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Year 5 HL Maths End of Year Exam 2018/P1

Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are advised to show all working.

SECTION A (40 marks)
Answer all questions in the spaces provided.

1 [Maximum mark: 4]
The complex numbers u=2+3i and v =3+2i satisfy the equation

1 1 10
—t—=—,
u v w

eC.

Express w in the form a+ib where a,beR and i* =-1.

TURN OVER
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[Maximum: 5 marks]

Let g: N — Z™ be a piecewise function defined as
1, ifn=20

gn) = g (%n) , ifnis even
1+g(n—1), ifnisodd

(@) Find g(3). [3]
(b) Does g have an inverse? Justify your answer. [2]
TURN OVER
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[Maximum mark: 8]

6
(@) The term independent of x in the expansion (% + 2X2J can be written in the form
X

2P x3%x5", where p,q,r € N. Find the values of p, qand r. [4]

(b) Determine Im((l—i\/i)s), where i? = -1, leaving your answer in the form a+/2 , where

aeZ. [4]

TURN OVER
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4 [Maximum mark: 5]

Find the coordinates of the point of inflection of the function f (x)=xe* wherexe R,
justifying your answer.

TURN OVER
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5 [Maximum mark: 5]

Determine the series of transformations that transform the circle with equation
x? —4x+Yy® +6y+8=0 into the ellipse with equation x° +4(y+3)2 =20.

TURN OVER
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[Maximum: 4 marks]

Solve for x : sin (arcsin G) + arccos(x)) =1.

TURN OVER
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[Maximum mark: 9]

The function g is given by g(x)= 2X+1 XeR,X# %
(@) Write down the equations of the horizontal and vertical asymptotes of g. [2]

(b) Inthe space below, sketch the graph of y = ‘g (x)‘ +1, indicating the asymptotes, critical

point and point(s) of intersection with the axes. [6]
(c) State the range of y = ‘g (x)‘+1. [1]
TURN OVER
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Do NOT write solutions on this page.

SECTION B (40 marks)

Answer all questions on the foolscap paper provided. Please start each question on a new page.

8

[Maximum mark: 12]

(@) (i) Express 4cos 2x — 3sin2x in the form Rcos(2x + 6), where R > 0 and
6 is acute, giving the exact value of R and 6. [2]
(i) Hence, write down the greatest and least value of 2 : [2]
4cos2x—3sin2x+7
(b) A curve has equation x —y = (x + y)2. Find Z—i’ in terms of x and y. [4]
. . . _ d%y ay\? _ ko
(© Consider another curve with equation y = logz x . If =t (E) == find
the value of k in the form =2 where p € R. [4]
p
[Maximum mark: 15]
(@) (1) Evaluate
- 5n
s N 2T [
2[5 (%))
r=0
[3]
(i) For what values of x, where x € (0, ) does the geometric series
sinx + sin2x + 4sinxcos?x + --- exist? [5]
(b) A computer password is to be generated such that it consists of the following four

digits 4, 4, 5 and 6, and the seven letters a, e, E, X, I, t, T.

Find the number of ways of arranging the password such that the digits must always
be separated and two of the same letters are to always be beside each other. Leave your
answer in the form m! X n! , where m and n are positive integers to be determined.

[7]

TURN OVER
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Do NOT write solutions on this page.

10

[Maximum mark: 13]

(a) The graph of the function y = f(x) is shown below.

AY .
' x=5
(2, 4) i
i > X
0 4\
Sketch the graph of y = % [4]
d) (@) Show that :—x (arccos (x)) = — _1%2 . [4]

(ii)  Hence, find g’ G) if the function g(x) = arc;(oj)(x) , where /A(x) is a non-zero
V3
— [5]

p .

function such that h G) =1,h G) =

End of Paper
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SJI Year 5 HL Maths End of Year Exam 2018/P1 (Markscheme)

Qn | Suggested solution

| Markscheme

Section A
1 | Complex Number operations [Max mark: 4]
Method 1
0_1.1
W u v
2-3i 3-2i :
13 "13 M1-use of conjugate
_5-5i
13 Al
W:%:13+13i M1 Al
—i
Method 2
u+v _10
uw - w
W_lOUV_10(2+3i)(3+2i) M1
U4V 2+3i+3+2i
_ 130i
5.5i Al
= & X b M1-use of conjugate
1+1 1-1
=13i(1-i)=13+13i Al
2 | Composite Functions [Max mark: 5]
@ | g3 =1+g(2) M1
=1+g(1) Al
=1+1+g(0)
=3 Al
(b) | Since g(1)=g(2) but 12, g is not a one-one function. R1
Hence, g does not have an inverse. Al-with justification
3 | Binomial Expansion [Max mark: 8]
()

6 _4\K 2\6-k 6 K 46—k \ \,12-6k
General term:(kJ(Bx ) (2x ) :(kj(?: 2 )x
For term independent of x, k = 2

6
Term indep of x = 3%2¢
indep of x (2]( )

=(6;5](3224)=24x33x5

p=4,9g=3,r=1

M1

Al

A2,1,0
(Al if answer left as
2 x3*x5)

Page 1 of 7
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Qn | Suggested solution Markscheme
b 5 M1 — general term or
®) General term of (1—i\/§)5 :(kJ(—iﬁ)k expansgion
For imaginary part, k=1, 3,5
- (5), . 5Y, a2 (5), 5 M1 — only terms with
av/2i = (J(—Iﬁ%&j(—lﬁ) +(5](—l«/§) odd powers
= 5121 +10(2v2 )i+ 442 (i) AL (i)’ =i and
—11/2i (—i) =i
5
;lm(@—iJE))=11J§ AL-noi
4 | Points of Inflection [Max mark: 5]
f'(x)=(1+x)e* Al
fr(x)=e"+e"(1+x)=(2+x)e" Al
At points of inflection, f"(x)=0 (or f "(x) is not defined) o.e. | M1
Since e >0 VX, x=-2
When x <-2,f"(x) <0 (concave downward) R1 — justify change
When x >-2,f"(x)>0 (concave upward) In concavity
(—2, —%j is a point of inflection. Al — coordinates
e
5 | Graph Transformation with Completing the Square [Max mark: 5]

Circle is:
x> —4x+y’+6y+8=0

(x=2)" —4+(y+3)-9+8=0
(x—2)2+(y+3)2 =5
Method 1

4(x—2)2 +4(y+3)2 =20
(2x—4)2+4(y+3)2 =20

Horizontal scaling/stretch with factor 2 (- x — 0.5x)

4
followed by Translation by ( 0 j 0.e. (" X—>x+4)

OR
-2
Translation by ( 0 ) 0.e. (" X—>Xx+2)

followed by Horizontal scaling with factor 2 (- x — 0.5x)

M1 — completing sg.

Al

(A1)
Al

Al

Page 2 of 7
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Qn | Suggested solution Markscheme

Method 2

Ellipse is:

x? +4(y+3)2 =20

1 2

(Exj +(y+3)2=5 (A1)
-2

Translation by [ 0 ] 0.e. Al

followed by Horizontal scaling/stretch with factor 2 Al

Method 3

Ellipse is:

X2 +4(y+3) =20

X2 +(2y+6)° =20 (A1)
-2

Translation by ( 3] 0.e. Al

Al

followed by Vertical scaling/stretch with factor %

Inverse Trigo Function

[Max mark: 4]

Let A=arcsin (éj and B =arccos(x)
Then

sinA:% OsAs% = CcosA>0
cosB=x 0<B<7z =sinB>0
sin(A+B):1
sin AcosB+cos AsinB =1

! @( 1—x2):1

24(1-x*)=(5-x)’
25x% —10x+1=0
(5x-1)" =0

X==
5

R1-seen anywhere to
justify

sin B = ++4/1— x?

M1-compound angle

Al

Al

Page 3 of 7
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Qn | Suggested solution Markscheme
7 | Rational Functions with absolute value and range [Max mark: 9]
@) 1 1
x==and y== Al Al
2 y 2
(b) | Note: Graph of g
(G1)
Required graph:
G1 — left branch
] G1 - right branch
G1 - both
3 : asymptotes
()= 5 g
sssssscscsocecensssesecsenees G1l- (-1, 1) with
(_1, 1) ! ; , correct graph
=T — et T behaviour
L G1-(0, 2)
(©) | [Lo) OR {yeR:y>1 oe. Al

Page 4 of 7
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Qn | Suggested solution

| Markscheme

Section B

8 Trigonometry (R-form) and Implicit differentiation

[Max mark: 12]

ai |[R=+/9+16=5

0 = arctan—
4

i Greatest = 1, Least:%

b X~y =@+y)?

1= onrpya+ 2
=20+ A+ )

dy 1—-2x-2y

dx 1+ 2x+2y

c Inx
y=log;x = —

In3
dy 1

dx  xIn3

d?y 1

dx? ~  x2In3

d? dy\?
4 (2)

dx? dx

-z * ()
© x2In3 xIn3

_ 1—1In3
B x2(In3)?

2

_ 1—1In3
B (In3)2

Al
Al

AlAl

M2,1,0

A2,1,0

M1

M1

M1

Al

Page 5 of 7
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Qn | Suggested solution Markscheme
9 | Sigma Notation, GP, Combinatorics [Max mark: 15]
ai s = 1

© 51 M1
—¢jn2 (=
1—sin (6)
1
Soo = ———v
1-sin? (%) M1
s = 1
co — 1 2
1-(3)
4
S =— Al
3
I 2sinxcosx M1A1
r=———=2c0sx
Sinx
For S, to exist, |[r] <1
—1<2cosx <1 M1
T 21
— — AlAl
3 <x< 3
b Number of ways to arrange = M5 o.e.

2!2!5!; (Z)

=512 8
2! 2141
= 516!

(2! Perm. Ee, Tt)
(5! Perm. letters)

(Z) Perm. insertion of

digits in 6 spaces btw
letters)

. Perm. digits with
44 repeat)

M1
Al

Page 6 of 7




SJI Year 5 HL Maths End of Year Exam 2018/P1 (Markscheme)

Qn | Suggested solution Markscheme
10 | Logarithms, Inverse Trigo [Max mark: 13]
a |
y G1 - left branches
X=4 G1 - middle
branch with
correct local min pt
: (2,0.25)
! G1 -right branch
with hollow point
PR Cox atx=>5
0 (2,0.25) " G1 - asymptote at
x =4,y=0,x=0
*G2 if student
draws original
: graph and did not
intersectaty =1
b Let y = arccos x '
cosy =x
ny 2 — 1 M1
dsmy I 1—
2o . M1
dx siny
d_y =— ___r M1
dx J1—cos?y
dy 1
dx V1 = x2 Al
ii
h(i B
(7) - arCCOS (2) M2,1,0 — formula

F/

M1 - subn
- )
- - % _ (%) , <§> M1 (arccos 0.5)
)= .

Page 7 of 7
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Full marks are not necessarily awarded for a correct answer with no working. Answers must
be supported by working and/or explanations. In particular, solutions found from a graphic
display calculator should be supported by suitable working, for example, if graphs are used to
find a solution, you should sketch these as part of your answer. Where an answer is incorrect,
some marks may be given for a correct method, provided this is shown by written working. You
are advised to show all working.

SECTION A (40 marks)
Answer all questions in the spaces provided.
1 [Maximum mark: 5]

Find an expression for the inverse of

h(x) = x € R\{0}

4 — 4e-5x "’

and state the range of y = h(|x]).
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2 [Maximum mark: 5]
Solve for w € C:

0=Ww+1DWwW* +1)+Imlw) X Im(w*)
{—5 = Re(w?)

TURN OVER
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3 [Maximum mark: 6]

A polynomial function, P(x), satisfies the following conditions:
e degP = 4 with leading coefficient 1;

e P()=0;

e P(2)=-1,

e sum of roots is 4; and,
e product of roots is —6.

Find the remainder when P (x) is divided by (x + 1).
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4 [Maximum mark: 5]

The graph of y = f'(x) is given below.

f' has two asymptotes x = 3 and y = 2; two zeros at x = —1,2; and a minimum

atx=\/§.

1
y ! y=f)

1

8 4 1
1
1
1
1
1
1
1

6 1
1
1
1
1
1
1
1

4+ I
1
1
1
1
1
1

.................... D m e e e e e m e m e ———————————
1
1
1
1
1
1
1 R
. , . . . - .
10 -8 -6 -4 -2 ) 4 6 8 10 12 14 16
\ : X
1
1
1
Justify why f(x) = 2x + C for some constant C as x — oo or as x — —oo,
On the same set of axes above, sketch a possible graph of y = f(x).
TURN OVER
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5 [Maximum mark: 7]
Let f(x) = 2x3 + 2x2 = 5x + 1 and g(x) = In(x — 1).

Find exactly the sum of the roots of f(g(x)) = 0.
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6 [Maximum mark: 5]

Let f(x) = xcosx,x € Dy, where Dy = [a,b] is a maximal domain for which f~*
exists and a and b are positive constants to be determined.

By using the graph of y = f(x), determine the smallest possible value of a and of b such
that there exists a positive number k € Dy where f (k) = f~1(k).

Hence, find k.

TURN OVER
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7 [Maximum mark: 7]

How many different integers greater than 30 can be formed from the digits {1, 2, 2, 3, 3}
if no digit can be used more than once?
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Do NOT write solutions on this page

SECTION B (40 marks)
Answer all questions on the foolscap paper provided. Please start each question on a new
page.
8 [Maximum Mark: 9]

(i) John has to crack a 3-digit code. These three digits are the first three terms of a
sequence u, respectively.

Given that u, is a quadratic polynomial in n, n€Z* and u, =14, u, =40 and
u,, =140, find u, in terms of n and deduce the 3-digit code. [6]

(ii) A curve has equation y =tan™' (3x2 + x) . Find the set of values of x for which the

curve is increasing. [3]

9 [Maximum Mark: 12]

The terms of the sequence ai, a2, a3, ..., a, are in arithmetic progression and

1\
b’:(gj , forr=1,2,3, ..., n.

(i) Show that the sequence b1, b2, b3, ..., b, 1s geometric. [3]

. ) . o]
Given that b1 =9 and the common ratio of the geometric progression is 3’

(i) find an expression for a, and the value of the common difference of the arithmetic

progression, (4]

(iii) find the least value of # such that the sum of the first # terms of the arithmetic

progression exceeds 200, [3]
(iv) find) In(b,),leaving your answer in terms of n. [2]
r=1
TURN OVER
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10 [Maximum Mark: 19]

(a) Using the formulae for sin(A+B) and cos(4*B), prove that

sin( A+ B)+sin(A—B) =2sin Acos B

4
and cos(A4+B)+cos(4—B)=2cos Acos B 4l

Hence, prove that (cos8x +cos 2x)2 +(sin 8x +sin 2x)2 =4cos”3x. [4]

(b) Given that tan3x # 2, find the exact solution(s) of the equation
(cos8x + cos Zx)2 +(sin 8x +sin 2)c)2 = sin 6x, —% <x< % . [6]

(c)(i)  Express f(x)=(cos8x+cos 2x)2 +(sin 8x +sin 2x)2 —2 in the form

pcos(gx). [2]
(ii) Find the period of f(x). [1]
(iii) For which values of & is |f (x)— k| strictly above the x-axis? [2]

END OF PAPER
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Year 5 HL Maths Promotional Exam 2018 — Paper 2 Mark Scheme

Qn | Suggested solution Mark
1 Inverse of Expo + Range [Max mark: 5]
Lety = —— M1
y 4—4e1-5x' 5
Then x = —Eln(l—E) Al
-1 __1 _ 3 Al
Thus, A~4(x) = —3In (1),
Range of h(|x|) = (0.75, +0). (M1 for —0.75)
Al
2 Complex Equation [Max mark: 5]
Letw =a+ib,a,b € R.
M1-attempt to
w+ 1DWw*+1) = —Im(w) X Im(w*) = a? + b?> + 2a + 1 = b? | simplify both
= @+1)?=0=>a=-1 expressions
Al
M1-attempt to
Re(w?) = =5 = 1 — b2 = —5 = b = +/6 (seen anywhere) get the real
component of
w2
AlAl
3 | Polynomial Function + Vieta’s & Remainder/Factor Theorem [Max mark: 6]
P(x)=x*+px3+qx*+rx+s
Product of roots = —6 = s = —6 Al
Sumofroots=4 = p = —4 Al
P(1)=0andP(2) =-1=g¢ =§andr=12—5 M1AlAl
Remainder is P(—1) = -7 Al
OR
P(x)=(x—1)(x3+bx?+cx+d) Al
Product of roots=—6=d =6 Al
Sumofroots=4 = b = -3 Al
P)=-1=@2-1D*-3%x22+2+6)=-1=c=— M1A1
Remainder is P(—1) = -7 Al

Page 1 of 7
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Sketching f given the graph of

[Max mark: 5]

f'(x) » 2asx » +oo = f(x) approaches an oblique asymptote of
gradient 2.

R1

Gl-x< -1
Gl--1<x<+2
Gl-V/2<x<3
Gl-x>3

Award
G1G1G1GO for
correct
concavity and
behavior of f

but without
oblique
asymptote
Zeros, Composition, Logarithms [Max mark: 7]
f(1) =0= (x+ 1) divides f(x). Al
Using long/synthetic division or any other valid method, we get
fx)=(@x—-1)2x%+4x—1) M1A1
And so the other zeros of f are —1 + %\/E Al
Thus, the roots of f(g(x)) = 0 are
1 1
e+1, e 26 t 1ande 172 + 1 M1Al
Thus, the exact sum of the roots of f(g(x)) = 0 is
1 1
34+e+e 1126 4 1726 Al

Page 2 of 7
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1-1 Functions

[Max mark: 5]

For [a, b] to be maximal, f(a) and f(b) must be adjacent local
extreme.

(R1 —award for
any pair a and b
resulting to a

maximal
domain)
Gl-y=x
Al
a=3.43 Al
b = 6.44
Al
k = 6.28
Combinatorics [Max mark: 7]
Case 1. Two digits
31, 32, 33 = 3 ways Al
Case 2. Three digits: XYZ or XXY M1Al
31+ 2C1*2C1*3 = 18 ways
Case 3. Four digits: XXYZ or XXYY M1Al
2C1*41/2! + 41/(212!) = 30 ways
Case 4. Five digits: XXYYZ Al
51/(212") = 30 ways
Total: 81 integers Al

*Award M1 for
correct cases IF
there is still an
available method
mark

Page 3 of 7
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8 Solving System of Linear Eq & Quadratics [Max mark: 9]
(i) |Let u =an®+bn+c,where a,b,c are constants.
u, =16a+4b+c=14 M1
U, =36a+6b+c =40 Al
u,, =100a+10b+c =140
Using GDC, M1Al
a=2,b=-7and c=10
~u, =2n*-7n+10
u, =2(1)?-7(1)+10=5
u,=2(2)*-7(2)+10=4 M1
u, =2(3)*-7(3)+10=7
Al
.. The 3-digit code is 547 .
(i) | Method 1
Gl

f 3(x)=tan" (3- x2 +x)

SRSRER ran.
(-0.167,-0.083)
Set of values of x is(—0.167,0) .

Method 2
y =tan™*(3x* +x)
dy _ ;2(6x+1)
dx 14 (3x2 + x)

d—y>0:>x>—1
dx 6

Set of values of x is(_%’wj )

Al (x-ordinate
of min pt)

Al

Page 4 of 7
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9 |APandGP [Max mark:12]
(i) 1)
b, |3 (1} (1)" VAL
b, (1)"’"1 3 3
3
*» d = common difference of the AP which is a constant, hence the R1
sequence by, b, bs, ..., bn is geometric.
(i) Givenb1 =9, r= E,
9
r-1 r-2 2r-4 Ml
= b, = 9(% = (lj = (1)
9 9 3
Lar=2r-4 Al
d=ar—ari=2r—4—-[2(r-1)-4]=2 M1 Al
(iif) | Method 1
> (2r-4)>200
r=1
n Al
D (2r-4)-200>0
r=1 Ml
Using GDC, table,
x [f1(x):= ¥
S(-4+2%,,
13, -7
14. -4
15. =2
16. 3
17.
Least value of n is 16. Al
Method 2
aa=2(1)-4=-2
S, >200
M1

= 2[2(—2) +(n-1)2)]> 200

:g(Zn—6)>200

—=n?-3n-200>0

Page 5 of 7
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Al
n<-12.7(rejected) or n>157 Al
Hence, the least value of n is 16.

(iv) n n 2r-4
3 in(b)= 23]
r=1 r=1 3
n
= In(ljZ(Zr—4) M1
3 r=1
1
=In| -3 Al
(3 )n(n-2]
10 | Trigo [Max mark: 19]
@ | sin(A+B)+sin(A-B)

=sin Acos B +sin Bcos A+sin AcosB —sin Bcos A

=2sin AcosB (proven)

cos(A+B)+cos(A—B)

=c0s Acos B —sin Asin B +cos Acos B +sin Asin B

=2c0s AcosB (proven)

M1Al

M1Al

(cos8x +cos 2x)2 +(sin8x+sin 2x)2

= (2cos5xcos3x)’ +(2sin5xcos 3x)’

= 4¢0s° 3x(cos2 5X +sin’ 5x)

=4c0s®3x (proven)

M1Al

M1R1

Page 6 of 7
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10(b) (0038x+c052x)2 +(sin8x+sin 2x)2 =sin6x, —% <X <%
4.c0s% 3X = sin 6x
4.c0s” 3x = 25in 3xC0s 3X MIAL
2c0s3x(2c0s3x —sin3x) =0 Al
cos3x=0 or 2c0s3x—sin3x =0 M1
:>3x=i%
or tan3x =2 (rejected as tan3x = 2)
T
—X=te A1AL
©@0) | f(x) = (cos8x+cos 2x)2 +(sin8x+sin 2x)2 -2
=4c0s°3x—-2
=2(2cos*3x-1) M1Al
=2C0S6X
(i) Period of f(x) :E =I Al
6 3
(ili) |k<-20rk>2 AlAl

Page 7 of 7
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be

supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are advised to show all working.

SECTION A (40 marks)
Answer all questions in the spaces provided.

1 [Maximum mark: 7]

The function f is defined as f : x> Inv/x, x e (0,).

Some values are given in the table below for the function g and its derivative g'.

X 2 e 3 5

g(x) | —3e | —e* | —& | 4e?

e

9'(x) | - | e e’
TANES
(a) Showthat f (e)_ze. [2]
(b) Itisgiventhat h(x)=f (x)xg(2Inx+3).
Find the value of h'(e). [5]

TURN OVER
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2 [Maximum mark: 4]

Prove that tan (7 +arccos x) = , where x€[-1,0).

—J1-x?
X

TURN OVER



3

Year 5 HL Maths End of Year Exam 2019/P1

[Maximum mark: 7]

The graph of the function f has asymptotes at x=2, y=0 and y =3 and a minimum point at

the origin, as shown in the figure below.

Sketch the following graphs on the axes below, indicating clearly any axial intercepts,

turning points and the equations of all asymptotes:

1
(@ vy= 0 [3]
y
» X
0
(b) y=f'(x). [4]
y
» X
0
TURN OVER
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4 [Maximum mark: 5]
Solve the equations (1+i)w-+iz=2i and (1-i)z—2w=2, given z and w are in the form

a+bi where a,beR and i*=-1.

TURN OVER
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5 [Maximum mark: 6]

It is given that the curve C is defined by e*"Y +2x+Iny=5.

Find an expression for g—i as a function of both x and y. [6]

TURN OVER



Year 5 HL Maths End of Year Exam 2019/P1
[Maximum mark: 5]

Expand and simplify the expression (z+1)(z*+1), where z* is the conjugate of z .

Hence, or otherwise, prove that Z—_i is a purely imaginary number if |z| =1.
Z+

TURN OVER
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[Maximum mark: 6]

In the triangle ABC, it is given that AC =8cm, BC =a cm, ZBAC =30° and LABC =6°.

(a) If a=4+/2, find the possible values of &. [3]
(b) Find the set of all the values of a for which there is a unique value for the length
of AB. [3]
TURN OVER
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Do NOT write solutions on this page.
SECTION B (40 marks)

Answer all questions on the foolscap paper provided. Please start each question on a new page.

8 [Maximum mark: 15]
Let P(x) = 3kx? — kx + 1 for some real number k such that P(x) > 0 for all x € R.

(@) Determine the range of possible values of k. [4]

(b) Determine the value of k so that P is tangent to y = kx. [4]

Let Q(x) be a polynomial such that for k = =1, Q(x) = (x +2) X P(x) — (x + 2), x € R.

(c) Find the remainder when Q(x) is divided by (x — 1). [3]

(d) Find the remainder when Q(x) is divided by (x — 1)(x + 1). [4]

9 [Maximum mark: 13]

(a) Determine the coefficient of x® in the expansion of (2 — x)1°. [4]

(b) In the expansion of (2 + x2)8 written in ascending powers of x, two consecutive
terms share the same coefficient.

Determine the two powers of x having the same coefficients. [5]
(c) Suppose
(2 = x)1°(2 + x2)® = 2" — 1310720x + -+ + Mx?5 + x26,

Find the value of n and of M. [4]

TURN OVER
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Do NOT write solutions on this page.

10 [Maximum mark: 12]

(@) Find the solutions to the equation, leaving your answer in the Cartesian form: [3]

z—1
z—1=i( - ), z € C and i? = —1.

(b) Let f,(x) = (x —uy)(x —uy)(x —u3) - (x — uy), x € R, for some positive
integer n, where u,, u,, ..., u, form a geometric sequence.

Further, suppose u,; and u5 satisfy the equation in (a) such that argu,; < argus;.

i. Find the possible values of the common ratio, leaving your answer in
the Cartesian form. [5]

Ii. Evaluate f4(0), leaving your answer in the Cartesian form. [4]

End of Paper

10
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Year 5 HL Maths End of Year Exam 2019 — Paper 1 Mark Scheme

Section A
1 Differentiation, Chain Rule, Product Rule Max mark: 7
a
@) f(x):lnf:%Inx
, 1
f'(x)=— M1 Al
2X
- fle) :i AG
2e
(0) | h(x)=f(x)g(2Inx+3)
h'(x)= f (x)g'(2Inx+3)- 24 £'(x)g (2Inx+3) M1 AL
X (Product rule)
1 1 2 1
W(e)= F(£)9(20+3)- 2+ ()9 (20)+3) M1
2f(e)g'(®) .
_21(e)g'®) g +f'(e)g(5)
1),
2 -
(2)6 ( 1) ) Al
=—"7 4| — |4e
e 2e
=e+2e
=3e Al
2 | Trigonometry, Arctrigo Max mark: 4
/ _ 2
tan (7 +arccos x) = — 1-x , Where XE[—]., 0]
X
Let A=arccosx. Then, cosA=x. Al
Since x €[-1, 0], then %s A<z
Method 1:
Then, sin A=+/1—cos? A = 1— X M1
H _ 2
Therefore, tan A= sinA _ V1-x Al
cos A X
Method 2:
X
m 1 COSA—T
- By Pythagora's Theorem, M1
X | oppo. side =+1—-x"
2 AG
Stan d = 1-x
X
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Continuing from either method:

Hence,
LHS =tan (7 - A) (R1)
=—tan A (property: tan(z — A) = —tan A for any A) AG
_ N1=¥
X
Alternative reasoning:
1-tanztan A
~_0-tan A
1-0
=—tan A
3 | Functions/Differentiation, Graphs of reciprocal and derivative | Max mark: 7
(a) )
A
, Al shape
_1 Al horizontal
__________ TN YT asymptot
> X ymptote
ol 2
Al vertical
asymptote
x=0
(b) y
s | Al shape
|
l A1 horizontal
: asymptote
|
! y=0 >x Al vertical
: asymptote
|
l Al min point in
xE2 negative x
region.
4 | Complex Numbers, Solving, Rationalisation Max mark: 5

(I+i)w+zi=2i ............ (1)
(1-i)z—2w=2 ... ¥

Method 1: By elimination v1

@ x@-1i), we have
(1+i)@-iw+zi@—-i) =2i@1-i)
@Q+D)z+2w=2+2i ........... 3

M1 (Equalizing
the coefficients)
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(2)+(3), we have
22 =4+72i

Z2=2+i
Subst z=2+1 into (2), we have
(1-i)(2+i)—-2w=2
2w=(3-i)-2
L

2
Method 2: By elimination v2
@ = (-1-i), we have
(1+ i)(—l— Dw+ zi(-1-1) = 2i(-1-1)
@-Nz-2iw=2-2i ... (3)

(2)-(3), we have
(-2+2i)w=2i
2t
—2+21 -1+i
i -1-i
= X
=1+ —1-i
i
2

Subst w=1—;I into (2), we have

(1_i)z_z(%j:z

@Q-1)z=3-i
3—i 1+i
L=——"X—7
1-1 1+i
_4+Z
2
=2+i
Method 3: By substitution
From (2),
(1-i)z-2=2w
1-i)z-2
2

Subst (3) into (1),

M1 (Eliminating
one variable)
Al

M1

Al

M1 (Equalizing
the coefficients)

M1 (Eliminating
one variable)

M1
(Rationalising)
Al

Al

M1 (Subject)

M1 (Eliminating
one variable)
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1-i)z-2
(). ';Z - (2-2)i
. . . M1
(L+i)(A-i)z—-2(1+i) —(2-2)i (Rationalisation)
2z-2(1+i) . .
——2=2i-1zi Al
z—(1+i)=2i-1zi
Z+zi=1+3i
.- 1+3i 1-i
1+i 1-i
~(A+3)+(-1+3)i Al
2
=2+I
Subst z=2+1i into (3), we have
_(1-i)2+i)-2
- 2
_3-i-2
2
i
2
Ans: z=2+i, w=1;I
2
Implicit Differentiation Max mark: 6
e 1 2x+Iny=5
Differentiating w.r.t. x, n
q oy oy | q : M1 (Implicit
—(e®™" +2x+Iny)=— i iati
dx( y) dx( ) differentiation)
e“‘”y(sin y + XC0S yﬂj+2+£ﬂ =0 M1 (chain)
dx y dx M1 (product)
Al
(e“i”yxcosy+ijﬂ=—(2+eX5i”ysin y)
y ) dx M1 (d_y
xsiny 1 dy _ 2 Xsiny o; dx
(e Xy oSy + )&——y( +e - sin Y) subject)
dy y(2+e“‘”ysin y) Al
- (o.e)
dx e*"Yxycosy+1
Complex Numbers, Properties of conjugate Max mark: 5
(i) (z+1)(z*+1)
=722*+(z+7%)+1 Al
=|z[ +2Re(z)+1 (Optional)
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(if) Method 1: Hence
z-1
z+1
_z-1 z*+1
z+1 z*+1
2% +(2-7%)-1
22*+(z+7%)+1 Al
~ |z|2 +2Im(z) -1
|z|2 +2Re(z) +1
~1+2Im(z)-1
1+2Re(z)+1

__1Im@) , Which is a purely imaginary number
1+ Re(2) R1

M1

Al

Method 2: Otherwise
Let z=a+ib, wherea,beR

z-1 ai+b-1
"z+1 ai+b+1
_a+ib-1

a+ib+1
_(@a-D+ib (a+l)-ib

(a+)+ib (a+1)-ib M1
) [(@a-D(a+1)+b’ |+i[b(a+1)—b(a-1)]

(a+1)* +b?
_[a®-1+b*|+i[ab+b—ab-+b]
(a+1)? +b? Al

[(@®+b?)-1]+i[2b]

= , =1=a*+b*=1
(a+1)2+b2 (|Z| =a + ) Al

Then

. 2b . L
=1 m , Which is a purely imaginary number
R1

7 | Trigonometry, Ambiguous case of the Sine Rule Max mark: 6

@ 5,

////82
~30°
A 8 cm C

Given a = 4v2,
. sin 8 sin 30°
By sine rule, = T ah M1

Simplifying, sin 6 = o) _ 1
P g w2 2
Solving, 8 = 45° or 135°

Al Al
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(b) | Unique length of AB means that the triangle is either
(1) aright-angled triangle (2ABC = 90°), or R1
(2) length of BC exceeds the length of AC.

For(l),sin30°=§=>a=8sin30°=>a=4 Al
B _-
~30°
A 8 cm C
For (2),a > 8 Al

Therefore,a = 4 ora > 8.
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Qn | Suggested solution | Markscheme
Section B
8 Quadratic (Discriminants) & Polynomial Functions [Max mark: 15]
(@)
Observe thatif k = 0, P(x) =1 > 0 forall x € R. Al
Suppose, k #= 0. Then P(x) > 0 for all x € R only if
(-k)?-4@Bk)(1) <0 M1
= k?—-12k <0
= k(k—12) <0 M1
=0<k<12 Al
Thus, 0 < k < 12.
(b)
3kx? — kx + 1 = kx = 3kx? — 2kx + 1 = 0 must have
zero discriminant, i.e., (—=2k)? — 4(3k)(1) = 0. Al
= 4k? — 12k =4k(k—3) =0 M1
= k=30rk=0 Al —both
Reject k = 0 as the resulting functions, e.g., P(x) = 1 and Al - reasoning
y = 0, are not tangent. not needed
(©)
Q) =(x+2)(-3x2+x+1)—(x+2)
= (x +2)(—3x% + x) Al (seen
anywhere)
Remainder =Q(1) = (1+2)(-3+1) = -6
M1Al
(d) | Method 1
Let Q(x) = (x2 — 1)S(x) + (Ax + B) for some S(x) and
real numbers A and B. Al
Q) =A+B=-6
Q(-1)=-A+B=(1)(-3-1)=-4 Al
= A=-1and B = -5. M1
Thus, the remainder is —x — 5. Al
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Qn | Suggested solution Markscheme
Method 2
By long division,
—3x =5 Al1Al —correct
x* —1|—3x2 — 5x + 2x quotient
—3x2 + 3x
22 M1 — correct
XX division
—5x%+5
) _ —-x—5
Thus, the remainder is —x — 5. Al
Method 3
Q(x) = (x +2)(—=3x* + x) Al
= —3x3 — 5x% + 2x
=-3x3-5x2+Bx—x)+(5-5) Al
= (—3x3+3x) + (-5x> + 5) + (—x — 5)
=-3x(x?-1)-5x*—-1)+(—x—=5)
= (x?-1)(-3x—-5)+(—x—05) M1
Thus, the remainder is —x — 5 Al
9 Complex Numbers & Geometric Sequence [Max mark: 12]
(a)
z—1 z—1
Z—1=i( >=>(z—1)—i< >=O
VA . VA
1
:(z—l)(l—;)z(z—l)(z—i)zO M1
Thus,z=1o0rz =. AlAl
(b)
Letu; = 1land uz =1. Al —seen
anywhere
(i)
Let r = a + ib for some real numbers a and b.
:%zizrzzaz—b2+2abi Al
1
—a?—b?=0and2ab=1<b=—_.
a?-b’=0=a=+4b=2a’=4+1=2a*>=1. M1
Thus,a = +—and b = +—
us,a =+ -a =t
Therefore, r = + - (1 + ). A1AL

(i)
fo(0) = (=uy)(=uy) - (ug)
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Qn | Suggested solution Markscheme
= —(uyuy "+ Uo) Al
= —(r%1...78)

— _p0+1+-+8 M1
— 36
= —(r?)18 M1
— —i18
=1 Al
10 | Binomial Theorem [Max mark: 13]
(a)
The general term in the expansion of (2 — x)1° is given by
10\ 510-k,_ K 10\ 5m,_.y10-m Al
(k)Z (=x)* or (m)z (—x)
Letting k = 8 orm = 2, gives us Al
10!
92 _ M1A1
8!2!2 =5X9 x4 =180.
(b)
The general term in the expansion of (2 + x2)3 is given by
8\ 5k .,.2(8-k) 8Y »8-m..2m Al
(k) 2%x or (m) 2° My
Since two consecutive terms in the expansion have the same
coefficients:
8\ok _( 8 k+1 8\ 8-m _( 8 7-m | Al
(g)z _(8k+1)2 or (gl)z _8(m+1)2
(k):(k+1)2 or (m)2:<m+1)
8! _ 8! 2 or 8! _ 8!
kl(8=Kk)!  (k+1)!(8—(k+1))! mi(8-m)! (m+1)!(8—(m+1))!
1 2 2 1
kI(8=k)-(7—k)!  (k+1)-k!(7—k)! or ml(8—m)(7-m)!  (m+1)m!(7—-m)! M1
12 or—2_=_1
(8-k)  (k+1) (8-m)  (m+1)
k+1=16 -2k or2zm+2=8—-—m
k=5 orm=>2 Al
Thus, x® and x* have the same coefficients. Al

(©)

By inspection, it follows thatn = 10 + 8 = 18. Al
Method 1

Also, M = =Y roots = 2 x 10. R1
Therefore, M = —20. M1A1l
Method 2

Observe that there is only one way of getting x2°, i.e., by

considering x° in the expansion of (2 — x)1% and x1¢ inthe | R1

expansion of (2 + x2)8,
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10
9

Thus, Mx?5 = ( )2(—x)9 x x16 = —20x2° M1

Al
Therefore, M = —20.

10
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Full marks are not necessarily awarded for a correct answer with no working. Answers must
be supported by working and/or explanations. In particular, solutions found from a graphic
display calculator should be supported by suitable working, for example, if graphs are used to
find a solution, you should sketch these as part of your answer. Where an answer is incorrect,
some marks may be given for a correct method, provided this is shown by written working. You
are advised to show all working.

SECTION A (40 marks)
Answer all questions in the spaces provided.
1 [Maximum mark: 5]

The diagram shows a right-angled triangle ABC with AC=2 cm and BD=xcm .
CD is an arc of a circle with centre A and radius 2 cm.

A
D 2cm
X cm
Diagram not to scale
B C

(a) Show that the area of the shaded region is (\/xz +4x -2 arccos( 2 2)} cm’. [3]
X+

(b) Find the value of x when the area of the shaded region is 5 cm? . [2]

TURN OVER
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2 [Maximum mark: 6]

2 —
A curve has equation y = al - % defined for all real values of x.

e
(a) Find the range of values of x for which the curve is strictly increasing. [3]
(b) Find the range of values of x for which the curve is concave upwards. [3]

TURN OVER
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3 [Maximum mark: 5]

The roots of a cubic polynomial equation with real coefficients, p(x) = 0, are the
consecutive terms of an arithmetic sequence and one of the roots is 2 — 1.
Find a possible p(x), in the form ax’ + bx* + cx+d , where a, b, ¢ and d are values to be

determined.

TURN OVER
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4 [Maximum mark: 8]

2x—

The function f is defined by f(x)= 3,xeR,x¢l,x¢ 2 and f" is denoted as

(fofofo..of)(x).

n times
(a) Find the function f7. [2]
(b) Find, £, the inverse function of f, stating its domain. [3]
(c) Hence, or otherwise, define the function /> for neZ". [3]

TURN OVER
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5 [Maximum mark: 8]

There are 8 cards printed with a different single digit from 1 to 8 on each card.

(a) Alex selects 4 cards at random without replacement.
Find the number of possible selections such that there is an equal number of

odd-digit cards and even-digit cards. [2]

(b) Ben uses 5 of the cards without repetition to form a five-digit number that begins
and ends with an even digit.
How many numbers did he form? [3]

(¢) Cherry places all the 8 cards into a 3 by 3 grid such that there are exactly two
cards on the top row and three cards each in in the middle row and bottom row.
Find the number of arrangements such that both cards on the top row are

odd-digit cards. [3]

Top Row

Middle Row

Bottom Row

TURN OVER
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6 [Maximum mark: 8]

Solve the simultaneous equations
log, y=log, x,

log, (x—y)=log, (x+y).

TURN OVER
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SECTION B (40 marks)

Year 5 HL Maths End of Year Exam 2019/P2

Answer all questions on the foolscap paper provided. Please start each question on a new

page.

7

[Maximum Mark: 9]

(@

(b)

(@

Alex, Bryan and Caleb work for GoGrab! taxi company. The company pays
them different rates for different periods of time in a day. During off-peak
periods, the firm pays $x for each km driven. For peak and super-peak periods,
the firm pays $y more and $z more per km respectively. The table below shows
the distance (in km) covered by Alex, Byran and Caleb during the three different
periods, together with the amount they were paid, on a particular day.

Off-peak Peak Super-peak Total
Alex 63 26 4 $146.70
Bryan 59 34 12 $170.30
Caleb 30 52 28 $189.40
Write down and solve equations to find the values of x, y and z. [4]
. . 2—¢e"
Find the equations of the asymptotes of the graph of y = o 1 [5]
e p—
[Maximum Mark: 16]
Given
4sin B+3sinC=6
3cosC+4cosB=1"
find the value of cos(B —C). [6]

(b)

Let Ah(x) = arctan(x)+ arctan (lj ,X#0.
x

(1) Find 4'(x) in simplified form.

(i1))  Hence show that A(x) :% for x> 0.

(iii)

[4]
[3]

Show that /4 is an odd function. Hence state the value of 4(x) for

x<0.

[3]

TURN OVER
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Do NOT write solutions on this page

[Maximum Mark: 15]

Let f(x)=|x]-2.
(@) (1) Sketch the graph of y = f(x).
(i)  State the zeros of f.
(b) (i)  Sketch the graph of y=( /o f)(x).
(i) State the zeros of fo f .
Wedenote /" as fofofo..of .
n times
(¢) (i) Find the zeros of f>.
(ii) Find the zeros of f*.
(iii) Deduce the zeros of f5.
(d) The zeros of f*"are a;, a,, as, ..., ay.
(1)  State the relation between n and N.
(1i1))  Find, and simplify, an expression for Z|a,,| in terms of n.
(11) Find, and simplify, an expression for the product a;- a, - as-...- ay,in
terms of n, wherea; #0 for i =1,2,...,N.

[1]
[1]

2]
[1]

[1]
[1]
[1]

[1]

[3]

[3]

End of Paper
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Year S HL Maths End of Year Exam 2019 — Paper 2 Mark Scheme

Section A
1 Trigonometry — Circular Measure Max mark: 5
® cos A= ives A =arccos 2 j
x+2 8 x+2 Al
Area of shaded region
= Area of Triangle ABC — Area of Sector ADC M1
1 2 1
= E(2)( (x+2) -2° )—5(22)arccos(x+2j Al for Area of
sector ADC
= | Vx* +4x —Zarccos( 2 j cm’
x+2 AG
(b) . on X 1 4x 2
Solving the equation v x” +4x —2arccos 5 =5 by GDC MI
x+
using either Graphing App or nSolve gives
x=5.88661... =5.89 (3 sf) Al
_ A
f2()=5 6.67}y Z
(5.89,5)

O\K

- [ i O + + + + + 0 il
, 2
+4 x —2~cos? )
x+2
6. 67

5.88661
nSolve||x +4 x —2+-cos|—|=5,x

b p?
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2 | Differentiation — Strictly Increasing Function and Concavity Max mark: 6
(a) | Either

2
X -

Using GDC to sketch the graph of y = Y and finding the M1
coordinates of the maximum and minimum points.

| _A

6.671y

Al (2.62,0.309)
“_"‘—text‘_"—*—*_*_’—“—'v‘/'—%'

_l() [ 1 + + - T T .1
t (0.382,-0.161)

O\‘K

“6.67 1

Or
dy e (2x—1)—¢" (x2 —x) P +3x-1
dr (ex)z e

dy

Curve is strictly increasing means ™ >0 ie —x"+3x-1>0 M1

Al for correct
0.382 <x<2.62 (3 sf) end values
Al for correct

6.67+y inequality

f2(x)=—x2+3- x—1

O =

10 (o3s2,0) f L \(2620)
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(b) | Either
Using GDC to sketch the graph of y = % and finding the M1
coordinates of the maximum and minimum points.

A

6.671y

(1 (1,0.368)

vl

-1(:) + + + + + + + + ./ 1 ;(4:,_():.0392.) .10

Or

2

Using GDC to sketch the graph of y = jxy and finding the Ml

2

ZECros.

6.67%y

_1(:) g g + + t + + + - 1 g g 0 ¥ -10

dx2 (ex )2 ex ex

Curve is concave upwards means —)2; >0 ie. (x—1)(x—-4)>0 | Ml
dx

x<1 or x>4 Al Al
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3 | Polynomials — Fundamental Theorem of Algebra, Sum and | Max mark: 5
Product of Roots with Arithmetic Sequence
Given one complex root =2 — 1 R1 Reason Must
By the Fundamental Theorem of Algebra, be stated
Complex conjugate root =2 + i Al
Third real root =2 Al
pPX)=x-2)x-2-1)(x—-2+1) M1
=(x-2)(x*—4x+5)
=x—6x*+13x-10 Al
Note that GDC can be used to evaluate the sum and product of
the complex roots
2+i+2—i -+
(2+)- (2—i) 5
2+i+2—i+2 6
(2+i)- (2-i)- 2 10
4 | Functions — Inverse and Composite Functions (non GDC) Max mark: 8
(a)
s ) ( 2x —13j _3
20N x=3)_ _\ x-
/ (x)—f( x—1 j (2x—3}_1 Ml
x—1
r? ( x) _X- 3 Al
x—2
(b) | Any valid method of finding inverse M1
a0y X—3 Al For Rule
f (x)_x_z,xe]R,x;tl,x;tZ A1 For Domain
(¢) | From (a) and (b), f*(x)=/f"(x) is equivalentto f°(x)=x M1
2019 is divisible by 3 1/\([11
fzmg(x):x,xeR,x;tl,x;tZ
5 | Permutations and Combinations Max mark: 8
(a) . . i 4\ (4
Number of possible selections = "C, x *C, or 5 X 5 M1
=36 Al
nCr(4,2)- nCrl4,2) 36
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(b) | Number of numbers formed = P, x °P, or (4x3)x(6x5x4) M1 Ml
— 1440 Al
nPr(4,2)- nPr(6,3) 1440
(c) . 4 4
Number of odd-digit cards for top row = "C, x3! or 5 x3!=36 | Al
Number of arrangements for the middle and bottom row
=B x°P, or 6! =720 Al
Total number of arrangements = 36 x 720 = 25920 Al
nCr(4,2)- 3! 36
nPr(6,3)- nPr(3,3) 720
nCr(4,2)- 3!- nPr(6,3) nPr(3,3) 25920
6 | Simultaneous Logarithmic Equations Max mark: 8
log, y=log, x
Applying change of base on either side of the equation M1
log, y= log, x gives (log, y)=+1
log, y
1 . .
y=— or y=ux (reject since x—y > 0) Al
X

Substituting y = 1 into log, (x—y)=log, (x+y) gives
x

1 1
log (x ——j =log, (x +—j
X T X

Therefore, log, (x - l} =—log, (x + l)
x x

log (x—lj +log, (x +lj =0 gives
X X
logx(x—l]£x+l):0 or (x—lj(x—i-lj:l
X X X X

Either

Solving logx(x—l]£x+l):0 or (x_lj(x+lj:1 by
X X X X

GDC using nSolve gives
x=1.27201... =1.27 (3 sf) and y=0.78615... =0.786 (3 sf)

Must reject y = x
M1

Al

Al

Ml

Al Al
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1 1 1.27202
In|{x—| [x+—
X X
nSolve =0,x
ln(x) Ml
1 1 1.27202
nSolve||x—|- [x+—|=1 x Al
X X
Or Al
Solving x* —x*—1=0 gives x° = since x> >0
X= \/§2+1= 1.27 (3sf) since x>0
2 J5-1
= |—=—=0.786 (3sf) or y=,/——=0.786 (3sf
Y= (3sf) or y 5 (3sf)
polyRoots(X4_X2_1,X) {-1.27202,1.27202}
nSolve(x4—x2—1=O,x) 1.27202
1 0.786151
1.2720196495141
Section B
7 | System of equations/Asymptotes Max mark: 9
(a)
63x+26(x+y)+4(x+2z)=165.10 MI1A1
59x+34(x+y)+12(x+2)=176.15
30x+52(x+ y)+28(x+2)=205.70
63 x+26- (x+3)+4- (x+2)=146.7 Ml
linSolve({ 59- x+34- (x+y)+12- (x+2)=170.3 ,p
30 x+52- (x+y)+28 (x+2)=189.4
{1.5,0.2,05}
Al
By GDC, x =§1.50, y =$0.20, z =$0.50.
(b) 2-¢* 1 15
y = =——+4
2e" -1 2 2e" -1
2e" -1 :O:len(lj
2
1 1).
Asx—)ln(zj,yeioo:nczln(gj is an asymptote. MI1A1
Asx > © —)—l:> ——lisanas tote MI
Y > y > ymptote. Al
As x > —00,y > -2 = y = -2 is an asymptote. Al

6
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6.67 TV
R
£2(x)=-0.5 1 L )
0 ...... ?‘*& Ia
£3(x)=-2
‘5-.5} .\'=ln(0.b)
8 | Trigo(Addition Formula), Differentiation, Odd Function Max mark: 16
(@) | 16sin® B+9sin? C+24sin BsinC =36 —(1) Ml
Al
9cos’ C+16cos® B+24cosBcosC=1 —(2) Al
(1)+(2), 25+24cos(B—C)=37 MIAl
:>cos(B—C)=% Al
b
®) h(x) = arctan(x) + arctan 1 ,Xx#0
(1) by
1 1 -1
h'(x)= + — MI1Al
1+x° ( 1 T X
1+| —
X
2
_ 1 A Al
1+x* 1+x* x?
=0 Al
(i)
Since 4'(x) =0 for all x#0,Ah(x)=c, where c is a constant. R1
h(x)=nh(1
(x)=h(1) M
= arctan(1) + arctan(1)
T T Al
= — 4 —
4 4
T
2
(iii) 1
h(x) = arctan(x) + arctan | —
X
h(—x) = arctan(—x) + arctan( lj M1
X
= —arctan(x) — arctan (lj . arctan(x) is an odd function.) R1
X
= —h(x)
Al
For x <0, h(x) = —%.
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9 | Function, Composite functions, AP, Factorial Max mark: 15
@ | f()=|x]-2
(i) 4.68 py
0 2 (\) =f(.\')):
- 17(2,0 3
(-2,0 \ /( ) Gl
(i) | Zerosof f==£2 Al
(b) 6.67 Y
(1) G2
£3()-£(t())
(djo) x
10 (-4,0) 1 (4,0) 10
(i) | Zerosof fof are +4,0. Al
(c) ¥ 7.824Y

(1) \

(-6.,0)(-2,09{ (2,0) (6.,0)

173 \/-\ 1/:\/ 3
£4.(x) =(g(e(x))
Zeros of f> are +6,+2. Al
(i) | Zeros of f4 are £8 +4,0 Al
(ii1) | Zeros of f8 are £16, £12, £8 +4, 0 Al
d) | N=2n+1 Al
(1)
(i) | &
D Ja|=2(4+8+12+16+...+ 4n) Al
r=1
=8(1+2+3+..4n)
—8-Z(1+n) MI(AP sum)
2
=4n(1+n) Al
(iii) al-az-a3-...-aN:(—l)n(4'8'12'16"'4n)2 M1
=(-1)"4(1-2-3-4---n)’ Al
n 2
=(=1)"4(n) Al
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are advised to show all working.

SECTION A (40 marks)

Answer all question in the spaces provided.

1. [Maximum mark: 5]

(a) Solve the inequality 2* +z — 20 > 0. 2]
(b) Hence, by means of a suitable substitution, solve the inequality z* + |z| — 20 > 0. (3]
Solution:

(a)

24+ -20>0

(x+5)(x—4)>0 M1

r<-—-Horax>4 Al

(b) Replace x by |z| to get Al
7| <=5 or |z[ >4 M1

rejected z>4 or x<—4 Al

2 Turn Over



2.
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[Maximum mark: 4]

A function f is defined by

fla)=2>+2, 2<—=
(a) Find an expression for f~1.
(b) Find the range of f~1.
Solution:
(a)
Yy = 4z

Since = < —%, we reject the positive square root.

Hence f~' = —1— /o +1

(b) Ry =Dy = (=00, —3].

2

1
1
1
YTy
1
:i: _

Turn Over

M1

R1
Al
Al



3.

(a) Expand

(b) Hence, expand (

Year 5 Mathematics: Analysis and Approaches HL End Of Year Examination 2020/P1

[Maximum mark: 6]

in ascending powers of z up to the term in 3.

(1 —3x)?

1l—=x
1—-3z

2
) in ascending powers of x up to the term in z2.

(c) State the range of values of x such that the expansions above are valid.

Solution:

(a) Using Binomial expansion,

(1—32)2 =1+ (-2)(-3z) + “%ﬁ

=146z + 272>+ 1082° + - - -

(—3z) +

(b) Hence

<11—_3:ic>2 = (1—2)*(1 — 31)?

=(1—2z+2*)(1+6x+ 272> +--+)

=1+4x + 162° + - -

(¢) The expansion is valid for |z| < 3.

4 Turn Over

M1
Al

M1

Al for
1—2x+ a2

Al

Al



4.
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[Maximum mark: 8]

22 +6

A function g(z) is given by the rule g(z) = -l
—x

(a) State the maximal domain of g.

(b) Find the equations of the asymptotes of y = g(z).

(c) Describe a single transformation that maps the graph of y = g(x) onto the graph of

22 =2+ 7
Yy = h(l’), where h(il;) = m

Solution:
2
(a) For glr) = 5

Hence the maximal domain of g is {z € R |z # £v/3} or R\ {£/3}.

5 to be defined, we need 3 — z? # 0.
-z

246 9

(b) g(o) = 5— 5 =1+ 35—

The asymptotes are
Yy = _17

T =1/3,

v =3

2t =2047  (z—1)+6
2420 —22 33— (v—1)?

(¢) h(z)

1
Hence the transformation needed is a translation by (0) .

Turn Over

2]

(M1)

Al

(M1)

Al
Al
Al

M1

Al



d.
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[Maximum mark: 8]

The 7" term of a series is given by the expression U, = 22 — r(r — 2), where r € Z*.

Given that

n

Y= %(n+ 1)(2n + 1),

r=1

show that
n

gUr = 8(2" = 1)~ Z(n+1)(2n - 5)

Hence or otherwise, find

giving your answer in terms of n.

Solution:

n

Sy = Z (2 —r(r—2))

r=1
S S I
r=1 r=1 r=1
2(1-2") n n
=2 2 T+ D@n+ )+ (242
3 6(n+ )(2n + )—|—2( +2n)

A1 - correct sum of GP, A1 - correct sum of AP
1
=8(—1+2") — M
n(n+1)
6

(2n+1—-6)

=8(2"—-1) — (2n —5)  (shown.)

~_
/N
oo
—~
[\]
3
|
—_
S~—
|
>3
—~
3
+
—_
S~—
—
[\)
3
|
(@)
N~—
——

—2(2" — 1) — %(m 1)(2n — 5)

6 Turn Over

M1 -
split >

M]_ - use

of AP, GP
or given
sum
formula

Al

AG

M1

A1 or the

next line
directly

Al
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6. [Maximum mark: 9]

The graph of a polynomial function y = f(z) is shown below. The curve cuts the x—axis at

x=—3and z =7, cuts the y—axis at y = 2, and has a maximum point at (5, 5).
Yy Diagram 1s not drawn to scale
5,5
y = f(z) 5.5
2 /\
7.3 " €

1
(a) On the set of axes below, sketch the graph of y = m, labelling its asymptotes, turning
x
points, and axial intercepts clearly. (5]
1 A1 - vertical
Yy = asymptotes
I () A1 - horizontal
asymptote
A1 - y—intercept
A1 - point (5, %)
5. 1 A1 - shape
| T
r=-3 =T

(b) On the set of axes below, sketch the graph of y = (f(z))?, labelling its turning points and
axial intercepts clearly. [4]

(5,25) A1 - shape
A1 - z-intercepts
A1 - point (0,4)
A1 - point (5,25)

€xr

(7,0)

7 Turn Over



Year 5 Mathematics: Analysis and Approaches HL End Of Year Examination 2020/P1

Do NOT write solutions on this page.

SECTION B (45 marks)

Answer all questions on the foolscap paper provided. Please start each question on a new page.

7.

[Maximum mark: 10|

(a)

(b)

A boy claims to have found a function that only produces prime numbers. He then writes

the function as

m(n)=n*+n+5 neZ.

Prove or disprove his claim.

A girl claims to have discovered a formula that reads

n

T 1
S 7+,
Z(r+1)! (n+ 1)V ne

r=1

Prove her discovery using mathematical induction.

[Maximum mark: 18|

(a)

Show that 5x2 + nx — 1 = 0 has 2 real roots for all real values of n.

Let P(x) = (2? — 6x + m?)(5x? 4+ nx — 1) for some real constants m and n.

(b)
(c)

Find the range of values of m for which P(x) = 0 yields only real roots.
If the sum of the roots of P(z) = 0 is 10 and one of the roots is 3 — /71, where i* = —1,

(i) find the value of n; and,

(ii) find the possible values of m.

Find the remainder when P(z) is divided by 2z — 1, leaving your answer in terms of m
and n.

Solve the inequality P(x) < 0 for m =n = 3.

8 Turn Over

[4]
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Do NOT write solutions on this page.

9.

[Maximum mark: 17|

44/21

Suppose z = m, where iZ = —1.
(a) Show that z = 1 + +/31i. (2]
(b) Hence, find in terms of n, [4]
(i) arg(z")
(ii) [2"]

(c) If w? = z, find the possible values of w, leaving your answer in the form re!? where r > 0
and 0 € (—m, 7. [4]

Let 2" = r(f(n) +ig(n)) for all n € Z*, where f and g are trigonometric functions of n and
r=12"].

(d) Find f(1), f(2) and f(3). [4]
(e) Calculate the product of the first 12 values of f(n), that is, evaluate (3]
F(1) % F(2) x F(3) % -+ x F(11) x £(12).

End of Paper
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7. Proof by Counterexample, Mathematical Induction

Maximum mark: 10

(a)

7(4) = 4% + 4+ 5 = 25 is clearly not prime.*

Therefore, the claim is not true.

*Any valid counterexample is acceptable.

MI1R1 - substitution

to disprove claim

Al

(b)

Let P(n) be the statement Z for any n € Z+.

1
-
r+1) (n+1)!

For n = 1:
1
T 1 1
LHS = = ==
— (r+1)! (1+1)! 2
1 1 1
RHS=1——=1— - ==
(I+1)! 2 2

Therefore, P(1) is true.

Assume that P(k) is true for some k € Z7, i.e.,
k

r 1
DB s A ]

r=1

For n =k + 1:
k+1 i k‘—f—l
gt —~ (r+1)! ((k+1)+1)!
] N kE+1
k+ 1) " (k+2)
_1_ k+2 n k+1
(k+2) " (k+2)
k42— (k+1)
 (k+2)
B 1
T (k4 2)!
B 1
0 ((k+1)+1)!

Therefore, P(k + 1) is true.

Since P(1) is true and P(k + 1) is also true whenever P(k) is true for any

k € Z", then by mathematical induction P(n) is true for all n € Z*.

AT (AO for bad

presentation)

M1

M1 - correct sum

Al - use of P(k)

M1 - single fraction

Al

Al - only if all are

correct

10
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8. Polynomials, Sum and Product, Remainder Theorem

Maximum mark: 18

(a)
= 5z% + nx — 1 has discriminant A,, = n* — 4(5)(—1) = n? + 20
which is always positive no matter what n is.

Thus, 522 + nz — 1 = 0 always yields 2 real roots whatever n is.

Al-A
R1 (tolerate n* > 0)

AG

(b)

Let A,, = 36 — 4m? be the discriminant of the factor 2% — 6x + m?. Al

P yields no complex roots if and only if A, > 0. (as A, > 0 for all n.) R1
Ap,=36—4m*>0=m?<9= -3<m<3 M1A1
(c)()

The sum of the roots is 10 means 6 — g =10 = n = —20. MI1A1

(c) (i)
Since 3 — \/7 i1is a root, sois 3 + \/7 1 as all coefficients are real.
Thus, m? = (3 — V71)(3 +/7i) = 16

Therefore, m = +4.

A1R1 - real coeff.
M1
Al

()

The remainder is given by P (

P = (@) -60)+m) (

M1 - seen anywhere

, 1\ (n 1
(e)
For m =n =3,
P(x) = (2* — 6z + 9)(5z* + 3z — 1) = (z — 3)*(5z* + 3z — 1). M1

Pz)<0=52*+3z—1<0and z #3

:>—_3_@<x<—_3+\/2_9
10 10

Al - award even
if no “x # 37

M1A1

11
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9. Complex Numbers Maximum mark: 17
(a)
45 3 :
Lo AR VB VR SVBEHS L gy M1A1
V6+Vv2i V6-v2i 642
(b) Im > 1+\/§1
() N -
argz" =n X argz = 5 /3 (M1)A1
(i) o
3 arg z = T
2" = [z|" = 2" [ 3 (M1)A1
O 0
(c¢) Method 1 (c¢) Method 2
Let w = rel? so that w? = r?e'??, Let w = a + ib so that
As w? = 2z = 2% = 1 + /31 w? =a? — b +2abi =1 + /31
= 2¢!™/3 = 2e7197/3 (as above) a’> —v? =1 and 2ab = /3 M1
Thus,r2—2and29—gor—5§ — 4B A — 3 =0
T om 9 9
Sor:\/ﬁandQZEor—F = (2b° = 1)(2b"+3) =0 Al
) 1 3
Therefore, w = v/2¢!™/6 —b=+—anda= j:£ Al
V2 V2
or w = /2e157/6, w = /2 7/6 or \/2e157/6 Al
(d)
2" = 2"cis (n_w) =r (cos (n_7r> +1 sin <@>> (M1A1) - de Moivre’s
3 3 3
Yy = cosx f(G)
) £6)
f(1)
f(1) =cos (5) =3 Al
f(2) =cos (¥) = —4 and f(3) = cos (¥F) = —1. Al
(e)
The first six values of f are %, —%, -1, —%, %, 1. (See graph above.) M1
The product of every six terms is —1—16. Al - seen anywhere
1 1
Thus, f(1) x -+ x f(12) = (f(1) x -~ x f(6))* = - Al

12
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are advised to show all working.

SECTION A (40 marks)

Answer all question in the spaces provided.

1. [Maximum mark: 5]
(a) Solve the inequality 2* +z — 20 > 0. 2]

(b) Hence, by means of a suitable substitution, solve the inequality z* + |z| — 20 > 0. (3]

2 Turn Over
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[Maximum mark: 4]

A function f is defined by
1
fx)y=2+2, =< —3

(a) Find an expression for f~1.

(b) Find the range of f~1.

3 Turn Over
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[Maximum mark: 6]

1
(a) Expand ——— in ascending powers of x up to the term in .

(1 —3x)?

1l—=x
1—-3z

2
) in ascending powers of x up to the term in z2.

(b) Hence, expand (

(c) State the range of values of x such that the expansions above are valid.

4 Turn Over
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[Maximum mark: 8|

246
3 — 22

A function g(z) is given by the rule g(z) =

(a) State the maximal domain of g.

(b) Find the equations of the asymptotes of y = g(z).

(c) Describe a single transformation that maps the graph of y = g(x) onto the graph of

22 =2+ 7
Yy = h(x), where h(ﬂ:) = m

Turn Over



d.
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[Maximum mark: 8|

The r*" term of a series is given by the expression U, = 2"+2 — r(r — 2), where r € Z™.

Given that .
>ort=c+ 1)+,
r=1

show that

n

ZUT =8(2" = 1)~ Z(n+1)(2n - ).

Hence or otherwise, find

6 Turn Over
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[Maximum mark: 9]

The graph of a polynomial function y = f(z) is shown below. The curve cuts the x—axis at

x=—3and z =7, cuts the y—axis at y = 2, and has a maximum point at (5, 5).
Y Diagram is not drawn to scale
5,5
y = f(z) (5.5)
2 /‘\
7 3 ” @

(a) On the set of axes below, sketch the graph of y = , labelling its asymptotes, turning

1
f(z)
points, and axial intercepts clearly. (5]

Yy

(b) On the set of axes below, sketch the graph of y = (f(z))?, labelling its turning points and
axial intercepts clearly. [4]

Yy

7 Turn Over
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Do NOT write solutions on this page.

SECTION B (45 marks)

Answer all questions on the foolscap paper provided. Please start each question on a new page.

7.

[Maximum mark: 10|

(a)

(b)

A boy claims to have found a function that only produces prime numbers. He then writes

the function as

m(n)=n*+n+5 neZ.

Prove or disprove his claim.

A girl claims to have discovered a formula that reads

n

T 1
S 7+,
Z(r+1)! (n+ 1)V ne

r=1

Prove her discovery using mathematical induction.

[Maximum mark: 18|

(a)

Show that 5x2 + nx — 1 = 0 has 2 real roots for all real values of n.

Let P(x) = (2? — 6x + m?)(5x? 4+ nx — 1) for some real constants m and n.

(b)
(c)

Find the range of values of m for which P(x) = 0 yields only real roots.
If the sum of the roots of P(z) = 0 is 10 and one of the roots is 3 — /71, where i* = —1,

(i) find the value of n; and,

(ii) find the possible values of m.

Find the remainder when P(z) is divided by 2z — 1, leaving your answer in terms of m
and n.

Solve the inequality P(x) < 0 for m =n = 3.

8 Turn Over
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Do NOT write solutions on this page.

9.

[Maximum mark: 17|

44/21

Suppose z = m, where iZ = —1.
(a) Show that z = 1 + +/31i. (2]
(b) Hence, find in terms of n, [4]
(i) arg(z")
(ii) [2"]

(c) If w? = z, find the possible values of w, leaving your answer in the form re!? where r > 0
and 0 € (—m, 7. [4]

Let 2" = r(f(n) +ig(n)) for all n € Z*, where f and g are trigonometric functions of n and
r=12"].

(d) Find f(1), f(2) and f(3). [4]
(e) Calculate the product of the first 12 values of f(n), that is, evaluate (3]
F(1) % F(2) x F(3) % -+ x F(11) x £(12).

End of Paper
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Full marks are not necessarily awarded for a correct answer with no working. Answers must
be supported by working and/or explanations. In particular, solutions found from a graphic
display calculator should be supported by suitable working, for example, if graphs are used to
find a solution, you should sketch these as part of your answer. Where an answer is incorrect,
some marks may be given for a correct method, provided this is shown by written working. You
are advised to show all working.

SECTION A (40 marks)
Answer all questions in the spaces provided.
1 [Maximum mark: 4]

Find exactly, the range of values of k&, k£ € R, for which the following equation has real roots

fx* +(k—1)x+(k—1)=0.

TURN OVER
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2 [Maximum mark: 6]

Solve the following system of equations

TURN OVER
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3 [Maximum mark: 7]

Farmer Adam has a fenced rectangular field, measuring 10 metres by 4 metres, for his goat,
Billy, to graze. To keep Billy from running away, Adam attaches a rope to a wooden post at
one corner of his field, and the other end of the rope to Billy. The length of Billy’s rope, x

3
metres, where 4 < x <10, is such that Billy can graze an area that is exactly 2 of Adam’s field.

(a) Show that x satisfies the equation

x* arcsin (ij +44/x*-16 =60. [5]
X

(b) Find the value of x. [2]

4 TURN OVER
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4 [Maximum mark: 7]

Let f'and g be the following functions
f(x) =x'+02x=58x*—x+4, 0<x< p,

g(x)=-3+2sin(x-1), —%+1£x£%+1.
(a) Find the largest value of p in 3 significant figures for which /" has an inverse. [2]
(b) Solve the equation [~ (x)=1. [2]
(¢) Hence, solve (f‘1 o g)(x) =1. [3]

TURN OVER
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5 [Maximum mark: 7]

The arithmetic sequence {un} ,n €Z" has first term u, =1.6 and common difference d =1.5.

The geometric sequence {v,},n€Z" has first term v, =3 and common ratio r=1.2.

(a) Find an expression for #, —v, in terms of n. [2]

(b) List all the possible values of n for which u, > v, . [3]

(¢) Find the greatest value of u, —v , giving your answer to 4 significant figures. [2]
TURN OVER
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6 [Maximum mark: 9]

The diagram shows the graph of y = f'(x) =x" +ax’ +bx+c¢, xe R, where a, b, and c are real

constants. The graph cuts the x-axis at the points (—~1,0), (1,0) and (2,0).

o

(a) Find the value of a, of b, and of c.

\_J

[3]

(b) The graph of y=f (x) is translated by [’Zj to the graph of y = g(x) such that the

y-intercept of y=g (x) is also its minimum turning point. Find the value of m.  [2]

(¢) Using the value of m to 3 significant figures, sketch the graph of y = g(—|x

its x-intercepts.

). labelling
[4]

MORE SPAC}E IS AVAILABLE ON THE NEXT PAGE

TURN OVER
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Do NOT write solutions on this page.

SECTION B (45 marks)

Answer all questions on the writing paper provided. Please start each question on a new page.
7 [Maximum Mark: 17]

(a) Prove that %Z_i = tan’ 6, where —% <0< % [4]
sec26 +

(b) Hence, or otherwise, find the values of @ for which 3(sec20—1)=sec20+1,

where -2 <9<Z. [3]
4 4

It is given that the first three terms of a geometric sequence are sec x, cosec2x and

1 . V4
Ecosec xcosec2x respectively, where 0 < x <—.

(¢) Find the common ratio of the sequence. [2]

(d) Find the range of values of x for which the geometric series

1
sec x + cosec 2x + ) COSEC X COSec 2x +... converges. [4]

1
(e) Given that x =arccos (EJ, show that the sum to infinity of the series

is 3+4/3. [4]

9 TURN OVER
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Do NOT write solutions on this page.

8

[Maximum Mark: 16]

The figure shows a solid in which HIJKLM and PQRSTU are regular hexagons of sides
4 cm and 10 cm respectively. It is given that HP =IQ=JR =KS=LT=MU =15cm.

(@)

(b)

(©)

(d)

(e)

[ 4cmj Diagram not

H @ K drawn to scale

15 cm
P S
U 10em T
Show that cosMUT = % [1]
Find the exact value of the perpendicular distance from T to MU. [3]

Show that the distance between the planes HIJKLM and PQRSTU is 3421 em.
[4]

Find the length of HS. [3]

Find KHS and HKS. [5]

10 TURN OVER
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9 [Maximum Mark: 12]

A total of 8 students are randomly selected from three tutorial groups (TGs) to
attend a focused group discussion. There are 14 students in each TG.

(a) Find the number of ways in which the students can be selected, if there are
at least 2 students from each TG. [5]

Xiaoming and Ali are among the 8 students selected. The room for the focused

group discussion has a large table in the middle with 4 seats on either side of the
facilitator, as shown below.

. . ‘ ‘ Legend:
O ‘ Seats for students

O Facilitator
0000

(b) Find the number of ways in which the 8 students can be seated if

(i) Xiaoming refuses to sit on any of the 4 corner seats and Ali insists on
sitting next to him,

(ii) Xiaoming refuses to sit on any of the 4 corner seats and Ali insists on
sitting next to him but not on the seat adjacent to the facilitator. [7]

End of Paper
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Year 5 MAA HL Maths End of Year Examination 2020 Paper 2 (Markscheme)

Section A
Qn | Suggested solution Markscheme
1 | Quadratic Discriminant [Marks: 4]
kx* +(k —1)x+(k —1) =0 is a quadratic equation in x.
For real roots, discriminant>0
(k—1)2—4k(k—1)20 M1 — for setting A>0
(k-1)(k—1-4k)>0 OR 3k*-2k-1<0
(k-1)(3k+1)<0 M1 — solving quad ineq
1<k<
3707 1 Al-values Al-ineq sign
2 Logarithmic Equations [Marks: 6]

log,_,y=3=> y:(x—l)3
Iogy+1x:%:>x=(y+1)}/2 —y=x"-1

=t

Method 1

(x—1)3:x2—1:(x—1)(x+1)
:(x—l)[(x—l)z—(x+1)}:0
:(x—l)(xz—Sx):O:x(x—l)(x—3):0
x=0,1(rej .+ x>1) orx=3

L y=8

Method 2 (GDC — Graph)

124

£2(x)=x~-1

1

£1(x)=(x-1) 7

OR

6.67 Y

-10 1 10
(0,0) \/ f4(x)-

£3(x)=(x-1)>—x2+1
By GDC, x=0,1, or 3
Since x>1 x=3
y=38

M1 — change to exp form
Al
Al

M1 — solving cubic eqn.

Al -onlyif x=0,1 rej.
OR justify x>1
Al -—fory

M1 — solving
(x—l)3 =x*-1 or

X = [(x—l)3 +1}% o.e.

Al-onlyif x=0,1 rej.
OR justify x>1 Al-fory
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Qn | Suggested solution Markscheme

Method 3 (GDC — nSolve)

0. M1 — solving
(x+1)’ =x*+1oe.

(Awarded only if all 3
values of x are given

nSolve((\‘— 1) 3 =x2 - 1,,\')

nSolve((x- 1) 3 =x2 -1,x,0.00 1)

nSolve((\ 1)%=x2-1x,1. 001) = before rejecting 0 and 1)

By GDC, x=0,1, or 3

Since x>1, x=3 Al -onlyif x=0,1 rej.

y=8 OR justify x>1

Al -—fory
3 | Area of Sector and Triangle [Marks: 7]
(a) -1k
]
4 *®
o

Area of triangle = —( )(\/ 16) M1 —for v/x* 16

Al — for area of triangle

Al — for expression for 4

sme_—: 0= arcsm(4j
X

Area of sector = E x%6 = % x? arcsin (4) Al — for 0.5x°0
» .
> 1., . (4) 3
Total area=2+/x* —16 +E x°arcsin| — | = 2(40) =30 A1l — for correct sum
X

. 2 2[4
SANX =16+ X arcsm(;j_m AG

(b) | Method 1 (GDC — Graph)

25y
f1(x)= {4- Jx2-16 +x2 o111'(4) 60,4<x<10
X
S 3 (M1)
(7.85414,0)
- |
By GDC, x=7.85 (3sf) Al

Method 2 (GDC — nSolve)

Sol 4-\/ 2_16 +x2- sin'| = |=60.x.4
n»olve X X sin . = Xy (Ml)
7.8541386
By GDC (nSolve), x=7.85 (3 sf) Al
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Qn | Suggested solution

Markscheme

4 Inverse and Composite Functions
|

[Marks: 7]

sy
(@) £1()=x*+0.2- x>-5.8- x2-x+4
\ /\ (M1) — finding min. pt.
L | (1.67288,-5.13626)
By GDC, p=1.67 (3sf) Al — must be 3 sf.
®) | f(x)=1

= f(1)=x (Note that 1[0,1.67])
A x=1402-58-1+4=-1.6 (exact)

M1
Al

© | (feg)(x)=1

Method 1 (GDC — Graph)
v

2
fl(.‘\')—{' 3+24 Sin(.'\_'* 1), l*iii\'i 1+£

oy X

-2 0.5

£3(x)=-1. (1.7754,-1.6)

1
" .
By GDC,
x=1.78 (3sf.)

Method 2
—3+2sin(x-1)=-1.6
sin(x-1)=0.7
x—1=0.77540 (5 sf.)
x=1.78 (3sf.)

Al f.t. value of x in (b)

(M1)

Al f.t. value of x in (b)

M1 — solving trigo eqn

Al f.t. value of x in (b)
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Qn | Suggested solution Markscheme
5 | Arithmetic and Geometric Sequence [Marks: 7]
@ |y, -v,=[16+15(n-1)]-3(12)"" Al —for u, Al—for v,
(b) | Method 1a (GDC — Graph)
. fl(.\')={1.€-+1.5~ (e-1)-3- (1.2 1 21
(9.69538,0)
-1 1 1; (Ml)
(2.62109,0) |
By GDC, 2.62<n<9.70 (A1)
Since neZ*,n=34,5,6,7,8,9 Al
(Accept {neZ* |3£n§9})
Method 1b (GDC — Graph Table)
K667 v X f1(x):= « |*
fl(.\')={1.c’-+1.5' (x-1 -
piecewis...
5. 13792
A S 6. 163504 (M1 Al)
I 1/(3.62109,(;) » 7.
8. 1.35045..
9. 0.70054... |,
-6.67 1.642048 «
By GDC, n=3,4,5,6,7,8,9 Al
(Accept {neZ"[3<n<9})
(c) | Method 1 (GDC — Graph Table)
By GDC, graph table (see (b) Method 1b),
Us —Vs =1.635 (4 sf)
M1

u, —v, =1.642 (4 sf)
Greatest value of u, —v, =1.642 (4 sf)

Method 2 (Graph — Max. Point)

B.67MY
fl(.\')={1.6+1.5- (e-1)-3- (1.2 1 %21

(6.53328,1.6727) W

1 T N(9.69538,0)

= 1
A (2.62109,0) i

~6.67

71(6) 1.63504

#1(7) 1.642048
Greatest value of u, —v, =1.642 (4 sf)

Al — must be 4 sf.

M1 — justification is
needed if max. pt. is used,
asn(orx)eZ’

Al — must be 4 sf.

Page 4 of 11



SJI Year 5 MAA HL Maths End of Year Exam 2020/P2 (Markscheme)

Qn | Suggested solution Markscheme
6 LinSolve and Graph Transformations [Marks: 9]
(@ | Method 1 (GDC —linSolve)
Substitute (-1,0),(1,0),(2,0)
-1+a-b+c=0
linSolve|q{ 1+a+b+c=0 ,{a,b,c} M1
8+4- a+2: b+c=0
{-2,-1,2
f(x)=x"-2x*—x+2
a=-2b=-1c=2 A2,1,0-A2forall
correct, Al for 2 out of 3
Method 2 (Algebraic expansion)
f(x)=(x+1)(x-1)(x+2) M1 — factors from zeros
=x*—2x*—x+2
a=-2,b=-1c=2 A2,1,0- A2 forall
correct, Al for 2 out of 3
(b) 6.67
/T\ ) (M1) — find min. pt.
o= :
(1.54858,-0.63113)
b Al (f.t. a, b, conly if
m=-155 (3s) roots are —1, 1, 2)
© | g(x)=f(x+1.55)

Using GDC,

(M1 — reflection in y-axis,
then |x|)

Al — shape, must be
symmetrical about

y-axis

Al (-2.55,0) & (2.55,0)
Al (-0.55,0) & (0.55,0)

(f.t. monly if roots are
+(-1+m) and £(1+m))
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Section B

Qn | Suggested solution Markscheme

7 | Trigonometry — Arctrigo, Further Trigo Functions [Marks: 17]

(@) To prove sec20-1_ tan® 0
sec20+1

_sec20-1

sec20+1
1

-1
_ Ccos26 M1
1

cos 260
_1-cos26 Al
140526
_1-(1-2sin’0) M1 Al
1+(2c0s?0-1)
_ 2sin’6
~ 2c0s%0
=tan’ @ = RHS (proven) AG

LHS

+1

(b) | 3(sec260-1)=sec20+1
sec26-1_1
sec20+1 3

Using (b),

tan29=1 M1
3

1
tanf=+-——
V3

0= J_r% (accept +0.524, but must be in radians) Al Al

(©)

1
GP: sec x+csc 2x+Ecscxc502x

Common ratio, r = Y, = Ys
1 U2
1

Ecscxcsc 2X

r=f5— = (CSCX=—o0
CSC2X 2 2sin X

M1 Al (Either form)

(d) | Series converges when |r| <1

<1 Al

1
—CSCX
2
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Qn | Suggested solution Markscheme
Method 1: by GDC Method 1
<EER» *Doc rap [I] X

6.67 1ty
X
£2(x)=1 (0.524,1)
: R : M1 Sketch by GDC
f1 (.\')={ ? csc(.\') ,0<.\'<T
“6.67
From the graph, the solution for %cscx <1lis
T
0.524 < X<E Al Al
Method 2: Analytical Method 2
_1 <1
2sin x
. 1
lsinx|>=
2
We know also that [sinx| <1 for 0<x < %
1 <Jsinx| <1
2
1 . . V4
§<S|nx<1 (-.-S|nx>0 for0<x<—j M1
Solving, by graph or reasoning, we have
o<k Al Al
6 2
(e) 1
S = COS X
* 1 1 M1 (S, formula applied)
2sin x
2sin x -
= e *)
cos x(2sinx—1)
At x= arccos(lj :
2
1 .
= COS X =5 (i.e. secx=2)
:sinx:g (for0<x<%j Al
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Qn

Suggested solution

Markscheme

From (*),

.12

B
2 2
2/
31
23 B3+1
T V3-1 4B+l
:\/5(\/§+1)=3+\/§ (shown)

Al (o.e)

Al

AG

Trigonometry — Solutions of Triangles, 3D

[Marks: 16]

(@)

Consider the face MLTU.

Iv|4cm L

15cm
Y

[ ]
"3 10cm

Let X be the foot of M on UT. Then, MXU is a rt angle
triangle, with MU =15, and UX =3.

cosMUT = 3
15

1
== (shown
c ( )

Al (UX =3cm)

AG

(b)

Let Y be the foot of the perpendicular of T on MU.
Method 1: cos YUT = cos MUX =% (same angle)

YT =10sin YUT
—10+1—cos® YUT (sin YUT >0, since YUT is acute)

2
~10 1_@ —10¥2%
5 5
=224 =46
Method 2: By Equating Area of AMUT
%><15><YT=%><10><J152—32
YT=%><\/21 =§x\/9x24=2\/ﬂ=4\/€

(M1)

Al

Al (o.e., exact)

M1

Al (+/216 ) Al (ans)
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Qn | Suggested solution Markscheme
(©) | J
il /NN
H K ya K
15cm '
M L
— A regular hexagon
‘é“ 20 cm is composed of 6
equilateral triangles.
HK =21J=8 cm Al
Similarly, PS=2UT =20 cm Al
Let h be the height of the solid.
By Pythagoras’ Theorem, h® +6° =15° M1
2 e f—
h® =225-36 AL
h=+/189
= 3421 (shown) AG
d
(d) L 8em
15cm
[ ]
& 20cm

Method 1: (Pythagora’s Theorem on rt. angle below HP)

HS? = h? + (20— 6)?
= (3v21) +14
_385

HS =+/385=19.621
=19.6 cm (to 3 s.f)

Method 2: (Cosine rule on AHPS)

cosHPs =2

By cosine rule, HS? =157 +20° —2(15)(20) cos HPS
HS? ~157 + 207 -2(15)(20)@

- HS=+/385 =19.621
=19.6 cm (to 3 s.f)

M1 Al (Pyth. on the rt.
angle A, with base 14)

Al

Al

M1

Al
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Qn | Suggested solution Markscheme

(€)

8cm

H

K

15cm

Bs

6 20cm

KHS = HSP (alternate angles, HK // PS)

.~ h 3J21
tanHSP = — = Y2~
14 14 M1
HSP = 44.479°
- KHS = 44.479°

Al
=44.5° (to 3s.f.) (accept 0.776 rad)

By sine rule,
sinHKS _ sin KHAS
HS 15 M1
HSsin KHS
15
19.621sin44.479°
- 15
=0.91651 AL f.t. from (b)
HKS =sin™(0.91651)
=66.421° (rej., acute angle) or 113.57°
=114° (to 3 s.f)) Al
(Equivalently, in radians, reject acute angle 1.16
and accept the obtuse angle 1.98 rad.)

sin HKS =

Alternate methods for finding HKS includes using cosine
or by geometrical reasoning.

9 | Permutations and Combinations [Marks: 12]

(@) | Identifying the two sets of cases: (2, 3, 3) and (2, 2, 4)
Case 1: All possible combinations of (2, 3, 3)

=1C,x"C,x "C, x% M1 Al

=36 171 408
Case 2: Possible combinations of choosing 2, 2, 4

|
— 14C2 % 14C2 % 14C4 X%

M1 Al

=24 867 843
Total cases =36 171 408+ 24 867 843 Al
=61 039 251

Page 10 of 11
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Qn | Suggested solution Markscheme
(b) | (i) Wherever XM sits, Ali has 2 choices beside him.
NO OfwayS :4C1X2C1X6! Ml Ml
=5760 Al
(ii)
Method 1: by Complement
No. of ways with Ali at corner seats adjacent to the
Facilitator = °C, x1x 6! M1
=1440 Al
Required no. of ways =5760—1440 M1 (complement)
= 4320 Al
Method 2: Case by Case
Case 1: XM sits 1 seat away from Facilitator, and Ali has
only 1 choice. M1 (cases)
No. of ways = °C, x1x6!
~1440 Al
Case 2: XM sits 2 seats away from Facilitator, and Ali has
two choices.
No. of ways = °C, x °C, x 6! Al
= 2880
Total cases 1440+ 2880
= 4320 Al

Page 11 of 11
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are advised to show all working.

SECTION A (40 marks)
Answer all questions in the spaces provided.

1 [Maximum mark: 5]

Define a function f , including its maximal domain, such that its inverse exists and is given by

f(x)= , Xx#0, xeR.

e* -1

TURN OVER
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2 [Maximum mark: 6]
The sum of the first n terms of a sequence is
Du, =n"+n-1,
r=1
for neZ’".

@@ (i) Find u,.

(it)  Find an expression for u, in terms of n for any positive integer n>2. [4]
(b) Hence, state with reason whether the sequence is arithmetic or not. [2]
TURN OVER
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3 [Maximum mark: 9]

Consider the function f(x)=2(x-1)>-2.

(a) State the minimum value of f . [1]
(b) Find the zeros of y = f(X). [2]
(c) State the coordinates of the turning point of y = % : [2]
X
(d)  Sketch the graph of y = ﬁ in the given axes on the next page, clearly indicating the
X
asymptotes and turning points. [4]

MORE SPACE IS AVAILABLE ON THE NEXT PAGE

TURN OVER
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2.5 1

1.51

0.51

-1.51

-2

TURN OVER
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4 [Maximum mark: 8]

Let g(x)=Xx+sinX,- 7t <x<r.

(a) Find the values of x for which g'(x)>0. [2]
(b) Hence or otherwise, show that g is one-one. [2]
(c) Solve for xsuch that g(x)=g*(x). [4]

TURN OVER
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5 [Maximum mark: 8]
For this question, leave all answers in factorial form, in terms of m and/or n.
m boys and n girls are to be seated in a row, where m and n are positive.

Find the number of ways this can be done in each of the following cases:

(a) there are no restrictions; [1]
(b) the n girls are seated together; [2]
(c) aparticular boy and a particular girl must be adjacent; [2]

(d) no boys are adjacent given that there are equal numbers of boys and girls. Leave your
answer in terms of n. [3]

TURN OVER
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6 [Maximum mark: 4]

Mr Ang invested half of his savings in a bond that paid simple interest at r % per annum and
received a total of $550 in interests after 2 years.

He invested the remaining in another bond that paid interest at r % per annum compounded
annually and received a total of $605 in interests after 2 years.

Find the value of r .

TURN OVER
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Do NOT write solutions on this page.

SECTION B (45 marks)
Answer all questions on the writing paper provided. Please start each question on a new page.

7 [Maximum mark: 18]

The diagram shows the graph of the function y = f (x) where
ax+b
f(X)=—————
9 x> +cx+d

with f (—2] =0, f(0)= % The lines x =—4, x=-1 and the x-axis are all asymptotes.

AV

(a) Using the information given, find the value of ¢ and of d and show that a=2, b=5.

[4]

(b) Using the values of a, b, ¢, and d found in (a), find the value of A and of B for which

A B
f(X)=—+—. 3
9 X+4 x+1 3]

(c) Show that (—;0] is a point of inflexion. [3]

(d) State the set of values of x for which f '(x) <0. [2]

(e) State the set of values of x for which f "(x) > 0. [2]

(f)  Sketch the graph of y = f '(x), clearly indicating any intercepts with the axes, the
coordinates of any local maximum or minimum points and the equations of the
asymptotes (if any). [4]

TURN OVER
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Do NOT write solutions on this page.

8

[Maximum mark: 27]

(@)

Consider the quadratic equation 2z° —(2-2i)z-5i=0.
(i)  Show that (2-2i)° = -8i.

(i)  Write down (2+ 2i)2 in Cartesian form.

[1]
[1]

(iif) Using the quadratic formula, show that the roots of the quadratic equation are given

by —(1-1)£2i.

(iv) Using the result in (a)(ii), express each of the roots in the form a+ib, where

a and b are real numbers.

Let z=cos@ +isind.

(b)

(©)

(i) Find |z|
(i) Deduce that l: z*, where z* is the conjugate of z.
z
(iii) Find z+1.
z

(iv) Show that z° +i2 =2c0s20.
z

It is given that each of the four roots of the equation 5z* —11z° +162z* -11z+5=0 has
modulus equal to 1.
(i)  Using the results in (b), show that

10co0s? 6 —11cos6+3=0.

(i)  Hence find these roots.

[3]

[4]

[2]

[1]

[2]

[3]

[3]
[7]

End of Paper
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Year 5 HL MAA EQY Exam 2021/P1_Markscheme

Qn | Suggested Solutions Marks
1 Inverse Function [Maximum
mark: 5]
eX
Let y= :
y e* -1
ey
= = ye*—y=¢e* M1 —swap xand
e’ -1 e (y-1)e' =y y OR let
Y _y—aY - = B
— Xe X=e y x=f l(y)
= (x-1e’ =x OR >ef=——
X y- M1 — correctly
=e'=— y making y OR X
x-1 =In| - .
« =x=In { y_J the subject
- y = In (—1)
X- = f(y)=In|
y-1 Al — correct rule
! for
X 3
—X_1>O:>x(x—1)>0 OR s 2 (M1) — valid
iRELduks attempt to solve
* >0
X Al — correct
Thus, f(x)= In(—lj,x<0 or x >1. domain
2 Arithmetic Sequences and Series [Maximum
mark: 6]
@ | (@) M1-n=1
L Al
U=y u =1"+1-1=1
r=1
(i) n . M1 — use of
u, = U, =y u, =(n’+n-1)-((n-1*+(n-1)-1)=2n, n>2 “g —S .7
r=1 r=1 Al
(b) | The sequence is not arithmetic as the first three terms are 1, 4 and 6; | R1 — no common
and, 6-4=4-1. difference with
evidence
Note: This is a hence question. Al - AO for
invalid reasoning
3 Quadratic, Reciprocal and Modulus Functions [Maximum
mark: 9]
(@ |-2 Al
(b) | 2(x-1)?-2=0=x-1=+1=x=0,2 M1 - equate to 0

Al-0and?2

Page 1 of 7
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Qn | Suggested Solutions Marks
(0 | ,-0.5) AlAl
(d) Al —shape (2
symmetric
branches w.r.t.
x =0 above the
X -axis)
Al —shape (2
symmetric
- - - - = branches w.r.t.
x =0 below the
X -axis)
Al - at least two
correct vertical
asymptotes
Al —horizontal
asymptote
4 Trigonometric & 1-1 Functions and Derivatives [Maximum
mark: 8]
@ | g'(x)=1+cosx>0= xe[-x,x] (entire domain) Al-g¢'
Al - A0 for R
(b) | g'(x)=>0 and g'(x)=0o0nly when x==+xzimply that g is strictly | R1 — strictly
increasing. (Award R1 as long as “strictly increasing” is deduced.) increasing
Thus, no horizontal line can intersect the graph of g more than once. | R1—HLT
Therefore, g is one-one. AG
(¢) | Solving g(x)=g*(x) is equivalent to solving g(x) =X . (M1) - solving
for g(x) =x
Thus, X+sinXx=x=>sinx=0=x=0,+xr Al-0
AlAl — tx
5 Counting Techniques [Maximum
mark: 8]
(@) | (m+n)! Al
(b) | ni(m+1)! Al-n!
Al - (m+1)!
Note: AOAO for n4+(m+1)!
() | 2i(m+n-1)! Al- 2!
Al- (m+n-1)!
Note: AOAO if the factors were added instead
(d) | n! ,C xnl=n! P =nl(n+1)! Al-n!
(Ml) T n+l I:>n
Remark: Only the form nl(n+1)! gets full marks. Al - (n+1)!

Note: AOAOAO for nH+(n+1)!

Page 2 of 7
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Qn | Suggested Solutions Marks
6 Financial Application [Maximum
mark: 4]
Suppose the initial principal makes | as interest per year based on the
interest rate r %, i.e., if we let P be the principal, then | = Pxﬁ.
After 1 year, both bonds yield the same interest | .
On the 2nd year, bond A will still yield the same interest 1 , but Bond
B will yield not only the interest from the original principal, which is
still 1, but also yield interest from the interest earned in the first year,
ie., | xﬁ. Thus, the total interest payments are:
Bond A Bond B
Year 1l I I
Year 2 I r
| +1x—
100
Total Interest 550 605
From Bond A: | +1 =550 (Al)-Bond A
_ r
From Bond B: I+(I+Ixmj:605 (A1) - Bond B
Thus, | =275 and 275x —— =55 M1 — valid
100 attempt to find r
. . 55 Al
Therefore, the interest rate is r = ﬁxloo% =20%
OR OR
Bond A 550=P-r-2 P:275OO (Al)-Bond A
100 r
2
Bond B: P+605= P(1+ L) (A1) - Bond B
100
27500 27500 2r r
= +605= 1+ + i
r r ( 100 10000] M1 —valid
attempt to find r
= 605 =550+ 2ror
100
Al
=r= @ =20
275
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Qn | Suggested Solutions Marks
7 Simultaneous eq, Rational function, Techniques of Differentiation, [Maximum
Gradient graph, decreasing function, concavity mark: 18]
a ax+b
D w2
X +cx+d
Since x =—-4, x=-1 are asymptotes, M1
2 _ 2
X* +ox+d =(x+4)(x+1)=x*+5x+4 Al[c=5.d = 4]
=c=5d=4
5 Results of
f (O) - 2 Substitution of
5 5.
f[_fj:o,f(o)?-
d 4 ALAL[P_5;
d 4
5
—Za+b=0]
f (—Ej =0, 2
2
5
——a+b=0=a=2 AG[a=2,b=5]
sa=2b=5c=5d=4.
(b) 2x+5 A N B
X°+5x+4 x+4 x+1
= 2X+5=A(x+1) + B(x+4) M1
A+B=2
=
A+4B=5
— A=1B=1 AlAL
[accept cover-up rule]
CH I
Xx+4 x+1
-1 1
f'(x)= > — 5 M1
(x+4)" (x+1)
N 2 2
f"(x) = =+ -
(x+4)  (x+1)
. 5
Itis given that f (—E] =0.
f (—gj =2((-25+4)"+(-25+1)")=2((15) " +(-15)*)=0 | m1
Since f "(_—5j=0 and f" (—§] fr (—% <0, R1
2 2 2
AG

hence (—

N | ol

,Oj is a point of inflexion.
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Qn | Suggested Solutions Marks

(d) | For f'(x)<0, xeR\{-4,-1} OR x<—4or —4<x<-1orx>-1. | AlAl

©) For f"(x)>0,—4<x<—g or x>-1. AlAL

(f) N Al —shape (I &

r=-4§ :1 y=r"(x)

=
16

/l—\
N | dn
|
©| P
- L/
-

3" piece)

Al- shape(2"
piece)

Al — max point
(_5 _§j & y-
2" 9

intercept [0'_£j
16

Al- 3
asymptotes
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8 Quadratic eq, complex no in cartesian form, square roots, modulus of | [Maximum
complex no, double angle, solve trigo equation polynomial eq, FTA | mark:27]
@0Q0) | (2-2i)° =22 +(2i)° —2(2)(2i) M1
=4-4-8i
= —8i (shown) AG
(1) | (2+2i) =i Al
(i) | 22°—(2-2i)z-5i=0
(2-2i)+/(2-2i)’ - 4(2)(-5i) M1
=
4
_(2—2i)i\/—8i+40i Al
- 4
2(1-i)x4V2i Al
- 4
=%(1—i)ix/§ (shown) AG
(iv) | From (ii),
(2+2i) =8i,
= (1+i) =2i M1
= J2i =1+i Al
1, . - 1, . -
Let 21:5(1—|)+@ and Z, :E(l—l)— 2i
1, . - 1, . N 3 1.
2, ==(1-i)+~2i==(1-i)+(1+i)==+=i Al
1., . - 1, . . 1 3.
Z,=—(1-1)—v2I == (1-1)=(1+1)=———=I
®)W) | |2|=eos?0+sin?6 =1 M1A1
(i) Z=cos@+ising
Since |z|=1=z*z=1 R1
= 1 z* (deduced)
4
(i) Since 1:z*:cosé?—isiné?,
z
1 .. .
Z+—=C0S@+isind+cos@d—isind
7 M1
=2c0s6 Al

Page 6 of 7
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(ifr) —zz(cose—isina)z:cosze—sinze—ZisinecosH —-(1) Al
z
2 ] 2 2 . 9 .. Al
z° =(cos@+ising)” =cos* @ —sin* O+ 2isinHcosd --(2)
O+2)= 22+Z—12:2(c0529—sin29):200529 (shown) M1AG
Alterzatlvely,1 2 M1
e R o151 ]
VA +Zz—(2+2j 2 z Zz_(z zj 2
=(2C0849)2—2 Al[z+%:2c050]
2
=4c0s" 02 M1[double angle]
=2c0s260 AG
©@) | P(z)=52"-112" +162° -112+5=0
Divide throughout by z°,
1 1 M1
5z° —112+16—11(—j+5(—2j:0
z z
:>5(zz+i2j—11(z+lJ+16:O
Z Z Al
=5(2¢0s26)-11(2c0s8)+16 =0
= 5(2C052 19—1)—11C0549+8 =0 M1 [double angle]
=10cos? @—11cos@+3=0 (shown) AG
(i) | (5cos@-3)(2cosf-1)=0 M1
:>cos€=§ or cos«9:l AlAl
5 2
:>sin¢9:i4€ or sin«9=i§
AlAlAl1Al
Z=Cc0s@+ising = §J_rii, Eiiﬁ
5 5 2 2

3

Remark: If students were to forget + i.e. sin@ = i% or sinf=+ >

By FTA, since all the coefficients of P(z)are real, complex roots

/3

. . . 3.
occur in conjugate pairs. Hence, the roots are gilg, Eil7.
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Full marks are not necessarily awarded for a correct answer with no working. Answers must
be supported by working and/or explanations. In particular, solutions found from a graphic
display calculator should be supported by suitable working, for example, if graphs are used to
find a solution, you should sketch these as part of your answer. Where an answer is incorrect,
some marks may be given for a correct method, provided this is shown by written working. You
are advised to show all working.

SECTION A (40 marks)
Answer all questions in the spaces provided.
1 [Maximum mark: 4]

By making y the subject, solve the system of equations, for 0.6 < x < 1.3 and
06<y<13,

sinx +siny = 1.5
cosx +cosy=1.2.

TURN OVER
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2 [Maximum mark: 6]

(a) Differentiate y = In [%] with respect to X. [4]
(b) Find the maximum value of y. [2]
TURN OVER
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3 [Maximum mark: 7]
«, B and y are angles in a triangle.

(@) Show that cosy = — cos(a + B). [2]

(b) Giventhat sina = 133 and cos 8 = — S without solving for «, £ and y, find the
value of cosy. [5]

TURN OVER
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4 [Maximum mark: 7]

It is given that h(x) = 3\/% .

(@ (i) Find the binomial expansion for h(x), in ascending powers of x, up to and
including the term in x2. Give the coefficients as exact fractions in their
simplest form.

(if)  State the range of values of x for which the expansion is valid. [4]

(b) By putting x = 1—16 into the expansion in (a)(i), find an approximate value of
V16 , as a fraction in its lowest terms, in the form % , Where a and b are integers.

[3]

TURN OVER
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5 [Maximum mark: 6]

The diagram below shows a circle with centre O and radius r cm. The points B, C and D
lie on the circumference of the circle. F is the point of intersection of lines BD and OC

and BD is perpendicular to OC.

It is given that ZFOB = 1.2 radians.

(a) Find BF interms of r. [1]
(b) Given that the area bounded by CF, BF and the minor arc BC is 20 cm?, find
the value of r. [5]
TURN OVER
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6 [Maximum mark: 10]

(&) Using the result

n

S)-a-%2

r=1

show that

zn:(r—n)(Z‘r +1) = 2(1 —i) —%n(n+ 1).

Zn
[7]
(b) Find the positive values of n such that
n

Z(T‘ -n)R27T+1)>-1In12.

r=1
[3]

TURN OVER
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Do NOT write solutions on this page
SECTION B (45 marks)

Answer all questions on the foolscap paper provided. Please start each question on a new
page.

7 [Maximum Mark: 15]

Let f(x) = gx — x arctan x.

(@) Find the value of f"'(1). [2]
(b) Using L’Hopital’s Rule, show thatas x — oo, y — 1. [4]
(c) Explain why the inverse function f~1 exists. [1]
(d) Find the composite function (f o f~1)(x), stating clearly its domain. [2]
(e) Solve the equation f(x) = f~1(x). [3]

The graph of y = f(x) is mapped onto the graph of y = g(x) through a sequence of
transformations as follows:

I atranslation of magnitude 1 unit in the direction of the x-axis;
Il:  astretch parallel to the x-axis by a factor of 2;

I11: astretch parallel to the y-axis by a factor of 4.

() Point P (1, %) lies on the graph of y = f(x). Find the image of P on the graph
of y=g(x). [3]

8 [Maximum Mark: 12]

Let e*¥ = —xy,wherex >0andy <0 .

dy _ ¥y
(@ Show that o [3]
2
(b) Showthat <%= -2, [2]
(¢) Find the value of k such that % = —f% [3]

(d) Hence, deduce and simplify an expression for 9 in terms of n,x and y. [4]
dx™

TURN OVER
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[Maximum Mark: 18]

The function £ is defined by f(x) =

(@)

(b)

(©)

12+16x—x2

,X * 6.
xX—6

Express f inthe form f(x) = A+ Bx + xC: , Where A, B and C are constants to
be determined. [4]

Sketch the graph of y = f(x), indicating clearly the coordinates of any turning
points, axes intercepts and asymptotes. [5]

(i) Showthat f'(x) < 0forall x € R, x # 6.

(i) Explain whether f(x) is a decreasing function. [4]

Let g(x) = kx, where k € R.

(d)

Find the range of values of k for which the graphs of y = f(x) and y = g(x)
do not intersect. [5]

End of Paper
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Section A
Qn | Suggested solution Markscheme
1 | Trigonometry (Solving Equations) [Marks: 4]
Rearrange equations in terms of y:
= sin™1(1.5 — sinx
y = si _1( in x) M1
y =cos (1.2 —cosx)
Using GDC,
1110 *Doc rap [I] X
fl(\')={r:o:“(l_l—cos('\')),O.r}<:\'<:1.3
N (0.61394,1.17817)
M1
(1.17817,0.61394)\
fl(.\')={sin"(I.S—Sin(,\')),0.6<\'<1.3 "
-0.52 0.05 '0.1 2.48
x =0.614,y = 1.18, Al
x =118,y =0.614 Al
2 Differentiation [Marks: 6]
(a)
y=ln(x_2;++1)=ln(x—2)+ln(x+1)—lnx2 M1
dy 1 1 2
_—= + [
(b) 1.1 | 1.2 | 2.1 | LT rap [I] X
6.67 1Y Ml
f1 (\')=1n _(.\‘—2)- (x+1))
2
(-4,0.117783 ) y
-10 1 10
k
‘G.ISP'
Maximumy =0.118 Al
3 | Trigonometry (Special angles, Formulae) [Marks: 7]
@) cosy = cos[m — (a + B)] M1
= cosmcos(a + B) + sinmsin(a + B) Al
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Qn | Suggested solution Markscheme

= —cos(a + B) AG

(b)

cosf = —2 implies 8 is in the 2" quadrant, and
a is in the 1% quadrant.

f is obtuse and « is acute (R1)
cosy

= —cos(a + B)

= —cosacosf + sinasinf

12 3 5 /4 M1
--13(-3)+ () Y
56 Al'E'Al'E
65

Al
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Qn | Suggested solution Markscheme
4 Binomial Expansion [Marks: 7]
(ai) 1
V8 —3x
-1
=(8—3x) 3
1
1 3\ 3
—_(1-Z M1 o.e.
2 (1 8x)
S ()
=2 3)\ 78" 3 X Al
2
_1 1+ -x+ L + ]
27 T8 T3
1 1 1
=_ 4 — x24 ... Al
2 e T T
@) ||x]<2or —2<x<?
3 3 3 Al
(b) 1 _1+1<1>+1(1>2+
3 1N 2 16\16/  64\16
8 -3 (1)
1 1.1 (1>+ 1 (1>2+
s[125 2 16\16/ 64\16 M1
16
V16 8257 Al ft
5 16384
s— 41285 Al ft
V16 = 16384
5 | Trigonometry [Marks: 6]
(@) | Using trigonometric ratio,
sinl.2 :ﬁ
r
BE =rsinl.2 Al (accept 0.932r)
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Qn | Suggested solution Markscheme
(b) | OF =rcosl.2 Al

Area of sector OBC = % r?(1.2)=0.6r? Al

Area of triangle OBF:%(rcosl.Z)(rsinl.Z) Al

Hence,

0.6r2 —%(rcosl.Z)(rsinl.Z) =20

0.6r? —% r*(cos1.2)(sin1.2) =20

Using GDC, M1
1.1 *Doc rap [I] X

nSolve(O.G- x{-0.5 x2- sin(1.2)- cos(1.2)=2¢
6.81096671538

Al

r=6.811~6.81cm(to 3 sf)
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Qn | Suggested solution Markscheme
6 | Sigma Notation [Marks: 10]
@ |
Z(r )27+ 1)
B TL n n
Z > Z ZT) + Z(T) —n(n) M1 — arranging
r=1 r=1 r=1
1 1
nvz  |7(1-5)] = Aln(n)
=2-—g—n |t 5(1 +n) —n(n) M1A1 -2 term GP
1- 5 Sn
Al-3"%term AP S,
2 n 1 1
=2—ﬁ—2—n—n<1 2n>+ =n(1+n) —n? M1
1 n
= 2(1—2—n>—2—n+2—n—n+ =n(1+n) —n?
1 1
=2(1—2—n>—n(n+1)+§n(1+n) Al
1 1
=2(1——n>—zn(1+n) AG
(b) 2] 1.1 g *Doc RAD D X
(M1)
9.62 ¥ x
£1()= ( aali [ P ) (M1) - both
) Z (=) ( ) intersections
1 r=1 X
s T >
g ,( A= =]n 5
(v2\.35815,-2.4849f1")’\) in(12)
(-1.57037,-7.48491
'117.04
n=172 Al
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Section B
Qn | Suggested Solutions Marks
7 | Functions and Calculus [Marks: 15]
2
(@) Using GDC graph, plot the graph of y = %f(x), and substitute
x =1.
2 -0.5 M1 Al
“—(re) Jpe=1
dx~
(b) | Let L be the limit.
L = lim (Ex — x arctan x)
x—00 \2
Observe that the terms are in the form co — oo, which can be set | M1
up to L’Hopital’s rule.
. T
L= Jll_{l;lo (x (5 — arctan x))
. (E—arctan x) 0 .
L = lim 23—+ (5 ,ready for L'Hopital’s Rule) M1 Al
X—00 =
U
= lim 1%
X—00 _X_z
— 1 x? — 1 1
N xl—g)lo 1+x2 \ xl—g}o xiz+1 Al
=1 AG
(€) | f~1 exists since f is 1-1
EITHER f passes horizontal line test
10 I *Doc rap [I] X
6.67 AV
fl(\)=£- X=X fan ‘(\)
g
1 x
-10 1 10
_____ ]':k-__________________ S Rl
k =-2.
__.__
N N -6.67
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Qn | Suggested Solutions Marks
OR f'(x) > 0 = Strictly increasing function
KK *Doc rap [I] X
6.67 Y
\ fl(r)=£-\—t tan '(\)
1 2 R1
-10 1 i
£2(0)=-2(51())
dx
“6.67
@ | (feofMDx)=x, xeRx<1 Al Al
© |[fx)=f"x)
Solve f(x) = x using GDC graph M1
1.1 Do Rap (i)
3.65 4y
£3(x)=x
a1/ (0.642,0.642) x|
Care (9,0) 5.25 |
f1 (\)=% x—x- tan“(x)
-3.02 -
x=0o0rx=0.642 Al Al
Alternatively,
fO)=f"()
Solve fo f(x) =x Or Solve f o f(x)—x—O
11 12 @ o =
6.67 Y fs(r\-]:x 2,458y

(0.642,0.642) Fazs

10 (0,0) 10

( falx)=f1(r1(x))
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Qn | Suggested Solutions Marks
(f) | Tracing the sequence of transformations, M1 any valid method
(13- (25) - @mn AL Al

Accept non-exact answers: (1,0.785) — (2,0.785) — (4,3.14)

8 | Differentiation — Implicit and Higher Order Derivatives [Marks: 12]

(@ |e¥” =—xy

Differentiating implicitly w.r.t. x,

dy — (¥ -
e (xa+y)_ (de+)’) M1 Implicit
x(e™ + 1)% = —y(e¥ + 1) M1 Product in chain
dy _ -y(E¥+1) o dy
dx ~ x(eXV+1) X #0 Al (CO“QCtIng dx)
o d—y = _X AG

dx x

Alternatively,
Taking In, we have

xy = In(—xy)
> xy =Inx+In(—y) sincex >0,y<0

Differentiating implicitly w.r.t. x,

dy 1,1 Y ici
xdx+y—x+_y( DL M1 Implicit
\dy _1_
= (x N y) dx  x y
dy =¥ A1 (collecting &)
= d_ — x_l dx
X x—;
N dy _ y—xy? Al
dx x2y—x
N dy _y(-xy) _ ¥ AG
dx x(xy—-1) x
(®) | From (a), we have & = -2,
a dx X
ax Y
Differentiating w.r.t. x, M1 Implicit
@y &y _dy
dx? , dx T dx , Al Product
&y _ _,dy %y _ _2dy
:>xdx2_ de :>dx2_ x dx AG

Alternatively,

i(d_y)__i<z)
dx \dx/ — dx \x

dy
?y _ _Xgr Y .
i@— 2 M1 Implicit
dy 1 (dy y) .
ﬁ _— e —_—— = — =
e \ix  x Al Quotient
d?y 1 (dy dy) d?y 2dy
> — = ——|— —_ = - = ———
dx?2 x \dx + dx dx? x dx AG
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Qn | Suggested Solutions Marks
© | ,¥_ _,d
x dx? 2 dx
Differentiating again w.r.t. x,
Py &y _ 54y M1 Implici
=X dx3 + dx? dx? M1 PmdeCIt
d3y d y ro UCt
>x—=-3—
dx3 dx?
@y __3dly
dx3 x dx?
Hence, k = 3 Al
(d) Generalising from =4 @2’ and &2 .
dx’ dx x3
dy _ _nd"y M1
dx® ~ xdxnl )
— (™) (1
_( x)( x dxn_z) M1
n n-1 2 1
= ((—);) (=) (=2 (-3) Al
_(=D"n!
==y Al
9 | Functions, Sketching, Discriminant [Marks: 17]
(@ |Bylong division,2 -x  +10 (M1) by any valid
flx) = B X-6)-x" +16x +12 | method, e.g. long
xX—6 divisi
410472 , . ivision
* X6 —X" +6X Al Al A1 for each
10x +12 | ofA, B, C
10x -60
72
(b) RAD D )4 Al Shape
Al Vertical
X 24 16- x+12 asymptote
£1(x)= .
x—6 Al Oblique
asymptote

-22.5 (0’_2)

-45.28

Al Both zeros
Al y-intercept
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Qn | Suggested Solutions Marks
i ' 72
©D) 1 f(0) = —1 - Z; vx €R\(6) M1 Al
Since —LZ < 0, therefore
(x—6)
"(x) = —1 — 72
f (X) - 1 (x—6)2
<-1 R1
<0 Vx € R\{6} AG
(c,ii) | No, not decreasing.
Al

Counter-example: f(1) = —% , f(14) = 5.
That is, although 1 < 14, (1) » f(14)

[For decreasing function, x; < x, = f(x;) > f(x3)

Although f'(x) < 0 where defined, the discontinuity at x = 6 is
a source of counter-examples where x; < x, # f(x;) < f(x3).]
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(d)

Equate f(x) = g(x),
12+416x—x2
— e = kx

Method 1: Transforming to comparing with y = k.
12+16x-x2 _ k
x(x—6) -

12+16x—x2
x(x—6)

Sketch = . Then y = k is a horizontal line.

14,09 ¥
2
¢ (\’)= 12+16- x—x
x- (x—ﬁ)
1 X
et
16,29 . 1 23.71
(-4.14,-1.7)
(T\l\.74,—4.97)
-12.58 \

—497 <k <-1.70

Method 2: Using Discriminant

12+ 16x — x? = kx? — 6kx
(k + 1)x? — (6k + 16)x—12=0

For no intersection, we require A < 0
A= (6k+16)>—4(k+1)(-12) <0
Using GDC graph,

£3(x)=(6+ x+16) % -4+ (x+1)- -12

(-4.97,5.806-11) 110
-10 (_

Dy X

7,0) 1

—

=100

—497 <k <-1.70

M1 Al

M1 Sketch

Realise that as
x>0, y—->-—1,
which doesn’t affect
the answer.

Al Al

M1

M1

M1

Al Al
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be
supported by working and/or explanations. Where an answer is incorrect, some marks may be given
for a correct method, provided this is shown by written working. You are therefore advised to show

all working.

SECTION A (40 marks)

Answer all questions in the spaces provided.

1 [Maximum mark: 5]

9
. 1 . .
In the expansion of (k ——j , Where k is a non-zero real constant, the coefficient of the

X

termin x~' is —144. Find the possible values of k.

TURN OVER



2

Year 5 Mathematics: Analysis and Approaches HL End of Year Examination 2022/P1

[Maximum mark: 6]

Solve the equation 2cos2x—4cosx =1, for -z <x<r.

TURN OVER
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[Maximum mark: 7]

Consider the cubic function f (x)=-3x°+8x*-9x+10 , for xeR.
(@ Show thatx=2isarootof f(x)=0. [1]
(b) Express f(x) asa product of two factors. [3]

(c) Hence, show that there are exactly two real solutions for the equation

~-3y° +8y*-9y* +10=0. [3]

TURN OVER
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[Maximum mark: 7]

The curve C has equation x*tany =9, where0 <y <% and x=0.

(@ Find j—i simplifying your answer in terms of x. [4]

d’y  54(x*-27)
dx*  (x*+81)?%

x=427. [3]

(b) Given that explain why the curve has a point of inflexion at

TURN OVER
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[Maximum mark: 9]
The complex numbers u and w are defined by u=-1+7i and w=3+4i where i* =-1.

(@ Find u-2w and % in the form x+1iy, where x and y are real. [3]

Points A and B represent the complex numbers u and w respectively on an Argand diagram

with O as the origin.

(b) Given that angle AOB = arg (gj find angle AOB. [2]
w
(c) Hence show that arctan (%)+arc tan7 = 37” . [4]
TURN OVER
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[Maximum mark: 6]

The table below shows the values of two functions p and g and their first derivatives when

X=+3, x=-L and x=1.

NE
X p(x) p'(x) a(x) a'(x)
NG 2 NG 1 5
% 1 5 /1 -2
1 T -2 -1 3

TURN OVER
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Do NOT write solutions on this page.

SECTION B (45 marks)
Answer all questions on the foolscap paper provided. Please start each question on a new page.
7 [Maximum mark: 20]

Consider an arithmetic series
Inx+|n(xa)+ln(\/§)+... where xeR,x>1and acR,a=0.

(@ Find the value of a. [3]

(b)  Find the common difference of the series in the form dInx where d € Q. [2]
() The sum of the first n terms of the series is equal to In (x’“’) .

Find the value of n. [5]

Consider the geometric series

ng+|g(xb)+lg(\/§)+... where xe R, x>1and beR,b=0.

(d) Find the possible values of b. [5]

(e) The sum to infinity of the above series is equal to 2++2 whenb>0.
Find the value of x. [5]

8 [Maximum mark: 25]

The function f is defined by f (x)= ,Wherexe R, x=p,x=qandp<q.

x> —2x—8

(@ Find the value of p and of g. [3]

(b)  Sketch the graph of y = f (x) , Clearly indicating any asymptotes with their
equations. State clearly the coordinates of any local maximum or minimum points

and any points of intersection with the coordinate axes. [5]

The function g is defined by g(x)= ,Where xe R, x> 4.,

x?—2x-8
(c) Find the inverse function of g and state its domain. [7]

(d)  Sketch the graph of y =g~ (x) on the same sketch as the graph of y = f (x). [3]

[Question 8 continues on the next page]
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The function h is defined by h(x)= arctan; ,where xeR.

(e) Find the value of m such that (hog)(m)=

Ay

Give your answer in the form a+$«£ ,Wherea,b,ceZ". [7]

End of Paper
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(Mark Scheme)
Qn | Suggested Solutions for Section A Marks
1 | SL1.9 Binomial theorem [Maximum mark: 5]
General term
= 9 _l " 9-r (Ml)
()(=3) & Al
Forx~7",r=7
Identifying the correct term as
9 2 1 7 9 1 7 2
(e (=) o ()(=3) * M1
9 20_1\7 — _
Thus (7) k2(—1)7 = —144
: 9\ 9\ Al
Since (2) =36 or (7) = 36
k? =4
k=42 Al
2 | SL3.6, SL3.8 Double angle, Trigo equation [Maximum mark: 6]

2cos2x —4cosx =1

4cos’x —2—4cosx—1=0
4cos?’x —4cosx—3 =0

Using 4cos?x — 4 cosx — 3 = 0,

(2cosx+1)(2cosx—3)=0

1
COS X = _E or

cosx = %(rejected because —1 < cosx < 1)

Reference angle = g

X=—? or ?

M1

M1

Al

Al (with rejection)

AlAl
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(Mark Scheme)

Qn | Suggested Solutions for Section A Marks
3 | AHL2.12 Polynomial functions [Maximum mark: 7]
€)) f(2) =-3(8)+8(4) —9(2) + 10
f2)=0 Al

Therefore by Factor Theorem, x = 2 isarootof f(x) =0. | AG

(b) | Since f(2) =0,

METHOD ONE
—3x3+8x%2—-9x + 10
= (x — 2)(—3x? + bx — 5), where b is a constant. (M1) by inspection
Compare coeff of x:
—-9=-2b-5
h=2 Al
f(x) =(x—2)(-3x%+2x—5) Al
METHOD TWO
By long division (M1)
) i P ot Al
x-2 —5C 13 ~ax f10
- 317 % Q)}
RPRES
QJLZ - 4xX
~SX t1o
=Sx th
0
Theref
erefore AL

f(x) = (x—2)(—3x2+2x—5)

() | -3y°+8y*—9y2+10=0
= (y2-2)(-3y*+2y2-5)=0 M1 (for replacement of x )
=y2=2o0r 3y*—2y2+5=0

Since y = +2 Al
and 3y* — 2y% + 5 = 0 has no real solution o

it discrimi _ R1 (discriminant value
as its discriminant = —56 < 0, must be evaluated and
therefore shown explicitly and must
—3y% +8y* —9y2 4+ 10 = 0 has exactly two real solutions | & correct

which are y = ++/2. AG
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(Mark Scheme)

Qn | Suggested Solutions for Section A Marks
4 | SL5.8, AHL5.14 Inflexion point, Implicit differentiation | [Maximum mark: 7]
() | METHOD ONE:
x?tany =9
Differentiating wrt x,
d AlAlL (f ht
2xtany + x? sec?y Y (for each term)
dx
Using sec?y = 1 + tan?y, M1 (use sec?y identity)
9
= (14 BT
X (1 + x“')
dy —18x
dx  x*+81 Al
METHOD TwoO:
Make tan y the subject.
9
tany = x—z
sec?y dy 18 A1AL1 (LHS and RHS)
dx x3
dy 18 5
dx = - =3 X cos®y M1 (use toa-cah-soh)
dy 18 y x*
dx  x3 x*+81
dy —18x AL
dx  x%+81
METHOD THREE:
y = tan™? (:_2) M1 (make y the subject)
dy 1 y ((—2)(9)) A1A1 (arctan deriv and
dx 912 X3 chain rule)
1+ (32)
dy —18x
dx  x*+81 Al
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(Mark Scheme)

Qn | Suggested Solutions for Section A Marks
(b) d’y  54(x*-27)
dx*>  (x*+81)°
d2y _
Er i 0 M1 (find x)
x*=27=0
x = V27
- d%y . 2
As x approaches (4 27) 2 <0; A1 (correct sign of 37;:)
As x approaches :(4 27)+, ji—fx > 0.
S d2y . 4 - 4 + | R1
ince -5 changes sign as x approaches (V27) to (V27)
Therefore at = /27 , C has a point of inflexion. AG
5 | AHL1.12 Complex numbers (modulus and argument) [Maximum mark: 9]
@ |u-—-2w
=—1+7i—(6+8i)
= -7-i Al
u  (=1+7)(3—4) M1 (multiply with the
w3+ 4i)(3—4i) correct conjugate)
—3+21i + 4i+28
9+16
=1+i Al

(b) | Angle AOB

=arg(})

= arc tan(1)

r M1
K Al
(next year you will learn that arg(u) — arg(w) = arg (%) )
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(Mark Scheme)

Qn

Suggested Solutions for Section A

Marks

(© | Since arg(w) = arc tan (g) and Al (value of arg(w) )
7
arg(u) = — arctan |__1| M1 (find arg (u) in 2"
(because arg(u) lies in the 2" quadrant) quad )
= arctan 7 = — arg(u)
_ {4 Al (follows the M1 above;
arctan7 =m — [ arg(w) + (Z) ] arg (u) in terms of arg (w)
¢ (4) 4 tan 7= (n) and angle AOB)
arctan |z |+arctan7=m — (7
arctan () +arctan7 = 2
~arctan (z)+arctan7 = AL (AG)
6 | AHLJ5.15 Differentiation techniques [Maximum mark: 6]

2 (p-g)(cot2x)
= (p'(g(cot 2x) ) xq'(cot 2x)}>< (—2cosec’2x)

\
f

*

4 (pe
9 (peg)cot2v)|

12

= (p'(q(cot %) )xq'(cot %) x (—2cosec? %
)

= (p'(a(V3)xq'(+/3) x (-2

—(n 1
= (p(D)x3x(-8)
=8

1
0.25

MZ1AL1 (chain rule) *
Al (for —2cosec’2x )

(M1) sub
Al (for cot% = \/g)

Al
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(Mark Scheme)

Qn | Suggested Solutions for Section B Marks
7 |SL1.2, SL1.3, SL1.5, SL1.7, SL1.8 — Arithmetic Series, | [Maximum mark: 20]
Geometric Series, Exponents and Logarithms

(@) In(xa)—lnlen(\/;)—ln(xa) M1 for equating
common difference
a—lzl—a Al
2
a3
4 Al

(b) | common difference = In(x‘"‘)—lnx or In(\/;)—ln(xa)

> M1
Common difference = In(x**) or In(x2 j
diff = 1|
Common difference = 2 nx AlLFET
(c) n -1
S, =5 2In x+(n—1)(jln xj M1
-n? —n? n(9-n
S =/ n+™=" linx or =1 ik or (8-n) Inx |[ALFT
8 8 8
n-n® A5 9n-n® 45 n(9-n) 45
t—g =32 0 —g—="9> 0F ——="% M1 for equating sum
n-9n-36=0
3 12)=0 Al FT for correct
(n+3)(n-12)= factorisation
Sincen>0,n=12 AlFT
(d) Ig(xb) Ig(\/;) M1 for equa_tlng
= common ratio
lg Ig(xb)
1
9 B 2 M1 for power law
1 b
1
2 —p—
b* =2 Al
1 J2
b=+— or +— Al Al
J2 2

Do NOT accept b= J_r\/g :
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(Mark Scheme)

Qn | Suggested Solutions for Section B Marks
@ | g _lox__lgx
* 1-Db . 2 M1
2
s _ 2lgx
*T o 2 Al FT for usingb >0
2lg x
5 %/5 =242 M1 for equating sum
lgx=1 Al FT for correct
~ simplifying using b >0
x=10 Al FT forusingb >0

8 |SL22 , SL2.3, SL25, SL2.6, SL2.7, SL2.8, SL2.10, | [Maximum mark: 25]
AHL2.13, AHL2.14, AHL2.16, AHL3.9 — Function and
Graph, Rational Function, Reciprocal Function, Inverse
Function, Composite Function and Inverse Trigonometric

Function
@) | x*—2x-8=(x+2)(x-4) M1
=2,q=4 Al Al
(b)
A X% e
y=0 |
i i 1
s |
: X< =2 x-8
Xx=-2 x=4
Shape of the graph of y = f (x) with 3 parts or sections Al
Vertical asymptotes: x =-2 ,x =4 Al
Horizontal asymptote: y = 0 (x-axis) Al
. . - 1
Coordinates of maximum point: (1, —§j Al
Coordinates of y-intercept: (O ,— %j Al
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(Mark Scheme)

Qn

Suggested Solutions for Section B

Marks

(©)

Let y = g(x) and replace/substitute y by x.

1
-~ x>4
y x*—2x-8
Either
1
y=——— x>4
(x—1)2—9

(x-17 -9=1 x>4
y

(x— 1) _9+% x>4 or (x- 1)

Sincex>4,x-1= /9+— or x-1= /

Or
yx> —2yx—-8y=1,x>4

9y+1 x> 4

yx> —2yx—-8y—-1=0,x>4

) Zyi\/4y2+4y(8y+1)
_ ) ,

Sincex>4,x=1+ 36y” +4y

L

T2y

X=1+ f9+— or x=1+ f * or X=1++—=
y
Replace or substitute x by y gives
Ox+1 \/9x + X

y=1+,/9+— or y=1+

or y=1+

ﬁ

X

9+1,XER,X>O or
\/ X

XeR, x>0 or

TT

9x +x x>0

\_/
||

M1

M1 for completing
square

M1 for simplifying

Al
Al for rejecting with
reason, X > 4

M1 for quadratic
equation in x

M1 for using general
solution formula

Al
Al for rejecting with
reason, X > 4

Al for gt (x) = rule
Al for domain
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(Mark Scheme)

Qn | Suggested Solutions for Section B Marks
(d)
Ay
x=0 y=x
)
9 x“+x
y={ 1+=———— x>0

¥ X

Shape of the graph of y = g (x) intersecting the graph of | A1
y =f (x) only once at x > 4
Vertical asymptotes: x = 0 (y-axis) AlFT
Horizontal asymptote: y = 4 ALFT

Do NOT penalise for omission of the liney = x.

© h(x) :arctan;
M1 for composite
g(m _
h(g(m))=arctan [¥J or h™(x)=7tanx function or inverse
( ) function of h
H g m T (7T
h =z tan| - |== =ht|Z
(g(m)) 7 dives arc an( - J 7O g(m) (4)
g(m):7tan%:7 AL
Either
m=g~(7) Al
9(72)+7 M1 using g~1(x)
\/ﬁ N Alfora=1
X —
m=1+ ( " ):1+ 7x64 :1+§ﬁ Al forb=8
/ ! 7 Alforc=7




Year 5 Mathematics: Analysis and Approaches HL End of Year Examination 2022 Paper 1
(Mark Scheme)

Qn | Suggested Solutions for Section B Marks
Or
L 7 m>4gives T ~14m-57=0,m>4 Al for quadratic
m-—-2m-8 equation
M1 using general
14+./(14)* +4(7)(57
m= \/( ) +4(7)(57) solution for quadratic
2(7) equation
14i1/4(7)(7+57) 14+ ,J4(7)(64) 1+J7Xa4
m= = =1+
2(7) 2(7) 7
m =1i§ﬁ
7
Sincem>4,m:1+§ﬁ Alfora=1
7 Alforb=8
Alforc=7

10
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Full marks are not necessarily awarded for a correct answer with no working. Answers must
be supported by working and/or explanations. In particular, solutions found from a graphic
display calculator should be supported by suitable working, for example, if graphs are used to
find a solution, you should sketch these as part of your answer. Where an answer is incorrect,
some marks may be given for a correct method, provided this is shown by written working. You
are advised to show all working.

SECTION A (40 marks)
Answer all questions in the spaces provided.

1 [Maximum mark: 4]

Find the complex numbers z and w which satisfy the simultaneous equations

221
w

(3+2i)z=w+2i, wherei’=-1.

2 TURN OVER
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2 [Maximum mark: 9]
(a) Obtain the series expansion of v/3+4x , up to and including the term in x%.  [4]

(b) Explain why it is not suitable to use x =1 to give an approximation for J7. [2]

(c) Use x= —% to find an approximation for xﬁ giving your answer correct

to 3 decimal places. [3]

3 TURN OVER
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3 [Maximum mark: 7]

A classroom has 12 seats, as shown in the diagram below.

Whiteboard

Door
A B C D Row 1

E F G H Row 2

| J K L Row 3

Find the number of seating arrangements for Johnston and his 11 classmates if
(a) there are no restrictions; [1]
(b) Johnston wants to sit in Row 1; [2]

(c) two of his classmates Samson and Jackson must not sit next to each other
in the same row. [4]

4 TURN OVER
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4 [Maximum mark: 7]

Mr. Jay places a 30% deposit for a car and takes out a loan of $80 500 from a bank for
the remaining amount. The bank charges an annual interest rate of 3.2% compounded
monthly and Mr. Jay makes a payment of $x to the bank at the end of each month.

(@) Find the minimum value of x, to the nearest integer, if he wants to finish
repaying the loan within 7 years. [3]

(b)  Write down the purchase price of the car, to the nearest dollar. [1]

(c) If the value of the car depreciates to half its original value at the end of the fifth
year, find the annual depreciation rate of the car.

State an assumption made in your calculation. [3]

5 TURN OVER
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5 [Maximum mark: 5]

Using I’Hépital’s rule, find the exact value of

lim i(%—arccos(\&)j .

x—0 3X

6 TURN OVER
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6 [Maximum mark: 8]
Consider a triangle ABC, where AB = 1 cm, BAC =6 rad and ABC = %7[ rad .

B
1 3.
4
d
AL C
(@) Show that AC =; [4]

cos@—sind’

(b) Given that the area of triangle ABC is % cm?, find the value of @ and length
of AC. [4]

7 TURN OVER
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Do NOT write solutions on this page
SECTION B (45 marks)
Answer all questions on the foolscap paper provided. Please start each question on a new
page.
7 [Maximum Mark: 16]

The function h is defined by h(x) = 16—(x—3)2 , xe(a, b), where a, beR.

@ Find the value of a and of b such that the domain D, :(a, b) is the largest
possible. [2]

(b) Find the equation of the line of symmetry on the graph y=h(x). [2]

(©) The graph of h goes through a translation of (Sj such that the resulting graph

is an even function.
Q) State the value of p.

(i) Show that h(x— p) is an even function. [4]

(d) Given another function g (x) = 1 xeR, x=#0, find
X
Q) the rule for the function goh,
(i) therange of the function geoh. [4]
Let k(x)=-h(3x).

(e) The point A(m, 2) on the graph of h is mapped to the point A" on
the graph of k.

Q) Find the possible values of m .
(i) Hence find the corresponding coordinates of A'. [4]

8 TURN OVER
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Do NOT write solutions on this page

8 [Maximum Mark: 13]

(@)

(b)

(©)

Q) Find the roots of w” =—2i in the form p+qi, where p,qeR.

(i) Hence solve (1+iw)’ = -2i. [5]
Suppose z, =-2i and z, =i—+/3.

Q) Verify that z; and z, are roots of the equation z° =8i, where zeC.

(i) Find the third root z5 in the form a + bi, wherea, b € R. [6]

On an Argand diagram, z;, z, and z5 are represented by the points A, B
and C respectively.

Find the area of triangle ABC. [2]

9 [Maximum Mark: 16]

Let f(x)=b(x+1)e™, where b>0,xeR.,

@ () Find f'(x) in terms of b.
(i) Hence find the coordinates of the maximum point of y = f (x)
in terms of b. [4]
o () Given that f (0)=3, show that b=3.
(i) Sketch the graph of y = f (x) , indicating clearly the coordinates of the
turning points, axial intercepts and the equation of the asymptote.
(iii) ~ State lim f (x).
(iv)  Find the coordinates of the point of inflexion and justify your answer.
[9]
() Using b =3, find the exact range of values of k for which | f (x)]2 =k has
three distinct real roots. [3]
End of Paper
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Year 5 HL MAA End of Year Examination 2022 Paper 2 (Mark Scheme)

Suggested Solutions

Marks

Qn
1

Complex Numbers — Simultaneous Linear Equations

[Maximum mark: 4]

L2ic1 = 72=Q2I-1)W ...... )
W

B420)Z= W2 oo @)

Method 1: GDC linsolve

1inSolve({f=(2' i~1)-w .,{Z.w})

3+2- t')-z=w+2- i

3 2 1 1
— g ———

10 5 10 5

z=0.3+04i
w=0.1-0.2i

Method 2: Analytical
Subst (1) into (2),
(B3+2D)(2i-1)w=w+2i
(-7+4i)w—-w=2i
2i
W= -
—8+4i
o '—4—2i
—4+21 —4-2i
_2-4_ 1 (=0.1-0.2i)
20 10 5
Subst into (1), we have

z:(2i—1)(%—%ij

(=0.3+0.4i)

3 2.
=—+—i
10 5

Method 1

M2 Use of linsolve

Al
Al

Method 2

M1 Any valid method for
solving simultaneous
linear equations

Al Correct formulation

Al

Al

Page 1 of 11
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Qn | Suggested Solutions Marks
2 Binomial Series for Rational Powers [Maximum mark: 9]
(a)
J3+4x =43 1+—
1 M1 Apply binomial
4 4
=/3]1+ 2C1( X) ZCZ( Xj +... expansion
I 3 3 Al
o), L) 2
o (4x 2 2 )(4x 1
=+/3 142224 — | + =
V3 1!(3) 2! (3) Al 2C1=%and
L l 1
2C. =_=
=4/3 l+—x—gx2+ } C, = 3 (Can be
- 9 evaluated by GDC)
L:\/§+¥x—¥x2+...j Al Either form
1 1
(b) _ o 4x _ 3 -
The series expansion is valid for |—| <1, i.e. |x| < rk Al Validity range
Since x =1 is outside the validity range, it is not suitable. R1
(c)

RER Sl

429 143
7T~——=""=2.648 (3d
\/_ 162 54 (3 dp)
el 1.1 m *Doc rap [I] X
2 143 =
S (,m.(;,) By )
A
r=0
143 143
162 54
143 2.64814814815
P Decimal

pressing of \/7 on the GDC or calculator.

Note: An answer of 2.646 receives no credit, as it is a direct

M1 Substitution

Al\/z
3

Al (No FT)

Page 2 of 11
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Qn | Suggested Solutions Marks
3 | P&C — Permutations [Maximum mark: 7]
(@ | No. of ways without restrictions =12!=479001600 Al
(®) | No. of ways = “C, x111=159667200 M1 (“C,) Al
(c) | Method 1: Complement Method 1
No. of ways =121-C, x 2x10! = 413683200 M1 (121-)
M1 (°C, x2!)
M1 (101) A1l
Method 2: Cases Method 2
Case (1) In the same row, e.g. AC, AD, BD
3x3x21x10! = 65318400 M1 (3x3x2!)
Case (2) Different rows: °C,x2!x4x4x101=348364800 | M1 (’C,x2!) M1 (10!)
Total no. of ways = 348364800 +65318400 = 413683200 | Al
4 Financial Mathematics [Maximum mark: 7]
(@) | Method 1: GDC Finance Solver Method 1
Finance Solver M1 Using finance solver
N: (84 [»] to find “pmt”; at least 3
o [3.2 O of 5 parameters correct
PV: [80500 | N =84
[Pmt:]| F1070.9423213956] ] | =3.2%
Fv: o. ] AL { PV =80500
P | = Ppy =12
CpY: | -
PmtAt: |EN ] FV =0
Finance er inf -|A~-r
Using GDC Finance Solver with the above values,
Minimum repayment value = 1071 (to nearest integer) Al
Method 2: Analytical Method 2
Loan balance after n months
32 & 32\
=80500|1+—| —x) [1+— M1 Correct formulation
( 1200j rz_ll( 1200]
84
3.2 |84 2 : 2 1
Solve[80500: |1+——| —x- 1+=— =0,x M1 (by GDC nSolve or
| 1200 — 1200 Graph-Table, or GP)
1070.9423214
Minimum repayment value = 1071 (to nearest integer) Al
b
(b) 80500 AL

Purchase price = o7 $115000

Page 3 of 11
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Qn | Suggested Solutions Marks
(c) | Method 1: GDC Finance Solver Method 1
Finance Solver
e ]
[1):]| -12.944943670388 ] 1 N=5
PV: [ 115000 [»] FV =—Z PV
Pmt: |0 | » |
Fv: [-s7500 ]
PpY: | 1 F
CpY: | 1 IL'
PmtAt: |END [»] ALl (note: as long as
Finance ver info stored int FV :—%PV,the
tvm.n, tvm.i, tvm.pv, tvm.pmt, ...
. answer will be 12.9)
.. Annual depreciation rate =12.9% (3 sf)
Method 2: Analytical Method 2
5
PV 1—L = 1 PV M1 Correct formulation
100 2
5
LX)t
100 2
1
X = ~100 (1)5 -1
2
=12.944..
. Annual depreciation rate =12.9% (3 sf) Al Condone “~12.9%”
Assumption
The depreciation rate is constant over the 5 years. R1
5 Calculus — Limits using I’Hopital’s rule [Maximum mark: 5]

lim %(%—amcos(ﬁ)] (0)-(0)

%—arccos(\/;) 0

=lim —

iy 2— 7 3
_(_1j.1

—'X'HS ‘/11__)( 2x (by I'Hopital's Rule)

2Jax

=lim #

1

B

(M1) Checking condition
to use LH

Al o.e. Numerator
Al o.e. Denominator

Al

Al

Page 4 of 11
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Qn | Suggested Solutions Marks
6 | Trigonometry — Sine, Cosine Rules, Area of Triangle [Maximum mark: 8]
(a) B
1/ 3.
4
0
AL C

Using Sine Rule,

AC 1
. (3 j_ . [ 3 j M1 Sine Rule with AC
sin| — = sin| t——m—6
4 4
(3
sin| — = i
AC=— 4 /) Al sin(——@j
. (T 4
sin| —— 6@
5-¢)
1
AC = */E
sin (1 njcos@—cos (1 njsiné’ M1 Use of Compound
4 4 Angle formula
1
AC = 1 V2 1 Al Evaluating Special
= C0SO————sind angles
N AN
/3\(: = ‘——————;}-——j———— (55f1()\AIr1) /ﬂ\(B
cos@—-sin@
(b) . 1 ( 1 j .
Area of triangle ABC = =(1)| ———— |sin@
g 2() cos@—sind M1

Z:l( sing ) *)
4 2\ cos@-sin@

Method 1: GDC Graph

M1

“6.67

Page 5 of 11
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Using GDC (Graph)
6 =0.66104

=0.661rad

Method 2: Analytical

From (*),

7(cos@—-sin@)=2sino
7cos@ =9sind

tan@:Z
9

Solving,
6 =0.66104

=0.661rad

Continuing from either method:

AC=;.
cos@-sing

1

" cos(0.66104) —sin (0.66104)
=570 (to 3s.f)

Al

M1

Al

Al

Page 6 of 11
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Qn | Suggested Solutions Marks
7 | Functions, Graphs and Transformation [Maximum mark: 16]
(@) | Largest domain occurs when 16 — (x —3)?2 >0 Al
G4-x-3)A+x-3)=0
“Dpaxn = (=1,7) Al - both
A“‘*E”g’;“i‘f'” Accept GDC graphing
K
1 x
(-1,0)1 (7,0)
£1() =y 16— (x~3)> M1
“ Diaxn = (=1,7) Al - both
(b) | Using GDC to find maximum point of h(x),
6.67 AV
(3,4)
(M1) — attempt to use
L x max. pt 0.e. to
(-1,0) (7 O)E determine shift
£1(x)=y 16-(x-3) 2
{
Maximum point at (3, 4)
Line of symmetry: x = 3 Al
©)) | The curve has go through the translation (_03 )
p= -3 Al
(©)ii) | A(=x —(=3))
=16 — (—x +3 - 3)? (M1) attempt to sub
value of p
=16 — (x + 3 — 3)2
Al —replace —x with x
=h(x —(-3)) R1
Hence, h(—x — p) is an even function AG
i 1
@0 | g =
V16— (x — 3)? Al

Page 7 of 11



Year 5 HL MAA EOY Exam 2022/P2_Markscheme

(d)(ii 6.67 7
)
fz(.\:)=;)
£1(x 1 M1)
(-1,0)" (7,0"
£1(x)=y 16-(x-3)>
_ L ! AlAlo.e

1
Accept Ry, = "

(e)(i) | Transformation results in (m, 2) to become (%, -2)

7.04 4y
£1(0)=y 16-(x—3)2

/Né.%‘ll ,2)
\ f3(x)=2 ,

otext I : T2
(2.1
4(x)=

(-0.464102,2)

I\

=

i

(-0.154701,-2 \/ 47 -9) £5(x)=-2 M1

-6.29

m=3+2V3 or —0.464,6.46

Al-both

(ii) | possible coordinates of A’ are (—0.155,—2) and (2.15, —2). A1A1
Or
Possible coordinates of A’ are (1 — i —2)

and ( +i —2)

8 | Complex Numbers [Maximum mark: 13]

(@)(i) | Let p + gi be one root of w? = —2i.
(p+qi)? =—

p? —q?+ 2pqi = —2i
Comparing Real and Imaginary components,
2pq =-2; p*—q*=0
Solving p and q,
p=11q=%F1

~1—1iand —1 + i are roots of —2i. Al AL

Page 8 of 11
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(i)

(b)(i)

(i)

Alternatively, using GDC

cPolyRoots(\—2+2- 1';() {‘1+1',1-!'}

~1—1iand —1 + i are roots of —2i.

Replace w with (1 + iw)
1+iw=1—-1, —1+i
iw=—-i, —2+i

w=-1, 2i+1

(—2i)® = —8i® = 8i
(i-v3)’ = -3v32+3(v3'1) - V3

=—i+3V3+9-3V3

= 8i

Let the third root be z.
Using sum of roots =0
—2i+i—V3+2z;=0

Z3:\/§+i

Alternatively, using Product of roots
(—21)(i — V3)z; = 8i

(2 + 2V/3i)z; = 8i

8i

=———=+3+i
2 + 2V/3i

Z3

(Accept GDC z3 = 1.73 +1)

AlAl

Al

AlAl

Al

Al

M1

Al

M1

Al

M1

Al

Page 9 of 11
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Alternatively, using GDC polyroots

cPolyRoots(\’a—S- i,\') M1
X{ -1.73205080757+7,-2- 4,1.73205080757+3>

23 = \/§ + i Al
(¢) | Area of triangle ‘ L
1
1 N M1
=@V i N N T,
-3 ‘ /// V3 Al
= 3+/3 or 5.20 \\/

9 Differentiation [Maximum mark: 16]

(@)(i) f(x) =b(x+ e ?*,x = —1
f'(x) = b[(x + 1)(—2e7%) + e72¥] M1 product rule
= be ?*(-2x—1) Al
(i f'x)=0 =2x= —1
2 Al
swx=-3f(~3)=7%
Maximum point at (_% %) Al accept (-0.5,1.36b)
(b)(l) b(l)ZeO
fO) =—=—=3 Al
b=3 AG

Page 10 of 11
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(i)

(iii)

(iv)

(©)

7.1 7Y

Al maximum pt

(-0.5,4.07742 Al horizontal asymp
(0,2) Al x and y-intercepts
1 \\ x Al shape
(_1’%) 1 f—;(_\.):OH-ZE
lim f(x) =0 Al
6.54 Y
L
text @ 5
42
£3()=——(f1(x))
X dx
04 T 13.
’ 7\ X )=
I {0 0) £7(x)=0
fl( ) 3. (x+1)2- e 2 X M1 (with graph)
) -
1+x

,;-I-nll

Since f"(07) - f""(0%) < 0, (change in sign of f"(x)),

R1
Point of inflexion at (0, 3)
Al
31.7 4y
19 5
_—,—e“
2 4
L ]
. 2 > M1
0.2
(-1,0) ld-o

0<k<92
46

A1Al (exact only)

Page 11 of 11
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