2024 NJC SH1 H2 Maths Promotional Examinations Suggested Solutions

Question 1 (Inequality)

Suggested Solution

X+3
o 521
X 4+X-2
X+3 +x2+x—2>
X2+x=2 X*+x-2
2
X +>2<—2+x+3ZO
X4+ X=-2
x2+2x+1>
X2 4+Xx-2
(x+1)2
= >
(x—l)(x+2)

0

0

X<—2or X>1or x=-1

Question 2 (Applications of Integration)

Suggested Solution

jyzdx

=Ix2 sin x dx

=—x’ cosx—ij(—cos X) dx
=X’ cosx+2fx(cos X) dx

=-x cosx+2[xsin x—Jsin X dx]
=—X*c0OS X + 2[ Xsin X+ COS X |

=—x%CoS X + 2XSin X + 2¢0S X

=(2—x2)cosx+2xsin X+C

Volume required
:njon y2dx
= n[(z— X* ) cos X+ 2xsin x]

= (2-7")(-1)-(2)1]

=1’ —4n

T[

0




Question 3 (Applications of Integration, Transformation)

Suggested Solution

B y

(0,0 (II|I<,0)

(i) [ |x* (x—k)| dx
:.[OZK‘XS—kxz‘ dx

—jk x® — kx? dx+‘[2k x3 —kx? dx
0 k

[sl g

4 3 4 3

0 k

:§k4

2

Question 4 (Transformation)

Suggested Solution




X2
b) v=—
(®)y 6x+45
(%)’ X*
—Sy=- =—
6(-x)+45  —6x+45
(3x)° 9x’ x?
S y=- =— =—
—6(3x)+45  —18x+45 —2x+5
2 2 2
Ly (x+2) _ (x+2) :(x+2)
—2(x+2)+5 -2x-4+5 2x-1
2
h(x)=(x+2)
2x-1

Question 5 (Vectors II)

Suggested Solution

(i) Equation of |;:

r=|6|+4|4,1eR.
5 )

From line |,:

X=9+u 5
y=ku+10,r=|10 |+ u| k |,z€eR
2=2u+8 8 2

Solving simultaneously:

7+64 S5+ u
6+44 |=|10+ku
5+51 8+2u

=>A=-Lu=-4k=2.

Sub A=-1into X=7+64,y=6+44,2=5+541:
The coordinates of P are (1,2,0).




(i1) Method 1 (Projection)
Let the point on |, closest to A be F.

7 1

6
PA=OA-OP=|6|-|2|=|4
5

5) |0
PF
1 1
2 2
_ﬁ 2 2
V2422422 | 12422422
1 1
2 2
6
2 2

5 '\/12+22+22 12 422 422

1) (83
2 |=|16/3
2) 16/3

w | o

1) (8/3) (113
OF =OP+PF =| 2 |+|16/3 |=| 22/3
0) \16/3) |16/3

Method 2 (Using perpendicular directions)

Let the point on |, closest to A4 be F.
S5+ u
Since F lies on |,, OF =|10+24 | for some 4 €R-
8+2u
S+ u 7 —2+u
AF =OF —OA=[10+2u |—| 6 |=| 4+2u
8+2u 5 3+2u
1

Since AF L1, we have AF-| 2 |=0.
2




—2+u) (1
442u |- 2|=0
3+2u )\ 2
—2+u+8+4u+6+4u=0
Qu=-12
__4
#7735
5 4 1
3 3
OF = 10+2(—ﬂ] = 22
3 3
4)| |16
8+2[—§j 3

(iii) Let point 4’ be the point which is the reflection of 4 in |,.

oo _ PALPA
8/3) [(6
16/3|=|| 4 |+ PA" |22
16/3) ||5
8/3) (6) (-2/3) (-2
PA =2x|16/3 |- 4 |=| 20/3|=1| 20
16/3) (5) l17/3) °la7

1 -2
Equation of reflected line: r=| 2 |+ u| 20 |,ueR.
0 17




Question 6 (Curve Sketching, Applications of Differentiation)

Suggested Solution

(i)

X2y® +3xy +2y° —x—2=0

2xy* +2yﬂx2 +3y+3xﬂ+4yﬂ—1=0
dx dx dx

dy —2xy’+1-3y

dx  2x%y+3x+4y

(ii)
When Xx=0,y=1 or y=-1.

dy 1
At (0,1): d_i:_i

At(0,-1): Moy

dx
(iii)
Let X =K.
(k*+2)y* +3ky—(k+2)=0
Ok —4(k*+2)[-(k+2)]<0
Ok?+4k*+8k?*+8k +16 <0
4k3 +17k* +8k +16 <0

(k+4)(4k2+k+4)<0

2 2
4k* +k+4=4 k2+1k+(lj —(lj +4
4 8 8

2
=4 k+1j —i+4

8) 16
2
=4 k+£j +§>O
8 16

for all real x.

or
Discriminant of 4k? +k+4=0 is 1" —4(4)4=-63<0

Since coefficient of k* =4 >0 , 4k*+k+4>0 for all real x.

Since 4k®+k+4>0 for all real x, we need k+4<0.
We have k <—4.

The curve does not intersect the vertical line X=K when k <-4, thus has no parts where X <—4.




Question 7 (Vectors I and II)

Suggested Solution

(a) (i) p is perpendicular to g or p is a zero vector or q is a zero vector.

(a) (ii) The locus of R is a circle with diameter OG.

1) (2) (-2
) | -2 (x| 3|=| 6
2 ) \-2) |7

1

—

QR=0OR-0Q=| 2
2

Projection of QR onto p

-2
M0
= 2T

—2)°+6%+72
2
2
-11
_ [l
N
15




Question 8 (Applications of Differentiation, SLE)

Suggested Solution

(i) x=1
The stationary point on y = g(x) with x-coordinate 1 is a minimum point since g''(1) >0 from
the graph
or
X 1 1 1"
g'(x) <0 0 >0

Shape of \ L /

tangent
(i) g'(-1) =0

= a(-1)* +b(-1)°+c(-D)*+d(-1) +e=0
—a—-b+c-d+e=0

gd@=0=a+b+c+d+e=0 ————— 2

3 2
:4a(lj +3b(1j +2c(lj+d:0
2 2 2

We have g"(x)=4ax’+30x*+2cx+d. 1 3
=Za+-b+c+d=0-—-————- (2)

2 4

g"(—l)ZO
= -4a+3b-2c+d=0-———- (3)

We have g'(x)=ax’+bx®+cx* +dx+e.

-3
A3 oo
ALl -2

—a+2b+4c+8d +16e=-54 ————— (4)
From (ii),
a-b+c-d+e=0-————- (5)

By G.C., a=2,b=4,c=0,d =—4,e=-2.




Question 9 (Vectors I)

Suggested Solution

(i) Method 1
Area of triangle ABO = %|a>< b|

a+2b+A4Ac=0
__a+2b
2
CA=a-c CB=b-c
a+2b a+2b
=a+ and =b+
A A
_(/1+1)a+2b _a+(/1+2)b
B 2 B 2
Area of AABC:E (l+1)a+2bxa+(ﬂ+2)b‘
2 A A
1 (ﬂ,+1)a><a+2b><a+(/‘t+1)a><(/1+2)b+2b><(/1+2)b|
2 e |
1 O—2(axb)+(12+3i+2)(axb)+0|
2 PE ‘
1|(4° +34)(axb)|
2 PE ‘
= A3
21 A
114+3
1= Slaxb|
Areaof AABC _ 2| 2 _ A+3| (shown)
Area of AABO ;|a><b| |
Method 2
a+2b+4Ac=0
a=-2b-Ac

Avrea of triangle AABO = %|a>< b|
1
=§\(—2b—/1c)xb\
= L10_ 1cxb|
2

1
=§‘/1(be)‘

= ~|Allbxc
2




Area of AABC = %‘ﬁx ﬁ‘

= 2J(a-b)x(c-b)
=%‘(—2b—}tc—b)x(c—b)‘
=%‘(—3b—ﬂc)x(c—b)‘
=%\—3bxc—/1c><c—3bx(—b)—/1c><(—b)\
:%|—3bxc—0—0—ibxc|
~ 13- |pxd

2
= 11213

2

1
Area of AABC §|/1+3||b><c|

Area of AABO 1|/1||be|
2

= Iﬂ:{si (shown)

(i1) For 4, B and C to be collinear, the area of AABC must be 0, so 4 =-3.

(ii1)
Method 1
Since D is on AB, by Ratio Theorem, OD = (1-k)a+kb when AD: DB =Kk (1— k) .

I — m . . .
Since D lies on the line OC, OD =mOC = _Z(a+ 2b), in which the coefficient of b is twice the
coefficient of a.

k=2(1-k)

k=2
3

So AD:DB:E:(l—ijz:l
3 3

Method 2
_a+ 2b

A
As A varies, C moves along the same line passing through the origin with direction vector

(a + 2b) . The line cuts AB at the point D when A =-3 from (ii) answer.

@Z_a+2b:a+2b
-3 3

By the Ratio Theorem, D divides 4B such that AD:DB=2:1




(iv)
ZOAC =90°

OA-CA=0
a.(/1+1)a+2b o

A
(A+1l)a-a+a-(2b)=0
(A+1)fa +2a-b=0

ZOBC =90°
OB-CB=0
b.a+(/1+2)b 0
Jl
b-a+b-[(1+2)b]=0
a-b+(2+2)p| =0
To eliminate a-b, (1)—(2)x2,
(2+1)fa]* —2(2+2)[p[ =0
2L|a|2 +|a|2 —2/1|b|2 —4|b|2 =0
(I ~2Jo[") 2 = 4]0 - o

_ 4ol —af

|af* ~2Jof

()

(2




Question 10 (Functions)

Suggested Solution

(@ () R, =(~L) & (L) =D,

fg does not exist.

(-2
T

>1
(a) (ii)
(b)

NORMAL FLOAT AUTO REAL RADIAN HMFP n

(x) = \ﬁ(x2 +x—2)—ﬁ(2;(+l)(x—2) 6
(x*+x-2)

\E(xz +x—2)—ﬁ(2x+1)(x12):0

X* +x-2-(2x* —3x-2)=0

X —4x=0

=>x=0o0rx=4

x=1
(4, ?2] 1s a maximum turning point. Thus R, = (—OO, —}




(a) (ii1)

Method 1 (Solving f™(2)=g(k))
Let g7 *(2)=k.

F(2)=g(k)

NORMAL FLOAT AUTOD REAL RADIAN MP n
CALC INTERSECT

_

Intersection )
¥=9.632805 ¥=2

Solving for f(ar)=2, we get a=0.632805(since 0<ar <1).
We note that f(a)=2=f"(2)=a

Hence f(0.632805) = 2= f(2) =0.632805
From f(2)=g(k), we have 0.632805=g(k).

0.632805=¢™ —1
r k=-0.490 (3sf.).

Method 2 (Solving fg(k)=2)
Let g7 (2)=k.
F7(2)=9(k)

fg(k)=2
fle*-1)=2

J2(e*-1)-22 _

(e —1)2 +(e™*-1)-2

From GC, k =-0.490 (3s.f.) or 2.60 (3s.f.)
Justification based on f [g (k)] =2:
g(-0.490)=e°**" ~1~0.632 € D, =(0,1)
9(2.60)=e** -1~ -0.926 ¢ D, =(0,1)

Or justification based on f*(2)=g(k):

R,. =D, =(0,)




g(2.60)~ 0926 ¢R ..
g(-0.490)~0.632R ,

So we have k =-0.490 (3 S.f.) )

Method 3 (Solving by finding f ™ (x) ) — refer to Remarks

Let g7 *(2)=k.

f(2)=g(k)

To find f7*:

y(x2+x—2)=ﬁx—2ﬁ

yx2+(y—ﬁ)x+(2ﬁ—2y):0

(=) [y ) ay(av -2y

2y

—y+ﬁi\/(y—ﬁ)z+8y(y—ﬁ)

- >
—y 2 [y -\2)[ (y-2) 8y |

— %
—y+ﬁi\/(y—ﬁ)(9y—ﬁ)

= %

_yeaz Y 2) (942

2y 2y

From R :(\/E,OO),wehave y>ﬁ.

X =

—y<—ﬁ:>—y+\ﬁ<0:>_y2+\ﬁ<0
y
_ y—2)(9y-+2
Since O0<x <1, weneed X = y;ﬁJr\/( 2)( )
y y

_ —x+ﬁ+\/(x—ﬁ)(9x—ﬁ)

~f7H(X) o




f(2)=g(k)
—2+\/§+\/(2—\/§)(9(2)—\/§)
2(2)

0.632804984774 =¢* -1
k =—0.490 (3s.f)

=g -1

(b)(i)h:xr—>\/§sinx+ 3COS X, XGD,—23x£p

NORMAL FLOAT AUTO REAL RADIAN HP n
CALC MINIMUM
Y¥1=37.E505in(X)+cos(X)) (K2-2.5)

Mininauwr
®=-2.356192 Y=-2.44949

To find the exact x-coordinate of the minimum point:
h'(x)=0

ﬁcosx—ﬁsinx:o

tanx=1
basic angle = T
4

Based on the graph, the minimum point has x-coordinate = —n +g = —3% (z —2.36).

Since —2.5<-2.36, the largest value of p for h™ to exist is —37“.

Alternative:

By R-formula, y = ﬁsin X++/3COSX = ﬁsin(x+%).

For h™'to exist, we need h to be 1-1.

Since —2.5< —??Tn ~—2.36, the largest p for h™ to exist is —377[.




(b) (i)

h:xn—>\ﬁsinx+ﬁcosx,XGD,—ESXS—%’I

D ..=D_,

hh h

=R,
- [—% 3sin(-2.5)+ \ﬁcos(—z.S)}

~[-2.44949,-2.42421]

D,., =D, ~[-25,-2.35619]

—2.5 —2.44949 242421 —2.35619

Number line;

For hh™(x)=h""h(x), x €[-2.44949,-2.42421]

To 3 decimal places: x €[—-2.449,-2.424]




Question 11 (Integration Techniques)

Suggested Solution

13x-2 __ A Bx+C
(3-x)(1+4x*) 3-x 1+4x’

13x—2= A(1+4x2)+(Bx+C)(3—x)

(a) (1) Let . Then

Substitute x =3,
13(3)-2= A|1+4(3)’|
37A=37
A=1

Substitute x=0 and A=1,

-2 :1(1)+3C

3C=-3

C=-1

Substitute x=1, A=1 and C=-1,
13(1)-2
2(B-1)
B

([1+4@)° |+2(B-1)

6
4

13x-2 1 4x -1

Theref = ;
ereore, (3—x)(1+4x2) 3_x  1t4x

(@) l(ii)
2 13x -2 dx
1(3- x)(1+ 4x2)

1
2

1 1 1
:JZL dx+J2 4x 5 dx—j2 1 > dx
_%3—X _%1+4x _%1+4x

1 1 1
5 — 5 2
:—fz 1 dxjtlj2 8 > dx—1 % dx
13-X 2J) 11+4x 4) (1) +x
2 7 \2

1 1

=(=In[3-x])%, +%(In L+ 4x2‘)%1 —%(Ztan1 2X)é

2 2

N

:—In§+lnz+lln2—1InZ—E[tan’ll—tan’l(—l)]
2 2 2 2 2




X
(b) x=atant :Z—t:aseczt

a2 — %2
J(a2 + xz)2 >

([ aseczt(a2 -a’ tanzt)

(a2+a2 tanzt)2

Pa3sec2t(1—tan2t)

a* (1+tan2 t)2
”seczt(l—tanzt)

- . dt
) asec*t

1 .
:—jcoszt—3|n2t dt
a

=EJ.COSZ'[ dt X
a

=isin 2t+c
2a

1.
=—sintcost+c
a

=§[«/azx+ X ](«/ai X2 JH

X . )
=———+C, where c is an arbitrary constant

a +X




Question 12 (Applications of Differentiation)

Suggested Solution

(i) Translation in the positive y-direction by 3\% units.
y® —x? =1 has stationary points at (0,1) and (0, —1) and equation of asymptotes y =X and

y=-X.

For D, equations of asymptotes are y = X+3\E and y= —X+3% and S (0, -1+ 3\/6_5)

(i) Sub x=tan p, y =sec p+3y/6 into LHS of the equation of D:
2

(1346 -

- (sec p+3\%—3\ﬁ)2 —(tan p)2

=sec’ p—tan® p
=1

(iii) Method 1

(y—&ﬁ)z —x*=1

Differentiate w.r.t x

2(y—3\ﬁ)%—2x:0

dy X

dx y— 3\/6

Gradient of normal = _1 N 3\%
dy X
dx

At P, gradient of normal
(sec p +3\%)—3\ﬁ

tan p
secp
“enp
1

sinp

Method 2
dy
d_y:d_p:—tan pgec P =sinp
dx dx  sec’p
dp
Gradient of normal = —_i =—Cosecp
sin p
Equation of normal at P:
y —sec p—B\E _ 1
X—tanp sin p




— y—sec p—S\E:[— 1 j“tgn P

sin p sin p

= y:(—LpJXJrZsec p+3J6

Sin

= (sin p)y+x=2tan p+3/65sin p

(iv) Method 1: Cartesian Form

Gradient of r= —&%
X
1

Gradient of r=-1+——= \E

' N3
Equating the above:
o Y36

X

y =36 —/3x

Sub yzsﬁ—\ﬁx into (y—B%)Z—
(36 —3x—3J6) —x* =1

(—\ﬁx)z—x =1
2x* =1
, 1
X =—
2
x—i or _ L (rejected - x>0)
27 2 '
Sub x:\/ginto y:%—%x:
1 3
=36 —+/3 36 ——
y=3l6- 8 ;|56

Coordinates of the point

(f 36 - :/F_J or (0.707,6.12)

(iv) Method 2: Parametric Form

We have —cosec p Zﬁ:sin P :_i

3

e Since sin p=——=, p is in the 3™ or 4" quadrant.

1
B
e Since we are looking at the lower arc of D, g< P<m or -t< p< —g i.e. p lies in the 2"

or 3™ quadrant.

Hence, p lies in the 3™ quadrant.




Method 2A
Since p lies in the 3™ quadrant (only tangent is positive in this quadrant),

V2 3

e COSPp=——==>SECP=—1—
\3 2
_1
sinp_ 3 _ 1
) tan = S
P= cos p _ﬁ 2
NG

. . NE) 1

Using the parametric form (tan p,sec p + 36) and sec p=->= and tan p=—,
( ) SN 2

coordinates of the intersection of » and lower piece of D are:

(f ' ]

Method 2B

We have —cosec p :\ﬁ:sin p:_i

NE)
Basic angle =sin™ (%) =0.61547970867 = 0.615480 (6 s.f.)

Since p is on the 3™ quadrant, p =0.615480+ r=3.75707 (6 s.f.)

tan p = tan3.75707 = 0.707 (3 s.f)
sec p+3+/6 =sec3.75707+3./6 = 6.12373=6.12(3s.f.)

Coordinates of the intersection of » & lower piece of D: (0.707, 6.12)




