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2023 JC2 H2MA Prelim Examination Paper 1 (Solutions)

a
f@) _ln(x+3aj

=lna—ln(x+3a)

yzlnx—A>y:1n(x+3a)

_B)y=—ln(x+3a)L>y=lna—ln(x+3a)

Sequence of transformations:

A: A translation of 3a units in the negative x-direction
B: A reflection in the x-axis
C: A translation of In @ units in the positive y-direction

OR
y=Inx—2>y=—Inx

A)y:—ln(x+3a)i>y:1na—ln(x+3a)

Sequence of transformations:

(1): A reflection in the x-axis
(2): A translation of 34 units in the negative x-direction
(3): A translation of Ina units in the positive y-direction

2a

Since 2+ 3iis a root and all the coefficients are real, 2 —3i is
also a root.

A quadratic factor is:
[z-(2+3D)][z-(2-30)]

=(z-2)"-(3i)

= (2’ —4z+4)+9

=z —4z+13

2 =32 +kz+13= (2" —4z+13)(z+1)

Comparing coefficient of z: k=13-4=9

The other roots are z=2-3i and z=-1.

2b

Let z = iw, then we get (iw)3 —3(iw)2 +k(iw)+13=0
= —iw +3wW +kiw+13=0
Replace z with iw,

iw=2+3i, iw=2-31 and iw=-1
_2E3 s g W= 30 and we-loi
1 1 1
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3a

3x* +8x—3|=3-x - (*)

3%’ +8x—3=3-x or —(3x’+8x-3)=3-x
3x*+9x-6=0 or 3x* +7x=0
¥ +3x-2=0 or x(3x+7)=0

T3 [o—a(1)(-2) 7

x=0or ——
2 3

317

2
(Alternative method: Squaring both sides and so on)

3b

i

As seen from the graphs, for

|3x2+8x—3|23—x

xéﬁ or —%SxSO or xzﬁ

4a

X = 3sin2t:%:2\/§cos%

y:4coszt:>%:8(:ost(—sint) = —4sin 2¢

. dy  —4sin2¢

”dx_2\/§c0s2t

=_—2 tan 2¢

NE)
23

= —T3tan 2t = k\/g tan 2¢

where k = —g.
3
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3

4b

T . (7 T
When t =2, x=+3sin2| = |=/3, y=4cos’| = |=2,
4 (J g (J

Y = _&tan z, which is undefined.
dx 3 2

=The tangent is parallel to the y-axis.

Hence the equation of the tangent at the point where ¢ = %
1S x = \/g .
When ¢ = %, x=\/§sin2(gJ =\/§(£] =%,

2
=4cos’| Z |=1
g (J

5.2 2B
dy 233 2 _2(_\/5)

I
o

—=——tan—-=
dx 3 3

OR

T

From GC, whent= —, x=

Equation of the tangent is:

3
=2 x-2
Y ( 2]

y=2x-2

4c

Let € be the angle in which the tangent y = 2x — 2 makes with
the positive x-axis.

Then tan@=2. x=3
Hence, acute angle between

the 2 tangents
=90°-46 6

=90°—tan"' 2
~ 26.6°

y=2x-2

Sa

Sum of the all the terms after the nth term
a a (1 —r" )

1-r 1-r

=5, -8 =

n

ar

Cl-r
Given S-S, =2u, , therefore

n

ar _
=2ar""

1-7

r=2(1-r)
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Hence S, =2 - a2 =3a (Shown)

3

Sbi

Total number of integers in the first (#—1)th brackets is
- -1
1+2+3+...+(r—1)=%1(1+(r—1))=¥

r(r—1)+1=r2—r+2

Hence, first integer in the rth bracket = >

Last integer in the rth bracket

2_
_IIrE2

B Pr—r+2+2r-2
2

i+
2

Alternative method:

Last integer in the rth bracket
= First integer in the (+1)th bracket minus 1

={%+1} e

="

Sbii

There are r integers in the rth bracket.

2
o . ro—r+2
First integer in the rth bracket = ——

2
r-+r

Last integer in the rth bracket =

Sum of all the integers in the rth bracket
_r rz—r+2+r2+r _r 2r* +2
2 2 2 2 2

r(1+77)  (Shown)

| —
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6a

Required area

HORHAL FLOAT AUTO REAL RADIAN HP n

Coszx+1—cos2xdx ’v

j l+cos x —(1+cos2x)dx
0

0
= [lx——sm2x}
2

= Z tnits?
2

6b

2
cos’ x = (cos2 x)

_(1+cos2x :
2

:%(1+ 2¢0s 2x +cos’ 2x)

:%(1+2cos2x+mj

= %(3 +4cos2x+cos4x) (shown)

6c¢

Required volume

- EUO”(HCOSZ x) de— [ (14 cos2x) dx}

¥4

=7z| 1+2cos’ x+cos* x—1—2cos2x—cos* 2xdx
JO

J0

=1 .”—Ecos4x—lc0s2x+zdx
Jo 8 2 8

=1 Zx—lsin2x—isin4x
8 4 32 0
S
= units
8
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= (1+cos2x)+§(3+4cost+cos4x)—2c0s2x——(1+cos4x)dx




7l v:4x—y:ﬂ:4—d—y
dx
4-%:(%@)2
% 4 (v+2)
7ail %:4 (v+2)
j -dv=ldr
(v+2)
|2+(v+2) i C
2(2) |2 (v+2)
P Zax s ac
-V
l+i:ie4“4c
v

4
1+—= Ae*", where 4 = +e*¢
%

When x=0, y=-2, .v=0-(-2)=2.
Hence 1+%:Ae°:>A=3

142 _ 3t

7bi | g2y
3
d_y:_l _2x+2x 2+C
3

4 3
y=—e +Ex2 +Cx+D

Tbii 1 1
Whenxzo,yzo. O:Z+D:D:_Z

When x =0, d—y=2. 2=—1+C:>C=
dx 2

N | i

. o 1
Particular solution is y = Ze +—x4+—x——.
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8a

Y1z1s(X2-4X+5)

____’I/;.’\
t 7 t t + + ; +

1

x2 —4ax + 5a2

Fi(x) = 2x—4a

f(x)=

(x2 —dax+5a° )2

For maximum point,
2x—4a
=0

(x2 —dax +5a° )2

2x—4a=0
x=2a

Hence largest & =2a

Alternative method:

x% — 4ax + 54>
=(x—2a)2 —(2a)2 +54°
:(x—Za)2 +a?

Since x =2a gives the minimum value of x% —4dax + 5a2,
1

it gives the maximum value for f(x) = - -
x“ —4ax+5a

Hence largest &k =2a

8b

When x=a,

1 1
fla)=— 252
a”—4a(a)+5a~ 2a

From the graph, 0 < f(x) < 1

24
1
.. Rf B [0’ _]
2a2

To show £ exists, Ry < Ds .

. 1 1 1 1
Since, a>1:>—<1:>—2<—:>—2<a,
a 2a 2 2a
1
Rf :(0, —]ng =|—0,a).
2a? ( )

Thus 2 exists. (Shown)
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8c Let y= 1

x2 —4dax+ Sa2
1

- (36—2(1)2+a2

1
x=2a) +a*=—
(3-20) +a" =
x-2a=% |——a°

x=2a* fl—az
y
) 1 -
Since x <a, hence x=2a— |——a
y

Hence £~ (x) = 2a— |- —a®
X

ﬁ

y‘l —_—, aj L
2a //

9aij 1
- Ixlex3+1dxzéj3x2(x3+l)2dx
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9aii LOIXSde
:_[_le3-x2\/x3+ldx
2 5, 1%0 032y, 2 (0 l%dx
S| | L))
[ 2 3 3 2 2 0
_ 2 2 3 o
02 (A |2 o
L o
B 2 (x3+1)5
—0-= 3
2 -
4
- (1=
45( 0)
__4
45
9b .oodu 1
u=l+e'=>—=e'=u-1=o—=——
dx u u-1
IeZX\/eX+1dx: .(u—l)zx/;Ldu
J u—
. 1
= (u—l)uzdu
.- 3 1
=|u?>-u?du
5 3
5 3
=z(\/1+e")5—§(\/1+e")3+6’
9¢

j(2+tan 5x)cos 5xsin3xdxdx

sinSx jdx
cosS5x

(2 cosSxsin3x+cosS5xsin3x

2cosSxsin3xdx+ J.sin Sxsin3xdx

(sin8x —sin 2x)dx —% —2sin5xsin 3xdx

_[ _cos8x , cos2x —lj(c0s8x—cos2x)dx
8 2 2
cos8x cos2x 1(sin8x sin2x
=| - —| — +C
( 8 2 j 2( 8 2 j

=%(8cos2x+4sin2x—2c0s8x—sin8x)+C
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10

10a | Let 4, B and C be the points (6, 9, 3) , (-2, 13, 1) and
4, 10, 0).
-2 6 -8 4
AB=|13 |-|9|=|4 |=-2|-2
1 3 -2 1
4 6 -2
AC=[10|-|9 |=|1
0 3 -3
4 -2 6—1 5
n=-2|x|1 |=|-(-12-(=2)) |=|10|=5|2
1 -3 4-4 0
1 6)(1
wire 2 |=9 | 2|=24
0 3)(0
x+2y =24 (shown)
10b | Let / represent the path of the laser beam.
2 0 2
d=|-1|-|-3|=|2
2 1 1
0 2
lir=|-3|+4|2]|, AeR
1 1
Let 6 be the angle between the laser beam and the reflective
shield.
23\ (1
2| 2
. 1)(0
6 =sin
V22422 4+ PP 422
=63.4° (1d.p.)
10c | Let P be the point of intersection between the laser beam and

reflective shield.
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11

0 2] (1
3+A[ 2] 2 |=24
1 1)[lo
2A—-6+41 =24
64 =30
A=5
0 2) (10
OP=|-3|+5/2|=|7
1 1) |6

10d | Let Q be the point (0, —3, 1) and the foot of perpendicular

from Q to the reflective shield be N.

0 1
Ly:r=|-3|+ul2|, ueR
1 0

0 1] (1
SBlp| 2| 2|=24

1 0 0
U—6+4u=24
Sp=30
H=0
0 1 6
ON=|-3|+6|2|=|9
1 0 1

Let O’ be the reflected point of O on the shield.

Using mid-point theorem,

m:0Q+OQ
2
0
-3 |+00"
6 0
1
9
2
1
12
00'=| 21
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12) (10) (2
PO'=|21|-|7 14
1 6 -5

10 2

po =T |+s|14 |, seR

11a 144:4x%(2x)(l)+(2x)2

Izﬁ—x
x

Let H be the height of the square pyramid
H=AI-x

VZ%(ZX)ZW H !

:—(2) (——xj —x’ 53

——(4 2)\/ 36 ——2

L@ ey (—_zj

=8+/36x%* —2x*

11b
d—V:S[lj;(72x—8x3)

dx 2)36x* —2x*
~ 32x(9-x?)
6 -2

32x(9-x")

x(3—x)(3+x):0

=x=0 or x=43
From context, x >0. Hence x=3.

=0

X 2.9 3 3.1
ar 431 0 -4.77
dx
Slope / — \

Hence V' is maximum when x =3

Alternatively,
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2
From GC, d—Iz/ =-453<0
dx x=3
Hence V' is maximum when x =3

Maximum ¥ = 8y36(3)> —2(3%)
= 8162
=8./81(2)
=8(9)2
=722 (Shown)

11c

Let h, 2r, W be the depth of liquid, side length of liquid surface, volume of liquid respectively.

From (a),

1=3% 39

3
H=P?—x? =92 _32 262

ro_ 3 62— h
6N2—h 632

1 _ A
r—zﬁ(6\/§ h) 3

W= 72\5—%(2;»)2 (632 1)
= 72[—%(1)(6ﬁ—h)3

By similar triangles,

2

- 72(—%(6«/5—}1)3

Given d—W:IO, t=6,
dt

10(6) = 72f—%(6\5—h)3
h=2.1778 (5 sf)

w1 L ndh
o - 6(3)(6J§ h) ( 1)dt

aw 1 2 dh
—=—(6v2-h) =
dr 2( )dt
When ¢ =6,

10= (642 -2.1778)" 92
2 dr

9k _ 0,503 3 s)
dr

Depth is increasing at 0.503 cm per second
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