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2017 GCE A Level H2 FM 9649 Paper 1 Solutions 

 

 
 [Solution] 

Let 9 1w    

9 1 0w    

 
3

3 1 0w    

   
2

3 3 31 1 0w w w        

  3 6 31 1 0w w w          

3 6 31 0 or 1 0w w w       

 6 roots of  
6 3 1 0z z    are among the nine 9th roots of unity.  

Since 
9 1 0w    has the 9 roots as shown on the Argand diagram  

and 3 1 0w   has roots  
 2 /3 ie 

, 
 4 /3 ie 

 and  1. 

 Hence, 6 roots of 
6 3 1 0z z   are 

 2 /9 ie 
,

 4 /9 ie 
, 

 8 /9 ie 
, 

 10 /9 ie  , 
 14 /9 ie   & 

 16 /9 ie  . 

 

 

 
[Solution] 

s a c b d      --------   (1) 

A I
a b

c d






 
   

 
  

  is an eigenvalue of A   det A I 0    

   0a d bc       

 2 0a d ad bc        

    2 0a d ad s d s a          from (1) 

    2 2 0a d ad s a d s ad           

   2 2 0a d s a d s         

     0s s a d           [by long division] 

ors a d s       

 s is an eigenvalue of A and the second eigenvalue a d s    

                                                                                     a b    

  

  
  

  

  

  
  

  

1  
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[Solution] 

   2f e xx x   

(i) 
     1 2 2 2f 2 e e 2 1 ex x xx x x     

 
      2 2 2 2 2 2 2f 2 e 2e 2e 2 2 2 ex x x xx x x      

 
        3 3 2 2 2 2 2 2 2 3 2 2f 2 e 2 e 2 e 2 e 2 3 2 ex x x x xx x x       

 
      4 4 2 3 2 3 2 3 2 3 2 4 3 2f 2 e 2 e 2 e 2 e 2 e 2 4 2 ex x x x x xx x x        

 Conjecture:   
     1 2f 2 2 e
n n n xx x n   , for all n   

 

(ii) Let Let Pn be the statement: 
     1 2f 2 2 e
n n n xx x n   , for all n   

  

When  n = 1,  LHS = 
     1 2f 2 1 e xx x     ;    

                      RHS    1 0 2 2= 2 2 e 2 1 ex xx x    = LHS 

 Hence 
1P  is true. 

Assume Pk
 is true for some k  , i.e., 

     1 2f 2 2 e
k k k xx x k          

Need to show that 
1Pk 
 is true, i.e.,  

     1 1 2f 2 1 2 e
k k k xx x k
       

  

LHS =        1 d
f f

d

k k
x x

x


  

                           1 2d
2 2 e

d

k k xx k
x

  
 

 

           1 2 22 2 2 e 2 ek k x k xx k     

                           1 2 22 2 e 2 ek k x k xx k    

                           1 22 1 2 ek k xx k     = RHS  

            Thus 
1P  is true P  is also true.k k  

Since 
1 1 is true and  is true  is true,k kP P P  by mathematical induction, 

nP  is true 

for all .n   
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[Solution] 

 T: 2 cos3θ, 0 θ 2r      

(i) 0r    No solution. 

 Max r =3,  when cos3θ 1  

                                        3θ 0, 2 , 4    

                                        
2 4

θ 0, ,
3 3

 
   

Min r =1,  when cos3θ 1   

                                       3θ , 3 , 5     

                                       
5

θ , ,
3 3

 
   

 Lines of symmetry:  x-axis (θ 0, ), 

                                             The line 
4

θ ,
3 3

 
  

                                             The line 
2 5

θ ,
3 3

 
  

 

(ii) Area enclosed by T   2

0

1
2  dθ

2
r



    

 
2

0
2 cos3θ dθ



   

 2

0
4 4cos3θ cos 3θ dθ



    

 
00

4 1
4θ sin 3θ 1 cos6θ dθ

3 2


 

        

0

1 1
4 θ sin 6θ

2 6




 

    
 

9
4

2 2

 
     

3 

 
 

1 
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[Solution] 

 Given that f ( )f ( ) 0a b   , a < b. 

(i) Case (1): 3 distinct real roots in (a, b).                 Case (2): No real root in (a, b).  

 

 

 

 

 

 

 

 

 

 

 In both cases above, f ( )f ( ) 0a b   but f ( ) 0x  does not have exactly one real root. 

 

Alternatively: Case 1       Case 2 

  

 

  

a 

f(a) 

f(b) 

b 

y = f(x) 

x

y

f(a) 

f(b) 

b 
a 

y = f(x) 
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(ii) Let  2f ( ) sec exx x  .         is a root of f ( ) 0x  ,  1.5, 2.5  . 

 By linear interpolation, 
   

   1

1.5 f 2.5 2.5 f 1.5

f 2.5 f 1.5
x





  

     
1.5 10.62445 2.5 195.36835

10.62445 195.36835

 



2.4484  

2.45   (to 3sf) 

Since 1f ( ) f (2.4484) 9.8797 0x       and f (1.5) 195.36835 0  , 

the root  1.5, 2.45  .   

Since f is a continuous function in the interval [1.5, 2.5], linear interpolation is a 

suitable method to find the root. However, the first approximation lies in the interval 

 1.5, 2.45  which is only slightly shorter than the interval  1.5, 2.5 . Hence this 

method of approximating the root is slow, not an efficient method. 

 

(iii)  is a root of f ( ) 0x  ,  β 0.1, 0.9 . 

 By Newton-Raphson method, 0 0.5x   ,  2f '( ) 2sec tan exx x x   

 
 1 '

2

f

f

sec

2sec tan

n

n

n

n n

n

xn

n
n x

n n

x
x x

x

x e
x

x x e

  


 



 

    
 

 1 '

f 0.5 0.35027486
0.5 0.5 1.0227

0.2300322f 0.5
x


     


 

2 0.75526x    

3 0.40306x    
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As , 0nn x  . nx  converges to the other root 0 instead of  . 

 

 

 

 

As shown in the diagram, since the initial approximation 0 0.5x   lies on the LHS of 

the minimum point. The tangent line has negative gradient and cuts the x-axis to the left 

of origin. All subsequent approximations will converge to the other root 0 instead of . 

 

 

 

 

 

0.561   

y 

 
  

0 0.9 x 
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[Solution] 

Hyperbola:  
2 2

2 2
1

x y

a b
   ,   a > 0, b > 0. 

  

(i) secθ,x a  tan θy b  

          Sun at focus (ae, 0). 

(a) Point on the orbital path at which it is 

 closest to the sun is the point (a, 0). 
  

          p ae a    

                 ( 1)a e   

 

(b)  Given that  e = 1.04, p = 1.312, 

   1.312 0.04a   

               32.8a   

 Since, 2 2 2( )a b ae    

 
2 87.788544b   

 9.37b  ( 3s.f) 

 

(ii) Circle:     
22 20 1.52x ae y      

    
2 2 2sec tan 1.52a ae b     

  2 2 2 2 2 2 2 2sec 2 sec sec 1 1.52a a e a e b        

    2 2 2 2 2 2 2 2sec 2 sec 1.52a b a e a e b       

 2 2 2 2 2 2sec 2 sec 1.52a e a e a     

  
2 2sec 1.52ae a    

 Since ( , )
2 2

 
   , sec 0  .   

1.52
sec cos 0.994

1.52

a ae

ae a
 


   


  

                                                                                                              0.110   

x

y

a F(ae,0)   

  

1.52 

 (asec, btan) 
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 Arc length = 

2 2
0.11

0

d dy
2

dt dt

x
dt

   
   

     

    
0.11 22 2

0
2 32.8sec tan 9.37sec dt     

 =1.0599 2.11986 2.12    
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[Solution] 

(i)  
1 33000 1 0.075 0.05 100000g       33000 0.875 100000   

   2

2 133000 0.875 33000 1 0.875 0.875 100000g g       

   2 3

3 233000 0.875 33000 1 0.875 0.875 0.875 100000g g       

        


133000 0.875n ng g      is the recurrence relation. 

Also,    2 133000 1 0.875 0.875 0.875 0.875 100000n n

ng        

 
1 0.875

33000 0.875 100000
1 0.875

n
n 

  
 

 

   264000 1 0.875 0.875 100000n n    

   
7 199597.872 200000g    ( to 3 sf) 

 

(ii) 0 200000g    

  
1 0 01 0.075 0.025 0.9g g t g t        

   2

2 1 0 00.9 0.9 0.9 0.9 1 0.9g g t g t t g t         

        

So,  7 2 6

7 00.9 1 0.9 0.9 0.9 0g g t        

 
7

71 0.9
0.9 200000

1 0.9
t
 

  
 

 

18335.98t   
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[Solution] 

 d 1 1
1

d 3 4

P
P P h

t
     

(i) When h = 0,               d 1 1
1

d 3 4

P
P P

t
   

1 1
d d

(4 ) 12
P t

P P


   

 1 1 1 1
d

4 4 12
P t c

P P
  

  

 1 1
ln ln 4

4 12
P P t c     

1
ln '

4 3

P
t c

P
 


 

/3e
4

tP
A

P



   where  

'ecA     

/3

/3 /3

4 e 4

1 e e

t

t t

A A
P

A A
 

 
 

 

As 
/3, e 0tt    .   4P   (millions). 

OR  d 1 1
1

d 3 4

P
P P

t
   

Let  d 1 1
1 0

d 3 4

 equilibrium values : 0 or 4

P
P P

t

P P

  

  

 

For 0 4P  , 
d

0
d

P

t
 , population of the fish increases and stabilizes at 4 millions. 

For P = 4, 
d

0
d

P

t
 , the population of the fish remains constant at 4 millions. 

For 4P  , 
d

0
d

P

t
 , the population of the fish decreases and stabilizes at 4 millions.  
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(ii) (a)   At equilibrium,  
d

0
d

P

t
     1 1

1 0
3 4

P P h     

                                            
2 4 12 0P P h     

 4 16 4 12
2 2 1 3

2

h
P h

 
     

For 2 distinct positive equilibrium values of P,   

1 3 0h    
1

3
h   

From the diagram,  

2 2 1 3P h    is unstable  

but 2 2 1 3P h    is stable. 

 

 

(b) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

  
  

  

P 

t 

  

  

  

  

  

0 
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[Solution]     

Given that acceleration of P = 
2

2 3

d 1

d

x

t x
  

(i) 
3

d d 1
0

d d

x

t t x

 
  

 
   where x > 0,  since x is the distance OP. 

i.e.  
d

d

x
v

t

 
  
 

 is an increasing function with time t. Hence, P does not turn back and 

keeps moving in the direction away from O. 

 

(ii) Since 
3

d 1

d

v

t x
  

3

d d 1

d d

x v

t x x

 
  

 
 

3

d 1

d

v
v

x x

 
  

 
  

  acceleration of P  = 
d

d

v
v

x

 
 
 

 

(iii)  
3

d 1

d

v
v

x x

 
 

 
 

3

1
d dv v x

x
    

2

2

1

2 2

v
c

x
     

2

2

1
v A

x
      where A = 2c 

When x = 1, v =1  1 1 2A A      

2

2 2

d 1 2 1
2

d

x x

t x x


     

2
d 1d

2 1

x
x t

x
 


   

 
1

2 2
1

4 2 1 d
4

x x x t B


     
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 
1

2 21 2 1

4 1
2

x
t B


    

 22 1 2 2x t B     

When t = 0, x =1  
1

1 2
2

B B     

 
222 2 1 1x t     

When t = 20,  2 22 41 1x     29x   as x > 0 

Hence distance travelled by P = 29 – 1 = 28 m.  
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[Solution]     

Let    
d 1

f , sin
d 10

y
x y x xy

x
    . 

 (i)(a)  By Euler’s Method,     0 f 0,0 0
2 2

h h
y y
 

   
 

 

                                                

  f ,0
2 2 2

1
0 sin 0 sin

2 10 2 20 2

h h h
y h y

h h h h

   
    

   

 
     

 

 

(b)    1 0 f 0,0u y h  0  

By Improved Euler’s Method,         10 f 0, 0 f ,
2

h
y h y y h u    

 

 
1

0 0 sin 0
2 10

sin
20

h
h

h
h

 
    

 



  

(ii)   
d 1

sin
d 10

y
x xy

x
     

d
0.1 0.1sin

d

y
xy x

x
    

 Integrating Factor = 
20.1  d 0.05

e 10e
x x x    

 Multiply integrating factor, we get:   
2 2 2

0.05 0.05 0.05d
10e 10e 0.1 10e 0.1sin

d

x x xy
xy x

x
   

  
2 2

0.05 0.05d
10e 10e 0.1sin

d

x x
y x

x
   

 

   

2 2

2 2

0.05 0.05

0
0

0.05 0.05

0

e 0.1e sin  d

e 0 0.1e sin  d    (Shown)

hh
x x

h
h x

y x x

y h y x x

  
 

 




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(iii) Since h is small,  smallx , assuming terms in 
3

x  above are negligible, 

 

  
2

0.05 2

0 0

4
2

0

2 4

0.1e sin  d 0.1 1 0.05  d

1 0.05
0.1

2 4

0.05 0.00125

h h
x

h

x x x x x

x
x

h h

 

 
  

 

 

 

 

 

   

 

  

2

2

0.05 2 4

2 4

0.05

2 4 2

2 4 2

e 0 0.05 0.00125

0.05 0.00125

e

0.05 0.00125 1 0.05

20 800 20

h

h

y h y h h

h h
y h

h h h

h h h

  




  

  

 

(iv)  When h is small, apply 

3

sin
3!

h
h h     

(a)  

3

2 4
2

sin
20 2 20 2 3! 40 960

h

h h h h h h
y h

  
  

      
  

  [Euler’s method] 

(b)  
3 2 4

sin
20 20 3! 20 120

h h h h h
y h h h

 
     

 
  [Improved Euler’s method] 

(c)  
2 4

20 800

h h
y h    [Maclaurin’s series approximation] 

Accuracy of method (a) can be easily improved by increasing the number of intervals in  

[0, h].  

Method (b) is more accurate as compared to method (a) as it takes the corrected value 

    1

1
f 0, 0 f ,

2
y h u    to be the estimated gradient at  0y , reducing the error incurred.  

However, it will be tedious to perform the calculation using method (b) if the number of 

intervals is increased.  

Method (c) gives a good estimation, similar to method (b).  

The order of approximation when method (c) is used, can be easily increased by keeping 

more higher ordered terms in the Maclaurin’s series expansion of 
2

0.05
e  and sin

x
x .  

However method (c) is useful only in this question because h is given as small and so is close 

to 0. Method (c) requires h to be small unlike method (a) and (b) which do not require h to be 

small. 

 

 

 

 


