1.

Differentiation — Practice Questions 1a Answers

Differentiate the following with respect to x:

(@) 2x2 +5x +7

4 ox2 4 5x+7 =4x+5
dx

(b) Zx* + 2 +x

i(Zx4 +%+x) = d%(%x‘* +§x‘4 +x)

=4 (§x3) + (—4) Gx‘5) +1
= 14x3 —%x‘S +1

—14x3 -2 41
3x5

2

3¢}-+ 7

(c) 4x? +
4 (g2 4 2 =9 a2 4243
(a4 =4 7) = (4P + 22724 7)

e () x)

1

=8x —
3x2
1
=8x ——
3Vx3

(d) 5ax? + 3bx3 +5
%(Saxz +3bx3 + 5) = 2(5ax) + 3(3bx?)

= 10ax + 9bx?
3x2—4x3
© 2
d [3x?-4x3 d /3
=) =aG-9)
_ 4 -1 _
== (3 4)



=lx_%(x—1) or =
2 2vx 2Vx3
_ox—1

T 2Vx3

5 _ _
=-——=5x"1—4x7?
X
5 8
-2 3__5,38
+8x7° = el
5 8 13 _ 125
atoa=T=—
x G @ 16 16
5 5
— _ 2a b
= 2ax 3 -bxt=-=—-=
X X
2a b




At(-1,5), 5=—_+L2

D2 " -1

5=a-b»b

Sub (2) into (1)
4=2(5+b)—b
4=10+2b—-Db
4—-10=5»b
b=-6
a=5-6=-1

. CHAIN RULE

(a) (2x +5)7
% [(2x + 5)7] = 7(2x + 5)6(2)
= 14(2x + 5)°

(b) 3(x + 4)°
~[B3r +4°] = 3(5)(x + H*(1)
= 15(x + 4)*

©2(z-1)"

LEE-1)]=twE-1) ()

1
3x+2

o) = [Gx+ 27

E 3x+2
= —(3x +2)7%(3)

3
(3x+2)2

(d)

12
2+3x2

d( 12 ) =125 (2+3x%)7

dx \2+3x2

(e)




= 12(=1)(2 + 3x2)~2(6x)

72x
(243x2)2

(f) V5x% + 6
d%(\/SxZ + 6) = %(sz + 6)%

=1 (5x% + 6)2(10x)

5x

V5x2+6

5. y=(3x?—-5x+3)3
3_1 = 3(3x2 — 5x + 3)2(6x — 5)

Atx =1, j—z = 3(3(1)? = 5(1) + 3)2(6(1) — 5)
=3(3—5+3)2(6 —5)

=3(D*M)
=3
_ 1z _ -2
6. y=2+ Zravihe 2+ 12(3x —4)
dy _ B -3 _ 72
= 12(-2)(3x—4)7>(3) = G
dy _ . 72 _ __ZE _
AR E= "G s 0
Thusy — 5= -9(x — 2)
y=-9x+18+5
y=-9%+23
7. y= 2+abx =a(2+ bx)™t
d_y _ _ -2 _ ab
= a(—1)(2 + bx)~%(b) = Zio0?
_ QX __3 _ ab
Atx=1, dx ~ 5 (2+b)?
32+ b)?=-5ab - (D)

Atx=1,y=1,1=-—"—

2+b



a=2+b ()
Sub (2) into (1)

3(2 +b)?> = —-5b(2+b)

3(4 +4b + b?) = —10b — 5b?
12 4+ 12b + 3b* = —10b — 5b?
8b%+22b+12=0
(b+2)B+6)=0
b=-2orb= —z

a=2-2=0 or a= —§=1—

Rejecta =0 and b = —2



Differentiation — Practice Questions 1b Answers

1. Answer
(@) Bx+2)(2 —x2)
S[Bx+2)2-x)] = Bx+2)—- (2 -2+ (2-x) = (3x +2)
= (Bx+2)(—2x) + (2—x*(3)
= —6x% — 4x + 6 — 3x?
=—9x% —4x+6

(b) (x + 1)3(x + 3)°
S+ D@ +3)°] = @+ 13 (x+3)° + (x +3)° = (x + 1)°
=+ 13G)+3)*+(xc+3)°B)(x + 1)2
= (x+ 12+ 3)*[5(x+ 1) + (x +3)(3)]
= (x+ 1)%(x +3)*[5x + 5+ 3x + 9]
= (x + 1)%(x + 3)*(8x + 14)
=2(x+1)?(x+3)*(4x + 7)

(c) (x +5)°(x —4)°
S +5°@ -9 =@+5° - (x—49°+ (x—9° < (x +5)°
=(x+5)36)(x—4)°+ (x —4)°(3)(x + 5)?
= (x+5)2%(x —4)°[6(x +5) +3(x — 4)]
= (x+5)%(x — 4)°[6x + 30 + 3x — 12]
= (x+5)%(x —4)°(9x + 18)
=9(x +5)%(x —4)°(x + 2)

(d) Bx — DVZxZ + 3 = (3x — 1)(2x2 + 3)2
L1Gx—1)(2x? +3)2] = Br— 1) L (222 +3) + (222 +3): L (3x — 1)
= @Bx -1 (3) @2x? + 3)72(4x) + (2x2 + 3):(3)
= (2x2 + 3)"2[(3x — 1)(2%) + (2x2 + 3)1(3)]

1
= (2x% +3)72[6x2 — 2x + 6x2 + 9]



_ [6x2—2x+6x2+9]

1
(2x2+3)2

_12x2-2x+9

V2x2+3

(e) (x3+x*)(x —2)7
SO +x)(x =27 = (¥ + 1) - (x = 2)7 + (x = 2)7 = (3 + 2?)

=@ +x)(7)(x—2)°+ (x —2)7(3x?% + 2x)
= (x —2)°[7(x3 + x2) + (x — 2)(3x? + 2x)]
= (x —2)°[7x3® + 7x* + 3x3 + 2x? — 6x? — 4x]
= (x — 2)°[10x3 + 3x2 — 4x]
= x(x — 2)(10x? + 3x — 4)
=x(x —2)°(2x — 1)(5x + 4)

2. y=(x+3)*(x—-5)
L= (x+3)*(7)(x - 5)° + (x = 5) (4)(x + 3)°
= (x+3)>3(x—=5°[7(x+3)+ 4)(x—5)]
= (x +3)3(x — 5)°[7x + 21 + 4x — 20]
=(x+3)3x-5°11x+1)
Whenj—i =0, (x+3)3(x—5°11lx+1) =0
Thus (x +3)3=0,(x—5)°=0,(11x+1) =0

1
x=-305-—+
11

3. y=(Bx+2)2—-x)"
L= @Br+ (D2 -0+ 2-x)7'3)
=2-2)"2[Bx+2)+2-x'0Q)]
=2 —-x)"%[3x+2+ 6 — 3x]

_ 8
T (2-x)?

When dy _ 8,
dx

_ 8
T (2-x%)?



2-x)2=1

2—x=+=1
x=1,3
Answer
3x+2
() 1-4x
i(3x+2) _ (1-4%)(3)—(3x+2)(—4)
dx \1-4x/ — (1-4x)2
_ 3-12x+12x+8
T (1-4%)2
11
T (1-4x)2
xZ
(b) 2x—1
i( x? ) _ (2x—1)2x)-(x2)(2)
dx \2x-1/ ~ (2x-1)2
_ 4x2—2x—2x>2
T (2x-1)2
_ 2x2-2x
T (2x-1)2
_2x(x-1)
T (2x—-1)2
Vx
©) 5
1 _1 1
i(ﬂ) ~ (3+x)(§)<x 2>—x2(1)
dx \3+x/ (34x)2
. 1
X 2[(3+x)—2x]
- (3+x)2
_ [B+x—2x]
T 2vx(3+x)2
_ 3—x
T 2vx(3+x)2
2x-7
(d) Va1

x+1

1 1 1
d (2x—7) _ (x+1)2(2)—(2x—7)(5)(x+1) 2
dx \Vx+1/
1
%(x+1)‘5[2(2)—(2x—7)]

x+1
[4—2x+7]

24/ (x+1)3

11-2x

24/ (x+1)3




x+2

8. y=\/3x+1

1 1 1
dy (3x+1)5(1)—(x+2)(E)(3x+1)'7(3)
dx 3x+1

B %(3x+1)_%[2(3x+1)—(x+2)(3)]

3x+1
_ [26x+1)-(x+2)(3)]

3
2(3x+1)2
__ 6x+2-3x-6
- 3
2(3x+1)2

3x—4

3
2(3x+1)2

dy  3(1)-4 1
(aAtx =1, = =——5=——
dx 2(3“)2 16

142 _ 3

b)y=r77=;

3 1
y—;=—&-1

1 25
=——x+—
y 16 16

16y = —x + 25

9. Answer
(@) 2x+9y=3 - (D)
xy+y+2=0 - 2)

3-9y

(x=22 3)

2
Sub (3) into (2)
(%)y+y+2=0
B=-9)y+2y+4=0
3y -9y +2y+4=0
—9y%+5y+4=0
-DE%9Y-4) =0

y=1 oryz—g




(b) Answer

xy+y+2=0

xy+y=-2

yx+1)=-2

-2 _ _ -1
y=E-G s 2(x+ 1)

dy _ 2

= 2(-Dx+1)2%= Gz OF
Atx=-32=_2 !

Ydx | (-3+1)2 2

or x = dy 2 8
T 27dx (35+1)2 81

dx

dy

_+D(0-2(1) _ 2

(x+1)2

T (x+1)2

10



Applications of Differentiation — Practice Questions 2 Answers

1. y=+v1-2x
1
Aty =3,
3=v1-2x
9=1-2x
2x=1-9
2x = —8
x=—-4
y _ ¢+ __r __1
dx 3

1 1
(1-2(-9))2 (9)2
Atx =—4,y=3andm = —%

Equation of tangent: y —3 = — § (x—(—4)

1 4

y = —EX - g + 3
1 5
y = —EX + g
3x+1
2. y= -
dy _ (1-x)(3)-(Bx+1)(-1)
dx (1-x)2
_ 3—3x+3x+1
T (1-x)?
_ 4
T (1-x)2
At x-axis, y = 0.
0= 3x+1
1-x
3x+1=0
1
X =—=
3
(1+3)
m = — ! =2
normal — Meangent - 9

At (— %, 0) and My, prmar = — g,



)

_
y 9 27

27y = —=12x — 4

3. Answer
xty=1
y=x"
d ]
2L = gy

Whenx=1 & =—4y=1
dx y

Equation of the tangent at x = 1:

y=-4x+5
The tangent meets the x-axis when y = 0, that is, x = %.
The tangent meets the y-axis when x =0, that is, y = 5.

Thus, the tangent meets the axes at A [% 0] and B(0, 5).

5
- Midpoint of AB=|3 "° 0+5
2 72
_§_%
~ 18’2
4. Answer

y = 4x3 — 3x

dy _ 2

2 = 12x2 -3

M2 =) 3=

y-1=0(x+3)

y—1=0
y=1 (1)
y=4x3—-3x - )

Sub (1) into (2)



4x3 —3x =1

4x3 —-3x—1=0

Let f(x) = 4x3 —3x — 1

f(1)= 4(1)>*-3(1)—-1=0 or just use the tangent point
x —11s a factor. or x+ % is a factor

Thus, long division or comparing coefficient method:
fx)= 4x3 —3x—1=(x — 1)(ax?® + bx + ¢)
=ax3® + bx?> +cx —ax* —bx —c

=ax3+bx?—ax?—bx+cx—c

a=+4

c=
—b+c=-3
—-b+1=-3
—b =—-4
b=4

Thus f(x) = (x — 1)(4x? + 4x + 1)
=(x—1)(2x + 1)?

Thus f(x) =0, (x—1)2x+1)2=0

(x—1)=00r(2x+1)?=0

x=1 or X = —% (tangent)

So the curve will touch again at (1, 1)

_ 3(x%-1)
To2x-1
(@) dy _ x-13)(2x)-3(x*-1)(2)
dx (2x—1)2
_ 12x2-6x-6x246
o (2x-1)2
_ 6x2-6x+6
T (2x-1)2
_ 6(x%2—x+1)
T (2x-1)2
dy _ ., 6x°-6x+6 _
When o 2, o - 2

6x%2 —6x+6 =202x —1)?
6x% —6x+6=2(4x*—4x + 1)



6x2 —6x+ 6 =8x%—8x+2
2x2—2x—4=0
x2—x—-2=0
x+1D)(x—-2)=0
x=-1,2

(b) Atx =1,y =2 —9

(b) When tangent to curve is horizontal, gradient is = 0

2-1

dy _ 6(1)*-6(1)+6 _
dx ~ (2-1)2

6

1
Miangent = 6, Mpormar = — =

Tangent: y — 0 = 6(x — 1)
y=6x—06

Normal: y — 0 = —%(x— 1)

1 1
Y= TEETS

dy _ (x-1)(3)(2x%)-2x3
dx (x—1)2

_ 2x3[(x-1)(3)~x]
N (x—1)2
2x%[3x-3—x]
(x—1)2
2x%(2x-3)
(x—1)2
Atx = -3,
dy _ 2(=3)*[2(-3)-3]
dx (-3-1)2
18(-9)
(-4)?
_ 162
16

_ 81
8

dy _ 2x2(2x-3) _ 0
dx = (x-1)2

14



2x2(2x—=3)=0
2x%2 =0 or 2x—3=0
x=0 or x=E

2

Sub into curve

3)? 27
=207 _ g o yzégzi%l:BE
2

0-1 2
(0, 0) and (1.5,13.5)
7. Answer
y—-2)Y=x
y—2=+Vx
y=vx+2 y=2—-+x
dy _ 1 1 dy 1 _1
ax 2% ° ax 2% °?
1 —_
N T 2V
x—2y=4
2y =x—4
y=35-
y _1
dx 2
1_ 1 i__ 1
2 2vx 2 2vx
x=1 Vx = —1 (rej)
x=1

Fory =+/x + 2, when x = 1. Start from here as we already rejected y = 2 — /x

y=1+2
y=3
dy_i 1

dy
& _ henx =1, =1
dx 24/x SO whe > dx 2

d 1
At(1,3), 2=~

y=3=3;a-1)

15



y=3=3;a-1)

1 5
y=5x+3
2y =x+5

16



1.

Further Differentiation — Practice Questions 3 Answers

Answer (if need to, draw curve/tangent to show student how it looks like)
(a)y=4x-1

dy

o =4 (means gradient is positive)

Thus y = 4x — 1 is increasing.

b)y=-9-x
3—1 = —1 (means gradient is negative)
Thus y = —9 — x is decreasing.

©y=-*+1)

dy

™ —3x? (means gradient is always negative regardless of x value)

Thus y is decreasing.

(d)y =x%+2x

dy

ol 2x + 2 (means gradient is always positive for x > 0)

Thus y is increasing.

P

y =

T ox%41
dy  x?+1-(x)(2x) _ x%+1-2x? _ 1-x?
dx (x2+1) - (x2+1) __(x2+1)

For j—z < 0 (to show decreasing)

1-x2
(x2+1)

1-x2<0
A-x0+x)<o0

<0

Nal %

x<-—-lorx>1

(shown)

17



3.

4,

f(x) — 5x

4x2+16
. _ (4x%+16)(5)—-5x(8x)
Flx) = (4x2+16)2

_ (4x%+16)(5)-5x(8x)
o (4x2+16)2

_ 20x%+80—40x?
(4x2+16)2

__ 80-20x?
(4x2+16)2

For time interval where absorption is increasing, f'™ > 0

80—20x2
(4x2+16)2?

80 —20x2>0
4—x2>0
2-x)2+x)>0

-2 2

—2<x<?2

Since x > 0 (time cannot be negative), 0 < x < 2

Answer

(@) y = x? + 4x
dy _
e 2x +4

. .. d
At stationary point, d—z =0

2x+4=0
x=-2
y=(-2)>+4(-2)=4—-8=—4
At (=2, —4)
x value -2.1 -2 -19
j_i Y= 2(-21) +4 j_z: 0 Y =2(-19) +4
= —0.2 =0.2
Shape
\ /

18



It is a minimum point.

(Note: can always che

(b) y = —x? + 6x

dy

e —2x+ 6

. .. d
At stationary point, d—z

—2x+6=0
—2x = —6

x =3

a2y _

.., d%y
k with— >
¢ dx? dx?2

=0

y=—(-3)2+6(-3) =-9—-18=—27

2 > 0 = min point)

At (3, —27)
x value 2.9 3 3.1
dy dy _ _ dy dy _
2 = -2(29)+6 ey Yo 231 +6
=0.2 =-0.2
Shape / \

Max point at (3, —27)

(c)y=3x*—4x3+5

Y~ 12x% — 1242
dx

. .. d
At stationary point, d—z

12x3 —12x%2 =0
12x(x—1)=0
x=0o0orx=1

Atx=0,y=5

=0

Atx=1,y=3—-4+5=4

(0, 5) and (1, 4) are the stationary points:

19



At (0, 5):

x value -0.1 0 +0.1
dy Y = 12(-0.1)° - Y_o | 2=12001) -
dx x dx *
12(~0.1)2 12(0.1)2
= —0.132 = —0.108
Shape \ \

At (0, 5): inflection point

At (1, 4)
x value 0.9 1 1.1
dy 2 = 12(0.9)% - _o |2=12001)° -
dx * dx *
12(0.9) 12(1.1)?
= —0.972 = 1452
Shape \ /

At (1, 4): minimum point

(x—3)2

dy=—-

dy _ x(2)(x=3)—(x—3)?

dx x2
_ 2x%—6x-x%+6x-9

x2

x%-9

x2 =0

x2—-9=0

x =43

Atx=3,y=0 -2 (3,0
P Gt k) S _

Atx =-3,y = =T —9—1 2> (-3,1)

20



At (3,0),

x value 2.9 3 3.1
dy dy _ (29)%-9 dy dy _ (3.1)2-9
= PR =0 | s
= —0.070 = 0.0635
Shape
\ /

Min point at (3, 0).

At(=3,1)
x value -3.1 -3 -2.9
dy dy _ (-3.1)%-9 dy dy _ (-2.9)2-9
dx dx (-3.1)2 dx = dx (~2.9)2
= 0.0635 = —0.070
Shape
/ \

Max point at (=3, 1)

5. Answer
(@) y = x? + 3x

dy _
dx—2x+3

. .. d
At stationary point, d—z =0

2x+3 =0

. . 3 9 . .. .
Thus, stationary point = (— P Z) and is a minimum point

21



(b) y = 2x — x?

v _ 5 _
dx—2 2x

At stationary point, 3—1 =0
2—-2x =0

x=1
y=2)-1?*=1
(1,1

d?y

— =-2<0

dx?

Thus, stationary point = (1,1) and is a maximum point

(c)y=x3—-3x2+3x-7

L 3x2 — 6x +3
dx

At stationary point, 3—1 =0
3x2—6x+3=0
x2-2x+1=0

x—-12%=0

x=1
y=13-31)%+3(1)-7=1-3+3-7=—6
(19_6)

d?y

@=6x—6<0

a2 .
Atx =1, d_szl = 6 — 6 = 0 (cannot use second derivative test)

x value 0.9 1 1.1
dy 30097 =609 +3 | dy _ ~ [3(11)? - 6(1.1) +3
dx = 0.03 dx = 0.03

Shape / /

Inflection point at (1, —6)



(d) y = 4x3 — 48x

9 _ 12x2 — 48

dx

At stationary point, 3—1 =0

12x2 —48 =10

x2—-4=0

x2—-4=0

x+2)(x—=2)=0

x=2

y =4(2)% —48(2)
= —64

(2,—64)

d%y

— = 24x

dx?

d?y
At (2,—64), — =24(2) =48>0

dx2
Min point at (2, —64)

6. Answer
(a)
Height = 15 —x
V =(015-x)(x)(x)
= (15 — x)x?
= 15x2% — x3
(b)
d

av. a2
dx—BOx 3x

. dv
At maximum, o 0

30x —3x% =0
10x —x%2=0
x(10—-x)=0

x = 0 (reject) or x =10

Maximum side x = 10

or

or

or

or

x=-=2

y = 4(=2)3 —48(-2)
= 64

(—2,64)

At (~2,64), 2 = 24(-2) = —48<0

7 =

Max point at (—2,64)

Thus V = (15 — 10)(10)(10) = 500 cm3

23



7. Answer

(a) S =718
Perimeter =7 = 2(r) + r6
7—2r=10
9 ::7;?r
A =120

_ 1, (7-2r

A_zr ( T )
=%r(7—27‘)cm2

(b) Thus, max Area, 3—':= 0

1 _ _ 7.2
A—zr(7 Zr)—zr r

=9
N
~

— =-—2r
dr 2
7
-—2r=0
2
7
- =2r
2
7
r=-cm
4

1=3()(7-20)) =% =35 em’

8. Answer
(a) Total surface area = 3.2 cm?
A=32=22x)(h) + 2x(x) + 2(x)(h)
3.2 = 4xh + 2x% + 2xh
3.2 — 2x% = 6xh

3.2—2x2
6X

h =

_32-20x2
60x

8—5x2
15x

(b) V =2x(x)(h)
= 2x%h




() V=

8—5x2
= 2x? ( )
15x
8—5x2
= Zx( )
15
16x—10x3
15

16x  10x3

15 15

16x  2x3

15 3

dv. _ 16  6x?

dx 15 3

dv
MaxV, — =0
dx
16  6x2
22—
15 3
6x? 16
3 15
8
x?=—=
15

x = 0.73 cm (2.d.p) (reject —ve)

16(0.730)  2(0.730)3

15

= 0.52 cm3 (2.d.p)

25



Differentiation (Rate of Change) — Practice Questions 4 Answers

. %ZO.ZCH}/S
dA _da dr
dt ~ dr ~ de
A = nr?
j—szmﬂ
Whenr =5,
d

d—f = 27(5) X 0.2 = 27 cm?/s

ds

. —=2cm/s
dt /
da_da ds
dt ~ ds 7 dt

A=6Xs?%=6s

da
E =12s

When s = V125 = 5,

da _

— = 12(5) x 2 =120 cm?/s

av _ 3
. dt—ZOcm /s

v _dv _ dr

dt ~ dr 7 dt
4
V=-nmnrs3
3
dv
— = 47r?
dr

When S = 100 = 4nr?,

r = +V25 = 5 cm (reject negative)
dr_ v dv

dt =~ dt = dr

= 20 + 41(5)?

=20+ 1007
1

= Ecm/s

26



4. Answer

(a)
& 0.05
= 0 cm/s
da _da  dx
dt ~ dx 7 dt
A=4(x)(8) + 2(x)(x)
A= 2x%+32x
44 _ 4x +32
dx

When A = 210,210 = 2x2 + 32x
2x%+32x—210=0
x?+16x—105=0
(x+21)(x—-5)=0

x = 5orx = —21 (rejected)

i_ftl = [(4)(5) +32] x 0.05 = 2.6 cm?/s

(b)
av _dv dx
dt ~ dx * dt
V = 8x?
dv
E = 16x
When x = 5,
‘;—‘; = 16(5) x 0.05 = 4 cm?/s

5. Method 1:
dv
i 10

dA _dA _ dv
dt ~ dv 7 dt

4
V=-mrd

3
3V 3
41

1

(3V)E
r=\—
41T



2

A=4nr? =4n (%)g

“ o (2)(2)°(2)

Atr =8,V =2n(8)° =

1
3V\ 3
=2(3)
41T
2048
—T
1

L=2(Z) " x10

dt 41

1
2048 \\ T3
—9 (M) % 10
41T
_1
= 2(512)73 x 10

1
= 2(512)73 x 10
= 2.5m?/s

Method 2:

It is given that when r = 8, d_ = 10.

To ﬁnd -,
dr

a4 _da  dr
dt dr dr
A = 4qr?

9 _ 8ntr

dr

To find & dr dv._ dvV _ dr

dr’ dr dr  ar

V=3
3
v _ 47r?
dr

When r = §, ‘:JV 10,

r

10 = 47u(8)? x “:

- 5. ms!

dr 128=

dA dA dr

— =X —

dr dr dr

5
= 8m(8) x —
’ ( ) 128x

= 2.5 m%™!
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6. Answer

A = nr?
dA
’a’— = 27nr
dr .
il 0.005 (given)
“_d o
dt ~ dr T dr
= 2nr x 0.005
Substitute r = 15 into %At—:
%—’: = 27(15) x 0.005"
= 0.471 cm’s™! (3 sig. fig.)
7. Answer
x2 -5
y=
X
=x-5x"1
dy _ )
(—1; =1+ 5x

. . dy
Substitute x = 2 into 2.

dx
dy _ 5
PR
=9
T4
@ _ by &
dr ~ dx de
9 dx
03=-x—
4 dr
e _ 2
d 15
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1.

Differentiation (Trigo, LLog and Exp) — Practice Questions S Answers

Answer
d .
(a) 3(4 sin7x —x) =7(4cos7x) — 1

=28cos7x—1

(b) % (cos7x + sin3x) = —7sin 7x + 3 cos 3x

© ge(eos(5-3%)) = 3 (=sin 5 ~2))

Answer

(a) % (secx) = d% (cols x)

__ cosx(0)—1(~—sinx)

cos? x

__ sinx

cos2 x

= sin x sec? x

(b) %(Coseczx) :%( 1 )

sin 2x

sin 2x(0)—1(2 cos 2x)
sin? 2x

__ —2cos2x

sin? 2x
= —2 cos 2x cosec? 2x

4 (sec?3x) = L (2
(C) dx (Sec Sx) T dx (c052 Bx)

cos? 3x(0)—1(2 cos 3x)(—sin 3x)(3)

cos*3x

6 cos 3x sin 3x

cos*3x

65sin 3x

cos3 3x

= 6sin 3x sec3 3x

Answer
d d d
(a) a(xtanx) = x_-tanx +tanx—x
= x(sec? x) + tanx

= xsec?x + tanx

—cos™ 2 x (—sinx)

—sec? x (—sinx)

4 (sin~1
= (sin™* 2x)
—sin™2 2x (cos 2x)(2)

— cosec? 2x (cos 2x)(2)

— % (cos™2 3x)
= —2(cos™3 3x)(—sin 3x)(3)
= 6(cos™3 3x)(sin 3x)

= 6sin 3x sec3 3x
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d : _ : d d oo
(b) (5sin3x cos 2x) = (5sin 3x) - €0s 2x + cos 2x —— (5 sin 3x)
= 5sin 3x (—2 sin 2x) + cos 2x (15 cos 3x)

= —10sin2x sin 3x + 15 cos 2x cos 3x

4 2 _ d .2 24,9
(©) % (3tanx cos® 4x) = (3 tanx) 4 C0s” 4x + cos® 4x —(3tanx)
= 3tan x (2 cos 4x)(— sin 4x)(4) + cos? 4x (3 sec? x)

= —24tan x cos 4x sin 4x + 3 sec? x cos? 4x

. Answer
(@) —-[In(4 — x?)] = —
_ —2x
T 4—x2
(b) = [in ;;j] = = [In(5x — 3) — In(3x + 7)]
3x+7( )
_ 5 3
5x-3 - 3x+7
(©) 3-[N ZZ] = = [In(2x +3) — In3x — 4]
2x+3( ) - 3x—4 (3)
2 3

2x+3 3x—4

(d) [1n ! ] =< In(3x — 5)7]

(3x-5)3

= i [—31n(3x - 5)]

- (3x 5) (3)

[ In(6x? — 3)?! ]
- 1((6x21 3))_(6x 3)

_ 12x
6(2x2-1)

_ 2x
(2x2-1)

31



5. Answer

(a) y = logs sinx

__Insinx
~ Ins
dy 1 d

=——Insinx
dx In5dx

1 1
- E (sinx) (COS x)

cotx
= or
In5

(b) y = logs 4x2

1
In 4x2

In3

1
Eln4x

In3

In4x
2In3

=3 (i)
1

xIn9

(c)e¥ =2x3 +7x

In (e¥) = In (2x3 + 7x)

y =1In (2x3 + 7x)

oL _(6x2+7)

dx 2x3+7x

_6x%+7
2x3+7x

(d)eY =secx
In (e¥) = In (sec x)
y = In (secx)

y_ 1 dsecx
dx ~ secxdx

_ 1 d( 1 )
" secx dx \cosx

1

" InsStanx

1 [cos x(0)—1(—sinx)

secx cosZx
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_ 1 [ sinx ]
1 Jcos2x

Cosx

sinx
= COSX[ 2 ]
cos? x

__ sinx

CosXx

= tanx

6. Answer

(8) 3 (™) = ™ - (—4)

(b) %(ex + e—) =e¥+e™*

=e*+e*—(—x
dx )
=X — X

1
— aX =
= e ox

(c) % (esin Zx) — eSin2x dix (sin zx)
= e51"2¥(cos 2x)(2)
= 2e%1" 2% cos 2x

(d) da (etan x) — etanx da (tan x)

dx dx
= e ¥ (sec? x)

= e ¥gec? x

d

X COS X _i —x
© A(E2) = £ rreosy

R 4 o—x

=e fx— (cosx) + cosx ——(e™"x)

A X o} —Xi i -X ]
=e *x( smx)+cosx[e Glx(x)+xdx(e )
= e *x(—sinx) + cosx [e™* — xe™*]

= e *x(—sinx) + e *cosx[1 —x]

= e ¥*[—xsinx + cosx — x cos x]

—x sinx+cosx—x cosx

eX

OR

d d
d (x cos x) _ exa(x cosx)—(x cos x)aex
dx ex e2x

e*[x(—sinx)+cos x]—e*x cos x
e2x




__ e*[-xsinx+cosx—x cosx]

e2x

__ —xsinx+cosx—xcosx

eX
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Differentiation — Exam Questions Answers

1. Answer

®

(i)

(i)

2x+3
=2—x—
7 * x-3
d -3)x2-(2x+3)x1
o_ =Pa-Ceea
dx (x-3)
=-1+ 2
d*y 18
~ - Al
de (x_3)3
At the stationary points, % =0
2
9‘_("“_32)_=0 M1
(x-3)
(x-3)" =9 M1
x—-3=13

x=0o0rx=6

x-coordinates of the stationary points of the curve are 0 and 6. Al
2
When x =0, d—‘Y-=Z>0
dx* 3
The stationary point at x =0 is a minimum point.
y 2 MI1A1
When x =6, w3 <0 (Correct value & correct conclusion

The stationary point at x = 6 is a maximum point.
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2. Answer

Let total surface area of ice block be A cm®and 4 =27r* +27r(2r) where r cm is

the radius at any instance.
A=2rr*+27r(2r) ™M1

= 67r?
dA_dd_dr
dt dr dt
ar
=127zr— M1
dt

When ﬁ=—72 and =35,
dt

—72=127z‘x5£ M1
dt

dar _ 72
dt  60x
__5
- Sa Al

.. The radius of the ice block decreases at 5£ cm/s when »=35. (accept 0.382 cm/s)
V3

3. Answer

. .. 9
() Show that the volume, ¥ cm?, of the cylinder is given by V = 45m” — 1 nr’.

(3]

By similar triangles,

45-h_r [M1]
45 20
20(45~ h) = 45r

900—20h = 45r

900 - 45r
20

h
= 45—2r [M1]
4
V=nr’h
2 9
=7r (45 —er [A1]

=45mr* — % mr’ (shown)

(i)  Given that r can vary, find the maximum volume of the cylinder, leaving your answer
in terms of 7. [4]

a _ 907 —anz [M1]
dr 4



(iii)

When ¥ is maximum, ‘Z—V =0
r

9011’)‘-270‘2 =0
4

nr(90—£rj =0
4

r= 2—0 (since r > 0) [M1]

2
Y oon-2L

dr 2
When r=ﬂ,

3
2
5-25 =90n—31n(f'2j<0 [M1]
dr 2 3

2

Since %—IZ/ <0, volume of cylinder is maximum when r = ?
r

. 40 9 (40Y
maximum volume =45n| — | ——n| —
3 4 3

= 2666§n cm’  [Al]

. . 4
Hence show that the cylinder occupies at most > of the volume of the cone.

(2]
volume of cone = -;-7:(202)(45)

= 6000m cm’ [M1]

When the volume of cylinder is the maximum,

2
volume of cylinder _ 2666§ T
volume of cone 60007
4
=— Al
9 [A1]

Therefore, the cylinder occupies at most % of the volume of the cone.
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4. Answer

Differentiate ]n(sz +l) with respect to x.

%(ln

5. Answer

U]

(i)

(iii)

@iv)

(2x2+1))=2x21+1(4x) M1]

4x

= Al
2x +1 (ATl

Explain clearly why A =90cos@+150siné .

(2]

Let the foot of the perpendicular from Q to PU and RU be X and Y respectively.

PX =90cos8 | (M1 for both]
QY =150sin6

h=PX+QY
=90cosf+150sinf [Al]

Express 4 in the form Rcos (6 - @), where R > 0 and a is an acute angle. [4]

Rcosa=90
Rsina =150 [M1]

tan a = @ [M1]
90

a=1.0304
R = /90 +150°
= 30434 [M1]
h=30\34cos(0-1.03)  [Al -acceptif R=175 (3s.£)]]

Find the greatest possible value of / and the value of & at which this
occurs.

Greatest value of h occurs when cos(6—1.03) =1 [M1]

Greatest value of h = 3034 [A1 - Accept 175]
when 6 = 1.03. [A1]

Find the values of & when 4 = 160.

304/34 cos(6—1.0304)= 160

160
cos(6-1.0304) = ——— M1
) 30434 (MI]
Basic angle =0.41613
0-1.0304=-0.41613 or 0.41613

6=0.614 or 1.45 (to 3s.f.) [Al, Al]

(3]

B3]
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6. Answer

%(tan3 Sx) =3 (tzm2 S)c)(sec2 5x)(5)
=15(tan” 5x)(sec” 5x)
= 15(sec2 Sx—l)(sec2 Sx)

=15sec* 5x—15sec’ 5x

7. Answer
(a) Answer
o 3x
Y= ax
dy _ \/5—4x%(3x)—(3x)%m
dx (\/5_—5)2
V5 (3)-(33) L (54073 (9
B 5—4x
(3x)2
_ «./5—4x(3)+———m
5—4x
) JS““"(”*%XM
5-4x J5-4x
_(5-4)(3) +6x
" (5-4x)V5-4x
_ 15-6x
(5-4x)°
(b)
3(1)
=1 y= =3
i g 5-4(1)
Gradient of the tangent = _LS..__GQ)T
(5-4(1)
=9

Gradient of the normal = —%

Equation of normal

1
y-3= 9(x 1)

9 9
9y+x=28
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8. Answer

(a)
y =cosec X tanx
B _1_ sinx
sinx COSX
_ 1
cosx
= (cosx)—l
% = (=1)(cos x) 2 (~sinx)
- 1 (sinx)
cos” x
= sc:c2 x sinx
Or

y =cosec x tan x

1
=— xXtan x
sin x y =cosecx tan x
. -1
=(sinx)” tanx _lanx
dy 1 ) ~ sinx
— =—"8€C x+tanx(—sm xcosx) . 2
e sinx fil_smxscc x—tanx cos x
1 2 sinx( cosx dx sin® x
=-——"8CC Xx-— . 2 . 2 .
sinx cosx\sin“x _sinxsec” x—sinx
_ 1 sec? x— sin® x
sm,z\: sinx sin x (sc:c2 X— 1)
dy sec” x-1 = 3
dx sinx s x
tanz x sin x (tan2 x)
sinx sin2 X
.2 .
_ 1 [sm”x 1 sin? x
sinx| cos? x sinx| cos? x
3 ) 1 .
=— (sinx) =— (sinx)
cos“ x cos“ x
. 2 . 2
=sinxsec” x =sinxsec” x
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(b)

dy

For a decreasing function, - <0

T 3 .
For 0Sx$27r,sec2x>0,x¢—2-,7,smx<0 for 7<x<2n

Hence j"l<0 for m<x<2n, x¢3—”
dx 2

9. Answer

Let the length of the rectangle be x.
k—2x

Breadth of rectangle =

Let area of the rectangle be 4.

A=x[k—2xj
2

dA
At the stationary value, - =0

1

—k-2x=0
2
2x=£
2
k
xX=—
4
2
4 A=—2<0

2

Therefore, since the stationary value occurs when the sides of the rectangle are

Z cm, and it is a maximum value, the maximum area of the rectangle occurs

| when it is a square.



10. Answer

(a)
l—x
r=u(*F)
b

y=In(1-x)-2Inx

dy -1 2

d«x 1-x x

(b) Answer

When y =1n 2,

ln(l‘f):lnz
X
l-x

=2
2

1—x=2x*
2x*+x-1=0
(x+D(2x-1)=0

x=-1 or l
2

When x = -1, d_y =9,
dt

dy_dp dx

dr

dx dr

9=( -1 2
1-(-1) (-1)

9=(2)x9
2) dt

x==1

)

Whenx=l,d—y 9,
2 dt
y_& &
dt dx dt
o 2 L
1—-(=) (=
) )
9=(—6)xE
dtxz-l
=—— (rejected)

dx
x_
dt

x=-1
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11. Answer

(a)

To find stationary point, % =0

54x° =0
x=0
sub. into y, y=-3

-~.Coordinates of stationary point = (0, —3)

(b)

x 0 0 0"
dy
— - -
o 0

By First Derivative Test, (0, -3) is a
minimum point.

12. Answer
(a)

d_y =1+ae™

.. Gradient of tangent at (0, —1) = _—1
)

1+ae?®=2

1+a=2

a=1

dy _ e +a
dx e’
Gradient of tangent at (0, 1) = (_— =2

[

o _,
dxx:O
e+a
&

1+a=2

a=1
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(b) Answer

2x
dy_e A e
dx e’

Since e > >0, % > 0 for all values of x.

> % # 0, the curve as no stationary point.

For stationary point,

2x
e +1=0

e +1=0
e =-1
(no solution)

Since gx}i =0 has no solution

=> y has no stationary point.

13. Answer

d_ 4cosdx —4sin xcos® x
dx

When x = E,
4

_ 4cos4 E) —4sin (chos3 (ZJ
dx 4 4 4

=4(-1)-4 V2(y2
2 )| 2

=-5

14. Answer
i 4sin2(£+7r)
dx 2
=4x2sin i+7r cos £+7t)><l
2 2 2
. [ x X
=4sin| —+ 7 [cos| —+ 7
Grmeol3+)
=2$in2(£+7rj
2

=2sin(x+27z) or 2(sinx cos 2z +cos x sin 27)

=2sinx
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15. Answer

(a)
1
f(x)=1n@—+f)3
—-X
1 (5+xj
= ~ln| 2==
3 5—-x
= %[ln(5+x)—ln(5~x)]
| 1( 1 1
f W?@:*a)
=l S—x+5+x
3| (5+x)(5-x)
R
3(5+x)(5-x)
_ 10
3(25—x2)
. -2
£ (x) =) (25-#2) " (-2%)
20x
S .2
3(25—x2)
(b)
For f'(x) >0
25-x*>0
(5+x)(5-x)>0
-5<x<5
For f"(x)> 0
20x>0
x>0

For both f'(x) and f''(x) to be positive,

0<x<5

Ml

Ml

Al

Al



16. Answer

(@) y = kxvV2x +3

d -2 2
2 = fex G) (2x +3)72(2) + (2x + 3)2(k)
1 1
=kx(2x +3) 2+ (2x + 3)2(k)
1

= k(2x + 3)z[x + (2x + 3)!]

. k[x+(2x+3)1]

T V2x+3

_ k(3x+3)

T V2x+3

__ 3k(x+1)

= s (done)

d d
®)g =353

dy _dy _ dx

dt ~ dx * dt

Atx = 3,

d 3k(3+1 d
dy _ 3kG+1) | d

dt ~ J2(3)+3 ~ dt
qdx _ 3kGB+D) | dx
dt ~ J2(3)+3 ~ dt
_ 12k

Ve

3(3) = 12k

3

9 3
k=573
3
17. f(x) = xe™ + kes”*
3
f'(x) = x(—e™*) + e7*(1) + Zkes*
_ — 3 3x
=—xe *+e x+gkes
3
£'(0) = —(0)e® +e® +=kes® =5
1+3k=5
5
k=4
5

20
k=—
3



18. Answer

A =300x—[”;4)x’

2(7[+4)x

4 _300-
dx

=300__7r+4

X

. d4
At stationary 4, — =0
ary m

300- 74~ 0
4
1200
x=—
T+4
=168.0297...

d’A -7-4
-2 - <0
dx 4

Thus when x =168.0297... ,

Maximum /4 =300(168.0297...)~ 5;—4
=25204.461...
= 25200 (3 5.)

(168.0297...)’

47



19. Answer

(i) Find % Hence, find the equation of the line that is parallel to the tangent of the curve at

x =1and passes through the origin. [3]

I 2
y=—2(l—zx) +p

(b

=l—-lx
4

When x =1, gradient of tangent = %

Equation of line is y = Ex (Since the line passes though the
origin, the y-intercept is 0)

The normal to the curve at x =1 passes through the point (—l, l%)

(i) Find the value of the constant p, (4]

Gradient of normal = —g

At x=1, y=—2(1—%) +p

=——+ p
_2 + — 11
B T B ' |
1- (_]) T3 (It is not essential to find equation of normal, you can
21 8 formulate the gradient of normal using 22—2L and
_? tp=- 5 =%
1 equate to the gradient that is found through
pP=—— differentiation)
24

48



20. Answer

@

(ii)

(iii)

h=5-r
2 1 2
V =mn(r) (h)—gnr h

= 71:(4)2(8)—-%1rr2(5 —7)

=128n —-gnr2 +%m‘3 (shown)

1
r=0(re.) or r=3§
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