RAFFLES INSTITUTION
H2 Mathematics 9758
2023 Year 6 Term 3 Revision 7a (Summary and Tutorial)

Topic: Vectors 2 (Lines and Planes)

Summary for Lines and Planes

Line: r=a+1b, 41 €R where

r is the position vector of a general point on the line,
a is the position vector of a known point on the line and
b is the vector that indicate the direction parallel to the line (known as the direction vector)

Note: r=a+ b, 1R isnot UNIQUE.

Different Forms of Equations of a Line

a, b,
r=|\a, |[+A|b, |, AR — Vector Form
as b,
X a, b,
< | y|=|a, |[+4|b, |, AeR
z a, b,
S x=aitAbiy=a+Abrz=a3+Abs — Parametric Form
x—a, _2, y—a, wy -4, _,
bl b2 b3
& x;al =7 ;2% = z;3a3 — Cartesian Form

Plane: r.n =d where
r is the position vector of a general point on the plane,
n is the normal vector to the plane (a vector perpendicular to the plane)
d is a scalar constant.

Notes:
The position vector of any point 4 on the plane, a will always give the result, a.n=d

The vector equation of the plane can always be reduced to the form r.n = ﬁ =D . In this form, the
n

normal vector is reduced to a unit vector and |D| is the shortest distance of the plane from the origin.



Different Forms of Equations of a Plane

Scalar Product form: r.n=d

x n,
Cartesian form: nx+n,y+n,z=d where r=|y |, n=|n,
z n,

Vector form: r=a+im +um,, A uek

a is the position vector of a point on the plane,
mi and m2 are non-parallel vectors that are parallel to the plane. Thus, m, xm,

will be a normal to the plane.

We will now summarize the various relationships involving points, lines and planes.

| Involving Points and Lines |

/
0‘0

To check whether the point P with position vector p lies on the given line /;:r =a+Ab, 1 € R

— Let p=a+ b and find a possible value for A.

— If there is a unique value for A4 from the three possible equations, then the point P lies on
the line.

To find the position vector of the foot of the perpendicular from a point P with position vector
ptoagivenline/: r=a+4b, 1eR

Let N be the foot of the perpendicular from the point P to the ;
SN .
line, I. Make use of the fact that PN is perpendicular to / / 1 —>

Step 1:Since N lies on /[, ON =a+Ab for a unique value %'/N

of A. 0]

Step 2:Find PN =ON—-OPin terms of A, where OP = p
is given.
Step 3:Solve for the value of A using the fact that PN -b=0
Step 4:Using the value of A found above, the position vector of N is given by a+ Ab.

To find the perpendicular distance (shortest distance) from a point, P with position vector, p,
toagivenline /: r=a+4b, 1eR

Let N be the foot of the perpendicular from the point P to the line, /

Method 1

Step 1 : Find the position vector of the foot of the perpendicular from the point P to the given
line /.

Step 2 : Perpendicular distance from the point P to the given line / is| PN |.



Method 2 (Cross Product)
Perpendicular distance from the point P to the

given line / is ‘ﬁv‘ = ‘ﬂ’ xf)‘

Method 3 (Dot Product)
Step 1 : Find ‘Z]ﬂ:‘ﬁ-f)

Step 2 : Using Pythagoras’ Theorem,
Perpendicular distance from the point P to the
— —2 |—2
given line / is ‘PN‘ = ‘AP‘ —‘AN‘

% To find the position vector of the reflection of a point, P, aboutaline/: r=a+4b, 1R

Let P’ be the reflection of P about / and that N be foot of the perpendicular from Pto /.

Method

— Find the vector PN ( Note that PN = NP')

i e e e T

— Position vector of P> =OP'=OP + PN+ NP'=0OP + 2P

(OR use Ratio Theorem: ON = %)

Involving Lines

% Tocheckifthelines /, :r=a+4b, AeR and /. :r=c+ud, xR are parallel

Ifb//d (i.e.b=4kd),then 1 // b

% To find the acute angle between 2 lines, /, :r=a+ b, AeR and /,.:r=c+ud, ucR

The acute angle between the lines is determined by the two direction vectors b and d.

Method

Make use of scalar product of the two direction vectors b and d.

—|b-d|= |blldlcos® where  is the acute angle between the 2
direction vectors, b and d. IR 0

Therefore cosf = M / (i
bl ]



+ To find the position vector of the point of intersection of the two lines /. :r =a+Ab, 1€R

and , :r=c+pud, peR

Let P be the point of intersection of the 2 lines /1 and /2, and p be the position vector of P.
Then P lies on both lines and p=a+Ab and p =c+ ud for some values of 4 and .

Method
Step 1 : Since the lines intersect, p=a+4b = ¢+ ud

Step 2 : From Step 1, we will have 3 linear equations in terms of A and .
Solve for the values of A and
— If there exist unique values for 4 and x, then the position vector of the intersection point is
given by a+Ab or ¢+ ud.

— If there are no unique values for A and g, then
the 2 lines are non-intersecting lines. (They can be either parallel or skew lines)

% To check if the lines /, :r=a+Ab, AeR and [, :r =c+ud, xR are skew lines

(Skew lines are non—parallel and non—intersecting lines.)

Assume that P, the point of intersection of the 2 lines /1 and /2, and p be the position vector
of P exists show that it does not exist.
Then P lies on both lines and p=a+Ab and p =c+ ud for some values of A and .

Method
Step 1 : Show that /1 and /> are not parallel (b # kd)
Step 2 : Then assume a+Ab = ¢+ ud and show that there is NO unique values for A and y

that satisfy the equations formed.

% To find the shortest distance between two parallel lines / :r=a+A1b, AeR and

L:r=c+ub, uek.

The shortest distance between two parallel lines can be found by taking any point, says 4 on
[:r=a+ib, AeR and find the shortest distance between point 4

and /,:r=c+ub, ueR.
OR

The shortest distance between two parallel lines can be found by taking any point, says C on
L:r=c+ub, ucR and find the shortest distance between point C

and /[ :r=a+1b, 1eR.

(Refer above for the shortest distance between a point and a line)

‘ Involving Points, Lines and Planes




¢+ To check whether the point P with position vector p lies on the given plane 7 : r.n=d

Method
— If p.n=d, then the point P lies on the plane.

If p.n #d , then the point P does not lie on the plane.

% To check if the line /:r=a+Ab, A€ R is parallel to a given plane 7 : r.n=d

Method
— If b.n =0, then the line is parallel to the plane. Y
(perpendicular to the normal) no

¢ To check ifthe line /:r=a+Ab, AR liesina given plane 7: r.n=d

Method 1
— Show that (a+ Ab). n =d for all values of A, then the line lies in the plane.

Method 2
Step 1 : Show that b.n =0, then the line is parallel to the plane.

Step 2 : Show that a.n=d , then the point with position vector, a lies on the plane.

Then conclude the line lies in the plane.

% To find the position vector of point of intersection between the line /:r =a+ b, AR and
the plane 7 : r.n=d

Let P with position vector p be the point of intersection between the line / and the plane 7
Then p=a+4b, forsome A€R and p.n=d

Method
— Since p=a+4b, forsome A€R and p.n=d, then (a+Ab).n=d .

— Solve for A and use this value to find the position vector of the point of
intersection is given by p=a+Ab




+ To find the position vector of the foot of the perpendicular from the point P to the plane
r:r.n=d

Let F be the foot of the perpendicular from the point P to the plane 7 : r.n=d .

Method
Step 1:Find vector equation of the line that is perpendicular to the n
plane (hence direction vector of this line is n) and passing z P/ A
through P= r=p+4An, 1eR =
F
Step 2:The point of intersection between line, r=p+4n, AR P /
and the plane 7: r.n=d is the foot the perpendicular from
the point P to the plane. /r

Consider (p+4n).n=d and solve for A to use this valueto o
find the position vector of the point given by p+4n.

(Same as above for the point of intersection between a line and a plane)

¢+ To find the distance between point P with position vector p and the plane 7 : r.n=d
Let F be the foot of the perpendicular from the point P to the plane 7 : r.n=d .

Method 1
Step 1: Find the position vector of the foot of the perpendicular from the point P to the plane
T:r.n=d.

Step 2: The distance between the point and the plane is given by | PF|.
(Refer to diagram above)

Method 2 P n
Step 1: Find any point, says 4 on the plane with position
vector a. A
. 4 | O
Step 2: Find 4P =p—a p F
a

The shortest distance between the point P and the

B (@)
M, that is length of -

plane is given by | |
n

projection of AP on the normal vector of the plane.

Method 3

.n-d
The distance between the point and the plane is given by |p |

|

|(p— a).n| _ |p.n— a.n| _ |p.n—d| .

Note from method 2:
|n] |n| |n|




¢ To find the acute angle between the line /:r=a+Ab, A €R and the plane 7 : r.n=d

Let the acute angle between n and b be ¢.

Method 1

Step 1: Find the acute angle between n and b d
. |n.b|
using cos¢ =
[nf[b]

Step 2: The acute angle between the line and the
plane is 90° — ¢.

Let the acute angle between the line and the plane
be 6. Then ¢=90° — 6.

Method 2

o)

[nfb]

(since cos¢ = cos (90° — @) =sinf)

—sinf =

e Involving Planes

% To check if the two planes 7,: r.n, =d, and 7, : r.n, =d, are parallel

Method
—1If n,// n, (i.e. n,=k n,),then 7,/ x,

% To find the distance between two parallel planes 7,: r.n,=d, and =, : r.n,=d,

Method
Step 1: Find any point, says 4 with position vector, a on the plane 7.

an—d
Step 2 : Find the shortest distance between 4 and 7, which is %
n

(Refer to Distance between point and the plane 7 : r.n=d )

% To find the acute angle between two planes 7,: r.n, =d, and =, : r.n, =d,

Let the acute angle between the two planes be 6.
Method

n,.n,|

|“1 | |“2|

— To find the acute angle between the two planes , we make use of cosé =



¢ To find vector equation of the line of intersection between two planes 7,: r.n, =d,

and 7, : r.n, =d,

Method 1 (using GC)
Step 1: Find the cartesian equations for the planes

Step 2: Using GC to find the line of intersection

Method 2 (if GC is not allowed)
Step 1: Find the cartesian equations for the planes

Step 2: Let one of the variables says x = 0. Then solve for y and z using the cartesian
equations from Step 1 to get a common point, 4 with position vector, a .

Step 3: Compute b =n, xn, which is the direction vector of the line of intersection.
Then the equation of the line of intersectionis r =a+4b, AR

Method 3 (if GC is not allowed)
Step 1: Find the cartesian equations for the planes

Step 2: Find two common points using the cartesian equations from Step 1 by first
letting x = 0 and solve for y and z and then letting y = 0 and solve for x and z to
get another common point

Step 3: Use the two points to find the equation of the line of intersection .

Example to illustrate Method 2 and 3:
Find the equation of the line of intersection of the two planes whose equations are

1 1
r.| 1 |=6and r. 0|=1 respectively
-3 )
Method 2
1
r.| 1 |=6=>x+y-3z=6 --—--- (1
-3
1
and r.|0|=l=>x+2z=1 ----- )
2

Let z=0 and solve, we have x=1,y=5andz=0



1 2
= the required vector equationis r=| 5 [+ 4| -5 |, AeR

0 -1
Method 3
1 1
r.| 1 |=6=>x+y-3z=6 --—--- () and r.|0|=1=x+2z=1
-3 2

Let z=0 and solve, we have x=1,y=5andz=0

Let x = 0 and solve, we have x =0, y = E andz=%
1 0 ! 2
P U I T R S
2 21 2
0 1 1 -1
2) U2

1 2
= the required vector equationis r=| 5 [+ A| -5 |, L €R

0 -1



Revision Tutorial Questions

1

Source of Question: HCI 2016 JC2 CTP1Q10(a)

Three distinct points O, 4 and B are such that OA=a and OB=b.
@) Let OP=rand rxb=axb. By expressing r in terms of a and b, show that the

locus of P is a line parallel to b. [2]
(ii) In terms of a and b, write down the distance from O to this line.
Hence write down the distance from B to this line. [2]
(iii)  Given that the line passes through O, what can you say about the relationship
between aand b? [1]

1(@)@ |rxb=axb=(r-a)xb=0=>r-a=ib=r=a+1b

The locus of P is a line passing through the point 4 and parallel to b.

(a)(ii)

) . |a X b|
Distance of O from line =
B b
0o °
[ J
/b>/z/
: . laxb| . : :
Distance of B from line = |b| since b is parallel to the line

(a)(iii) | Since the line passes through O and 4,

= OA//line
= a//b, ora=kb

Source of Question: CJC 2016 JC2 CTQ2

In the rhombus OABC where O is the origin, the position vectors of the points 4, B and C are

a, b and c respectively.

(i) Show that (a—c)-(a+¢)=0.

Another point D on AB produced is such that 4B:4AD = 1:4 and the lines OD and BC intersect

at the point E.
(i) (a) Find OD in terms of a and c,

(b) By considering the lines of OD and BC, find OF in terms of a and c.

Hence, find the value of E
EC




2()  (a-c)-(a+c)=a-a—c-ata-c—cc=[al —|¢ =0 (|a=]|c|

Alternative solution:

The diagonals of a rhombus is perpendicular.

L ACLOB < (c—a)(b)=0<(c—a)-(c+a)=0<(a—c)-(a+c)=0

(i) () OD=0A+44B =a+4c

OE  =0B+ABC=20C+(1-1)0OB
=Ac+(1-2)b=Jc+(1-2)(a+c)=(1-2)a+c
Comparing the coefficients of vectors a and e,

1 3
du=le p=— =l-Ao A==
y7, U U

Therefore, OF = %a +e

(iii)
BE

C:

—_ | W

t
A= w

3 Source of Question: MI 2015 Prelim P1Q7

A line / passes through the points 4 and B with coordinates (0, -2, 2) and (1, 0, l)

respectively.

(i) Find the acute angle between OA and the line [, where O is the origin. [2]

(ii) Hence, find the shortest distance from O to the line /, leaving your answer in
exact form. [1]




()(i) (0

AB=|0|-| 2 |=| 2
1 2 -1
1 0
2 (]2
-1 2
cosf=——"—"7—= = 0 =30°

(V6)(V8)

Thus, acute angle between OA and the line /=30°

Shortest distance = \/8_ sin 30° = +/2units

Source of Question: NJC 2016 JC2 CTQ9

3 2 3

A line / and a plane p have equations r=| 1 |[+A| 3 | and r-| 2 |=7 respectively, where A
2 6 -2

is a real parameter.

(i) Show, with working, that / lies completely on p. 2]

The point 4 has coordinates (0, 3, 8). Find, in exact form, the shortest distance between
(i) A4andp, (2]
(iii) A4 and /. [3]

Using the results obtained in parts (ii) and (iii), find the shortest distance between / and the foot

of perpendicular of 4 onto p. [2]
@) Method 1

3)(3

Since | 1 |-| 2 |=9+2—-4=7, one point on / lies on p.
2)(2
2)( 3

Since | 3 || 2 |[=6+6-12=0, the direction vector of / is perpendicular to the normal
6)\-2

vector of p, and hence is parallel to p.

Therefore / lies on p.




Method 2

3+24)( 3
1434 || 2 |=3(3+24)+2(1+34)-2(2+64)
2464 )\ 2
=94+61+2+64—-4-124
=7
1+24
Since | 1+3A4 | satisfies the equation of p regardless of the value of 1,/ lies on p.
-1+64
O Y a0y
perpendicular of 4 onto p. | )
Then -2
Shortest distance from B@3,1,2) Side view of p
Atop
= AN
3 0) (3 3
BA-| 2 3} —[ 1|} 2
-2 8 2 -2
e | Vorara
-3\ (3
2 |2
6 )2 —9+4-12
g
(iii) | Let F denote the foot of A(0, 3, 8)

perpendicular of 4 onto /.

Then
Shortest distance from A4 to [

) i »

L .
B(3,1,2) !




=AF

2 -3\ (2
BAx| 3 2 x| 3
6) | |[Le) (6

V213 6| [N4+9+36]

(2)(6)-(6)(3)
(6)(2)~(=3)(6)

_\B-@@)|_1} 5,
- J49 |7
-13
=—\/( 6)* +30° +(~13)? _%\/ 6+900+169 = “1;05
Alternatively, BF
2 -3) (2
BA-| 3 2 |3
) 6) | |Ls)ls A(O,3: 8)
V213 16| [N4+9+36]
B —6+6+36‘_§ ;
Jao | T Lo
B@3,1,2) !

By Pythagoras’ Theorem,
AF =~/ BA* — BF?

\/(( =3)'+2°+6)- (376j

\/ 1296 /1105

49— -
49 7

(last
part)

Shortest distance between / and the

foot of perpendicular of 4 on p
=FN

AF? — AN?

(o

1105_1 J272

or ;Jﬁ or 2.36 (to 3 s.f))




Source of Question: MI 2015 Prelim P2 Q3

Relative to a fixed origin O, the points 4, B and C have position vectors ai — j + 2k, 4i

—2j and —i — 7j + pk respectively where o and f are constants.

Given that 4, B and C are collinear, show that a =5 and = —10. [2]
Hence state the ratio of the area of AOBA to the area of AOBC . [1]
Find the vector equation of the line / which passes through points 4 and B. [1]

The point P lies on OB such that OP = %ﬁ . Q is a point on the line / such that

the length of projection of PQ on the line OB is V5 units. Find the possible

coordinates of Q. [7]
i AB=kBC
4-a -5
-1 |=k|-5
-2 Y
k=t
5

~a=5and f=-10

1

Since both triangles share same base with points 4, B, C, soratiois 1 : 5.

il

4 1
r=|-2|+A|1[,1€eR
0 2




3iv

Since OP = %P—B,

4 1
op=Lo-1 2|=|-0s
4 4
0 0
44+ 1
00=|-2+1
22
4+ 1-1 3+4
PO=|-2+A+05|=|-15+2
22 22
PO + OB
o8
15+24|=10
So /1=—§ or l:—é
2 2
1.5 -8.5
5 — 25 —
For/I:—E,OQ: —4.5 andforﬂ:—T,OQ: —-14.5
-5 -25

Coordinates of Q are (1.5, 4.5, -5) and (-8.5, -14.5, -25).

6 Source of Question: RI 2015 Prelim P1Q6

The line /, has equation

r=0Gi+2j+k)+A(i+j+k), 1R,

and the line /, passes through the origin O and point 4, whose position vector is given by

a=2i+j. Find the acute angle between

(i) [ and [, ,
(i) [, and the xy-plane.

A point B on /, is such that OB =15

(iii)  Find the possible position vectors of B.

2]

2]

[4]



6(i) 1 2

2m Let @ be the acute angle between | 1 | and| 1 |.
1 0
1) (2
1)1
1)10

3
cosl = =
e+ 41222412402 15

0=39.2" (1dp.)

(i)

2m | A normal vector to the xy-plane is
0
0
1

Let ¢ be the angle between | 1 and[ }
1

_ L

cos¢g = = = ¢=54.736" (3 d.p)
JE+P2+ 2o 100+ B3

Hence the acute angle between / and the xy-plane is 90° —54.736° =35.3° (1 d.p)

(iii) | Since B lieson /,,

4m 3 1
OB=|2|+1|1 , forsome A eR

1 1

Given ‘EE‘:\E

(3+ﬂ)2+(2+/1)2+(1+/1)2 =5
3A24+124+9=0

A’ +41+3=0
(A+3)(A+1)=0
A=-3orA=-1
3 1 (0
When 1=-3, OB=|2|-3|1 —{1
1 1) (-2
3 (1) (2
When A=-1, OB=|2 |- 1}— 1
1) (1) lo




7

Source of Question: YJC 2015 PrelimP1Q12

Relative to the origin O, two points 4 and B have position vectors a=2i+Kk and
b =i+ j—2Kkrespectively.

@ Find axb and give the geometrical meaning of |axb|. [2]
Hence write down the area of triangle OAB . [1]
(ii) Find a vector equation of the line / passing through 4 and B. [2]

(iii)  The perpendicular to / from the point C with position vector —13i+2j+ 3k
meets the line at the point M . Show that the position vector of M is i+ j—2k.
[3]

(iv)  Find a cartesian equation of the plane containing O, 4 and B and the exact length

of projection of CM onto this plane. [4]
) Find the acute angle between the line OC and the triangle OA4B. [2]
i 2 1
a=0|,b=| 1
1 -2
-1 -1
axb=4+1|=| 5 |=-i+5j+2k
2 2

|a ><b| is the area of the parallelogram with two adjacent sides O4 and OB or twice
the area of AOAB

Area of AOAB =1laxb|=11’+5"+2°

= %\/% sq units

ii

Eqn. of line through pts 4 and B :




2 1
r=|0|+A|—1| where L1 eR
1 3

Or

| 1
r=| 1 [+A]|-1| where 1R

-2 3
iii ~13
oc=| 2
3
2 1 242
OM=|0|+4|-1|=| -1 |forsome 1eR
| 3 1+34
15+ 4
CM=0M-0C=|-1-2
31-2

1
CM-|-1|=0=15+A+A142+94-6=0
3

1Il=-11=>41=-1

1
. OM =| 1 |=i+j-2k (Shown)
-2

iv

-1
axb=| 5 | from (i)
2

-1

Plane OAB: r-| 5 |=0 (as origin is on the plane)

2




Required equation is x—5y—2z=0

14
CM =| 1| from (iii)
-5
-1
Length of the projection of vector CM onto this plane = L CM x| 5
V30
2
14 -1 1
S L s =2 -
Bo| LT
=23 1
30

Let @ be the angle between line OC and the normal of triangle OAB .
-13) (-1

2 || 5

3 2) 13+10+6

T 182430 5460

Therefore acute angle between line OC and triangle O4B .=23.1°

cosd

0 =66.892°

8

Source of Question: CJC 2015 Promo Q6 (a)

The equation of a line / is given by = z+1. A point P, not lying on

x-5 y+l1
2

[, has position vector 9i+ 7j— 2k.

() Given that Qs a point on / such that PQ = 6+/3 , find the possible
coordinates of Q. [4]

Hence, or otherwise, find the position vector of the foot of
perpendicular from P to /.

(i) 2]




() 5 2
Equationof I: r=| -1 [+ 4| -2 |,AeR
-1 1

5 2
Since Q lieson /, 00 =| —1 |+ A| -2 |, for some A € R.
-1 1

5 2 9 (—4+24
PO=|-1|+4|-2|-| 7 |=| -8-24
-1 1) =2 1+ 4
—4+24
So PO=| -8-21 =63
1+4

(~4+24)" +(-8-24) +(1+2)" =108
2% +184-27=0

(A+3)(4-1)=0

SJA=-3orA=1
5 2 -1 5 2 7
So 00 =|-1|-3|-2|=| 5 |or 00 =|-1|+|-2|=|-3
-1 1 —4 -1) {1 0

Possible coordinates of Q are (—1,5,—4)and (7,-3,0).

(ii) | Method 1:

Let Q,(~1,5,—4)and Q,(7,-3,0) and let F be the foot of perpendicular from P to /.

Since aPQ,Q, is isosceles, F is the midpoint of O, and Q, .

ao+oo. 1|17 [°
SOW:%:E 5 0+ =3||=] 1

—4) o )




Method 2:
Let F be the foot of perpendicular from 4 to /.

5 2
Then OF =| -1 |+ a| =2 | for some a € R.

5 2 9 —4 2

PF=|-1|+a|-2|-| 7 |=|-8|+a| -2
-1 1 -2 1 1
2 —4 2 2

PF|-2|=0=1| -8 |+a|-2||-|-2|=0
1 1 1 1

8 || 2 |+a|-2]|-2|=0
1)1 1)1

9490 =0=a=-1




