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1 The nth term of a sequence u,, u,, us, ... is given by u, = n’ +i'.
n!
(i) Showthatu, —u, , =2n—-1+ ! —'n [2]
n!
= 1—r
(i) Hence find 2(21’ —1+—'j . [3]
r=2 r.
(iii) State, with a reason, if the series in part (ii) converges. [1]
2 It is given that
3—x for 0<x<2,
f(x)=
(x) l(x2+2) for 2 < x <4,
6
and that f(x)=f(x+4) for all real values of x.
(i)  Sketch the graph of y =f(x) for -3<x<10. [3]

(i) Find the volume of revolution when the region bounded by the graph of y =f(x),

the lines x =—1, x =2 and the x-axis is rotated completely about the x-axis. [3]

3 () Find %(cosxz). [2]

(ii) Hence find J.x3 sinx” dx. [4]

4  (a) The curve Chas equation y =f(x).

2
. 4 . .
(i) Given that (x) = %, sketch the curve C, showing the equations of
x+
the asymptotes and the coordinates of any turning points and any points of
intersection with the axes. [3]
(i) Hence, state the range of values of x where f'(x)>0. [2]

(b) The curve with equation y = g(x) is transformed by a stretch with scale factor 2
parallel to the x-axis, followed by a translation of 1 unit in the negative x-direction
and followed by a translation of 1 unit in the positive y-direction. The resulting

x*+3x+4

curve has equation y = 1 Find g(x). [3]
X+
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5 (i)  On the same axes, sketch the graphs of y = ﬁ and y=-b(x—a), where a
x—a

. 1 . L
and b are positive constants and ab > —, stating clearly any axial intercepts and
a

equations of any asymptotes. [3]
(ii) Given that the solution to the inequality ﬁ >-b(x—a) is %< x<lorx>I,
xX—a
find the values of @ and b. [4]
(iii) Using the values of @ and b found in part (ii), write down the solution to the
inequality >—b (x - a) . [1]
xX—a

V4
ax+—

6 (i) Given that f(x)= esm( 2) where a is a constant, find f(0), f'(0) and £"(0) in
terms of a. Hence write down the first two non-zero terms in the Maclaurin series

for f(x). Give the coefficients in terms of e. [5]

(ii) The first two non-zero terms in the Maclaurin series for f (x) are equal to the first

two non-zero terms in the series expansion of , where b is a constant. By

1
Vb +x*

using appropriate expansions from the List of Formulae (MF26), find the possible

values of ¢ and b in terms of e. [4]
1
7 (a) Find the exact value of J al > dx. [3]
-X
0
: x’ L B C
(b) The expression > can be written in the form A4+ + >
(2-x) 2-x (2-x)
(i) Find the values of 4, B and C. [3]
1
2
(ii) Show that j ol > dx=p+qgIn2, where p and g are constants to be
2—x
0
found. [4]
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8 (a) Referred to the origin O, the point O has position vector q such that
3.1
=2i-—j——k.
1 2 ! 2

(i) Find the acute angle between q and the y-axis. [2]
It is given that a vector m is perpendicular to the xy-plane and its magnitude is 1.

(ii) With reference to the xy-plane, explain the geometrical meaning of |q . m|

and state its value. [2]

(b) Referred to the origin O, the point R has position vector r given by r =a+ Ab,
where A is a positive constant and a and b are non-zero vectors. It is known that ¢
is a non-zero vector that is not parallel to a or b. Given that ¢xa = Abxc, show
that r is parallel to c. [2]

It is also given that a is a unit vector that is perpendicular to b and |b| =2.

By considering r ¢ r, show that |c| = k\/42* +1, where k is a non-zero constant.
[4]

9 The function f'is defined by f:x— 1+ 2¢", xeR.

(i) Show that f does not have an inverse. [2]

(ii) The domain of f is further restricted to x <k, state the largest value of £ for which
the function ' exists. [1]

In the rest of the question, the domain of fis x € R, x <k, with the value of £ found in
part (ii).

(iii) Find £ (x). [3]
The function g has an inverse such that the range of g™'is given by (l, 3].

(iv) Explain clearly why the composite function gf exists. [2]

It is given that the composite function gf is defined by gf (x)=x.

(v) State the domain and range of gf. [2]
(vi) By considering gf (-2), find the exact value of g™ (-2). [2]
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10

As a raindrop falls due to gravity, its mass decreases with time due to evaporation. The
rate of change of the mass of a raindrop, m grams, with respect to time, ¢ seconds, is a
constant c.

(i) (a) Write down a differential equation relating m, ¢ and c. State, with a reason,
whether c is a positive or negative constant. [2]

(b) Initially the mass of a raindrop is 0.05 grams and, after a further 60 s, the
mass of the raindrop is 0.004 grams. Find m in terms of ¢. [3]

In recent years, scientists are looking for alternative sources of sustainable energy to meet
our energy needs. One approach aims to extract kinetic energy from rain to harvest energy.
In order to test for the viability of this approach, scientists need to find the maximum
kinetic energy that can be harvested from a falling raindrop.

It is known that the kinetic energy K, in millijoules, of an object falling from rest is given
by
mg’t’

2

where m grams is the mass of the object at time ¢ seconds and g is a positive constant

K =

2

known as the gravitational acceleration.

In the rest of the question, use your answer in part (i)(b) as the mass of a raindrop at time
L.
(ii) (a) Show by differentiation that the maximum value of the kinetic energy of a

raindrop falling from rest is pg”, where p is a constant to be found . Give

your answer correct to 2 decimal places. [5]

(b) Itis given that g =10. The kinetic energy of a raindrop falling from rest is 1
millijoules when it hits the surface of the ground. Given that it takes more
than one minute for a raindrop to fall from rest to the surface of the ground,
find the time taken for a raindrop to hit the surface of the ground. [2]

© Millennia Institute 9758/01/PU3/Prelim/19 [Turn over

www.KiasuExamPaper.com
380



11  In this question, the distance is measured in metres and time is in seconds.

A radio-controlled airplane takes off from ground level and is assumed to be travelling at
a steady speed in a straight line. The position vector of the airplane ¢ seconds after it takes
off is given by r = a + rb, where a refers to the position vector of the point where it departs
and b is known as its velocity vector.

(i) Given that the airplane reaches the point P with coordinates (—9, 4, 6) after 6

seconds and its velocity vector is —2i+ j+k, find the coordinates of the point

where it departs. [1]

Paul stands at the point C with coordinates (—7, 5, 2) to observe the airplane.

(ii) Find the shortest distance from Paul’s position to the flight path of the airplane.
[3]
While the airplane is in the air, a drone is seen flying at a steady speed in a straight line
with equation
2x-1 _ y+7 z-10
-6 4k

(iii) Show that the equation of the flight path of the drone can be written as r =p + Aq,

where A is a non-negative constant and p and q are vectors to be determined,
leaving your answer in terms of . [1]

(iv) Given that the flight paths of the radio-controlled airplane and the drone intersect,
find £. [3]

At P, the airplane suddenly changes its speed and direction. The position vector of the
airplane s seconds after it leaves P is given by

-9 3
r=| 4 |+s| 2 |, whereseR, s >0.
6 -1

It travels at a steady speed in a straight line towards an inclined slope, which is assumed
to be a plane with equation
x—y+7z=2.

(v) Determine if the new flight path is perpendicular to the inclined slope. [2]

(vi) The airplane eventually collides with the slope. Find the coordinates of the point of
collision. [3]
End of Paper
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Section A: Pure Mathematics [40 marks]

1 It is known that the nth term of a sequence is given by
p,=3"+a,
where a is a constant.
Find Z D, . [3]
r=3
2 (i) An architect places 25 rectangular wooden planks in a row as a design for part of
the facade of a building. The lengths of the first 18 planks form an arithmetic
progression and the first plank has length 4 m. Given that the sum of the first three
planks is 11.46 m, find the length of the 18th plank. (2]
(ii) For the last 7 wooden planks, each plank has a length that is % of the length of the
previous plank. Find the length of the 25th plank. [2]
(iii) The even-numbered planks (2nd plank, 4th plank, 6th plank and so on) are painted
blue. Find the total length of the planks that are painted blue. [3]
3 (a) Find the general solution for the following differential equation
2
‘;x—f =e¢"" 4sinx. [3]
(b) By using the substitution z = x+ 4 , show that the following differential equation
2
(cilx_J; Y x+1=0
can be reduced to
dz
—=z. 2
™ (2]
Hence, given that when x =0, y =1 and % =1, find y in terms of x. [4]
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4 The curve C has parametric equations

x=0—-t>, y=t"+2t-3,

where > —1.

(i)  Sketch the curve C, stating clearly any axial intercepts and the coordinates of any
end-points. [2]

The point P on the curve C has parameter ¢ =2.
(ii) Without using a calculator, find the equation of tangent to C at P. [3]

(iii) Without using a calculator, find the area of the region bounded by C, the tangent to
C at P and the y-axis. [4]

5 (a) One ofthe roots of the equation z* —2z° + az* —8z+40 =0 is bi, where a and b
are positive real constants.

(i) Find the values of @ and b and hence find the other roots of the equation. [4]
(ii)  Deduce the roots of the equation w* + 2w’ +aw” +8w+40=0. [2]

(b) (i) The complex number —6 + (2\/5 )i is denoted by w. Without using a
calculator, find an exact expression of w" in modulus-argument form. [3]

(ii) Hence find the two smallest positive integers n such that w"w* is purely
imaginary. [3]
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Section B: Probability and Statistics [60 marks]

6 The government of Country X uses a particular method to create a unique Identification
Number (IN) for each of its citizens. The IN consists of 4 digits from 0 to 9 followed by
one of the ten letters A — J. The digits in the IN can be repeated.

(i) Find the number of different Identification Numbers that can be created. [1]

Suppose the letter at the end of the IN is determined by the following steps:
Step 1: Find the sum of all the digits in the IN.
Step 2: Divide the sum by 10 and note the remainder.
Step 3: Use the table below to determine the letter that corresponds to the remainder.
Remainder 0 1 2 3 4 5 6 7 8 9
Letter A B C D E F G H I J

(i) It is known that all citizens who are born in the year 1990 must have the digit 9’
appearing twice in their IN and the sum of all the digits in their IN is at least 20.
Eric, who is born in the year 1990, has ‘I’ as the last letter of his IN. Find the
number of INs that could possibly belong to Eric. [4]

7 In a carnival, a player begins a game by rolling a fair 12-sided die which consists of 3 red
faces, 7 blue faces and 2 white faces. When the die thrown comes to rest, the colour of
the uppermost face of the die is noted. If the colour of the uppermost face is red, a ball is
picked from box A that contains 3 red and 4 blue balls. If the colour of the uppermost
face is blue, a ball is picked from box B that contains 2 red, 3 blue and 3 green balls.
Otherwise, the game ends. A mystery gift is only given when the colour of the uppermost
face of the die is the same as the colour of the ball picked.

It is assumed that Timothy plays the game only once.

(i) Find the probability that the colour of the uppermost face of the die is blue and a
red ball is picked. [1]

(i) Find the probability the mystery gift is given to Timothy. [2]

(iii) Given that Timothy did not win the mystery gift, find the probability that a red ball
is picked. [3]

One of the rules of the game is changed such that if the colour of the uppermost face is
white when the die thrown comes to rest, the player gets to roll the die again. The other
rules of the game still hold.

Alicia plays the game once. Find the probability that she obtains the mystery gift in the
end. [2]
© Millennia Institute 9758/02/PU3/Prelim/19

www.KiasuExamPaper.com
385



8

(@)

Sketch a scatter diagram that might be expected when x and y are related
approximately as given in each of the cases (A), (B) and (C) below. In each case
your diagram should include 6 points, approximately equally spaced with respect
to x, with all x- and y-values positive. The letters a, b, ¢, d, e and f represent
constants.

(A) y=a+bx*, where a and b are positive.

(B) y=c+dInx, where c is positive and d is negative.

(C) y=e+ %, where e is positive and fis negative. [3]

(b) The following table shows the population of a certain country, P, in millions, at

various times, ¢ years after the year 1990.

t 4 10 12 14 15 18 20 24
P | 365 | 389 | 395 | 402 | 415 | 430 | 445 | 495

(i) Draw the scatter diagram for these values, labelling the axes. Give a reason
why a linear model may not be appropriate. [2]

(ii) Explain which of the three cases in part (a) is the most appropriate for
modelling these values, and calculate the product moment correlation
coefficient for this case. [2]

(iii) A statistician wants to predict the population of the country in the year 2020.
Use the case that you identified in part (b)(ii) to find the equation of a suitable

regression line, and use your equation to find the required prediction. [3]

(iv) Comment on the reliability of the statistician’s prediction. [1]

A chemist is conducting experiments to analyse the amount of active ingredient 4 in a
particular type ofhealth supplement tablets. Each tablet is said to contain an average
amount of 50 mg of active ingredient 4. A random sample of 40 tablets is taken and the
amount of active ingredient 4 per tablet is recorded. The sample mean is 50.6 mg and the
sample variance is 2.15 mg? respectively.

(@)
(i)

Explain the meaning of ‘a random sample’ in the context of the question. [1]
Test, at the 1% level of significance, whether the mean amount of active ingredient
A in a tablet has changed. Y ou should state your hypotheses and define any symbols
you use. [6]
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In a revised formula of the same type of health supplement tablets, the amount of active
ingredient 4 now follows a normal distribution with population variance 1.5 mg?. The
chemist wishes to test his claim that the mean amount of active ingredient 4 per tablet is
more than 50 mg. A second random sample of n such tablets is analysed and its mean is
found to be 50.4 mg. Find the set of values that n can take such that the chemist’s claim
is valid at 2.5% level of significance. [4]

10

Y,

A particle moves one step each time either to the right or downwards through a network
of connected paths as shown above. The particle starts at S, and, at each junction,
randomly moves one step to the right with probability p, or one step downwards with
probability g, where ¢ =1— p. The steps taken at each junction are independent. The

particle finishes its journey at one of the 6 points labelled 4,, where i =0, 1, 2, 3, 4, 5
(see diagram). Let { X =i } be the event that the particle arrives at point 4.

(i) Show that P(X =2)=10p°¢’ . 2]

(i) After experimenting, it is found that the particle will end up at point 4, most of

the time. By considering the mode of X or otherwise, show that % <p< % (4]

The above setup is a part of a two-stage computer game.

. If the particle lands on 4, the game ends immediately and the player will not win

any points.
. If the particle lands on 4;, where i = 2 or 4, then the player gains 2 points.

o If the particle lands on 4,, where i = 1, 3 or 5, then the player proceeds on to the

next stage, where there is a probability of 0.4 of winning the stage. If he wins the
stage, he gains 5 points; otherwise he gains 3 points.

Let Y be the number of points gained by the player when one game is played.
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(iii) If p =0.4, determine the probability distribution of Y. [4]

(iv) Hence find the expectation and variance of Y. [2]

11 The two most popular chocolates sold by the Dolce chocolatier are the dark truffles and
salted caramel ganaches and their masses have independent normal distributions. The
masses, in grams, of dark truffles have the distribution N(17, 1.3%).

(i) Find the probability that the total mass of 4 randomly chosen dark truffles is more
than 70 g. [2]

(ii) The dark truffles are randomly packed into boxes of 4. In a batch of 20 boxes, find
the probability that there are more than 3 boxes of dark truffles that have a mass
more than 70 g. State an assumption you made in your calculations. [4]

The masses of salted caramel ganaches are normally distributed such that the proportion
of them having a mass less than 12 grams is the same as the proportion of them having a
mass greater than 15 grams. It is also given that 97% of the salted caramel ganaches
weigh at most 15 grams.

(iii) Find the mean and variance of the masses of salted caramel ganaches. [3]

Dark truffles are sold at $0.34 per gram and the salted caramel ganaches are sold at
$0.28 per gram.

(iv) Find the probability that the total cost of 6 randomly chosen salted caramel
ganaches is less than the total cost of 4 randomly chosen dark truffles. State the
distribution you use and its parameters. [4]

End of Paper
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Solution to Paper 9758/01

Qn Solution

1() 2

u,=n" +—
n!

LHS=u, ~u,

_ +%—[(”‘1)2 +(ni1)!j

2 1 2
=n +E—n +2n_1_(n—l)!

1 n
S P
" +n! (n—1)xn

:2n—1+1_n

n!
= RHS

1(ii 2" -

) S 2r-1+270 =

r=2 r.
2n

= zur - ur—l

r=2
= U~y

Uy —u,

1(iii)

As n—> o, 4n* -2 — o, —0.

(2n)!
Henc&mw‘d@ converge. It diverges.
ExamPapér ¢

Islandwide Delivery | Whatsapp Only 88660031
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Qn Solution
2(i) R
(0,3) (4,3) (8,3)
Y,
(201 1)  (61) (101
0 "
2(ii) 2 4,0, 2
Volume:ﬁj‘ (3—x)2 dx+7rJ- (x +2} dx
0 3 6
=455
3G
@ icos x* =—2xsin x*
dx
301) J.x3 sinx” dx u=x> v =-2xsinx’
_ 1 ) 2
——EI(—2x5mx )(x )dx u'=2x v=cosx’
. Ir, 2 2 7
__E[X cosx —f(2x)(cosx ) dx_
2
X 2 2
——Tcosx +Ix(cosx ) dx
2
= —x—cosx2 +1J.2x(cosx2) dx Note:
2 2 d . , )
5 —sinx” =2xcosx
b , L., dx
=—_—cosx” +—sinx” +c
2 2
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Qn Solution
4a(i) _ X’ +3x+4
x+1
= x+2+i
x+1

Vertical asymptote: x =—1, Oblique asymptote: y =x+2

X’ +3x+4
yeg p

x+1

(0,4)~
(0:414,3.83)

,
’

v

-1

4a(ii) | x<-2.41 or x>0.414
4(b) | Method 1a: Applying transformations backward
We are given the transformations in the order of 4, B and C, and the resulting

2
+3x+4 .
curve y :%. In order to find the original curve y = g(x) , We use our
X+

resulting curve, apply the C', B' then A', where A', B' and C' are the
“opposites” of 4, B and C respectively.

B c )
=¥ Resulting Curve,

.. A
Original CurveT——>4

where & and ¥ represent intermediate curves in the entire process.

Hence, we have
C': Translate 1 unit in negative y-direction (Replace y by y+1);
B': Translate 1 unit in positive x-direction (Replace x by x—1);

) 1 .
A': Stretch with scale factor 5 parallel to x-axis (Replace x by 2x).
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Qn Solution
: , P43x+4 P4 2x+
_x +3x+4 Replacec)’byyﬂ >y+1=x 3x (1.e.y=x X 3)
x+1 x+1 x+1
_x2+2x+3 Replace x byx=1 _(x—1)2+2(x—1)+3
x+1 Y P ) Y
X -2x+142x-2+43
X
_x2+2
X
=x+=
X
_ 2 Replace x by 2x _ 2
yEXt—— ey =2x+—
X 2x
1
=2x+—=g(x
—=¢(x)

Method 1b: Applying transformations backward
Note that:
Hence, we have

: 4 2
Notethaty=m=x+2+—

x+1 x+1

y=x+2+ 2
x+1

2 2

Replace y by y+ :

Pty p+l=x+2+—— (le.y=x+1+——)
x+1 x+1

2
y:x+1+x+1 Replace];byx—l >y=(x—1)+l+

2 2
y:X+— Replac;,:cbylv y:2x+_

KIASU=;
ExamPaper %/ (x)
Islandwide Delivery | Whatsapp Only 88660031

e Method 2: Start from the original curve y = g(x)

x +3x+4

Original Curve y = g(x)—"— o—— ¥—— Resulting Curve y = 1
X+

C': Translate 1 unit in negative y-direction (Replace y by y+1);
B': Translate 1 unit in positive x-direction (Replace x by x—1);

A': Stretch with scale factor % parallel to x-axis (Replace x by 2x).
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Qn

Solution

A : Stretch with scale factor 2 parallel to x-axis (Replace x by %x );

B : Translate 1 unit in negative x-direction (Replace x by x+1);
C: Translate 1 unit in positive y-direction (Replace y by y—1).

eplace x X eplace x x+1 eplace y x+1
y=g(x)%y=g[5ji§—tu’y=g(7j% y—l=g(7)
2

(x+1j X’ +3x+4
Letg| — [+]l=—"—
2 x+1

Note that we need to progress till we reach g(x).

To do that, we need to replace x by 2x—1 in g(%ﬂj =x+1+ L

2
5 j=(2x—1)+1+—(2x_1)+1

5(i)

y:[_)

5(ii)

Method 1:

¥ 4 J | o
From [graph (i), one d?@ﬁ:tion to ﬁ >-b(x—a)is x>a.
;z x—a

By obsérvation, since”x 174 = 1
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Qn Solution
Whenx=—,y=;=
[3-1]
Subst x =% andy =2 into y = —-b(x—1)
2= (l - 1j
2
b=4
Method 2:
From graph in (i), one of the solution to ﬁ >—b(x—a)is x>a.
x—a
By observation, since x>1, a=1
To find the x-coordinate of the point of intersection:
1
=—b(x-1
2 1
x—=1) =—
(x-1) =1
1
x—1l=t—
Jb
When x = l s
2
L
2 b
1 1 1 1
——=——= or ——=— (rej. since Jb > 0)
2 b PN/
Vb =2
b=4
5(@iii) | x>1
6(i) | Method 1:
f( ) sm(ax-*—fj
Exa %ap
Is I:lnn\.wde L)eiv What a#u nigif §5§§l@j¥ sin(ax+£] T
f"(x)=a’ cos (ax+ 2) +ae ? —asin(ax+5j
f"(x) = a’ cos® (ax + %j esm(mg) —a’sin (ax + %j esm(mgj
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Qn Solution
Method 2:

Let y= esin(ax%j

. V4
= lny=sm(ax+5j

Differentiate w.r.t. x:

1 dy ( ﬂj
——=acos| ax+—
vy dx 2

Differentiate w.r.t. x:

2
ld—);+ —Lz Y__p sin(ax+£]
vy dx y° )dx 2

Method 3:

. T . 4 . T
Sm| ax+-— SIn ax Cos—+Ccosaxsin—

f(x)_e 2 =e zzecosax
f’(x) = —(sin ax) e
£"(x) = e (—acosax) + (sin2 ax)e

cos ax

Hence
f(0)= esm(EJ =e
f ’(O) =0
£(0) = —a’e
By Maclaurin Series,
2
1A x 14
f(x) :f(0)+x f (O)+2—!f (0)+...
2
f(x) = e—aTex2 +...
2
Or it can be presented as f (x) re- L8y
6(ii)
Lo X
Jb 2bb
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Qn Solution
1
Comparing the constant term, —=¢ = b=—
Jb e2
Comparing coefficient of x* 1 _ —a’e
" ooh 2
1
ae=
)
e’ e
a’=¢’
a==¢
7(a) 1
1 -2
X _ge—-1 x2 dx
2-x 2) 2—x
0 0
1
=——(In1-1In2)
= —llnl or lln2
2

70 | 32 = 4(2-x)' +B(2-x)+C
= Ax* —4Ax+4A+x*+2B—-Bx+C
= Ax’ +(—44—-B)x+4A4+2B+C

By comparing coefficients,
A=1,
—4(1)-B=0=B=—4,

4(1)+2(-4)+C=0=>C=4

7(b)ii) b :
o sde=| 1- 4 + 4 - dx
0 (2—x) 0 2-x (2—x)

1
:[x+41n|2—x|+ 4 }
2-x

0

=1+41n(1)+i—41n2—2
2-1

-KIASU

Islandwide Delivery | Whatsapp Only 88660031

© Millennia Institute 9758/01/PU3/Prelim/19

www.KiasuExamPaper.com
397

Solution



Qn Solution
8(a)i)
2
— 3
0Q0=|-——
Q 2
il
2
2 0
—1.5]«]|1
Acut | L |\=0.5 0
cute angle = cos —————
J6.541
=cos”' (—1'5 j
V6.5
=54.0° (or 0.942 rad)
8(a)ii) 0
xy-plane: r« | 0|=0
1
0
Since m is perpendicular to xy-plane, m// | 0 |.
1
0
Sincem|=1, m=|0 |.
1
|q . m| refers to the perpendicular distance from Q to xy-plane.
23 0 1
e IM| = _—— ° 0 = —
=20
1
2
8() | cxa=Abxec
cxa—Abxe=0
cxa+cexAb =0
o KhASU =
cxr ExamPaper J
Islandwide Delivery | Whatsapp Only 88660031
. r//c (shown) '
Since ¢//r, uc=r.
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Solution

I el = LC e uc
2 2
rer=/’c
Since a is a unit vector, |a| = 1.
rer=(a+1b) « (a+1b)

=a-a+ae-ib+ibesa+ Ab - A1b
=|a] +24(a+b)+ 22 |p[
=1+44°

w2 lef =1+422

e = ! (1+4)&)

|c| f 1+4/12 (reJ - [— l+4/12 smce |c|>0)
| = \/;( (1+4/12))

1 1
c|=k,(1+42%) where k = |— k=—
| | ( ) where \/; (or | |)

9(i)

Method 1: Horizontal Line Test
f:x|—>1+26”‘2, xelR

Since there exists a/the horizontal line y =2 that intersects the graph of y =f (x)

more than once, fis not one-one, f does not have an inverse.
Method 2: Counterexample

Since f(-1)=f(1)=1+ z, f is not one-one, f does not have an inverse.
e

9(ii)

Largest value of £ is 0.

9(Giii)

Let y=1+2¢™"
y-1= 2e-x2

LA U

ampP per

Island :\.wde L)eiv ry | Whatsapp Only 88660031

x== —ln(—y_lj
2
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Qn Solution

Since x <0 (restricted domain of f), x =—_|—In (y_—lj

2

9(iv) | Range of f = (1, 3]

Domain of g = Range of g ' = (1, 3]
Since Range of f € Domain of g, gf exists.
9(V) | Domain of gf'=Domain of f= (—oo, O]

Range of gf = (—o0, 0]

9(vi) | Given that gf (x)=x,
gf(—2) =-2

g ef(-2)=¢"(2)
g'(-2)=1(-2)

=1+2¢"
10(i) | Method 1:
a) dm
py ——=c where c is a negative constant because the mass of the raindrop is
decreasing with time due to evaporation.
Method 2:
dm . " . .
d—:—c where ¢ is a positive constant because the mass of the raindrop is
t
decreasing with time due to evaporation.
10G) | dm
b) | 4
m=ct+D

When ¢t =0, m=0.05,
0.05=c(0)+D = D=0.05
When ¢t =60, m=0.004,
0.004 = c 60 +0.05

= ﬂ%ro

|| 70{ ary | nly BEEE0031

10(ii)
a) K= 2
From (i)(b), m = —0.00076667¢ +0.05 ,
© Millennia Institute 9758/01/PU3/Prelim/19 Solution

www.KiasuExamPaper.com
400



12

Qn Solution
X (-0.00076667¢ +0.05) g*t*
- 2
=-0.00038333g°+" +0.025g°
At stationary points,
dK 2,2 2
Ml —0.00115g°¢t* +0.05¢gt=0
t
t(~0.00115g7+0.05¢” ) =0
t =0 (rejected since K =0 when ¢ =0) or t =43.478
d’K
el -0.0023g°t+0.05g°
When ¢t =43.478,
d’K
el —0.0500g"°
<0 (since g* > 0)
s t=43.478 gives maximum K.
When ¢t =43.478,
K =15.75g" , where p=15.75 (2d.p.)
lf:)()ii) K =-0.00038333(10)" * +0.025(10)" £*
=-0.038333¢’ +2.5¢°
At surface of ground,
1=-0.038333¢° +2.5¢°
Using GC,
t=-0.629, 0.636 or 65.2
Since ¢ > 60,
S 1=652 (3s.f)
Required time taken = 65.2 s. (3 s.f.)
11(i) | Let 4 be the point where it departs from the ground.
-2
r=04+1| 1
1
-9
4 |=04+6
s KIA
xamP
_ Ixlandwidp Deliveg
OA=| 4 |-6
6
Coordinates: 4 (3, —2, 0
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Qn Solution
11(ii) P
/_,_..-~O
- P
% c
A
Shortest distance from C to the flight path (line) refers to the perpendicular distance
from C to the flight path.
Method 1 (via foot of perpendicular)
Let F" be the foot of perpendicular from C to the flight path
3 -2
r=|-2|+¢t| 1 forteR,t >0
0 1
3 -2
OF =| -2 |+1t] 1 forsome reR,t >0
0 1
3-2t -7
CF=0F-0C=|-2+t|-| 5
t 2
10-2¢
=| =T+t
-2
10—-2¢ -2
Since CF L flight path, | =7+7 |« | 1 |=0
t-2 1
—20+4t-7+t+t-2=0
29
t=—(or 4.8333)
6
CF -
| SJATGH [z
A 6
|ﬁ| ~3.58236=3.58 m (3 sf)
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Method 2 (Vector product)
-7
oC=| 5
-7 3 -10
AC=| 5 |-|=2|=| 7
2 0 2
-2
ACx| 1
1
Perpendicular distance = >
1
1
N
5
{6
4
-7
7
NG

=3.58236=3.58 m (3 sf)

Method 3 (Pythagoras Theorem)

-7
oC=| 5

-7
AC=| 5

© Millennia Institute

Eeambapsr &>
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Qn Solution
-2
AC « | 1
— 1
|4F| =
-2
1
1
—-10
7 |
2
NS
_2
J6
Perpendicular distance = |E‘ g |ﬁ ’
29°Y
— — 2 2 2 N
_\/(( 10) +7°+2 ) [\/8)
=3.58236=3.58 m (3 sf)
11dGii - ~
(iii) Let 4= 2x l= y+7 _z 10
-6 4 k
2l o w2l
-6 2
y+7
=4 = y=-T7+44
20 S c104k
k
1
x 9 -3
yi|=|-T|+4] 4
z 10 k
r= -E a ezyheé R,A>0
n ide Delive: | hatsapp Only 8B660031
11(iv) | Given that both flight paths (lines) intersect,
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Qn Solution
1
2 -3 3 -2
=T+ 4 |=| 2|+t 1
10 k 0 1
1
373 (3-u
—T+44 |=| 2+t
10+ kA t
1 5
——31=3-2t = -31+2t== (1)
2 2
—T+4A=-2+t = 41-t=5 --(2)
10+kA=t
Using GC to solve simultaneously,
A=25, t=5
10+k(25)=5
k=-2
11(v) -9 3
Equation of line: r=| 4 [+s5| 2
6 -1
1
Equation of plane: r « | -1 |=2
7
'.3
A7
s 5
Lx’ o
If the new flight path is perpendicular to the slope, it will be parallel to the normal
vector of the slope.
Method 1: If a and b are parallel, thena =kb for allk e R.
2 | is not parallel to | —1 |.
-1 7
Thus the new flight path and the inclined slope are not perpendicular to each other.
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Qn Solution
Method 2: If a and b are parallel, then a xb = 0.
Note: 0 means a zero vector, not a constant 0.
If the new flight path (line) is perpendicular to the slope (plane), then this means
the direction vector of the line and the normal vector of the plane is parallel. This
is to then show that the vector (cross) product of the direction vector of the line and
the normal vector of the plane is 0.
3 1 13 0
2 x| —=1|=|-22|#]|0].
-1 7 -5 0
3 1
This shows that | 2 | is not parallel to | —1 |.
-1 7
Thus the new flight path and the inclined slope are not perpendicular to each other.
Method 3: If a and b are parallel, then the angle between a and b is 0°.
If the new flight path (line) is perpendicular to the slope (plane), then this means
the direction vector of the line and the normal vector of the plane is parallel. This
is to then show that the angle between the line and the plane is 0°.
3 1
2 |+ -1
no— Lt 0=13.0°%0
sinf =———=60=13.0°#0°
V14451
3 1
This shows that | 2 | is not parallel to | —1 |.
-1 7
Thus the new flight path and the inclined slope are not perpendicular to each other.
11(vi) -9 3
Equation of line: r=| 4 |[+s| 2
6 -1
1
Equation of plane: r « | -1 |=2
7
ExamPaper Y
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Qn Solution
-9+ 3s 1
4425 |o|-1|=2
6—s 7
—9+35s—-4-25+42-Ts=2
6s =27
s=4.5
2
-9 3 2
r= 4 |+4.5] 2 |=]13
6 -1 3
2
Coordinates: (2, 13, i]
2 2

KIASU=;
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Solution to Paper 9758/02

Section A: Pure Mathematics

Qn Solution
1 p, = 3" +a

Method 1

;pr = ;(3”1 +a) = ;(3”l ) + ;a
=[3+3 43 443 |+ (n-3+1)a

2 (qan-2 _

:—3 (i—l 1) +(n=3+1)a
:%(3”‘2 ~1)+(n-2)a

Method 2

rz:;pr = ;(3” +a)

1 n . n
= gZ(?’ ) + Za
r=3 r=3
=%(33 +3*4+3° +...+3”)+(n—3+1)a
3(an-2 _
:l[—3 G 1)}r(n3+1)a
3 3-1
=%(3"‘2 —1)+(n—2)a
ExamPaper Z@
Islandwide Delivery | Whatsapp Only 88660031
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Qn Solution

2(i) | Let 7h be the length of the nth plank
Given that it is an AP: Leta =4, S, =11.46.
Let d be the common difference.

S, =11.46 =%(2(4)+2d)

d=-0.18
T,y =4+17(-0.18)
=0.94

Hence the length of the 18th plank is 0.94 m.

(i) | The length of the remaining 7 planks follows a GP:
first term of GP: T}, = O.94(%) and r = % .

Length of last plank = 775

6

- 0.94(5)(§j

4 )\ 4

7

- 0.94(§j

4
=4.4822
=448 m (3 sf)

(iii) | Method 1

Total length of blue planks

= T 4T, 4T, +.. +T + T +T,+T,
[ —

Sum of AP with a=T;, d=-0.36, [=T;g

2
Sum of GP with a=T,,, r=(%j

= %[(4—0.18) +0.94] +0.94G)2

=21.42 +7.34948
=288 m is sf)

Meth
mPaper
Total Gngbh:@ﬁbh?@pla 8660031
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Qn Solution
9
:5[2(4—0.18)+(9—1)(2(—O.18))]
sY)
5V (\4
+0.94| — 5
"1 G)
=1 -1
4
=21.42+7.34948
=28.8 m (3 sf)
3(a) 2
jx—f =e " +sinx
Y_ (6_5“3 +sin x) dx = —16_5“3 —cosx+c
dx 5
1
y= J.[—ge_Sm —cosx+ cj dx
y= Le_sx” —sinx+cx+d
25
where ¢, d are arbitrary constants.
3(b) 2
=x+ Y = & =1+ d—f
dx
d’y d d
Hence, _)2/__)/_ +l—0:>—)2}+1—[ Y 4 j
dx
. . dz
Thus, replacing accordingly, o z (Shown)
dz
e
dx
1
= j— dz = J. 1 dx
z
In |z| =x+c
Method 1:
A=KIASU=;
z=xB%amPaper ¢
s = Alre,lslcn(:w‘l;,eﬁ)g;féry[hwzl;g Only 88660031
Since z=x+d—y,when x=0,d—y=1 =>z=1
dx dx
z=Ade* =>1=4e" = 4=1
z=¢"
© Millennia Institute 9758/02/PU3/Prelim/19 Solution
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Qn Solution
Thus, z=ex:x+d—y=ex
dx
d—yzex—x
dx
—Sy=e" ——x*+d
When x=0,
y=1=1=1+d=d=0
Hence, yze’“—lx2
2
Method 2:
ln|z|=x+c
=Inl=0+c=c=0
Thus, z = te” :>x+d—y:iex
dx
d—y:ex—x or d—y:—ex—x (rejsinced—y #1)
dx dx dx|_,
1
=Sy=¢" ——x" +d
2
When x=0, y=1
=1l=1+d=d=0
Hence, y=¢" —%xz
4(i) Y
-
o -
|'.
13
D
(-2.-4)
(i) dx |2 U =
— =3xat +?/§
dt Islandwide Delivery | Whatsapp Only 88660031
dy 242
dx 3¢ -2t
At r=2,
x=4,y=5, d_yzé
dx 4
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Qn Solution
Equation of tangent:
3
-5=—(x—-4
y=5=7(x-4)
3
=—x+2
Y 4
(iii) !
.-} 4 x
Method 1: Integrate wrt y
When y=0 = *+2t-3=0
=t=-3(rej) or t=1
When y=5 = =2 (from part (ii))
1
Area = J.Sx dy—>(4)(5-2)
= j )(2t+2) dt -
=_|' 24— 21 dt -6
2w 2
5 3]
_26
15
Method 2: Integrate wrt x
When x=0 = ¢ - =0
=t=0 or rt=1
= y = -3 (not this point) or y =0
When x =4 = ¢=2 (from part (ii))
Area = l(2 + 5 I ydx
K“IA@U u)di
aptar + 6¢ dt
Islandwide C ]v ery | Whatsapp Only 88660031
14— 3 +4t 13¢° +6L
5 4 3 2
26
15
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Qn Solution
5(a) | Method 1
() zt =22 +az* —8z+40=0
Since bi 1S a root,
(bi)" =2(bi) +a(bi)” —8(bi)+40=0
b* +2b’i—ab® —8bi+40=0
By comparing real and imaginary parts,
2> -8h=0
2b(b* —4)=0
Sinceb#0, b=-2(rej)or b=2
When b = 2,
b* —ab®> +40=0
16—4a+40=0
a=14
zt =22 +14z2* —8z+40=0
Using GC, Other roots are z =1-3i, 1+ 3i, —2i.
Method 2
zt =22 +az* —-8z+40=0
Since all coefficients are real, —bi is also a root.
Quadratic factor: (z—bi)(z+bi)=2z"+b’
2t =22 +az’ —8z+40 :(22 +l)2)(z2 +cz+d)
2t =22 +az’ —8z+40=z" + ¢’ +(d+b2)22 +cb’z+b*d
By comparison of:
Coefficient of z° : ¢ =-2
Coefficient of z: —8=(-2)b> = b =2 (since b > 0)
Constant: 40=4d = d =10
Coefficient of z* :a =10+ 4 =14
2t =22 +14z2* -8z+40=0
Using GC,
Other roots are z=1-3i, 1 +3i, —2i
Method 3
zt =22 +az* —8z+40=0
sG] =
(bi)" E2Eo PR} -B(B)+ 40 =0
b 4 BT R A0 26
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Qn Solution
By comparing real and imaginary parts,
2b°—-8b=0
2b(b* —4)=0
Since b >0, b=-2 (rejected) or b=2
When b =2,
b*—ab*+40=0
16—4a+40=0
a=14
z¥ =223 4142 —82z+40=0
Since all coefficients are real, —2i is also a root.
Quadratic factor: (Z — 2i)(z + 2i) =z"+4
z' =22 +az’ ~8z+40=(2" +4)(z* —22+10)=0
z2—=2z+10=0

2+.44-4(10 + i?
= 10) _2£v36 5
2
Hence, other roots are z =1-3i, 1 +3i, —2i.

5@ | w'+2w' +aw’* +8w+40=0

(if) Letz=—-w
For z* —22° +14z* —82z4+40=0
= (-w)' =2(-w) +14(-w)" —8(-w)+40=0
w +2w' +14w” +8w+40=0
—w=1-31,1+31, =21 or 2i
w=-1+31, —1-31, 2i or —2i

SO) |y = -6+ (243)i

Q)]

2
= (-6)" +(2V3) = Va8 (or 43)
2V3) sx
arg(w)=7—tan"' | — |= ==
S
w' | =|wl" —(\/%)n =482 (or (4\/§)n)
arg K4 FidoA ¥
ExamPaper
lztggmdc elgrer Ml aﬁ)y
0 > Sne) .. (Snm
Or w' = 482 cos| — |+isin| —
6 6
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Qn Solution

S(b) Snr 5r S(n-1)x
. noo%) — _ _
(ii) arg(w w ) PR p

For w"w* to be purely imaginary

=

arg(w" *): , ziﬂ, %i27z,...
arg(w"w*)=

arg (w”w*) =

5(11—1)72’ (2k+1)7z

6 2

2k+1(6]
n—1= —
2 |5

3(2k+1)

n=1+ kel

n=4,10 (whenk=2andk=7)

KIASU=;

ExamPaper J
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Section B: Probability and Statistics

Qn Solution
6(i) | Total no. of possible IN =10* x10 =100 000 ways

6(ii) | Since the last letter of his IN is I, i.e. the remainder is 8, then the possible sum is
28 (since the sum must be at least 20)

The possible sets of digits are {9,9,a,b} , where a+b=10.
The possible values of {a,b} are {2,8}, {3,7}, {4,6} and {5,5}.

4! 4!
Hence, no. of ways = 3(—) + (—j = 42 ways
2! 212!

Hence, there are a total of 42 ways.

73)

P (blue face shown and ball is red)

_7(1

3]

— T _0.146 (3 s
48

7(ii) | P(mystery gift given) =P(all red) + P(all blue)

=%(%J+(%J@

73
91 ﬁ? =
- o 3 3‘8 ow% sf) /<
=Xaimr apef
Islandwi delivery | Whatsapp Only BBEE0031
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Qn Solution
7(iii) | P(one red ball picked | did not win mystery gift)
P (one red ball picked and did not win mystery gift)
) LS
224
_ T3
48 224
5%
453
=0.216 (3sf)
7 P(mystery gift given)
Last | = P(gift given in the first roll)
part | + P(white face in 1% roll and gift given in the second roll)
+ P(white face in 1% 2 rolls and gift given in the third roll)
+...
(620 (6) () (2
=—+H| = ||=—=— |+ = | | = |+|=| | =— |+
224 \6)\ 224 6) 224 6)\224
Sum of infinity with a:27—234 and r:%
B
224 1— 1
6
2
560
=0.391 (3 sf)
8 (a)
Y a
X
X
X
X
. X
ZI1AQL1-—<=0 > X
NIAOU ==§g
ExamPaper ¢
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Qn Solution
Y oa
X
X
X
X
X
X N
y 4
X
e
X
X
X
X X
HORMAL FLOAT AUTO REAL RADIAN HF n
.
.
.
.
- R + +
.
Lzt11=3, 65

KIASU=;

an T]Pap /
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Qn Solution

& X

E (24, 4.95)

c

3 X

X
X%
X
(4,3.65)
Years (t)

A linear model may not be appropriate as the points do not lie close to a straight
line. (Or the points do not follow a linear trend.)

8 Using G.C.

()i

g=ax+b

2=0.0022166738
b=3.621896154
r&=Q.32891990595
r=0.9345848679

Note that from the scatter diagram suggests that as ¢ increases, P increases at an
increasing rate.
Hence, Case (A) 1s most appropriate.

Using G.C., » =0.995 (3 s.f)
8 (b) | Using G.C.,
(i) | p=3.6211+0.0022167¢

P =3.62+0.00222¢* (3 s.f)

In the year 2020, ¢ =30
Hence, when ¢t =30, P=3.6211+ 0.0022167(30)2

=5.6161
Hence the predlcted populatlon is approximately 5.62 million (3 s.f.)
i ;\ .-’ = | :;\O
8 (b) | The sﬁaﬁshelan’spi‘edlct%hot be reliable as 7 = 30 is not within data range.
(iv)

el
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9(i) | A random sample means that each of the tablets were selected independently
from each other and each tablet has an equal chance of being selected.

9(ii) | Let X be the amount in grams of active ingredient 4 in a particular type of health
supplement tablets.

Define u: Let ¢ be the population mean amount/mass of active ingredient A4
in a particular type of health supplement tablets.

Given that sample mean x= 50.6, sample variance = 2.15
Unbiased estimate of population variance

= 29(2.15)=22051
39

H,: u=50

H, : p#50

Under Ho, since m» = 40 is large, by Central Limit Theorem,
X ~ N[SO, 2'2051) approximately.

Use z-test at o =0.01
Using GC, p-value =0.010605 = 0.0106 (3 sf)

Since p-value > «, do not reject Ho.

There is insufficient evidence at 1% level of significance to conclude that the
mean amount of active ingredient 4 has changed (or is not 50 mg).

9 last | Let Y be the amount in grams of active ingredient 4 in the revised formula
part
Hy:u=50
H, :u>50
= 1.5
Under Ho, Y ~ N(SO, —j
n
Use z-test at o = 0.025.

vl ASU=;

ExamPaper Y —50

Test-statistic-distributioniy #s= ~N(0, 1)
fl S
n
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Qn Solution
. . 50.4-50 0.4n
Corresponding test-statistic: z = = Jn
/E V1.5
n
Critical region: z >1.95996
Since the chemist claim is valid, Ho is rejected.
Test-statistic falls within the critical region.
0.4vn
Jn >1.95996
V1.5
n>36.0135
n=>37
{n el:n=> 37}
Method 2 (Using GC, Table/Graph method)
For Ho to be rejected, p - value < 0.025.
p-value = P(? > 50.4) <0.025
NORHMAL FLOAT AUTO REAL RADIAN MP n
Plotl Plotz Plots ) 5
.................................................... ower:5a.
[ENY1Bnormaledf (50.4,€99.58 | | (o007 795
..................................................... H:50
I\Y2= o:{(1.5/X)
B e D
PRESS + FOR aThl NORMAL FLOAT AUTD REAL RADIAN HMP n
X Y1 CALC INTERSECT
28 0.042 ¥220.025
29 0.0393
30 0.0368
31 0.0345
32 0.0323
33 0.0303
34 0.0284
35 0.0267
36 0.025
E_ 0.0235
38 0.022
X=37 ReS6 01053 v=0.025
n>37
{neZ:n>37}
10 (i) P(X = 2) = P(pointAz)
=P (2 steps to the right and 3 steps downwards)
10 (ii) B
5403 2 32
="Gpq =10pq
Since the particle will end up at point 4, most of the time, then mode occurs at
X=2.
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~P(X=3)<P(X=2)
10p°q* <10p°¢’
q

—>1l=1l-p>p
P

2p<l=p<05
In the same way, P(X =2)>P(X =1)

10p2q3 >5pq4
2p>q
2p>1-p

3p>1:>p>%

Combining both inequalities, §< P <% (Shown)

10
(iii)

Y 0 2 3 5

P(Y=y)| 0.07776 | 0.4224 | 0.299904 | 0.199936

P(Y=0)=P(X =0)="C,(0.4)’ (0.6)" =0.07776
P(Y =2)=P(X =i, wherei is even)
=P(X=2)+P(X =4)
=10(0.4)"(0.6)" +°C, (0.4)* (0.6)' =0.4224

P(Y =3)=P(X =i, where i is odd and lose the game)
=0.6(P(X =1)+P(X =3)+P(X =5))

=0.6] °C,(04)'(0.6)" + °C, (0.4)" (0.6)" + °C; (0.4)’(0.6)' |
= 0.299904

P(Y =5)=P(X =i, where i is odd and win the game)
=04(P(X =1)+P(X =3)+P(X =5))
=04]°C,(0.4)'(0.6)" +°C, (04)'(0.6)" + °C; (04)’(06) |
=0.199936

10
(iv)

Usin G: F\\JU 'Z
E (Y)Iﬁrévi@lf‘ﬁ\%aigz%mx B§®31

Var(Y) =1.3626" =1.8567 =1.86 (3 sf)
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11(i)

Let X be the mass, in g, of a randomly chosen dark truffle.
X ~N(17,1.3)

Let T=X+X,+X,+X,

E(T)=4(17)=6
Var(T) (132) 6.76
N(68, 6.76)

P(T > 70) =0.220878 = 0.221 (3 sf)

11(ii)

Let Y be the number of boxes that weigh more than 70 g, out of 20 boxes.

Y ~ B(20, 0.220878)

P(Y>3)=1-P(Y <3)
= 0.67448
=0.674 (3 s)

Assumption: The mass of the empty box is negligible.

(Other possible answer: The event that a mass of a box of 4 dark truffles has

mass more than 70g is independent of other boxes.)

11(iii)

Let W be the mass, in g, of a randomly chosen salted caramel ganache.
W~ N( y7a 62)

Given P(W <12)=P(W >15) and P(W <15)=0.97
Method 1
By symmetry,

_ 12+15 135

P(W <15)=0.97

P(Z w] 0.97

L_kdASU
] %mppgg

o> =0.636065
o> =0.636 (3 sf)
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Method 2
P(W <12)=0.03 P(W <15)=0.97
P(Z<12_’uj:0.03 P(Z<15_'uj=0.03
O O
274 _ ) 83079 1574 _ | 88079
(o2 (o2
1—1.880796 =12 (1) | u+1.880790 =15 -—(2)
Solving equation (1) and (2),
u=13.5, o=0.797537
o’ =0.636065
o’ =0.636 (3 sf)
113v) | W ~N(13.5, 0.636065)
Find P(0.28( W, + W, +...+W, ) < 0.34T).
Let S =0.28(W,+ W, +...+ W, ) —0.34T
E(S)=0.28(6)(13.5) - 0.34(68) = ~0.44
Var(S) = 0.28 (6)(0.636065) +0.34” (6.76) = 1.08065
S ~ N(-0.44, 1.08065)
P(S < 0)=0.66394 = 0.664 (3 sf)
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