River Valley High School, Mathematics Department

Solutions (VVectors)

1 0 2
(M) —1-7,y=0=r=| 0 |+4| 0
-1 -1
1 0 1
Vector parallel to 7, =| -1 |—-| 0 |=| -1
-1 1
1
n=|-1|x o] 3
2
1 0 1 1
re|3(=| 0 |ef3|=>rel 3 |=-2
2 -1) (2 2
(ii) | Let foot of perpendicular from Q to z, be N.
3 1
ON=[13[+4|3
6 2
3+4 1
13+31 |e| 3 |=2
6+24 2
=>A=-4
-1
ON=| 1
-2
(iii) -1\ (3 -5
oN =29*t0Q 55 ol 1 |-|13|=| -1
2 —2) (6] (-10
-5 1 —6 3
PQ'=| -11|-|-1|=|-10 |=-2|5
~10) |0/ (-10 5
1 3 -5 3
l,:r=[-1|+4|5| OR l,:r=|-11|+4|5
0 5 -10 5
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(iv) 1 a
wire| 3 |=-2 T,.re| 6 |=Db
2 4
1 a
3|=k|6|=a=2
2 4
Method 1:
1 1 ;
wirel 3 |==-2 7w, re2|3|=b = 7x,:rel3 =3
2 2 2
Distance bet the 2 pl 2_(_2) J224 —=1p=108 or -116
IStance petween tnhe anes = |/———| = —>D= or -
P Vv1+9+4
Method 2:
Distance QN = \/(3—(—1))2 +(13-1)° +(6-(-2)) =224
2) (3) (2 2) (-5) (2
b=0Qe| 6 |=[13|e|6|=108 OR bh=0Q'e|6|=|-11|e|6|=-116
4) \6) (4 4) \-10) (4
Method 3
1 1 )
T, rel3|=—2=re 3 |l=—F+
' J14 J14
2 2
1 2
Ty, re—| 3 |=——==%+/224
||
1
—re|3|=-2+56=54 or -58=b=108 or -116
2
(V) a2, beR or a=2 b=-+4
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2 E:tan6':>FF':ﬂ><3=4 S F'F =4k E
3 3 -
OF =0OB+BF '+ F 'F =3 +4k +10i (Shown)
) E
B
D hilfe! |
10 0
DB=| -6 DE=|-3
0 4
10 0 24 12
n=|-6 (x| -3|=|-40|=-2|20
0 4 -30 15
12 (10
20 |o| 3
ino 15 4
sing =————=
\769+/125
6 =50.7228.. =50.7
3 axb=4axc
) | (axb)—(4axc)=0
(ax b)—(ax4c) =0
ax(b—4c)=0
These are the three possible conclusion that can be drawn from the above equation.
1) a=0
2) (b—-4c)=0
3) aisparalleltob—4c,henceb—-4c=aa
We will present no. 3) as we are expected to show the given expression in (i).
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) %|a>< b| =126
%|4a><c| =126
laxc|=—"—— 1226
(b—4cjxc _ 126
J3 2
(oxc)—(dexc) =33 o
(o0 =57
(iii) | Area of parallelogram with adjacent sides OB and OC.
(iv) | (b—4c). (b—4c)=3a
Ib?—8 b . c+ 16|c]?> = 3|a?
b.c= 10
8
_10
cosf = b.c -8
[bllc| 1(2)
6 =128.7° and not 51.3°
4 Question (i)
Aa+ub+yc=0 = a,b,c lie on the same plane
= ax(Jla+ub+yc)=ax0
= A(axa)+u(axb)+y(axc)=0
= 0+ u(axb)=—-y(axc)
= u(axb)=y(cxa) (shown) ... (A)
Similarly = bx(Aa+ub+yc)=bx0
= A(bxa)+u(bxb)+y(bxc)=0
:i(bxa)z—y(bxc)
= A(bxa)=y(cxb) ... (B)
Question (ii)
Consider,

2023 Vectors T4



River Valley High School, Mathematics Department

loxc|=|bllc|sin£BOC ...(1)
lcxa| =]c|[alsin ZCOA ... (2)
laxb| =|a||b|sin ZAOB ... (3)
Take @ lcxa| |c|jajsin ZCOA
(3) [axb| la]|b|sin ZAOB
|/”|| |
from (A): 7] _sin ZCOA ]
laxb| ~ sinZAOB ~ sinZCOA  sin ZAOB
Similarly, taking (OF |b><c| |b||C|SinZBOC
’ (3) |axb| |aljb|sin £AOB
|/1|| <a
from (B): 7] _sin ZBOC A
laxb| ~ sin ZAOB  sin /BOC  sin ZAOB
A W oo
"sinZCOA  sinZBOC sin ZAOB
Q5 solutions
PQ=(-2a-30)-(a-2b)=-3a-b
PR=(2a+b)-(a-2b)=a+3p
Area of triangle PQR
1 —
=§‘PQ><PR‘
—~|(-8a-b)x(a+3b)
=%I(—3@X@)—(9@xb) (bxa)-(30xb)

=4|axb (Sinceaxa=0,bxb=0, and bxa =—-axh)
Since area of triangle PQR = |b|, 4|axb|=|o|.
4falblsine =
sin@ =% (since asb <0, is obtuse)
0 =165.5°
OM = 20P +0OR
3
_2(a-2b)+(2a+b)
3
_4a-3p
3
2023 Vectors T5
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4+9ah—-9p[ =0
9Jo[" ~9|b|cos6—4=0
V15

Since sine =l,cose =N
4 4

9lb|* +
By GC,

lo| =-1.31 or || =0.340
Since [o| >0, o| =0.340

S0

6 1+ A
A =
1-22

A-Tu=0 (1)
A-5u=2 (2)
20+u=2 (3)

1+7u

2+5u
-1+ u

Solving (1) and (2): u=1,41=7
(3): 2(7)+1=15=2
No unique solution and the lines are not parallel. Therefore, they are skew lines.

1+ 4
Let OTVI= A | forsome A eRR.
1-24
1 A 1
AMY 1 [=0=| 22 | 1 |=0
-2 2-21)\ -2
A+A-2-4+41=0=1=1
1
|AKA|: ~1 || =~/2 units
0
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0
OR LetB=(1,0,1). BA=| 2
2

Shortestdistance:; 2 |x| 1 |[=

1
1+1+4 J6

7(i)

|3 =2]b]
\16+36p* +64 =2,/4+9+16p°
80+36p° =4(13+16p°)
28p? = 28
p=1orp=-1(Reject " p>0)
Lp=1

(ii)

Length of projection of a on b

(iii)

2 4
-3|| 6
-8

\2° +42 _\/_

||b a|=

8(i)

Since AB=b—a and A, B and C are collinear,
k=2

OC =0OB+BC =b+2b—2a=3b-2a

2023 Vectors T7
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(i) [ 3

Zla= a
47
3, 2
Zlaf’ =|4
3Jef |4
» 16
o ==
3
|a|_i_@
J3 3
Alternatively,
20-(o.a)a- 20
4 &
3 4la|
jz| = %
&
3 2
°laf =|4
e |4
> 16
aff 22
3
|a|_i:ﬂ
J3 3
W) 1 jpj=v22+22+22 =243
cosd — a.b 4 _1
[a[|b] {4\/_](2f) 2
0="or60°
3
(iV) A D
N B
E
0] C
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BE - 2DC + DA _2(-a)+(2a-3b) I

Alternatively,

3 3
-2

E:%E:%(sb—za—a)zzb—m

DE = DA+ AE =CO + AE

=2a-3b+2b-2a
=-b
-2
=| 2
-2
9(i) 2) (0) (2
AB=| -1 {1 = 2}
4 1 3
-2) (0 -2
AC=| -1 —{1 = —ZJ
0 1 -1
2 -2 8 2
ABxAC=|-2|x| -2 |=|-4|=4| 1
3 -1 -8 -2
2
Choose normal vector n, for plane p = | -1
-2
2 0)( 2
p: r|-1|={1}|-1{=-3
-2 1)\-2

A cartesian equation of the plane p is 2x—y—-2z=-3

(i)

Let the acute angle between | and p be 6.

The angle between the normal vector n, (for plane p) and the direction vector m, (for

line 1),
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2 1
“11
-2 =-2
a =cos ~ 7 —cost 6 _ 26.565°
2\ 1 35
-1 0
-2 I\ =2

.0 =90°—-26.565° = 63.4°(to 1d.p.) or 1.11 rad

Alternative :
Let the acute angle between | and p be 6.

2 1
-11-1 0
) -2)\-2
siné =
2 1
-1 0
-2 ) \-2
6?:sin‘13jg 63.4°(to 1d.p.) or 1.11 rad (3 s.f.)
(iii) | Assume Q lies on the line I.
5 2 1 5=2+4 A=3
-1|=-1+4| 0 |=>¢ -1=-1 =
-2 4 -2 —2=4-22 A=3

Since 4 =3 is consistent throughout, Q lies on the line I.

Alternative 1:

5 2 3
Since OQ =| -1 |=|-1|+| 0
—2) (4) |-6

2 1

=-1{+3] 0

4 -2

Q lies on the line I.

Alternative 2:
I_x—2_z—4

L y=-1
1 -2 y
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Q=(6-1-2), ie.x=5 y=-1, z=4,

x12=5—2:3' z—4=—2—4=3

1 -2 -2
Hence, Q lies on the line I.

(iv) | Let F be the foot of perpendicular from the point Q to the plane p.
5 2
lop : r=|-1|{+u| -1|,ueR
-2 -2
5 2
Since F lieson |, OF =| -1 +u| -1|, forsome ueR.
-2 -2
2
Since F also lies on plane p, OF | -1|=-3
-2
5 2 2
1|+ -1]]|-1]|=-3
-2 -2 -2
2(5+2u)—(-1-pu)-2(-2-2u)=-3
15+9u=-383=u=-2
5 2 1
SLOF=|-1|-2/-1|=|1
-2 -2 2
The foot of perpendicular from the point Q to the plane p is (1,1, 2).
1 5 —4
QF=[1|-|-1|=| 2
2) \-2 4
‘QT‘ = \/(—4)2 +2°+4% =6
RF =+/45-36 =3
The locus of R is a circle that lies in plane p with centre (1,1,2) and radius 3
(V) Let Q' be the image of Q in plane p.

2023 Vectors T11
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OF =1(0Q +0Q)

1 5 -3
OQ'=20F-0Q=2|1|-|-1|=| 3
2) \-2 6
Alternative:
5 2 —4 -5
BQ'=BQ+QQ' =||-1|-|-1||+2| 2 | =| 4
-2 4 4 2
A vector equation of the line which is a reflection of the line | in plane p is
2 -5
r=|-1|+y| 4 |,yeR
4 2
-3 -5
or r=| 3 |+y] 4 |,7yeR
6 2
%i()) ! 3 A(7.6,-1)
2p+| 6 |=3|4
-1 5
1 B(3,4,7)
p=|3 i
8 C4,1,7)
(ii)
AP«CP = ‘ﬁ‘@”cos@
-6\ (-3
—3 4 2 |=+126+/14c0s6
9 )1
cosezi
V12614
0 = 60°
(iii)

Area = %‘ﬁ“@‘sinezéJ@JE%:#

OR
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1 -6 -3 \/_
Areazl‘ﬁx@‘:— “alyl o | = 23
2 2 9 ! 2
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11 1 3
I r={1{+4]|0
3 4
1+31)(3 I
ptQ: 1 |/ 0(=40
3+44)\ 4
—>A1=1
4
g=|1
5
Let P be pt on sphere nearest to 7
AQ*=9+0+16,AQ=5—>AP=2&PQ=3
shortest dist between sphere & Plane = 3
1 4 11
5p=3|1|+2|1], p:% 5
3 7 23
12 1\ (2 2
(1) Normal of p1=|1|x| -1|=| 1
1) (1 -3
-1
Directionofl;=| 1 7)
1 L‘ f (-1
ACUTE angle between between |1 and normal of p: /X)

lf

=

2 (-1 1 ‘M)
1)1
) -3)11 .
€08 JE+1+9)1+1+1) =°19 (?S)

Hence angle between |1 and p1=90°-51.9° =38.1° C 9’)

OR use the sine method directly
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(i)

3.75 4
0 |and |-0.5 |are two points on the line ax-15_..
25 2.5 -

Substituting each point into equation of plane,
3.750.+258=1....(1)
3.250+258=0....(2)

a=2,B=-26
2
Normal of p, =| b
1
-0.5
Direction vector of I, =| 1
0
2)(-05
bll] 1 |=0; b=1
1)L 0

Eqn of plane p, containing linel, is

2 3.75)( 2
rflj=| 0 |[J1]=10
1 2.5 (1

1 3J6

) 10
Distance between |, and == ==
2 p3 \/6 \/6 2

N | ol

13
(1)

distance between point A and the plane =,

3 2
-1} 1

4 )\-2 6 ‘6—1—8

- = —2‘:3 unit
J22 412427 22412402 3
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(i) 0
_ _ 1 1
B 05— 2 "3 1
i) \/2 +1°+(=2)"| _» _6
length of projection
0 2
:ﬁxlj :1 -51ix| 1
3 _2 _2 Alternatively,
use | AB-1],
1 e 2 ° 2 2 followed[)y
_ _ _ 2 2 2 _ H
=3 -4 =3 -2 _5\/6 +2°+5 _5\/@ units Pythagoras thm
10 5
(iii ) 1 2 1 2 o
rea of triangle == = ==(Bx2)(= = units
) | Areaof le ABC 2(AC)(BJ@ S @ 2)(3@) 2./65
(iv) 1 3 1 3
l:r=| -4 |+A| 2 |,AeR, Two vectors//to r,are | -4 |and | 2 |,
5 1 5 1
1 3 -14 -1
normal to m,is//to | -4 |x| 2 |=| 14 |=14| 1
5 1 14 1
-1
Equationof n,: r-| 1 |=0,ie. -x+y+z=0
1
To find line of intersection:
-X+Yy+2=0
2X+Yy—-22=06
_ . (-1110 10 -1 2
The augmented matrix, M is , RREF (M) =
2 1 -2 6 010 2
X 2+12 2 1 2 1
X—2=2 . . .
5 yi=| 2 |=|2|+|0|z ie. Equationofline:r=|2|+u|/0|,peR
= z z 0) (1 0 1
[Alternatively, Cartesian equation of line: x—2=2z,y=2]
14 pxq=3pxr
px(q—3l’)=0
p//(q—-3r)

2023 Vectors T16
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g-3r=Ap, where 4 isa scalar.
(9—3r).(q—3r)=Ap.Ap
|’ —6q.r +9|r|" = 2%|p[*

52—6x5x2(gj+9(2f::120f

=11
A =+11
15 5) (-5) (10
0 | ac=|2|-|-2|-| 4
6 3 3
5 10 -5 10
lineAC:r=|2|+A| 4 |orr=|-2|+A| 4|, AeR
6 3 3 3

(if) | Let point R be the top of the pillar

15

OR=| 6 | lies on line AC
h

15 5 10

6 |=|2|+4] 4

h 6 3

15=5+110=>1=1
6=2+41=>1=1
h=6+31=9

Height of pillar is 9m.

(iii) 5 10
OX =| 2 |+A| 4 | for some A
6 3
5 10) (-5) (10+104
DX =|2+4| 4 |-| 2 |=| 42
6 3 6 31

2023 Vectors T17
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10+104) (10
42 e 4 |=0 (-5.2.6)
34 3 j 10
100+1004+164+94 =0 A X [4J
a=-2 ’
5)
5} 10 -5
ox=|2|-2 4|23 2
> 3 > 6
16 iz -2 p==2 (1)
O loul=| 22 |mu=2 —
21 —2+24 u=1-1 --3)
The first and second equation has only 1 solution i.e. A=0 and u=0 and it is obvious
that equation (3) will be inconsistent for this solution; this implies that |1 and I, are non-
intersecting lines.
1 -1
Since Iy and I, are non-parallel linesas | 2 |#k| 2 | where k is a scalar
2 2
Since |1 and I, are non-parallel and non-intersecting lines, |1 and I, are skew lines.
(ii) ) p
Let OX =| 24 and OY =|2u
2422 2u
1 1
A (e (o) 2| |2
0Z ==(OX +0Y)=E 20 |+ 2u||=| 0 |+4| 1 |+u|1
—2+2A4 2u -1 1 1

Since A and p can be any real number, the locus of Z is a plane that passes through (0,

0, -1) and parallel to both -2 i +j+ kand %21+ )+ k,

AN
212 (0
1 |x[1|=|1
Therefore 1 1 -1 is a normal to the plane p. The equation in scalar product
form is

2023 Vectors T18
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0 0)(0
p: re 1 |=| 0 |4 1 |=1
1) (-1){—1
(iii) ) U
Let OS=| 24 and OS'=|2u
—2+24 2
Method 1:
-1 Y7, -A—-u
S'S=| 21 |-|2ul|=| 24-2u

—2+422) \2u) \—2+224-2u
This vector will be parallel to the normal of p.

-A-u 0 0 A+u=0
S'S=| 2i2-2u |=k|| 1 ||=k| 1 |=> 21-2u=k
—2+24-2u -1 ~1) —2+24-2u=-k
1
4
Solving, ﬂ:l = 0S= 1
4 2
_3
2
Coordinates of S is —l,l,—ﬁ
4 2 2
Method 2:
Let F be the midpoint between S and S,
-
@—l(ﬁﬂf)—i 2,1—2#
2 2 “
—2+21-2u
and
-1 0 -1
OF =0S+kn=| 21 |+k| 1 |=| 24+k
—2+22 -1 —2+21-K

Equating the position vector of point F,
-A—u -1 A+u=0
% 20-2u  |=| 2i+k |=> 21-2u=Kk
—2+21-2u —2+21-Kk —2+21-2u=-k
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1

4

: 1 S ]
Solving, A== => | =
9 4 oS 5

23

2

Coordinates of S |s[ 1 3,_§j
4°2" 2

17 (i) | c=0asthe line | is on m2

(ii) Since the line I is on 72, | is perpendicular to the normal of ro.

1\(b
alp 5|=0
-1/\-1
b+5a+1=0
b+5a=-1 (shown)
(iii) Method 1:
1 1 -2
2|x|al|=| 1 |isavector L to x
0) {1 a-2

-2 b
1 }o 5 |=0=-2b+5-a+2=0=>a+2b=7

a-2) (-1
Method
5-
{ ] 1- isavector L to r,
5-
1
Jo 2|=0=>5-a+2-2b=0=a+2b=7
5-ab) \0
Method 3:
1 b -2
2|x| 5= 1 is a vector L to x;

0) \-1 5-2b
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1 (el a|=0=>-2+a-5+2b=0=a+2b=7

Method 4:
1 1 -2
2|x| a|=| 1 |isavector L to
0) (-1) (a-2
1 -2
2| 5= 1 isavector L to =,
0) \-1) (5-2b
-2

{ N

5-2b
~k=1 and a-2=5-2b

+2b=7

Using b =-5a—1 from part (ii) and solving simultaneous equation,
wegeta=-1and b =4.

(iv) 4
Possible answers are: re rd 5 |=-442
em o
18(i) -21 3
Forplanep: n= 7 |=-7|-1
J 14 2
0 3
r-|-1|=(-17 || -1(=17
2 0 2
3X—y+2z=17
(ii) -5) (1) (-6 3
AB=| 4 |-|2|=| 2 |=-2|1
-2) \4 —6 3
2023 Vectors T21
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1 3
linel: r=|2|+s|-1|, seR
4 3

Let M be the point of intersection.

1 3
OM =| 2 |+s| 1| forsomeseR
4 3

Substitute OM into p:

1 3 3
2 |+s| -1 | -11=17
4 3 2
(3-2+8)+(9+1+6)s=17
8 1
S=—=2=
16 2

Substitute s =% into OM .

1 3 5/2
OM =|2 +% 1| =| 3/2
4 3 11/2

Coordinates of M: (5/2, 3/2, 11/2)

(iii) Let € be the acute angle between | and p.
3 3
11/ -1
sin g = 3)\2 9+1+6| 16
J9+1+99+1+4|V1914| 1914
6 =78.8°
(V) B(-5, 4,
A
n=|-1
/ N
Method 1 N
M(5K/2 212 11N
2023 Vectors T22
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Perpendicular distance from B to p

-15/2 3
5/2 || -1
MB-n| [\-15/2) (2 )| |-40] 20 o7
n| | | Jo+i+4 | |\ia| 7 ( )
Method 2
-15/2
MB=| 5/2 [=Y47°
2
-15/2
Perpendicular distance from B to p = MBsiné = 475- 16 :Q\/l_4 (or 10.7)
2 J19h4 7
Method 3
Let N be the foot of the perpendicular from B to p.
-5 3
lineBN: r=| 4 [+t -1|, teR
-2 2
-5 3
ON=| 4 |+t| 1| forsometeR
-2 2
Substitute ON into p:
-5 3 3
4 \+t| -1 |-|-1(=17
-2 2 2
(—15—4—4)+(9+1+4)t =17
,_40_20
14 7
-5 5 3 -5 3
BN=| 4 |+ 1| 4| =2 4
7 7
-2 2 -2 2

Perpendicular distance from B to p

:\W:§\/9+1+ 22\/1_4 (or 10.7)
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19a

OX =

o1 D o

1 3
1|+3|5
2 6

Xliesin x:

Vi OA+SOB 1{
2
JA|=H
0

(62 I SN N3

P3
5+44=p B

3 1 2
AB=[5|-|1|=|4
6 2 4
If the plane 7 contains the line AB, then p; is parallel to AB:
2) (2
4114 1=0
4)10
4+44=0
A=-1
A =-1 and the point A lies in the plane pj:
1) (2

Alternatively:
Since the points A and B lie in the plane p;:

1) (2 3) (2

1|4 ]|= 511 4 |=
H and H

2110 6/10

244=pu ———( 6+50=pu ———(2)

Solving (1) and (2) A=-1, u=1

20
(i)

1 2 4
n=|2|x/-1|=| 3
2 1 -5
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=100

(i) Let F be the foot of perpendicular from B to plane r.

OF =

0 4

Line BF: r=| 0 [+4] 3|, AeR

-10 -5
0 4
0 |[+4| 3 | forsome 1R

0 4 4
0 [+4| 3 ||| 3 |=100
-10 -5 -5
50+504 =100
A=1

OC=20F-0OB=2| 3 |-| 0 |=| 6

-15 -10 -20

W) | Area of triangle OBC :%‘@x&‘

0 8 60
1

:l‘@x(f‘:i 0 |x| 6 ||==[80|=50 sq. units
2 2 2

-10) {20 0
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(iv) | Since OA is parallel to BC, triangles ABC and OBC have the same height.
Hence area of triangle ABC = area of triangle OBC 4
=50 sq. units . A (_35>

A
7L
O
21(i) 1)(2
6 |.|1|=2-6+4=0. Therefore |, is parallel to p,
-2)\2
9)(1
1|.| 6 [{=9-6+2=5. Therefore (9,1,1) liesin p;
1)( 2
Therefore |, liesin p;.
9+24)( 1
Alternatively, | 1+4 || -6
2+42 )\ 2
= 9+21-6-64+2+44 =5
(ii) 1 1)(1
r.|—6|= —1}. —6
2 1 2
1
Therefore r.| 6 |=1+6+2=9
2
The Cartesian equationis x—6y+2z=9
(iii) -8 4
BA=| -2 | which s parallel to | 1
0 0
Let 6 be the acute angle between |, and p,
4\ (1
1] -6 =+16+1y1+36+4sin®
0)( 2
2023 Vectors
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:|4—6|=\/1_7\/H sing

Therefore, sing = 2 _2V697
741 697

Hence mtd

Hence mtd 1
Let h be the perpendicular distance between the planes

L:siné?
AB

Therefore h= i

Ja

Otherwise mtd 2( find length of projection on normal)

1
6
— | -2 4
h =|BA. =
| T

Otherwise mtd 3 ( find perpendicular distance fr O to each plane)
9 4

5 —
Jar Jai| T Va1

22(i) | 1, is perpendicular to I,

1)(2
=|2|lk|=0

4)\1
=2+2k+4=0
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=k=-3

(i) | (1 2 14
2 x| =3|=| 7 /A

, 1€lR

4 1 —7 -1
4 2
Equation of the line l; isr= | 3 |[+4| 1
4 -1
(iii) 2) (4+24
Let |2 |=| 3+4
5 4-2
=>A=-1
A=-1
A=-1

Therefore A lies on |,

13
B(2,2,5)

A(4,3,4) d

=4/6 units

Therefore , perpendicular distance from B to |, is \/(4— 2)2 +(3- 2)2 +(4—5)2

23(1) | ——
(i) OM _a+c¢

2

Length of Projection

(ﬂ} c

2 J\ld

adeC+CeC
2[c

|3 |c| cos 60° +|c|2|
2c]
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- —O.5|a| N +|C|2 Note:|a| =|c|
2]c|
0.5c||c|+ |c|2
2|c|

= §|c| (Shown)

(i)
Area of AOMC = G|ax c|j
— 1|a||c|sin 60°
4

J3

=-—1c||c| Note:|a| =|c|

(i) — 5

Shortest AOMC =|OD x —

|a|
c><a|_ ||c||a|sm60 |_5f 3|lclfal| 5\f| d
2/l | 2] R | o | 4

543

4

St=

24(i) | Using ratio theorem,
OB — 4OM5+ OA

OM — 50B -0A
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@ | oA o | |
Wrepresents the shortest/perpendicular distance from point A to the line OB.
(iii) 1) (-1
OAxOB=|-1|x| 3
2 2
-8
=| -4
2
—4
=2|-2
1
-4
.. Normal to the plane containing O, Aand B is | -2 |.
1
Method 1:
1)\ (-4
-2
h di )\ 1
shortest distance = T
2 21
21 V21
= Zf units
Method 2:
Let N be the foot of perpendicular from C to the plane.
1 -4
Equation of lineCNisr=|{ 3|+ 41| -2|,AeR
8 1
—4
Equation of plane: r-| =2 |=0
1
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1-44)\ (-4
3-24|-|-2|=0
Since N lies on the plane, | 8+ 4 1
:M,:E
21
1—4(3) 13
21 21
ON=|3-2(2)|=| 2
21 21
2 170
13 8
21 1 21
So CN=ON-0C=| 22 |-|3|=| -+
21 8 21
170 2
21 21
2 2 2
CN = _8 + _4 +(£j = izzx/ﬁ units
21 21 21 21 21
25(i) 4 -1
l.r=| 5 |+1|-2|,AeR
—6 3
p1: X+2y—-3z=4
1
pi:re| 2 |=4
-3
-1 1
Since | =2 |=—| 2 |, the line Iy is parallel to n;.
3 -3

The line 1 is perpendicular to the plane pz.
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4-1 1
5-21 |+| 2 |=4
—-6+31) (-3
4-21+10-41+18-91=4
28=141
A=2
Coordinates of foot of perpendicular is (2,1, 0).

(i)

1
b.r=| 0 |+u —l],,ueR
1 1
-1 1
n,=-2|x/-1 :{4
3 3
1 1
p2: re| 4= 0 || 4
1 3
p2: x+4y+3z_2 (shown)
-1 1 4 1
Since | -2 |# k| =1, Iy and I are not parallel and since | 5 || 4 |=6#2, Iy is not
3 1 —-6) |3

on pz, the two lines are on different planes, Hence, they are skew lines.

(i) | p1: x+2y—-3z=4
p2: X+4y+3z2=2
6 9
UsingGC, Is:r=|-1|+y|-3|,7yeR
0 1
26 (i) -1 4
Lr==] 1 |+A-3|, heR —(1)
0 1
3
p:r-ja|=26 —(2)
0

If | is parallel to p, then normal of p L |
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O

12 -30.=0
a=4

(i)

-1 3
Let ON be [1} + 78[4J for a particular 1’ eR.
0 0

-1 3\ (3
Then [( 1} + k’[4J ].[4] =26
0 0/ \0

=-3+90+4+ 161 =26

=>A=1
N -1 3) (2
ON=1|1|+1/4|=|5
0 0/ \0
(iif) | Using Ratio Theorem, A
@ 5l + O
o /sy
N 2 -1 ) B
OB=2/5|-|1|=|9
0 0 0
Coordinates of B: (5, 9, 0)
(iv) . -1\ (5 0
AreaoftriangIeOAB:§|C_)>A>< C_)>B| =% 1|x|9 =% 0 (=7
-14
27 (i)

. 6\ _ 0\ _ 0\ _ | 0
0A=<0>;OB=<4>;0P=<O); 0R=<4>;
0 0 5 2
. 0
PR=<4>
-3
0 0

Hence the vector equation of line PRis r=| 0 [+ 4| 4 |, where 1eR.
5 -3
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(i)

(i)

Equate: | O +/1[ 1|+ u| -3

A——Zu 3

1-[i)43]-(; )

(iv)

9/2
X = < 9)
11

-9/2\ /-3 -22
— 11 0 — 1\=36/1 _
|QX xm|=2Arn 00 = D360 = 14,855

| 90X x m | is the perpendicular/shortest distance from point X to line AB.

Area of triangle AXB = % |AB|14.855
= %\/36 ¥ 16(14.855) = 53.6 (3s.f.)

28

r-a_uld +4a-b
r-b [ +ua-b

: Y
Given A:u=|al:b|=>—=—

2, A 2, [al 4
Ul la +a-bj a a-b al|b|+a-b
a #lfhen] e fan Bielblsa) ol
r-b ,u(/1|b|2+a-bj H|b| va.p [Abl+a-b b
U

bl

From the above result,

[bl(r-a) =[al(r-b)

Let 6, and 6, be the angle between a and r, b and r respectively. Then
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bl(|rlla] cos &) =al(|rlb|cos &, )
cos ¢, =cos o,
01:‘92
Since cos @is a 1-1 function from 0<@<r.
.. the line OR bisects angle AOB (shown).
29(3_) — — —
100F =30E+70G
30F+70F =30E+70G
30F-30E =70G—70F
:35:75 .. E,F & G are collinear
(b) | Method 1
i —> —
® Using AP =2 AB,
@_aﬂ@_aj A1 B 1
OP =20B-OA
5 12 -2
=2/ 1|-|2|=| O
-2 6 -10 0
Method 2
Using mid-pt theorem,
ﬁ;%[?ﬁ@ﬁ}
5 12 -2
OP=20B-0OA=2|1|-|2|=| O
-2 6 -10
(i) -2\ (12) (-14 1+22 5 244
AP=| 0 |-| 2 |=| -2 | BC=|5+24|-| 1 |=|21+4
-10 6 -16 -2+ -2 A
AP « BC=0 (- AP L BC)
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_14) (244
2 lo| 2444|0240 =24= 21
_16) | 4
(iil) | Method 1
2_4) (=2
Using A=1, BC =| 2+4 |=| 6
1 1

-14
Area of AACP = %‘EHE = % -2
-16

6 | = %x\/456 x /41 = 68.4 unit?

Method 2
1+2-12 -9
Using A=1, AC=| 5+2-2 |=| 5
—2+1-6 -7
-9\ (-14 —94
Area of AACP :%‘ACX AP =% 5 |x| -2 =% —46 =%\/18696 = 68.4 unit®
-7) (-16 88
30 (i) | Normal of plane OBDC = bxc
a-(bxc
pe - [2:(0x)
|b><C|
(ii) | Volume of the parallelepiped
= Base area x height
a-(bx0)
= Area of OCDB xPE:|bxc|W=\a-(bxc)\
X

2023 Vectors

T36



River Valley High School, Mathematics Department

(iil)

3 |-|3p-10|=18
0 2
|30+9p—-30|=18

p=+2

Yes since
la-(bxc)|=|b-(axc)|= Volume of the given parallelpiped

31
(i)

‘2|b|cos”‘
6

Length of projection of a onto b= ‘%‘ = T =3

(i)

a-(b-2a)=0
a-b-2a-a=0
a-b=2|a
a-b=8

|a||b|cos%:8

bl-— -

(iii

op=3b
4

Area AAPB= %\ﬁ x E‘

13,
_§|(Zb a)x(b-a)

:1 §a><b—a><b
214

:%|axb|:%|a||b|sin 9:%(2)(%]%(%} :%
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32(i) b (-1
10 -1
cos30° = A
J3Vb? +2
£= |_b_2| _ b+2 Alternative
2 \Bb?+2 V307 +2) -b—2) b+2
0.86603 = =
3J(b%+2) =2(b+2) B2 Bb%+2)
9(b® +2)=4(b+2)* 150{/(6% +2) = (b+2)
5b° ~16b+2=0 o [2.25(b2 +2) = (b + 2)?
b=3.07 2d.p.) (~b>1) L9502 - 4b+.05-0
b=3.07 2d.p.) (-b>1)
(i)
Usingb =3
3 3 3+31
Lir=|1+4] 1|=| 144 Atx.yplane,Z=0:>ﬂ,=2
Point A(9,3,0)
2 -1 2-1
4 -1 4-pu Atxyplane, z=0= u=-1
lpir=\0\+u -1|=| —u Point B(5,1,0)
1 1) (1+u
(iii) Using points A(9, 3, 0), B(5, 1, 0) & C(2, 7, 3) which lie on pa,
5-9 -4 2 2-5 -3 -1
AB=[1-3 |=|-2|=-2|1|, BC=|7-1|=|6 |=3|2
0-0 0 0 3-0 3 1
2-9 -7
AC=|7-3|=|4
3-0 3
2 -1 1 -7 -3 1
Normalof p1, n,=|1|x| 2 |=|-2| or |4 |x|1l|= 6 |=-3 -2
0 1 5 3 0 -15 5
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X\ 1 5)(1
cegnofplanepy:| y | -2 |=|1] -2 |=3
z) 5 0)( 5
= X—2y+5z =3 (shown)

(iv)

1 -2 5|3
rref
;7

10 4
_ 2
o s

4

x+4z:E
2

yl,_ 1
2 4

X 2.5 i

’, =|-025|+a| =
y 2
z 1

2.5 -8
i r=[-025|+8| 1|, BeR
0 2

v)

Since l2 and I3 have different direction vector, they are not parallel.

4—pu 2.5-8p
Equating loandls | —u |=| —0.25+

1+ u 2/
yields no consistent values for g or u

= l,and I3 do not intersect
= skew lines.

33 (i)

2 1
Vector equationof Lisr=|4 |+ 4| -2 |, AeR. ----(1)
2 1
3
p,ire1|=5--(2)
2

Let A the point of intersection between L and p, .
Substitute (1) into (2)
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2+4 (3

4-22 14 1[=5

2+4 )\ 2
6+31+4-24+4+24=5
31=-9

A=-3

Substitute 2 =-3 into (1),
-1

OA=|10 |.
-1

(i)

Let the acute angle between L and p, be 6
1)(3
21
1)\2 ., 3
i e

0=19.1 (1d.p)

6 =sin?

~19.107° (3 d.p)

(iil)

Observe that the point B (2,4,2) lieson L.

2) (-1} (3
AB=|4|-|10 |=| -6
2) (1) |3

Method 1 (Hence)

‘ﬁ‘=\/9+36+9=3«/5

Let N be the foot of perpendicular from point B to p,.

sinez% B
on {7 o)

9 5
BN:ﬁ: 41 (3 s.f) /é |j
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Py
Method 2 (Otherwise) ¢
3)(3
-6 1
3 2 9
BN = =2.413s.f)
(iv) 2
n=|0(x|-2|=|1
0
.. Vector equatlon of the plane is
2
1 1=
0
34(i) 1) (=2) (-1
A normal vector of p, is|{0|x| 1 |=/ 0
1) (-2
0 -1
Equation of lineAN: r=3|+1| 0 [,1eR
1 1
Sub. equation of line AN into equation of plane p;,:
0 -1 4 1 -2
3|+A] 0 |=| 5 |+s|0|+t] 1
1 1 -1 1 -2
Solving, we havet=-2, s=-5,1=-3
0 -1 3
~ON=|3[-3] 0 |=| 3
1 1 -2
(i) Length of projection
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-1 1 0 -1 1 -1 -3
ABx| 0 0|-|3||x| 0 —3[x| 0 -2
1 2 1 1 1 1 -3
__ _ — - = V11 units
J2 2 2 V2
(iii) 3) (1
BN=| 3 |-|0|=
-2) (2 —4
2 3 2
Equation of p,: re| 3 |=| 3 || 3 |=23
—4 -2) \-4
Cartesian equation of p, is 2x+3y—4z=23.
(iv) 2) (-1} (3
A vector parallelto 1 'is| 3 |x| 0 |=|2
—4 1 3
—S'=58.+4b
35 >
M—S'=2a+4b
MN =2-2
3

Area of AOAB :%|a>< b

Area of AMNS

VS <IN

2a+4b _b-a|
X
9 3 |

%J‘(2a+4b)x(b—a)‘
1

]\(2axb)+(4bxb)_(zaxa)_(4bxa)\

NI, NI, NP NP

2

\‘
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1(1

=_(—j|(2axb)+(4axb)|

2\ 27
:1(3)|axb|
219
2

ratio of the area of triangle MNS to the area of triangle OAB = 3 1=2:9

36()) :
sngrato teorem, - Pe 4
— 40A+0X B
OB - 2227 P
5
— OX =50B —40A =5b—4a
Y X
A C
Since ACXY forms a parallelogram, we have AC =YX
— OY =0X - AC
= OY =(5b-4a)-b=4(b-a)
Since OY =4(b-a)= OY =4AB
— OV is parallel to AB = OABY is a trapezium.
(i) | As b is a unit vector, thus |(a-+b)-b] is the length of projection of OC onto OB .
(i) | Areaof ACXY

_[ACxAY] .
~ b (4b—5a)| Area of OAB =§|b><a|=1
=5|bx3| = |bxa|=2

=5x2=10

Let the shortest distance be d .
Then area of ACXY = ACxd and AC =0OB =1.
Therefore, d =10.
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37
(i)

Given A, B and C are collinear,
AC =kAB

c-a=k(b-a)
c=kb+(1-k)a (shown)

(ii)

laxc|=[ax[kb+(1-k)a] = [k(axb)+(1-k)(axa) = [k al|b|sin 90°7 + (1) 0| = 9 k]

It is the area of a parallelogram with sides OA and OC.

(i)

Area of triangle OAC = 3 x area of triangle OAB %|a><c| = g|a>< b
9|k| =3|a||b|sin90° = 27

k=3

k=+3

(iv)

Length of projection of OC onto OA =12
cea
g
lcea|=12]a| =36

=12

When k =3, c=3b-2a
cea|=|(3b-2a)a| =[3(ba)- 2a-a

=[3(0)-2(3)*| =18

When k =-3, c=-3b+4a

[cea] =|(—30+4a)a|=|-3(b-a)+4aa| = |-3(0) + 4(3)°| = 36

..c=-3b+4a

38 (i)

Since A, B and P are collinear,
OP = da+(1-1)b .
Since M, N and P are collinear,
OoP :,u2a+(1—,u)%b .
Comparing, we have P
A=2u
1

1—A=§(1—ﬂ) '

Solving, we have y:% and /1:% . 2

__ b
Thus, OP:ga+%b:%(4a+b). B
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(i)

Method 1

M

Area of OMN =%

2a><lb‘ =1|a>< b|
3 3
Area of APle ax 1b—la =i|a>< b|
2 5 5 10

Area of the quadrilateral OAPN

~Llaxb|- Ljaxb|=L|axb|
3 10 30

Method 2

Area of OAB = %|a>< b|

gb><(ﬂa—ﬂbj‘ :i|a><b|
3 5 5 15

Area of the quadrilateral OAPN

Area of BPN :%

~Laxb|- 2 laxb|= " [axb|
2 15 30
Method 3

Area of OAP = %

ax1(4a+b)‘:i|axb|
5 10

Area of ONP
Lpel(da+b)
325

L = 2 laxb|
2 15

Area of the quadrilateral OAPN
=i|a><b|+£|a><b| = l|a><b|
10 15 30

39(i)

2 0 12 6 6
0|x| -4 |=|-10|=2| -5 |= Normaltop, =| -5
3 5 -8 —4 —4
6 1 6
Vector equation of pisrel -5 |=| 2 |e| -5|=-32
—4 7) (-4
Hence the Cartesian equation of p,and p, are

2023 Vectors T45



River Valley High School, Mathematics Department

6x—-5y—-4z=-32

S5X—-y+3z=24

Since the lines intersect, using GC,
8 -1

Vector equation of linelis r={16 |+ 41| -2 |,AeR
0 1

(i)

3 8 -5
-4 |-116 |=| -20
1 0 1

-5 1
Therefore 2 direction vectors parallel to p, are | =20 | and | 2
1 -1
-5 1 18 9
-20 (x| 2 |=|-4|=2|-2
1 -1 10 5
9
Normal to p, is | -2
5
9 3 9
Therefore, vector equation of plane p,: re| =2 |=| -4 |e| -2 (=40
5 1 5
Thus, Cartesian equation of plane p,: 9x—2y+5z =40

40(i)

a.|E a-b| represents the length of projection of OA onto OB.

b‘:
|

(i)

3a—b|* =102

(3a—b)+(3a—b) =100

9aea+beb —6a<b =100

9Jal’ +|b|* —6asb =100
6ab =9(3)* +(5)2-100=6

Therefore asb =1.

(iil)

Let N be the foot of the perpendicular from A to the line OB.
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ON =

_L
5.

a.B‘ _ asb
bl [

‘b
Using Pythagoras Theorem,

2
AN? = OA?> —~ON? = 3? —(lj

5
/224 4
AN = |— =—=+14
25 5

Area of triangle OAB = %OB x AN = 2+/14 units2

_ 24
25

(V) | (ua+2b)-a=k[(2a+3b)-a] for some constant k.
(#—Da+2b=ka+3kb
Now, [a]#0, |b|#0 and |asb| =1 a||b],
so a and b are non-zero and non-parallel vectors.
ju-1=k
T 12=3k
Hence k :g and =k +1:§.
3 3
41(a) 1 1
We consider a plane [/ first,| 1 | isanormal to // . Equationof // isr.|1|=p
2 2

and B(p,0,0) liesin //.
Perpendicular distance = = 3\/6
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AP = |ABA|=3V6
A(8,4,3)
p-8 . 1 1
Sl e L
%|p—18|=3% /,xﬁ;p
|p-18/=18 B(.0) ! 11
p-18=-18 or 18
p=0or36
Equations of the planes are x+y+2z=0 and
X+y+2z=36.
Alternative Solution
1
We consider a plane [/ first,| 1 | isanormal to // .
2
Let P be the foot of perpendi I
! 3 T ' A(8,4,3 |
ﬁ:i&@%l =3 376 n=l1
2 6 i 9
OP =0A+ AP 'P
8) (3) (5 11 / I /H
=|4|x|3|=1]|or|7
3 6 -3 9
1 5 1 1 11V (1
rfl|=1||1|=0o0rr|1|=|71]|1|=36
2 -3)12 2 912
Equations of the planes are x+y+2z=0 and
X+Yy+22=36.
(b)(i) 2 1 3 1
L:r=|0+A|-1,1eR, L:ir={8|+u|2|,uck
1 2 0 a
2 1 3 1
Consider | 0 |+ A| -1 |=|8 |+ u| 2],
1 2 0 a
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L }Solving 1) &(@2),A=-2,u=-3

For skew lines, 4 =-2,2=-3 do not satisfy (3).
-3#-3a, iea=l.

naeR,a#l
(i) | Since pand |, have no common point, I, is parallel to p.
1 1
—1|and| 2 |are parallel to p.
2 -3
1 1 -1
-1| x| 2 |=| 5 | isanormal to p.
2 -3 3
-1 2) (-1
rA5|=|0}] 5 |=1
1)1 3
-1
.. the required equationisr.| 5 |=1
3
22(1) | as(a+30)=0
|a|2 +3a:b=0
1+3a-b =0 since ais a unit vector
a-b = _1
3

Since angle between a and b is 2?”
EZ;TJ a-b
CoS | — |=—F—
3 ) lallbl

17

2 @bl
2
ol ==
3
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(i)

(b—2a)«(b—2a)=|b—-2al’
|b|2 +4|a|2 —dasb=|b —2a|2

f+4 4(—-} lo— 2a|
9

|b—2a|:\/§:@
9 3

(iil)

By Ratio theorem,
OP =/b+(1-1)a

Note that |ax bl = [a]|b|sin (%ﬂj -

| &

Area of triangle OAP

\/_

:—|a><p|——\a>< Jb+(1-2)a )\:—|/1a><b+(1 A)axa|= —/”t|a b|=

43(a)

Equation of the line: r=a+Au, 1eR
r-a=AulelR

= r-aisparallel to u
(r-a)xu=0

(b)

b-a =(b-a)-(b-a)
=b-b-2a-b+a-a
lb—a ob[* —2a-b+|af
(7lel) =(v3Jal) ~2a-b+|aF
7[a)" = 4fa]" ~2a-b
2a-b=—3|a|2

a-b:—§|a|2 %0
2

— OA is not perpendicular to OB

Hence, ZAOB is not a right angle. Therefore, points O, A and B are not points that lie on
the circumference of a circle with diameter AB.
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4@ 1 () (r-a)xb=0
Either b =0 (reject since b is a non-zero vector) or (r—a)=0 or (r-a)//b
= r=a OR (r-a)=kb for ke R\{0}
= r=a+kb for keRR (Note that r =a is included in these solutions)
This is the equation of a line passing through point with position vector a and parallel to
the vector b .
(if) 0) (m 1
n=1{x/0|=| m
1 1 —m
1 2 1
pi: ref m|=| 1 |¢f m [=2+2m
-m -1) (-m
1 -1 1
(p2: rel m |=| 2 [ef m |=-1-m
-m 3 —m
(ili) | Let @ be the acute angle between the plane and the line.
-3 1
1l e m
. de n| - |-3—3m|
sinf =|=——=
d|[n]] \/7\/1+2m " 26+ 52m?
0 =sin" _3+3m
26 +52m’
(iv) For p, to contain both Ly and Lz, 8 =0.
—=3+3m=0
=>m=-1
1
Substituting m =—1 into either plane equation above, re| -1 =0
1
X —Yy +z =0 is the Cartesian equation of p,.
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0 Shortest distance = |b x4 or %
(i) | Joxc| is the area of a parallelogram with sides OB and OC.
lbxc|=|bx(a+b)|=|(bxa)+(bxb) =[oxal=|-(axb)|=]axb| (shown)
Note that the area of the parallelogram with sides OB and OC is the same as the area
of the parallelogram with sides OA and OB (with same base and vertical height)
(iii) | ax2b=dx3a
(ax 2b)—(d><3a) =0
ax (2b +3d) =0
Vector a is parallel to 2b+3d.
a=k(2b+3d),keR
46 5 5 0
() | AB=| 4 |-|-2|=6| 1| = ‘/?B‘z(aﬁ
-1 5 -1
. -1 5 1 N
AC=|-2|-|-2|=-6/0| = ‘AC‘=6\E
-1 5 1
REEANE: 1 R
BC=|-2|-| 4 |=—6/1|= ‘AC‘:Gx/E
-1 -1 0

Since AB = BC = CA, triangle ABC is an equilateral triangle.

(i) [(0) (1 1
1 |x|0|=|-1
-1) (1) (41
(iii) 0

Since 7 is perpendicular to AB, the normal vector of 77 is | 1

By symmetry, 71 will pass through C.

Cartesian equation of 7y is: y—z=-1

%

-1

0) (-1) (0
re| 1 |=[-2/+ 1 |=-1
-1) \-1) (1
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(iv) 1
Since 7, is perpendicular to B_C> , the normal vector of 7 is | 1 |.
0
1 5 1
By symmetry, 7, will pass through A. 75 : re|1|=|-2|¢|1|=3
0 5 0

Cartesian equation of 75 is: Xx+Yy=3
Using GC, the equation of the line of intersection of the two planes is

4 -1
I: r=|-1{+A| 1 |, where AeR.
0 1
(v) | Note that point G lies on the line | found in part (iv).
4 -1
Since G lieson |, O_E;= -1{+A| 1 | forsome AeR
0 1
(12 L (34
AG=| 1+4 |& DG=| 3+41
-5+4 A+3

Given that ‘D_EB‘Z‘ATE;‘ ,

2(1+ 2)? +(1-5)? =3(2+3)?
2(A% +22+1) + (A% —104+ 25) =3(A% +61+9)
42+2-104+25=184+27

A=0
L[4
OG =| -1 | Thus, coordinates of G are (4, -1, 0).
0
(vi) -1)(-1
31 1
— -
cosAAGD:DG'AG: 1)\=>)_ 1
Iosllag| (3v3)(Wa7) 3
ZAGD =109.5"
Alternative:

Let angle AGX be « .
cosa = % = a=7052" = 0=180" -« =109.5"
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46. 2022 ASRJC Prelim/I1/2
Relative to the origin O, the points A, B and C have position vectors a, b and ¢

respectively. It is given that 2 and x are non-zero numbers such that Aa + ub — ¢ = 0 and
A+u=1.

(i) Show that the points A, B and C are collinear. [3]
The angle between a and b is known to be obtuse and that |a| = 2.

(i) Ifk denotes the area of triangle OAB, show that (a-b)’ = 4(|b|2 —~ kz). [3]

D is a point on the line segment AB with position vector d.
(iii) Itis given that area of triangle OAB is 6 units®, |b|=10 and that AOD is 90°. By

finding the value of a-b, find d in terms of a and b. [4]

ASRJC Prelim 9758/2022/02/Q2

Solution

(i)
AT)B:b-a

_)
AC=c-a
=Aa+ub-a

—(A—Da+ub

=—pa+ ub

= u(b-a)

— -
Since AC = u AB forsome xR, and A is a common point, therefore A, B, C are

collinear.

(ii) k =%|a>< b|

, Where @ Is the obtuse angle between a and b

k = Ljal[bsin
2

k? =|b|" sin @

k? = o[ (l—cos2 0)

i =[bf Mﬁ”

< =|bf - (a°4b)2
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(a-b)* =4(Ibf* ~k*)

(iii) Since D lies on line AB,
d=a+A(b-a) forsome 1eR

OD is perpendicular to OA
—=[a+A(b-a)]-a=0 forsome 1eR

= (1-2)[a] +A(b-a)=0
4(1-2)+A(b-a)=0

As (a-b)’ =4(Jp[*-k*)

(a-b)" =4(10°-6°)

a-b=-16("- 0 is obtuse)

= 4(1-1)-162=0

47. 2022 CJC Prelim/1/10
The diagram below shows the structure of a building.

The slanted rooftop is modelled by the plane OABC where O is taken as the origin. The horizontal
ground is modelled by the plane DEFG which has a normal vector in the direction of k. It is given

that the position vectors of points A, B and C are —7J+K, 31=9J+3K g 41 =5)+3K regpectively
where the units are in metres.

(i)  Find the cartesian equation of the rooftop. [3]
(i) Find the acute angle between the rooftop and the horizontal ground. [2]
(iii)  Find the area of the slanted rooftop. [3]
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A point H has position vector —2i-5]+9K
(iv)  find the coordinates of the point on the rooftop which is nearest to H. [4]

CJC Prelim 9758/2022/01/Q10

(i) Normal to plane OABC
= 6A>< O_)C

0 4

=| -7 |x| =5

1 3

-21+5

=|—(0-4)

0+28

—4
Equation of rooftop planeis re| 1 |=0
7

Hence cartesian equation is —4x+Yy+7z=0

(ii)
Angle between rooftop and ground
-4\ (0

1 |el0
-1

7] 1
= CO0S
J16+1+491
L 7]
=C0S  ———

J66

=30.5°

(iii)
Note that rooftop OABC is not a parallelogram.

Surface area of rooftop (where units are in tens of metres)
= sum of area of triangle OAB and triangle OBC
LloAx0B|+1joc «oB

1
+_
2
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0 3 4 3
1 =7 |x| -9 +1 -5 |x| -9
2 2
1 3 3 3
0 1 4 1
_3 —7 |x| -3 +E -5 x| -3
2 2
1 1 3 1
3 —4 3 4
=— 1 (+=|| -1
2 2
7 —7
= 3466 units?

Alternative Method

Surface area of rooftop (where units are in tens of metres)
= sum of area of triangle OAC and triangle ABC

ZEOHAXOHC +1 AﬁBxAﬁC
2 2 B
C
1 0 4 . 3-0 4-0
== =7 |x| -5 ||+=| -9+7 |x| -5+7 A
2 2
1 3 3-1 3-1 @)
0 4 3 4
L s L] 2]« 2
2 2
1 3 2 2
L -16 -8
=—| 4 |[+=| 2
2
28 14

=%\/1056 +%\/264 =366 units?

Note:

Students may notice that the cross product is the same as that for the normal of plane OABC and so can
use the result from (i) instead of solving the cross product from scratch.

Students may notice that plane OABC is a kite and so the area can be taken as twice area of triangle
OAB.

(iv)
For the pole to be shortest, the pole must be perpendicular to the rooftop from point H.
Let I be the foot of perpendicular from H to plane OABC.

®*H
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-2 —4
Lhi:r=|-5[+4| 1
9 7
Since | lies on plane OABC,
—2-44 -4
—5+1 |e| 1 |=0
9+74 7
8+164-5+1+63+491=0
A=-1
-2+4 2
So, Ol =| -5-1 |=| -6
9-7 2
So point is (2,-6,2)

Alternative method 1:
0 1 0+

Topge - F=S| =7 |[+t| =3 |=| —49/5
1 1 7/5
—2-t
IH=| -5+7s+3t
9-s—t
Since IH L 7 ,5c,
—2-t 0
—5+7s+3t s =7 |=0
9-s-t 1
35-49s-21t+9-s-t=0 --—-- (Q
-2t 1
—5+7s+3t s -3|=0
9—-s-t 1
—2-t+15-21s-9%t+9-s—-t=0 ---—-- (2)
Solving,s=0, t=2
Coordinates: (2,-6,2)

Alternative method 2:
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-5
BH =| 4
6
IH :<Won)n
5\ (-4 4
4 o1 1
6 7 7

N+ 12477 (& 417+ 72

4
=1
o1 = OH —1H
—2) (-4
=|-5|-|1
9 [7
Coordinates: (2,—6,2)
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