2024 Raffles Institution H3 Mathematics Preliminary Examinations (Solutions)

Question 1
(a) T,(x) =1
[2]

Tl(x) =X

T,(cos8) =cos(260) = 2cos* @ -1 and thus T,(x) =2x* -1.

(b) T (X)+T, (%)

[3] =cos((n+1)cos™ x)+cos((n-1)cos™ x)

= 2cos(ncos ™ x)cos(cos ™ x)

= 2XT,(X)

Alternate Solution

T,..(cos@) =cos((n+1)0)
=cos(nd)cosd—sin(nd)sin &

= (cosO)T, (cosH) +%[cos((n +1)8)—cos((n —1)9)]

= (cos )T, (cos 0) + % [T,..(cos®)-T, ,(cosb)]

T,,,(cos@) =2(cosO)T. (cosd)—-T, ,(cosb)
Tn+l (X) = 2XTn (X) _Tn—l(x)

(©) We have T,(0) =1 and T,(0) =0. Substituting x = 0 into (b) we get T.,,(0) =T, ,(0)
[3] and thus

0 if n is odd
T.O=1 .
(=12 ifniseven

Alternatively,

0 if n is odd

(-1)? ifniseven

) - e N7
T,(0) = cos(ncos O)_cos(zj {
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@ [T.(x=0
[2]
= 0=T,(cos®) =cos(no)
:>n<9:%+k7r,k e’
7 krx
=>0=—+—keZ
2n n
Since the polynomial is of degree n (a simple recursion using the relation in (b)) we
must have n roots to the equation.
n  krm
The real numbers C0S6, = cos£%+7j,k € Z are therefore the roots of T.(X)=0. If
we restrict k to be 0, 1, ..., n — 1, we have n distinct roots as the function cosine is a
bijection from (0,7) to (-11).
(e) From (d), we know that
[4]

T, (X) =a (X=X ) (X=X ) (X=X, 1)1 %, =cos(22:17r]

Hence the desired product can be obtained by substituting 0 into the above relation and
obtaining

T.(0) =a (=% ) (=%)-+ (%1
= a(—1)" XXX, -
We need to find a. From (b), we can see recursively that a = 2"". Therefore,
1 cos[2k +17rj = X X X
1 2n 0X1 n-1
T,(0)
a(-1)’
0 if n is odd
1D _ED" e is even

2n—1 (_1)n - 2n—1
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Question 2
(@) 5,=2,5,=3,S5,=4
[2]
(b) The well-spaced subsets of {1,2,3,...,n,n+1n+2,n+3} contains either the element
[4] n+3 or not.
Case 1: n+3 is an element in the subset.
Then elements n+1and n+2 are not in the subset and the number of such well-
spaced subsets is the number of well-spaced subsets, including the empty set,
of the set {1,2,3,...,.n} =S,
Case 2: n+3 is not an element in the subset.
Thus the number of such well-spaced subsets is the number of well-spaced
subsets, including the empty set, of the set {1,2,3,...,n,n+1,n+2}=S ,
Hence Sn+3 = Sn+2 + Sn '
S, =5,+5,=6
S =S5,+S,=9
S =S;+S,=13
S, =S,+5,=19
S =5,+5,=28
(c) Let A be the set of k-combinations of {1, 2,3,..., n} that are well-spaced and B be the
[4]

set of k-combinations of Y, where Y ={1,2,3,...,n -2k + 2} .

Forany a eA, a={a,,a,,..,a,} where we assume WLOG & <@, <..<a,.

We define a mapping f: A —B such that f(a) ={a,,a, —2,a,-4,...,a, —2(k -1)}.
Note that f(a) B since 8 <n=a, —2(k-1)<n-2(k-1).

Clearly, f is injective since if a, b € A and a #b, then & #b, for at least one i, so
therefore & —2(i—-1) =b —2(i-1), so f(a) # f(b).

Foreach p={p,, P,....., P, } € B, consider q={p,, p, +2,..., p +2(k -1} .
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We need to show that q is well-spaced, which is clear since the difference between
any 2 consecutive terms is at least 3 (2 + 1).

Hence g €A and f(g) = p which implies that f is surjective.

n-2k+2

Thus, fis a bijection and |A| = |B| = ( ‘

j. (shown)

Alternative Solution

From the set {1,2,3,...,n}, if the number is selected, it is represented by “0”, otherwise,

it is represented by ‘1°. That is, if the subset formed is {1,4,8} , its corresponding binary
string representation of length nis 011011101111....111.

For the subset to be well-spaced, the binary string representation for such a subset must
have at least two ‘1’s between any two consecutive ‘0’s.

Thus, to obtain a well-spaced subset of size k, there are k ‘0’s and (n—k) ‘1’s. For the

(n—=k) “1’s, 2(k—1) of them are placed as a pair between the ‘0’s as shown below.

0110110110...0110

The remaining (n—k—-2(k—1)) =n—3k+2 of the ‘1’s can be placed in any of the
(k +1) positions (i.e. before/after/in between the ‘0’s).

0110110110...0110
rT T

The number of ways this can be done is the same as the number of ways to distribute
(n—3k +2) identical objects into (k +1) distinct boxes.
n—3k+2+(k+1)—1j_(n—2k+2j

Hence T, =
(k+1)-1 k

(d)
[2]

To have a well-spaced subset, we need

n—2k+2zk:>ks”L32

5] L”H(n—zmzj | m(n—zmzj
S, =>T, = (or equivalently > ) ).
k=0
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Question 3
(@) Lety =—x. Then
[3]

[ g0oh(x) dx
= [ 9(=y)h(-y) (-dy)
= [" g(=y)n(-y) dy

Therefore,

[” g0on(x) dx

:%( [ 90000 dx+ [° g(-x)n(-) dx)
:%(J:g(x)h(x) dx+ [ g(-0h(x) dx)
1

=2 (I",n00 (900 +9(-) x|

:%Iaah(x) dx

- J'Oah(x) dx since h is even

(b)
[4]

Let h(x) =+/1-x* which is even and g(x):1 =
+

1 1 1 2%
+ = + =1.
+2¢ 1+27% 142 2"+1

Then g(x)+g(-x) = 1

Hence
t 1= X2 p > V4
£1+2X dx_'([\/l—x dx_Z

since the integral represents the area of the quadrant of the circle with radius 1 centered
at the origin.
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(©)
[8]

Let us first evaluate
2
j f(x)e™ dx

e dx+J-(2 x)e ™ dx

O'—,»—\

[—xe‘xﬁ +J-e‘x dx+[—(2—x)e‘x]f —ie‘x dx

0

cenfeve L]

=—et+l+e?—et

2
1.2, i:(l_lj
e e’ e
Then

© 2n
j f(x)e™ dx = lim j f(x)e ™ dx
0

_||mz j f(x)e ™ dx

k=1 2(k-1)

To evaluate each integral we perform a substitution x=2(k—-1)+t to bring each
integral back to the interval [0, 2]. We thus obtain

2
lim Z [Fk-1)+1)e?* D dt

k=17

n

=lim ij(t)e‘z(k D dt  since fis 2-periodic

k=1 o

2
=lim Ze-ZH j f(t)e dt
n—o k=1

(2 )

_(1_1J2 1 e et
U e 1 1 e+l
- 147
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Student Solution:

- - =
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= ~ 2it) - 2t T 12+ 1 %4)
= ]-m”‘.:“‘ +l2ii“-" . l-uiu)c"‘ - [-net e
t S = /S AT
I 0 | _ =
: [(u.-)é" : a@@‘j s u[eR ] e[ ] ¢ (e g
(ia)g '
e . e—u s q'“"(_l) g t—z;-z o

| g o 0, [° fmengy o 0 E (P a ] —e0 ]

BTN G TR T &
B by S o), [t s [E)2[E) ¢ 2]k )
3 =1y ] \ 7

e=1

Lt (PR

PRITEL —
{esiie-l)

e

< —_—

pat
LZ2a!

x=2i { HENL i) for St (6T

o) i fawe T i)z (l,ﬂ_,. f Uoentlhi fswe (6T -
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Question 4
(a) u =a
[6] b

. b b
Hence if we let P, be the statements u,, =—u, , and Uy, = (Z_EJ u,, for all
a
neZ", the above shows that P, .
. b b
Assuming B, for some k e Z*, Uy, =—U,, , and Uy, = 2—5 Uy .
a

Then

Upisn) = Yoo

u
= 2l (2u2k _u2k+1)

qu
u

=U . 2_ 2k+1J

2k 1( U2k
:u2k+1(2—c) NOte:Z—CZZ—(Z_gjzg
b, b,

a 2k+1 a 2(k+1)-1

and similarly

Uy i1y = Ugias

u
= M(2u2k+1 — Uiz )

u2k+1

u +
= Ugy,z (2_ At j
u2k+1
=Uy., (2 —g] Note: From induction hypothesis

= CUyy,, = CUyy g

Thus B, = P,.
Since P and B, = P, ;, by Mathematical Induction, P, forall ne z".
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Student Solution:

() | Uiz = M(zw- T
% = un (2Un U\m;)
' _ Um - -
[ | = 2 uni ~ .
—_— Ums—r: 72 UAH
| UM;_ Ua+ M u - = — =
= s +) = A4)
e gy -

Lot = -M Votz = Vo So Up is Perodic with peniod 2.
R E— UM V(,;p_;)ma“%‘ Ul_, u’ = b

—’> M” = :> Uzﬂ = 'E UZn—[ {1’; ‘“n\’ o
- len D.

Us = ,“—f (zU- W) = %(ZA-L)

r,r

[7 VZn = y(zn)rwdzn =l = 25 o ) ’L[ZG -b) = 2

DY pb s Y= (2 »)ﬂu ey

(b)
[5]

From the above, we know that

b be be "™ be "™
U2n=5u2n—1zzu2n—2="-= z U2=b z

and

1 1
bc bc)' be )"
Uy g =CU,,, = zuzn—s == Z u=a z

Thus the series is made up of 2 geometric series essentially (with same common
ratio), and we know that the series converges if

2
bc <le-1< Z(Ej—(gj <1.
a a a
Solving this inequality in terms of b/a, we have from GC,

b €(-0.414,2.41)\{0,1}, or equivalently 1— J2<= <1+«/_ ;t 0,1 (exact)
a

a
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(©) For U to have period 4,

[3]

Uy,,5 =U,,, and U, ., =U,,. From above, we know that

2

be )\ be \’ bc
u = —|u and u, ,=|—1 u,.. Thus we require | — | =1.
2n+3 ( a j 2n-1 2n+4 [ a ] 2n q ( a j

However if be =1, the sequence would be periodic with period 2, and thus we
a

2
need E:_l. This gives us E(E)—(Ej =-1.
a 2\a a

From (b), we see that this gives us b o1z
a
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Question 5

(@)
[3]

The line segment joining the two points is given by
- 1-A)x+ 4
) Ao -ea) -0+
o(X) p(y)—o(x)) (A=2)e(x)+ Ae(y)
where 1€[0,1].

From the graph we see that since the line segment is above the curve, we must have

P(A-A)x+2y)<A-De(x)+Ap(Y).

(b)
[4]

Consider the function ¢(z) =z". Since n>1,

¢"(z) =n(n-1)z"* >0 for nonnegative z, and thus the function is convex. Let 1 = % :

Then(x+yj gx +y )
2 2

From (a), we see that equality holds when either x =y or when the graph is linear (n =
1), in which case, any x and y that are nonnegative gives equality.

Note: The equality case boils down to if the line segment coincides with the graph, or
is reduced to a single point (x =y).
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(© When a or b is 0, the LHS of the inequality is 0 and the inequality holds trivially. So
[4] suppose a and b are positive.

Consider the function @(z) =€*, which is convex since ¢"(z) =€’ >0. Let 4 = L then
q

X,y
eP @ siex+1ey.
p q

Now let X=1InaPf,y=Inb" (since a and b are positive reals, x and y are well defined).
This gives us

Inb9
Lnob7

fa 1 1
g P q S_elnap+_elan
p q
p q
Ina+Inb Sa—-l-b—.

P9

=ab=¢e
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Question 6
(@) Write down the numbers 1 to n in the 1% row in the order. For each subsequent row,
[1] cyclically permute the previous row, i.e.
1 2 N
2 3 1
N 1 . |IN=-1
(b) For a Latin square of order 2, there are just 2 of them, since the first row is either 1, 2
[3] or 2, 1 and the second row is the other.
For a Latin square of order 3, assume WLOG that the first row is 1, 2, 3. The second
row is either 2, 3, 1 or 3, 1, 2. After inserting the 2" row, there is only one way to
complete the 3" row. Hence 2 such Latin squares. Taking into account permutations,
there are thus 2x3!=12 such Latin squares.
(c) Look at the last row n. For each cell (n, i) in row n, look at column i. There are n — 1
[3] distinct numbers in column i, and thus just one number, say k not present in the column.

Write the number k in the cell.

We claim that this algorithm creates a Latin square. To check this, it suffices to check
whether any numbers are repeated in any row or column. By construction, we know
that our choice of number does not cause any repetition of numbers in any column; as
well, we know that no number is repeated in any row other than possibly the n-th row,
because we started with a partial Latin square.

Therefore, it suffices to check the n-th row for any repeated numbers. To do this,
proceed by contradiction: i.e. suppose not, that there are two cells in the bottom row
such that we’ve placed the same numbers in those two cells. This means that there is
some number that we’ve never written in our last row. But this means that this number
is used somewhere in all n columns within the first n — 1 rows, which forces some row
in those first n — 1 to contain two copies of k by the Pigeonhole Principle. This is a
contradiction.

Alternatively, consider the number that appears twice in the last row. Taking away the
two columns they are in, the remaining n — 2 columns have thus n — 1 occurrences of
this number (since each row must have 1 of the number). By the Pigeonhole Principle,
one column must have 2 of this number, a contradiction.
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(d)
[5]

There are n! ways to arrange the first row. Let us consider the case where the first row
1s1,2,...,n

Foreachi=1,2, ..., n, let A; be the set of arrangements of the 2 rows such that i

appears twice in the same column. The problem is thus to enumerate ‘Emgm mm :
We have clearly |A|=(n-1)!, |A nA]=(n-2)!, and so on, since fixing one, two

(respectively) numbers leaves the remaining n — 1, n — 2 (respectively) numbers to be
in the remaining positions with no restrictions.

By the Principle of Inclusion and Exclusion,
INAYNAAYN
=[S|-|A UA ULLLUA

n
=[s| - Z|Al+ XA NA] - 3 A A AA]F D) ANA N LAA,
i=1 i<j i<j<k

n!—@(n—l)!+...+(—1)k @(n— )b+ (<D)" (Ej(n— n)!

=i<—1)k[£j(n—k)!
Z k'( )(_)'

k=
i
k=

For each of the n! permutations, it suffices to rearrange the 2" row in the same way the
first row is rearranged to obtain a 2x N Latin rectangle.

Hence the total number of 2xn Latin rectangles is

nlxnlz( ) . Z(kl').

k=0
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Student Solution:
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Question 7

(@) From the first house, there are (n — 1) choices for the subsequent house the postman
[1] goes to, then (n — 2) for the next, etc. Hence the desired number is (n — 1)1.

(b) Let hy,h,...h be the sequence of houses the postman goes to on his route, with
[3]

h, =h, =1. Suppose h, =n.

Then the length of the route is

| =|h —hy|+|h, —hy|+...+]|h, —h, |

= ([, =]+ ..+ h =y [) + (e, = B+, = h )
>(lh,—hy+..+h =h_|)+(Jh,—h +..+h —h )
=|h —hy|+|h, =h|=n-1+n-1=2(n-1).

The route of minimum length is 2(n — 1) since we can attain it from a route 1, 2, 3,
n, 1.

ceey

Student Solution:

Wt vowte be 1.0, 02, -, Oney , ).

WAt i of o A govvon tavesn At B pur o fe A \otween
howe Lowd i) bo Moy Ry izl

Wedaws  Niz2 4 i,
Sugvgou atowe  Niz) Ry ame i §ihennh.
St portwon Wiy Wty ot Uenit |, hiinry—pet-fus—ids dAh W Rt tina
foe portnr Aavren 4w fyrwf Hoet betwan ( and 1€) > i A Iverbor | (Al
S <0 Mawndr, Ve youts conen Ao gard vt apwr | 010 oap vuminino
ot ot sils b brownix, Whacln v, toe 5olt oo Lowne . Toordfue Wt ngee
fefom b Yowel, o CoMdidion.
Tolign: SN2 T2 = w0
Muimam logth 2 ).
| Aeweed g UM n possidle - 15, -, n, .
Town (gt = l2ls (331 4w+ fpr=n) 4 [0

IQJ"""t 4N -

Ll )

= '2((’-‘7
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(©) Suppose hy,h,....h is a route of minimum length, 2(n — 1). Then we know from (b)
[2]
that
|h, —hy|+...+|n —h_,|=|h —hy|=n—1 and
., —h|+..+|h,=h,|=|h,—h|=n-1.
This means that the sequence Ny, N,,...,h, is strictly increasing up to h, =n and then
strictly decreasing to h, =1,
Hence it suffices to choose amongst {2, ..., n — 1} which terms should be in the
increasing portion and which terms are in the decreasing portion. Since there are 2
choices for each, there are altogether 2" such routes of minimum length.
(d) For a route hy,h,...,h,, consider 2 sequences of indices 0=0,,b,,...,b,,b,., =n and
[5]

M,,...M, such that the sequence hy,h;,...h, is increasing between h, andh,
decreasing between h, andh,, and in general, increasing between h, andh,

decreasing between hrrli and hle . Then the length of the route satisfies

I=h, —=h, +h, —h, +..+h —h +h —h
(h +..+h, (hbl+...+hbm))

k+1

We may assume WLOG that the two sequences (hmi ),(hbi) are strictly increasing and

decreasing respectively (suffices to relabel the terms if necessary). Then we have for
all 1<i<k, h <n+1-i, h, >i.So

1=2(h, —h, +h, —h, +..+h, —h, )
<2((n-1)+(n-3)+..+(n—2k+1))
=2k(n—k)
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n
The quadratic function (k) =k(n—k) for integers k, attains its maximum at k = [EJ

2
and thus the desired maximum length is %J This maximum length is attained by

considering the route 1, n, 2, n — L8]0
Student Solution:
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Question 8
(a) o . 2m+1 _1 .
[1] on)=0(2")=1+2+..42" = 51 =2(2")-1=2n-1.
(b) It suffices to show the result is true if a=p",b=0q", where p and q are distinct primes.
[3] The result will then follow by the Fundamental Theorem of Arithmetic.
If a=p",b=0q", then
o(p™)=1+p+..+p",0(q")=1+q+..+q". But
o(ab)=o(p"q")
=l+p+..+p"
+ql+p+.+p")
+0°A+p+...+p")
+q"(L+p+...+p")
:(1+ P+...+ pm)(1+q+....+q”)
=o(a)o(b)
(c) Let n= p;p7...p;, where the p’s are distinct odd primes (FTA). Then
[3]

2n-1=0(n) = ( pfps...p¢ )
=o(pf)o(ps).o(pk)
= (L4 + pE ot PF ) (L4 P+ D7+ D)
Since 2n — 1 is odd, the product must be odd too. This implies that each term must be

odd. Since the primes are odd, this means that we must have an odd number of terms
in each bracket, and thus the exponents are even; this means that n is a perfect square.
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Student Solution:

M N o odd, Al B factors ave odd. |
1B 8(n) =2a+4 which v ¢dd, + hat gn odd
_ numbw ol fadves, sine 4 sumof 2k odd rvmbey

8 dvon .

¥ nis nt a PQ”CQC‘L fqlaes  nhas factors
0 paics, 8. a and g, Wwchave all |
distinck. cina ai‘%_ Ther n will have an

A

LU pumbtr ot fackrs. Hea n mwut be a

(d) We have
g 1 1 &1 1
I+ —+.+—< D) —= -_P
p p* =P 1-4 p-1
O] Suppose n is a prime power. Then
[3]

pm+l_1=2pm+1_2pm_ p+1
= pm+1_2pm — p_2

= p"(p-2)=p-2
=>p=2orp"=1

which are both not possible since n is odd and thus n is not perfect.
Suppose n is only a product of two distinct primes.

Then we have

2n-1=0o(n)=o(pc")

a(p*)o(a’)

(1+ P+ p°+..+ pa)(1+q+q2+...+qb)

Dividing by n throughout we get

2= [1+1+...+iaj(1+l+...+ibj+ al -
Y p q a Pq
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Assume WLOG that 3< p<q. Then from (d),

1+£+...+isl+1+...+i<§.
@ 3 33?2
Likewise,
1+£+...+isl+l+...+i<§.
q q* 5 52 4
Therefore

2= (1+1+...+ia](1+£+...+ibj+%
p p q q Pq
3 5 1 15 1
<—X—+ﬁ<—+—:2
2 4 3x5° 8 8

a contradiction.




