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Mathematical Formulae

1. ALGEBRA
Quadratic Equation
For the equation ax® +bx +c=0,
‘ —b++b*-4ac
2a

Binomial expansion

n n n
(a+b)"=a" +(1ja”_lb+[2] a"2p? + .. +(Ja”_rbr +..+b",

1 - _
where n is a positive integer and 8 R L nin-1..(-r+9
r) ri(n-r)! r!

2. TRIGONOMETRY
Identities
sin? A+cos* A=1

sec’ A=1+tan® A
cosec’A=1+cot* A
sin(A+ B) =sin AcosB +cos Asin B
cos(A+ B) =cos AcosB Fsin Asin B

tan A+tan B

tan(AtB) = ——M—
( ) lxtan Atan B

sin 2A =2sin Acos A

cos2A=cos®* A—sin? A=2cos* A—1=1-2sin* A

tan 2A = %
1-tan“ A
Formulae for AABC
a b C

sinA:sinB :sinC

a?=b?+c?—-2bccos A

AzlbcsinA
2



Answer all the questions.

1  The mass, x grams, of a volatile matter from a space mission remaining t days after
being exposed to Earth’s atmosphere is given by x=1.3+7¢°*.
(a) Find the initial mass of the matter. [1]

t=0,
x =1.3+7 =8.3grams

(b) Explain why the mass of the substance can never be lower than 1.3 grams. [2]

For all real values of t (t >0),

e—O.St > 0

7€' >0

7€ +1.3>13

Hence the lowest value will be 1.3 grams

(c) Find the least number of days it takes for the matter to be reduced to half of its
initial mass. [3]

Half of initial mass=8.3+2 =4.15grams
415=1.3+7e%"

57 _ o

140

In ﬂ =-0.5t
140

t=In z +-05
140

t =1.80days (3 s.f)
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2 (a) Prove that t 1 =2cot* X. [3]
secx—1 secx+1

1 1
secx—1 secx+1
_secx+1-(secx-1)

B sec? x—1
2

~ tan®x
=2cot? X

LHS =

1 B 1
secx—1 secx+1

(b) Hence solve =5cosecx, for 0°<x<360°. [5]

2 cot? x =5cosecx

2(cosec” x —1) = 5cosecx
2cosec’ x—5cosecx—2=0

5+./25-4(2)(-2)

4

COSeCX =

4 . 4

or sinX=—+—
5++/41 5-/41
Reference angle = 20.545°
x =20.5°,159.5°

sinx =
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3 The polynomial f(x)=ax®+bx*+5x—3, where a and b are constants, is exactly
divisible by 2x—1 and leaves a remainder of 39 when divided by x—2.

(@) Find the value of a and of b. [4]

f(0.5) =a(0.5)° +b(0.5)* +5(0.5) -3
0=0.125a+0.25b-0.5
0O=a+2b-4
a=4-2b---(1)
f(2)=a(2)’+b(2)* +5(2) -3
39=8a+4b+7
0=8a+4b-32 ---(2)

Sub (1) into (2),
0=8(4-2b)+4b—-32
0=32-16b+4b—-32

b=0

a=4

(b) Using these values of a and of b, determine the number of real roots of the
equation f(x)=0. [3]
Show all necessary working.

f(x) =4x*+5x-3

f(x) = (2x-1)(2x* + x+3)
(2x-1)(2x* +x+3)=0

b? —4ac =1—4(2)(3) =—23<0

Therefore there is only 1 real root, x =%
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dy 12x+1
If yv=(4x—-3)4/2x+1, show that —= = .
4 (a) y ( ) dx m [3]

y=(4x-3)v2x+1

3—1 = (4)N/2x +1+%(4X—3)(2X +1)_%(2)

Y @t 22

J2x+1
dy 4(2x+1)+(4x-3)
dx \V2x+1
dy 12x+1
dx V2x+1

12x+3

V2x+1
\2x+1(ax+b) where a and b are integers. [4]

(b) Hence find the value of I dx expressing your answer in the form

12x+3 12x+1 2
J dx:J. +
V2x+1 V2x+1  2x+1

:(4x—3)\/2x+1+dex+c
2x+1

NFEET

1
= (4x—3)/2x +1+I2(2x +1) 2dx+C

dx+C

1
2
=(4x-3)V/2x+1+ 2(21X+1) +C
—x2

2
=(4x-3)V2x+1+2/2x+1+C
=+/2x+1(4x-1)+C
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(@)

(b)

Cedar Girls’ Secondary School

7
The area of a quadrilateral is given as 25(tan15°) cm?.
Without using a calculator, express the area in the form (a+b\/§) cm?.

25(tan15°)
=25(tan(45 —30"))
_ o[ tan45 —tan30 ]

1+tan45 tan30°

B3

1
N
a1
=
w

+

w

& ela

=25/ 3

3+\@

3

3—J§J

=25

3+\/§
3—@}_3—@
3+43 ) 3-43

12-64/3
6

=50— 253

=25

=25

Given that tan15° is a root to the equation x*+ px+q =0, where p and g
are integers, find the value of p and g.

tan15° = 2—~/3

(2-+3)*+ p(2-/3)+q=0
7-4J3+2p—p3+q=0
7+2p-4/3=-q+pv3

[4]

[3]
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The figure below consists of a rectangle ABCD and an isosceles triangle AED,

where AB =y cm, BC = 2x cm and ED :%x cm.

Given that the perimeter of ABCDE is 70 cm,
E

ycm

2Xcm

(@) show that the area of figure is A=70x —% X,

P:2x+2y+2(%x)

9
70=—x+2
> y
9x
2y =70——
y 2
y_140—9x
4
- - 5 2 2
Height =, [(=X)" — X
4
) 3
Height = —x
g 4

A=2xy+ l>< ZXX(EXJ
2 4
A:2x(140_ng+x(§x)
4 4

A=T0x-2x2 43
2 4

A=70X—EX2
4

Cedar Girls’ Secondary School 4049/02/S4/Prelims/2023

[5]



9

(b) Given that x can vary, find the value of x for which the area of the figure is
at a maximum. [5]

_140-9x
4

d—A=7O—Ex
dx 2

O:7O—Ex
2

X = 9% or 9.33 (3s.1)

a1
dx? 2

By second derivative test, A is a maximum when x = 9%
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7 (a) Solve the equation 3 —3**2 +6=0.

32l _3x2 4 &
3%.3-3.3+6=0
=y

3y’ -9y+6=0
y>—3y+2=0
(y-2)(y-)=0
y=2o0ry=1

F=2o0r 3=

x=0.631 (3s.flor x=0

(b) Solve Iogz(x+2)—1=Iogﬁ(x—1).

log, (x+2)-1=log ; (x~1)
log, (x-1)
Iogzx/_

log, (x+2)-1=2log, (x-1)
log, (x+2)-2log, (x-1)=1

log, (x+2)~log, (x-1) =1

+

2)-1

log, (x

(x+
(x—
+2)

log, 2 =1

(x
(x-1)

(X+2)=2x" —4x+2
2x* -5x=0
X(2x-5)=0

x=o0 (rej.) or x:Z%

2
1)
=2
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11

A circle with centre C and radius r has an equation of X* +y* —4x—6y—-12=0.

(@) Find the coordinates of C and the value of r.
-2f=-4
f=2
—-29 =—6
g=3
C(2,3)
r=y7+@’-(-12)
r=v4+9+12
r=5
The line 4y =3x+31is tangent to the circle at the point T.
(b) Find the coordinates of the point T.
3
mtangent - Z
m. =2
AT 3
LetT (p,q)
3-q__4
2-p 3
9-3q=4p-8
4p+3q=17---(1)
49=3p+31----(2)
Solving for pand q
T(-1,7)
(© Determine, with working, if S (0,8) lies within the circle.
S=(0,8)
CS =/(2—0)% +(3—-8)?
CS =29 >5
Since CS is greater than the radius, the point lies outside the circle.
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9 The diagram shows a quadrilateral ABCD in which ZABC = ZADC =90°.
AB=8cm, BC=3cmand ZBAD=6°.

A

|/

&

o]

8cm

3cm

(@  Show that the sum of the lengths of AD and CD is given by 11sin@+5cosécm. [4]

BY =8sind

cos¢9=%
3

BX =3cosd
CD =8sing-3cosd

c050:ﬂ
8

AY =8cosd
sin49:C—X
3
CX =3sind
AD =8cosf+3siné
AD+CD =8c0s8+3sin@+8sin 8 —3cos &
AD+CD =11sin@+5cosd
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(b)  Express 11sin6+5c0s6@ in the form Rsin(@+«) , where R is a positive
constant and « is acute. [3]

R=+11°+5°

R =+/146

a=tan™ (ij

11
a =24.444
11sin 6 +5c0s & = /146 sin(0 + 24.4°)
(©) Find the maximum value of the sum of the lengths of AD and CD and the
corresponding value of 4. [2]

Maximum value is /146
sin(@+24.4°) =1
ref £ =90°

ref £ =90°—24.444° = 65.6° (1 d.p)
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10 The figure below shows part of the curve y=—x*+7and the line y+1=2x. The
curve and the line intersect at the point A. The points B and C lie on the x-axis.

v A

y=-x"+7

y+1=2x

O/B

(@) Find the coordinates of A, B and C.

Y

1
Let y=0, x=—
y 2
1
B(—,0
(2 )

Let y=0, x=+7

C(7,0)

Sub y=2x-1into y=—x*+7
2Xx—1=—x*+7

x> +2x-8=0
(x+4)(x-2)=0

x=—4(rej.) or x=2

y=3

A(2,3)
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(b) Calculate the area of the shaded region.

1
(2 2 2 2 42
Area_J'OZ—x +7dx+J‘§((—x +7)—(2x—1))dx+Uﬁ—x +7dx‘
1
m 3 3 3 2 3 4
_ —X+7x} {_8} +{—X+7x}
3 s N -
= —i-i-z + (—§+16—4)—(—i+4—1)

| 24 2 3 24 4

T

+

64 7
[(§+28)(T+7(ﬁ))

3

83 45 +T7_7(ﬁ)

20
=—+—+|—
24 8 |3

=14.8 units? (3 s.f)
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11 (a) Show that (cosx—sinx)* =1-sin 2x.

(cos x —sin x)?

=C0S? X —25in X COS X +Sin” X
=1-sin2x

(b) Hence find the exact value of J'; (cos x—sinx) dx.
2

V4 R 2
J; (cosx—sinx)“ dx
2

El—sin 2x dx
2

{ costT
=| x+
2 |
2
cos2r 1w COSx
2 2 2
O 7 (D
2 2 2
:7[—+20r=—+1
2
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. 2
(c) Using the result in (a), find diln (MJ :
X

COS 2X

Method 1

iln(cosx—sin XJZ
dx COoS2X

:iln[(cosx—sin x)zJ

dx cos® 2x

d 1-sin2x
=Nl
dx C0S“ 2X

d 1-sin2x
=—1In oAl
dx \1-sin®2x

i frererd
=—In| ——
dx 1+sin2x

d .
=——In(1 2
™ n( +sin x)

:—_;X(ZCOSZX)
1+sin2x

_ —2C0S2X
1+sin2x

Method 2

iln(cosx—sin XJZ
dx CO0S2X

iln[(cosx—sin x)zJ

dx cos® 2x
d (1—sin ZXJ
S L

dx cos? 2x

d :
= &[In(l—sm 2x) —2In(cos 2x)]

><—2c052x—2( x—28in 2xj

=l—sin 2X COS 2X

_ —2c0s2x  4sin2x or — —2.C0S 2X

= - + = - +4tan 2X
1-sin2X cos2X 1-sin2Xx
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