are strongly advised to use ( ) if you are making algebraic errors in arriving at

2
2X —1>0

2x—1
For students who multiply by (2x—1)2 in the first step, you should always factorize

first before any expansion, as shown below:
(6x* +2x-3)(2x—1)-2(x+1)(2x-1)" =0

< (2x —1)[(6x2 + 2x—3)— 2(x+1)(2x—1)] >0
This will avoid unnecessary algebraic manipulation.

[3]

=2
o] -

By replacing x with ||,
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1 1 1
- |x|<— or |x|>—=

h &
1

1 1 1
X<—— 0 ——<X<— 0Of X=2—
2 2 NF)

Additional Note:
Perhaps the simplest way to think of solving modulus inequalities like |x| <% would
be to tell yourself if the magnitude* of x is smaller than % , then x itself should not
- .1 1
be too far from the origin, that is 5 <X <E .
1

Similarly, if |x then x has to be at least — from the origin, and thus

y, if [x|> ﬁ N g

1

X<—— or X>—.

J2

ﬂ
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Q4 | Solution

3
(g) Area of rectangle OQPR, A=xy = A
Bl | (1+4°)

Xar=(T)r(1+T3) Yir=(T2)s(1+T2)

R (x,y)
d_A=(1+/13)2 (322)-2°(2)(1+4%)(32%) ’ |

) o—
da (l+/13)4
(L 2) (327) -2 (2)(1+ 4°)(322) B veosmne
) (1+/13)4
32°(1-4°)
) (1+24°)

or stationary A, 3#2 =0, giving A =1 (since 1>0)

MTD 1 : First Derivative Test

dA 34%(1-2°%)

di (1+2%)
2
Since 7 >0 forall 4>0,
(1+2%)
A T 1 1"
(1—/13) +ve 0 —ve
3—2 +ve 0 —Vve

Maximum A when A4 =1.

MTD 2 : Second Derivative Test
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dZA_3_(1+/13)3(2/1—5/14)—(22—/15)(3)(1+ﬂ3)2 (34%)
dA 3(/12_/15) di? i (1+/13)6
) =3_4z7—12ﬁ+2z
I (1+ﬂ:")4
When 4 =1, dz";‘:_g<o
di’ 8

Maximum A when A4 =1.
W | oy _ay aa_(142)(22)-2(32) (1+£) 22

G ddx (1+2°) 1-22° 1-22°

dy _dy dx_24-A° dk
dt  dx dt 1-24°% dt

When A =1, (;—i/:(—l)(l):—l unit per sec.

Rate of change of the y-coordinate of the point P at this instant is —1 unit per second
or

Rate of decrease of the y-coordinate of the point P at this instant is 1 unit per second.
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Q5 Solution

g Zn:[(n+2)r+n]

r=0

:n—+1[n+n(n+2)+n]

n+1(n +4n)

=g(n+1)(n+4)

Alternative

Zn: (n+2)r+n] Z(n+2)r+2n
:(n+2)2r+(n+1)n
=(n+2yg(n+n+(n+nn

=2 (n+1)(n+4)

Eg]) Zn:(r+2)3:33+43+...+(n+1)3+(n+2)3

r

S

n+2

rZ_;(r+2)3:rz_;jr3

n+2

Sz

r=1

:%(n+2)2(n+3)2—9

[3]
=S'r-2) (2r)
r=1 r=1
= i re —16Zn: ré
r=1 r=1

1 2 2 1., 2
=Z(2n) (2n+1) —16{Zn (n+1) }

© #2432 -£+5-6"+...+(2n-1)~(2n)’
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:n2(2n+1) (n+1)2
:n2[2n+1 (2n+2)' |
=—n*(4n+3)

Q6 | Solution

(@ |e'=1+sin3x - (1)

[5]

Differentiating w.r.t. x,

eyd—y=30053x
dx

Differentiating w.r.t. x,

el —= d’y +e¥ = dy dy = 9S|n3x_—9(ey
dx? dx dx

2 2
eyg y+e {gyj +9e’ =9
x> X

2 2
Dividing throughout by e”, 3732/4{%} +9=9¢" (shown)

Differentiating w.r.t. X,

3 2
ay L, dy ooy (_d_y)

dx®* dx dx? dx
When x =0,
2 3
y=0; d_y:3; d—)2/:—9; dy =27
dx dx dx®

= y=0+3x+_2—9|x2+£x3+...

3!

y:3x—%x2+%x3+...

-1) (from (1))
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(b)
[3]

e¥ =1+sin3x

= y =In(1+sin3x)

:In[1+(3x—(3x)3]+...]
3!

: (3x _ (3;l)3j (3x —(3;)3j
:[3x—(3x) j_ ! !

+ +...
3! 2 3
27x% 9x* 27x3

-= 4 +

6 2 3

=3X—

:3x—gx2+gx3+...
2 2

which is same as the expansion for y found in part (a), up to and including the term in

X3,

Page 9 of 23



2024 H2 Math Year 5 Promotion Examination: Solutions

Q7 Solution
(@) Sincea, b € R, then all the coefficients of the polynomial are real, complex roots will
[5] occur in conjugate pairs. Given 1+3i is a root, then 1-3i is also a root.

[ x—(1+3i) ][ x—(1-3i) ]
=[(x=1)-3i][(x—1)+3i]
(x-1) -y

=x*-2x+10
X +ax® +18x+b =(X* —2x+10)(x+ p)

Compare coefficients of

X :18=-2p+10 = p=-4
xX’:a=p-2 >a=-6
X’ :b=-40

The other roots are 4 and 1-3i.
Alternative:

Since x=1+3iis a root of the given equation,
(1+3i)° +a(l+3i)> +18x+b =0
(@+3i)(-8+6i)+a(-8+61)+18(1+3i)+b=0
—8—-24i+6i—-18—-8a+6ai+18+24i+b=0
(-8—8a+b)+(6a+36)i=0

Equating real and imaginary parts:

6a+36=0=a=-6
..b=8a+8=-40

Since the coefficients of the equation x*+ax® +18x+b = 0are all real numbers, the
complex roots occur in conjugate pairs and so 1—3i is also a root. Let the third root

be a real number k.
Note that
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[ x—(1+3i) ][ x—(1-3i) ]
=[(x—=1)-3i ][ (x—1)+3i]
~(x-1) - (3i)
=x*-2x+10
Therefore, we have
x* —6x° +18x —40 = (X* —2x+10)(x—K) .
Comparing constants, we have k =4.

So a=-6, b=-40and the other roots are 1—- 3i and 4.

(b)
[5]

W*+z2=4—-61 ------ 1)
w—-2z=1+10i ----—-- 2

20+ (2): 2w*+w=9-2i
Sub w=c+di: 3c—di=9-2i

Comparing real part: X=9=c=3
Comparing imaginary part: d =2
SowW=3+2i

From (1): z=4-6i—(3-2i)=1-4i
Sw=34+2i,z=1-4i
Alternative 1

Substitute z=4—-6i—w™* into (2) :
wW—2(4—6i—w*)=1+10i

=2Ww*+w=9-2i

Sub w=c+di: 3c—di=9-2i
Comparing real part: X=9=c=3
Comparing imaginary part: d =2
SwW=3+2i

From (1): z=4-6i—(3-2i)=1-4i
SwW=3+2i,z=1-4i

Alternative 2
Let w=a+bi and z=g+hi. Then we have
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a—bi+g+hi=4-6i

=a+g=4 - (1)
h-b=-—6 -----—-- (2)
and a+bi—-2(g+hi)=1+10i
=a-2¢g=1 ---—--—-- (3)

b-2h=10 --------- 4)

From (1) and (3), 3g=3=g=1 and a=3.
From (2) and (4), -h=4=h=—4 and b=2.
sw=3+21 and z=1-4i

Q8 Solution
(a)
[3] A
1 v=re
C'(4,0)
y=0 o | \_— X
i X=2
(b)(i) |a=-2
[3]
By long division, y = (b — 4) —2x + Zb_f :
b—-4=3=b=7(shown)
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Alternative
2 —
y:ax +bx 8:3—2x+ A
X—2 X—2
_(3—2x)(x—2)+A
B X—2

Comparing the numerators,
Coefficient of x*: a=-2
Coefficient of x: b=3+4=7

Note Coefficient of X°: -8=—6+A=A=-2

(b)(ii)
[3]

-
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(b)(ii)
[2]

Replace x with x+2

2

y=3—2(x+2)—m

=>y=-1- 2x—E
X
lReplace y with 2y

2y=—1—2x—g
X

IV S |
2 X

Q9

Solution

()
[2]

Since | lies in plane q,
5)( a

4|-|-1|=1=5a-4=1 ..a=1
0)\b

-2\ (a
-1||-1|=0=-2a+1+2b=0----- (2
2 b

Substitute a=1, -2+1+2b=0=Db :%

Alternative
5 -2
Equationofl: r=|4 |[+a| -1|,axel].
0 2

Generate 2 points on |, say (5,4,0) and (3,3,2).
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1 -1|=1=5a-4=1 .r.a=1

1-1|=1=>3a-3+2b=1

N W w O b~ O
(e

Substitute a=1, 2b=1 :>b=%

(b)
[3]

2 1 -2
p: r=|0|+A| -3 |+u|l 1|, Awuel
3 -1 2
1 -2 -5 1
A vector perpendicularto p =| -3 (x| 1 |=| 0 |=-5|0
-1 2 -5 1

Let & be the acute angle between the planes p and g.
1) (1 5
0]-1 :ﬁ\Ecose
1)\ 4
3 3
—=—4/2c0s0
2 Z\F

Cosd =

0 =45°

(©)
[4]

Il
winN
w
|
N
|
|

Page 15 of 23



2024 H2 Math Year 5 Promotion Examination: Solutions

1
Distance from Ato q = AF = _% 1= (%)(Ej

1
2

line |

From part (b), the angle between the 2 planes is 45°.

5
Distance from Ato |l = AB = _AF :izgx/ﬁ
sin 45° % 3

Alternative
Solving simultaneously
2 1 ¢ A(2,0,3)
|AF: r=/0|+a|-1| and [I}
3 1 -1
1 T %
q: r-|-1|=1, oF | q
1
2
2 1 1
Ol+a|-1||-|-1|=1
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Alternative
Since the angle between the 2 planes is 45°,
Distance from A to g = Distance from F to |

Hence distance from A to |

2 2
=AB= (§j +(§j > 12+12:g\ﬁ

3 3 3

(d)
[3]

Since 8=45°, qand q' are perpendicular.

Since | lieson g and q',

—2) (1) (3 1
Anormalto q" = | -1 (x| -1|=|3 :g 2
2 )1 +) |3 2

Equationof q": r-

NN
Il
o ~ O
N
Il
-
w

Cartesian equation of q': X+2y+2z=13
Alternative (If you can’t see that g L q')

X (1,0,0) is apoint on plane g. Let X" be the point of reflection of X about plane

p.
To find X'
Solving si_multaneously
1 1 1
p: r-{0(=5and L, :r=0+p/0],
1 0 1

« X(1,0,0)
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2|
b
I
@)
=
I
~ O O

To find equation of g’

A vector parallelto g = |0 |-| 4 |=4| -1

4) o 1 / \
Since line | lieson q',

5 -2 0 a
q: r=[4|+s|-1|+t] -1, s,tel
0 2 1
-2 0 1 p
Anormalto g = | -1 |x| -1|=|2 .
5 1 5 line |
1 5)(1
Equationof q': r-| 2 |=| 4 |-| 2 |=13 \ q /
2 0)\2

Cartesian equation of q': X+2y+2z=13
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Q10 | Solution
(@) - - _ 1 5
1] By taking x=0in f(x) =f(x+3), f(O):f(S):Z[—3(3)+l4]:Z.
(b)
[3] 7
8
3
&
4
0 g
(©) Finding the x-coordinates of the points of intersection A and B,
[4] _
Point A:
4 1
—(2-x)==x%*
3( ) 2
3x*+8x-16=0
(3x—4)(x+4)=0
X= % or x=—4(reject since 1<x< 2 at A)
Point B:
i(x—2):—§x+Z
3 4 2
16(x—2)=-9x+42
X= 4 or 2.96
25
Hence the solution to the inequality is [ﬂ;—gj
S]) From the graph above, R, =E,2} and D, =[0,2].
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Since R; = D,,, hf exists.

A NG y=h(x)

R, =1 2| 1311
f [2 } [ ]

Ry =[~1B+1]
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Q11 | Solution

(@)(i) | Amount in John’s account, including the interest, at the end of the first year is
[1] $1.05x.

(i) Year | Amtat Beginning | Amt at the End
[3] 1 X 1.05x
2 1.05x+X (1.05x +x)(1.05)
=1.05x+1.05°x
3 1.05°x+1.05x+X | (L05°x+1.05x+Xx)1.05
=1.05x+1.05°x+1.05°x

Total amount in the account at the end of n years
=1.05x+1.05°X+1.05°X +...+1.05"x  ---(*)

B 1.05x(1.05n —1)
~ 1.05-1
= 21x(1.05n —1)

(iii) | 21(10000)(1.05" ~1) > 500000
[4] 50
=1.05">"+1

Alternative : Use GC table
n 21(10000)(1.05" 1)

24 467271 500000

25 501135 >500000
At the start of 25th year, total = $467271 + $10000 <$500000.
or total = 222135 _ 477271.<8500 000

The total in his account first exceeds $500 000 at the end of the 25th year.
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(b)(1) Year | Amount No. of years | Amt accumulated due to
2] r Sarah interest this investment at the end
invested at the | accumulated | of nth year
start of year r
1| 6000 n $6000(1.05)"
2| 6000+400(1) | n-1 $(6000-+400)(1.05)""*
3 | 6000+4002) | n-2 $[6000-+2(400)](1.05)"*
n 6000+400(n-1) | 1 $[ 6000+ 400(n-1)](1.05)" "
The $[6000+400(r —1)] invested at the start of the rth year will become
$[6000+(400)(r —1)] (1.05)" " after n complete years since it accumulated
interest for n—(r —1) years.
Alternative
Yr | Amt at Beginning Amt at the End
1 | 6000 (6000)1.05
2| 6000(1.05)+6400 | 6000(1.05)" +6400(L.05)
3 | 6000(1.05)° 6000(L.05)°
+6400(1.05)+6800 | 46400(1.05)° +6800(1.05)
The total amount at the end of n years will be >"[6000+400(r —1)](1.05)" ™,
r=1
where a = 6000, b = 400.
b)) | < e
2] > [6000+400(r —1)](1.05) > 500000
r=1

From GC,
N [6000+400(r —1)](1.05)"
r=1
25 491588 ¥ 500000
26 532968 > 500000

It takes 26 complete years.

GC Method 1: Using Y=
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NORMAL FLOAT AUTO REAL RADIAN HP ]
X= A=)

% Y 105

I\Y:EH‘_\:il (60A0+400(A-1)X)1. 6 NORMAL FLOAT AUTO REAL RADIAN MP

PRESS # TO EDIT FUNCTION 1
NY2=1

ENY3=
IN\Y4=
EN\Ys=
INYe=
ENY?=
E\Ys=

GC Method 2: Guess and Check (
*Capture 3 X 2'0._.(7<— |7
i,.— |05

.. 318069.5253 26~ 0K~ )
26 ..-...? 0

x§1[ (6000+(X-1)400) t '

. 532967.7783
25 2

x§1[(6000+(x 1)400)(1.085) "‘-q D_g
491588. 3526

Plotl Plot2 Plot3

2S- (X))
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