2023 PROMO PRACTICE PAPER B

Solutions

Qn | Solution

Notes

1i ¥

0.395,0.213)

3.

5
y =x*® has a stationary point at
(0,0) hence gradient of it’s graph
at the origin should be 0.

Graph of y=3Inx+3 extends
down to infinity as x approaches 0.

Equation of asymptote: X=0 and
coordinates of x- intercept:

(0.368,0) need to be stated
(required by question)

x=0
Lii 5
Graphs of y=3Inx+3 and y=x3 intersectat X =0.395
and x=3.02.
5
3Inx+3>x3
2.0.395<x<3.02
2 dy Differentiate (1) immediately
(3X2 - yz)& =2xy -—=(1) using product rule. No need to

Differentiating w.r.t. X
dx Jdx
When x=0,
y=1
dy dy
0-1)—=2(0)(1)=—=0
-1 =20)1)= 2
d’y
0-1)—
( )dXZ
.. the Maclaurin’s series fory is

y=1+(0)x+_??x2 +...

=1-X"+...

2
(3x2 - yz)d—¥+[6x—2yd—yjd—y =2y +2X
dx X

+(0-2(0))(0)=2+2(0)(0)= ;

d
make d_i the subject before

differentiation.
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Solutions

3i J‘ o
e“*sin x dx
=1ezxsinx— 1e“cosxdx
2 2
=1e2xsinx—1 1ezxcosx - le“(—sinx)dx
2 21\ 2 2
=lezxsinx—lezxcosx—1 e®*sin x dx
2 4 4
S ezxsinxdx=1ezxsinx—lezxcosx+D
4 2 4
2X i 2 2X i 1 2X
e?*sinx dx ==e?sinx—=e* cosx+C
5 5
1 2X -
=ge (2sinx—cosx)+C
3ii

Let f(x)=e™(2sinx—cosx).
Observe that y =e**?(2sin(x+1)—cos(x+1))=f(x+1)

is a translation of y=f(x) by 1 unit in the negative x-
direction.

Hence, the gradient of the curve y=f(x+1) at X=%—1 is
the gradient of the curve y=f(x) at X :%, which is given

by y=f'| Z|.
Yy [Zj

From part (i), f'(x) =5e*sinx.

Hence, the required gradient isf (%) =5e”.
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4i Asymptotes:
(y-2) _(x=3)
9 4
y—2_+x—3
3 2
3(x-3
yzi(x )+2
2
y—§x—§ or y——§x+E
2 2 2 2
}:
4ii 12y* —48y + 48+ ax’ —6ax—3a =0 Modified mark allocation from 2

12(y2—4y)+a(x2—6x)—3a+48=0
12(y* -4y +4)-48+a(x* —6x+9)-9a—3a+48=0
12(y-2)° +a(x-3)" =12a
2 2
(v-2)  (x-3 _,
a 12
which is an ellipse with centre (3,2) and vertices at

(3,2+J§) and (3,2—\/5)

For curve C and D to not intersect,
Ja<3=a<9
Since a is a positive constant,

~{aeR:0<a<9}

to 4.
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Solutions

Refer to MF26 and apply the
standard series

(1+x)" =1+nx+ n(n-1) X2 +...
21

S| 1+ =}
7 =(1+x*)(2-x*)
51
~(1+ x2)2‘1[1—x—]
2
2\ (_1)(—
:£(1+X2)|:1+(_1)(_X_J+M
2 2 2!
2 4
=—(1+x2)(1+x—+—+ )
2
2 4 4
=—[1+XZ+X—+X—+X—+ J
2 4
1 3x* 3x*
=4+
2 4 8
5ii | For expansion to be valid,
2 2
X <l=|—|<1
‘x2‘<2
X2 <2 (‘xz‘:xz since xzzo)

(x—\/i)(x+\/§)<0
{XERZ— 2<x<\/§}

Note that the standard series

(1+x)" =1+ nx+Mx2 +
21

is only valid when |X| <1. Since the
above standard series is applied to

2 -1
(1—%} , hence the expansion is

2

only valid if ‘—X? <1,

Sii | g (1+x2) d(1 3x* 3x*
— =—| =4+ —+—+...
dx\2—-x%) dx\2 4 8

(22¢)(20-(1+x°)(=2x) _ex 12"

(2—x2)2 4 8
4x—2x3+2x+2x3_%+12x3
(2-x) 4 8
6x(2—x2)_2 =6—X+12X3 +
4 8
1 X

(2—)(2)_2 :Z+7+.“
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\L Replace x by x+2

1 1
fl= 2)- =
y= 2 (x+ j (zxj
\L Replace x by 2x

y=f (E(Zx)j =f(x)
The graph of y :f[%x—l} is translated 2 units in the

negative x-direction and then stretched parallel to the x-axis

1
by factor 2 with y-axis invariant.

f[lx—1j=_4x+4
2 2x-3
f(lxj —4(x+2)+4
2 2(x+2)-3
—4x—4
2x+1
—4(2x)—-4
2(2x)+1
—8x—4
4x+1

Solutions
ax+b
y=9(x=7
2X+C
. c 3
Vertical asym : X=——=—=¢=-3
2 2
Horizontal asym : y:%:—2:> a=—4
b 4
y-intercept : y=—=—§:>b=4
—4x+4
Sy=00)=— —
1
:f —_— —_
e
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Solutions

Alternatively,
f(3x)
y= 2
\L Replace x by 2x
1
fl= - 1
Y= (2 j 1)

\L Replace x by x+1

y=F((x+1)-1)=f(x)

The graph of y=f [% X —1) is stretched parallel to the x-axis

1
by factor 2 with y-axis invariant and then translated 1 unit in

the negative x-direction.
f(lx—ljz —4x+4
2 2x—3
f(X—l) ZM
2(2x)-3
_ —8x+4
~ 4x-3
—-8(x+1)+4
4(x+1)-3
—8x—-4

4x +1

f(x)=

Ta

jsin 2xc0s°® 2x dx = —%J.—Zsin 2xc0s® 2x dx

7
z_l Cos' 2X LC
2 7

7
:_cos 2X+C
14

This is of the standard form

If’(x)[f (x)]" dx where

f(x)=cos2x

7bi

2X

3X 3
2 dx = 2
X +2 2) x°+2

dx

|

=§In|x2 +2|+C
2

3
==ZIn(x*+2)+C (- x*+2>0
SIn(x*+2)+C( )
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Solutions

hii |, L 3x+l 2(x* +2)+(3x+1)(x-3)
x—3 x*+2 (x=3)(x*+2)
=2x2+4+3x2—8x—3
(x—3)(x2+2)
_ 5x*—8x+1

(x=3)(x* +2)

biii J‘210x2—16x+2
—F—F 0X
o (x—3)(x2+2)

(2

5x* —8x+1
Jo (x—3)(x2 +2)

~2
9 (2 +3;(+1 dx
X—-3 X +2

o2
=2 ( 2 + 23X + 21 jdx
X—3 X°+2 X +2

{2In|x 3+ —In(x +2)+%tan (Tﬂz

2{2In1+gln(6)+%tanl(%ﬂ

- 2{2In3+gln(2)+%tan‘l(0)}

=3In6+\/Etan’l(\/i)—4ln3—3ln2
=\/§tan’l(\@)—ln3
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Solutions

7
¢ x=lsin26’ = %:gsinecose
3 do 3
1 i3
Whenx=0, 6=0; whenx—z =
—sm 9
J. / dx— sm@cos@d@)
cos’ 0
=ﬁ'|'033in2¢9d0
~1- cosze
3J'I a0
1 i
= — 6?——S|n26?
i)
_ 1|z VB3
333 4
8ai 3 .3
-1-1 2
|Z*|_< -if| |- I 5
l\f‘ ‘1 |f‘
arg(z*) arg[(l_l:/_')_J
=3arg(-1-i)-a ( )
A3 (3
3
:_E 12"
yp_1_1_1
z| 2] | V2

arg(lj——arg(z)—arg(z*)——gﬁ or 1
z 12 d

12
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Solutions

8aii

1 (1) (1 Ba) 1 Ba 1 la
7z J2 4 4

Therefore we have

ez"":£:>2azln£:>azln1 or —In2
4 2

17z'i
e —g3 :>b:£7r
3

8b

iu-v=3=v=iu-3
Then substituting w=1iz—3 into the other equation,
u*+(1-i)(iu—-3)=7+4i
U*+iu—3-iPu+3i=7+4i
u*+iu+u=10+i
2a+i(a+ib)=10+i
2a—b+ia=10+i
Comparing the real and imaginary parts, we get
a=land 2a-b=10=2-b=10=>b=-8.

Therefore u=1-8i and v:i(1—8i)—3:5+i




2023 PROMO PRACTICE PAPER B Solutions

Cax’+x+1
X+2

dy (x+2)(2ax +1)—(ax2 + x+1) ax? +dax+1

dx (x+2) (x+2)

d
For C to have 2 stationary points, d—i =0 has 2 real roots.

For ax® +4ax+1=0to have 2 real roots,
Discrimant > 0

(4a)’ ~4a>0

4a(4a —1) >0 . .
It is a show question. Clear steps
+ + on solving quadratic inequality
' : a (i.e. number line or equivalent)
0 1 must be shown clearly.
4 1
a<0 or a>=
4

k=1
4

Alternatively,

ax®+x+1 4o -1
y=——"—=ax+1-2a+
X+ X+2

d_y_ 4o -1

_a 2
dx (x+2)

d
For C to have 2 stationary points, d_i =0 has 2 real roots.

ﬂ=0:>a— 4(:(—12 _
dx (x+2)

a

for equation to have 2 real roots,

40:—1>0
a
+ = +
t f a
1
0 _
4

a<0 or 05>1
4

k=1
4
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Solutions

. (0.236,0.528)
AN

N

(0,0.5) \
! ’-\ . o X

N

0 N
(1.618, DN\ -,

Take note to label SIA, i.e.
Stationary points, Intercepts,
Asymptotes

Draw a bigger graph as the
maximum point and y-intercept are
very close to each other

There is NO NEED to find exact
coordinates.

Use the GC to determine the
coordinates of stationary points
and intercepts.

10 | No. of revolutions in n™ minute, Be efficient in algebraic
ai u =S -S, manipulation.
=54n(29-n)-54(n-1)(29-n+1) Do not leave your expression for
=1620-108n Un as
u, =54n(29-n)—-54(n-1)(29-n+1)
U, — U, , =1620 ~108n - 1620 -108(n -1) Use u, =620-108n to deduce Uns ,
=-108 it is not efficient to use
Uy = Sn—l - Sn—z
Since u, —u, , =-108is a constant (independent of n), the
number of revolutions made in each minute follows an
arithmetic progression.
10 | Foru,=1620-108n<0, It is a show question.
aii Need to evaluate the answer to at

n>15.
Total number of revolutions,
S = 54(15)(29 —15) =11340
Distance travelled
=11340x 7 x 61 cm
=21732165 cm
=21.7 km (to 3 s.f.) (shown)

least 5sf before presenting the final
answer, i.e. 21.7km.
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Solutions

10b 2 Be clear on the number of terms in
i 1 =(486+20)) 2 the GP.
2 n 2 n-1 2
[486+20( ) 20}@) 2o[§j +2o(§J +...+2o[§j
o2 ) 5 has n terms
= 486(5) + 20[5} + 20(5) a1 2
20 E +20 Z +...+20 E
3 3 3
n n n-1
v, = 486(2) " zo(gj " 20(3] ot 20(% has (n—1) terms
3 3 3 3
1)
2\ 3 3
= 486(§j 20 5
(3)
3
= 486(2) +40| 1- (E)
3 3
2 n
=446(§j +40 (shown)
10b 2\" 2\ Read the question carefully.
ii Since (—J >0 forall n>0, v, = 446(—) +40> 40, You need to show the wheel
3 3 “always rotates at a rate of more
Thus, the wheel always rotates at a rate of more than 40 rpm. | than 40rpm”, means “for all
values of n”, not “n—> o ”
10b 2\"
iii 446(§j +40< 45
2" 5
J— < —_—
3) <z
5 2
m>In—-=In—=
446 3
m>11.1 (to3s.f)
Leastm=12
Alternative method
446(%) +40<45
m 2 m
446(—) +40
3
11 45.156 > 45
12 43.437 < 45
13 42.292 < 45

From the GC, least mis 12.
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Solutions

11 | OQ=acosg; TQ=asind

TP =aé (arc length of unit circle)
SP =adsing, TS =adcosé

e

x=0Q + SP

(shown)

)
0 ¢
y=TQ-TS
=asin# —adcosd (shown)

:ﬁ
=acosd +adsind a S

11i | dx ) )
@:—a5|n9+a5|n0+a9c059:chose
dy . .
@:acosH—acosHJraesmeza@sme
d_y= afdsing _ang
dx adcosd
When 6?:z
3
x:a(cos£+£sin£):a(1+”_ﬁj
3 3 3 2 6
y=a(sin£—£cos£j=a(£—£]
3 3 3 2 6
Gradient of normal =— 1 :_i
tanz \@

3
Equation of normal at W is

y—a[ig—flz__L{x_E_ﬂﬂJ§]

2 6 J3 2 6
Jy—aa| B, mBa__ a2 x3
2 6 2 6
a 3a
By==+22-x
3y 2 2

J3y=2a-x (shown)

Use product rule to find

% and d_y
do do
Note:

d

@(aesin 0)=asind+adcosd

Be clear on the variables and
constants.

In this context, the variables are
X,Y,0 .

a is a constant.
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Solutions

11|| Vs dX
AtO==, —=
3 dt

ﬂ=d—yx%=(tan£)(0.3)=ﬁ

0.3

dt dx dt 3 10
z=xy (1)

Differentiate (1) w.r.t. t

dz dy dx

— = X—=4 y_

dt dt dt

6
=0.834a (3sf)

10

Alternatively,

=2.7792a
dz dz dx

dt dx dt

:a££+ﬂ_ﬁ](ﬁ}a[£__
2 6

— = %2 =(2.7792a)(0.3) = 0.834a (3sf)

Be clear on the variables and
constants.

In this context, the variables are
X,Y,0 .

a is a constant.

dz dy da pave no meaning
da da dt

\/§y = 2a - X is the equation of the

normal at @ :% , and should NOT

be used in this part.




