AJC Preliminary Examination 2012
H2 Mathematics Paper 1 (9740/01) Solution

Qn Soln
1
S, =%[2a+99d] =10000 = 2a-+99d =200
a, a+d, a+4d are consecutive terms in GP: a+d = a+4d
a a+d
= (a+d)? = a(a+4d)
= d’=2ad = d=2a sinced =0.
Sub d=2a into 2a+99d =200, getd=2anda=1.
2 Ax® +By?+Cy =8 (21) = 4A+B+C=8---(1)
Diff (ywrtx: 2Ax+2By e oo W 2AX
dx dx dx 2By+c
Tangent at (2,1) // y-axis: 2B+ C =0 ------ 2)
. . _ d?y (dyY’ d’y
Diff againwrtx :2A+2B|y—+| —= | |[+C—5=0
dx dx dx
2
Wheny =0, d_y:\/§ and d_z/:g = 2A+2B 3 +C 9 =0 (3)
dx V2 dx® 4 2 4
Solvethe 3egns:get A=3,B=4and C=-8
3 _ _ _ 2 _y_ _
- 6Xx—4+(2x-1)(x-3) <0 — 2X° =X 1s0 N (2x+2)(x 1)So
X—3 X—3 X—3
= (x=3)(2x+1)(x-1)<0
= xs-% or 1<x<3 == D
_ ing— W - o
b-coseel 1-2sing = 2974 21 ssing N
1—3cosecd sind-3 L% ! g
C [
Replace x by siné, sinHS—%, 1<sinf<3
= Y—ESHSE o 9==
6 6 2
E‘_’) Reversing the transformations:
|
1
a. Stretch parallel to y-axis by factor %2 gives Y = ———
2N4—x?
1
b. Translate 1 unit to the right gives Yy = —————
2,\/4—(x—1)2
c. Reflection in y-axis gives y= 1 = 1 =f(x)
24— (—x-D? 24— (x+1)?
4 The graphs of y = g(x) and y = g™ (X):

(i)

A V




21___) area of the region bounded by y = g™(x), the x-axis and the linex =1 =region A = region B
i 0
= Rectangle - J.ydx
B
0 0
1 . X I T
= (1)(+/3)- dx =\/§{sml(—ﬂ =\/§—{0—(——ﬂ =J3-=.
> 2 2 2 2
S, = + + Foit——————
1x2x3 2x3x4 3x4x5 n(n+1)(n+2)
i1t 15 .1 1 9.1 1
17372 2x3"77 12 2 3x4'° 20 2 4x5
(i) Snzl—; by observation.
2 (n+D)(n+2)
1 1 .
(iii) Let P, be the statement “S,==—-——+———"for neZ
2 (n+D(n+2)
Py is true from (i)
Assume that P, is true for some ke Z"* ie. S, it
2 (k+D(k+2)
We need to show that P, , is true, ie to prove that SM:E—;
2 (k+2)(k+3)
LHS=S,,, = S, + (k+1)th term
1 1 s 2
2 (k+D)(k+2) (k+1)(k+2)(k+3)
_1 k+3-2
2 (k+D(k+2)(k+3)
_1 1 _
2 (k+2)(k+3)
Therefore P, , is true.
Since P, istrue and P, is true = P, istrue, .. by MI, P, istrue for ne Z*
6
(i) By pythagoras’ theorem: |=+/4+r” and R*=r’+(2-R)* =>r*=4R-4
A=arl 5 A=nV4R-4V4R
- A=4mR?-R
i )d_A_d_A drR dV
dt dR dV dt 4 _, dv )
dA_2n(R-D) 1 o V=3 =g =R
dt JRZ—-R 47:R2
dA_2n(4-D) 1 . 3 32
at  Ja-2 4n(4) 22
7 (i) Since the sequence converges to L,

ieas n—>oo,x, > Landx , —>L L=%(2L+%):>3L=2L+%:> P=1=L=1

(i) Consider xn+l—xn=%(2xn+%J—xn

n




3 : 3%
. _ 3
Since X, >L=1 1-x°<0 =X,—-X, <0=X_,<X.

n

n

Method 1: X,,,—X, = 1[met%j—xn :%(2x§+1—3x§)= L (1-x7)

Y
1 1 ¥
Method 2: Use GC, sketch y =§[2X+7J—X
From the graph, for x, > L =1,
y<0=>x,-% <0=Xx, <X. 3 X
(iii) The sequence is such that 0< x, <1 and from (i) n—o,x, >1
From (i), x, >L X, >1x,>1....and 1<X,...... <Xy <Xy <Xy <X
the sequence will decrease and converge to the limit 1 from the right for n>1.
SinceL=1,d ,=X,-L=x,-1
1 1 1 1
d,=%X.,-1 ==2x,+—= |-1 ==|2(1+d )+ -1
b 3( xﬁj 3{ (1+h) (1+dn)2]
_ -2)(-3
=%(2+2dn +(1+d,)” —3) :%(—1+2dn +1+(-2)d, +wd2 +j ~d?

2! "
Range of validity is |d |<1=-1<d, <1.

8a | (y+5)2=x-38 - (1) (y+5)°=x-3=y=-5+x-3
y=x-10 - (2)
Points of intersections are 4, -6) and (7, -3)
Volume generated
2 2
=7 (-5-Vx=3) dx + z[ (x-10)" dx —z[(-5+x=3) dx  =127.2345~127 (3s.f)
8b

-2X -2X

Ie’“cosx dx=—1e cosx—ljle sin x dx
2 2

_ 1 _ 1 ., . 1¢ o
je X c0os X dx:—E e 2Xcosx+Z e szmx—zje Z*cosx dx

-2x

Eje‘zx COSX dx=—1e‘2xcosx+le sinx +C’
4 2 4

_ 2 _ 1 . .
'[ezxcosx dx:—gezxcosx+gezxsmx +C

T

At x=0,t=0 At x=1 t=

ay _ d_y(ﬁj e,

_ A—2X

y =€ cos2X

dx

Equation of tangentatx=0; Y=

dx  dt ~ cost
-2x+1

Exact area bounded
1

= IO y dx  *(Since the area of both triangles are the same)
x 2

=.[2e‘2t cost dt _|-2 e cost+1 e'sint| =
0 5 5 0

(e’” +2)

gl

» X

[N




° (i)y_2x2—a N dy  (x+k)(@x)—(2xX°—a) _2x*+4kx+a
X +k dx (x+k)2 (x+k)2

For the curve to have at least 1 tangent parallel to the x -axis, 3_y =0 must have real roots,
X

i.e. 2x*+4kx+a =0 has real roots
(4k)* —4(2)(a) >0=>16k* -8a>0=2k* > a

Since 2k*#a, ..k? >% = k>\/§ or k<—\/§ (rejected - k>0)

2 2
(i) y=25"8 _ox- ok 22
X+k X+K
When 2k* =a, y=2x-2k
Thus, the graph is a straight line.

(iii)

From diagram, 0<b<2

10 | (i) A(0,1,0) lies on p,: 8(0)+a(1) + (0) =4 hence a = 4.

() 2) (8) (1 0 1
Director vector of L :| 1 x| 4 |=| -2 o Lir=1|+A] -2, Ael
0 1 0 0 0
10 | (ii) ABLL and AB Ln,
i
(if) 1) (2) (o 0 0
= AB[| -2 |x|1|=|0|=5/0|- Hence xg o
0 0 5 1 1
2" part; Method 1
0 0 0 0 0
Let AB=k|[0|=|0| = OB=0A+AB=|1|+[0]|=|1
1 k 0 k k
8
OB(| 4 |- 4
1 0)(8 0 0
ﬁZSS 1 4 |—4=+45 = k=445, ‘_B.: 1 |or 1
8 +4+1 k)1 45) |45
Method 2
BC =5 =length of projection of AB onto n,
1 018 k
)t o o -]

2 2 2
V8 +47 +1 K1

Hence g:J_rS:k:ﬂS )




0 0
AB=|0| or AB=| 0O

45 45
0 0 0
OB=0OA+AB=|1|+AB=.0B=| 1 |or| 1
0 45 -45
10 | Method 1:

(iii) | Acute angle between line AB and p;
= acute angle between p; and p; = |3,[1, |

2
1 1
= cost|nm,|=cost|—=| 1 [F—=——|4 | =cos™ 0
0| J5 0 J64+16+1 ) f
Method 2 :
acute angle between line AB and p;
1 0 1 8 45
= sint|— —sm’1 0 b————| 4 |=sin?|——|=6.4°
\ \ 45 J64+16+1 ) 45x9
10 |ps:2x+y+pz=6.
(iv) 1) (2)\(1
n-2|=|1[]-2 —o for all values of g.
o) (p)lo

Hence p3 // L ----(1)

2(0) + 1+p(0) =16 = A(0,1,0) does not lie on p3 ----- (2)

Hence line L does not intersect ps, Therefore p1, p2 and ps do not meet at a common point.
When =0,

P3:2Xty=6,p1:2X+y=1, pp, 8Xx+4y+z=4
Geometrically, p; and ps are parallel with p, intersecting both p; and ps,




11

v

/ g oz

Angle that locus of Z makes with the real axis = 7.0,

c=2ia—a=ia+(ia—a) —0OC =OB+ AB =0B +BC

Geometrical relationship: AC is the diameter of the circle with centre B.
[Or A, B, C are collinear; Or B is the midpt of A and C]

(i) |z+a—2ia]=|z—c|= Distance between Zand C. Least |z+a-2ia| :\/§+%(\/§)=

.. ) \/% V4 V4
(i) ZABD=cos | 4= |== = /ZACD=—
J2 | 3 6

N

Acute angle CA makes with the real axis = E—[%Hs?j :%—6

. T T T
Largest arg(z+a—-2ia) = ——| ——@ |=0 ——
9 o ) 6 (4 j 12

a2

2




